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Two steady-state chemical-kinetic approximations are introduced into the apparently
most relevant five cool-flame steps of the latest San Diego mechanism for n-heptane,
supplemented by a sixth step chosen to capture the influence of hot-flame chemistry on
the cool flame in that mechanism, in order to obtain an effectively four-step chemical-
kinetic description for addressing quasi-steady combustion of normal-alkane droplets in
the lower-temperature part of the negative-temperature-coefficient (NTC) range, where
cool-flame extinction is observed to occur. A development paralleling the classical
activation-energy-asymptotic (AEA) analysis of the partial-burning regime, accompa-
nied by an approximate description of a distributed reaction, is then pursued to make
predictions of the combustion process, accounting for the large Lewis numbers of the
fuel and intermediate species for the first time. The predictions are compared with
results of droplet-combustion experiments performed in the International Space Sta-
tion (ISS), showing reasonable agreement between theory and experiment and pointing
to some needed future improvements in values of rate parameters. In addition, the the-
ory predicts, for the first time, a limiting oxygen index (LOI) for droplet combustion
of normal alkanes, giving, for example, for heptane burning in oxygen-nitrogen mix-
tures at normal room temperature, a corresponding oxygen mole fraction on the order of
0.10 in the ambient atmosphere, below which cool-flame-supported combustion cannot
occur.

Keywords: Asymptotic analysis; partial burning regime; cool flames; droplet combus-
tion; extinction

1. Introduction
Autoignition of normal alkanes involves different chemical-kinetic mechanisms at high
and low temperatures, with a temperature range in between, the negative-temperature-
coefficient (NTC) range, over which ignition occurs in two stages, and within which,
contrary to normal behaviour, the total ignition delay time increases with increasing
temperature [1–3]. In homogeneous mixtures, transient cool flames occur in this inter-
mediate temperature range, leading to the chemical mechanism being called cool-flame
chemistry. Although cool-flame chemistry had been found to be of significance in
autoignition of alkane droplets in heated atmospheres [4], it was not thought to occur
in quasi-steady diffusion flames. Experiments performed in the International Space Sta-
tion (ISS), however, led to the discovery of two-stage alkane droplet combustion in
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which a hot-flame stage, after extinguishing through a radiant-heat-loss mechanism, was
followed by a quasi-steady stage of combustion sustained by cool-flame chemistry [5],
buoyancy-limited earthbound measurements not having allowed sufficient residence times
for this phenomenon to develop in earlier droplet-combustion experiments. Considering
possible relevance to concepts for enhancing the performance of internal-combustion
piston engines [6,7], this discovery motivated many subsequent computational [8–13]
and experimental [14–18] studies of alkane droplet combustion supported by cool-flame
chemistry.
Nearly twenty years ago, a seminal investigation showed how rate-ratio-asymptotic

analyses can be applied to a short n-heptane mechanism to explain the NTC behaviour
observed in autoignition experiments [19]. The chemistry employed in that study, up-
dated from 56 to 62 steps, as well as a somewhat larger mechanism, involving 770 steps
among 159 species (less than one fourth the size of mechanisms currently prevalent in
the literature), was later applied in a computational investigation of quasi-steady droplet
combustion supported by cool-flame chemistry [20], the previously cited computational
investigations being fully time-dependent rather than quasi-steady. A relevant observation,
presented in that work [20], was the reasoning, through static-stability considerations, that
the NTC behaviour is the essential stabilising influence, quasi-steady droplet combustion
becoming statically unstable outside the NTC range. It was found in that study that, as the
droplet diameter decreased, the flame temperature decreased, eventually reaching the low-
temperature limit of the NTC range. Diffusive extinction of droplet combustion supported
by cool-flame chemistry therefore does not arise from the usual competition between the
rate of chemical heat release and the rate of diffusive energy loss through heat conduc-
tion but rather is a chemical-kinetic/heat-transfer instability phenomenon, arising from the
characteristics of the cool-flame chemistry in the diffusive environment of the burning
droplet. Conventional understanding of diffusive extinction therefore does not apply to
flame extinction in the cool-flame stage of droplet combustion.
The 62-step chemical-kinetic mechanism employed in the above study, with further

up-dated values of rate parameters, incorporating some (but not all) of the revisions
reported in more recent work [21], was simplified not long ago to the maximum extent
possible by introducing steady-state approximations for reaction intermediaries, to obtain
a two-equation description to which activation-energy asymptotics (AEA) was applied
to calculate quasi-steady flame structures and extinction conditions [22]. That analysis,
which produced qualitative agreement with experimentally observed droplet extinction
diameters, was based on an expansion about the crossover temperature that separates the
low-temperature chemistry from the high-temperature chemistry in the NTC region [19],
the same type of chemistry having been employed earlier [15] for correlation of data.
Numerical estimates, however, indicate that extinction likely occurs below the tempera-
ture range of validity of an expansion about crossover. In the present paper, building on a
low-temperature mechanism developed for propane by Prince and Williams [23], a mech-
anism that offers a more thorough description of the low-temperature chemistry is applied
to study the combustion and extinction occurring at temperatures below the vicinity of
the crossover temperature. Through the introduction of two chemical-kinetic steady-state
approximations, a six-step mechanism is reduced to one that essentially consists of four
steps, providing chemical-kinetic expressions to which the Liñán AEA analysis of the
partial-burning regime [24] is applied, along with an approximate treatment of a distributed
reaction, in an effort to obtain improved agreement between predictions and measurements
of droplet combustion made in ISS.
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Previous related asymptotic analyses, as well as the earlier quasi-steady computational
study [20], introduced the approximation that all Lewis numbers were unity. The accuracy
of this approximation is especially questionable for cool flames because their important
intermediates are large molecules (larger than the original fuel molecule), with correspond-
ingly small diffusion coefficients, unlike oxygen (for which a Lewis number of unity is
a good approximation when the diluent is nitrogen). For this reason, the present work
extends the analysis to account for non-unity Lewis numbers of the fuel and intermediates,
showing how to take that effect into account within the context of a canonical transfor-
mation to a single mixture-fraction variable. The previous asymptotic analysis [22], which
underpredicted observed droplet diameters at extinction, underpredicts them further with a
Lewis-number correction, but the present results, which provide a quantitative evaluation
of the magnitude of these Lewis-number influences, exhibit improvements in agreements
associated with inclusion of these effects.

2. The chemistry
Extensive developments in low-temperature alkane chemistry, initiated more than twenty
years ago [25], can be simplified considerably, as has been described in greatest detail for
propane [23]. Conversion of the fuel F to an alkyl radical R is brought about primarily
through H-atom abstraction by hydroxyl, a dominant radical that is sufficiently reactive
to exhibit an accurate chemical-kinetic steady state. Different alkyl isomers are not distin-
guished in this simplified description of the first elementary step, the same constant value
for the specific reaction-rate constant being taken for all fuels addressed. Although the rate
constant for this step increases approximately quadratically with the temperature T [21],
over the T range of interest that variation is negligible, at least within the accuracy of the
present analysis, thereby motivating the selection of a constant value, as listed in the table
below. The second elementary step in the low-temperature chemistry, namely the addition
of an oxygen molecule to R, also taken to have the same constant specific reaction-rate
constant for all R (twice the value for the H abstraction from F by OH), is assumed to
be followed by rapid isomerisation from RO2 to QOOH, an intermediate abbreviated here
(as before [23]) by I. The third step in the present chemistry description is the second O2

addition, producing a species previously [23] denoted by J, which, however, maintains
an accurate steady state, enabling it to be eliminated from the mechanism, resulting in
the O2 addition to I directly producing OH plus an alkylketohydroperoxide [21], denoted
by K both here and earlier [23]. The steady state for species J, along with its energetics,
leads to a negative activation energy for this second oxygen addition step, essential to
NTC behaviour and involving an appreciably large negative effective activation temper-
ature, −8360 K. The fourth and final principal step in this description of the chemistry
is the unimolecular decomposition of K, liberating another OH radical, along with other
products, collectively denoted here by P’s. This well-known key branching step in the low-
temperature mechanism has a significantly large activation energy, characterised below by
an activation temperature of 19,840 K.
The introduction of steady-state approximations for OH and R into this four-step mecha-

nism would result in a convenient two-step mechanism for describing the low-temperature
chemistry. Consequent predictions, however, are very inaccurate because they overesti-
mate the concentration of K appreciably. There are two reasons for this overestimate. One
is that, besides producing K, the intermediate I also decomposes, reducing its concen-
tration. For reasonable quantitative accuracy, then, it is necessary to take into account the
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unimolecular decomposition of I to the conjugate alkene and the hydroperoxyl radical [23],
collectively denoted by Q’s as the fifth step in the table. The rate parameters for the four
middle steps in the table are taken from the most recent source [26]. A second additional
quantitative effect is the further reduction in the K concentration caused by the reduction in
the concentration of I associated with the fact that, even below the crossover temperature,
some of the radical R is consumed by the high-temperature path, effectively reducing its
concentration below what it otherwise would be in the low-temperature mechanism. This
effect is taken into account by the sixth step, the unimolecular C-C bond breakage resulting
in an alkene and a lower alkane radical, collectively denoted by S’s in the table, where the
rate parameters listed for this step represent the sum of the rates of the four unimolecular
decomposition steps of R appearing in the up-dated San Diego mechanism [21].
The above table summarises the starting chemistry that has now been described. In the

specific reaction-rate constant for the k’th step, kk =Ak e−Tak/T , the Ak factors in the table
have units cm3/mol s for the first three (bimolecular) steps and simply s−1 for the last three
(unimolecular) steps, with Tak in K.

Energetic considerations require further attention in this mechanism. If the energetics
were to be tied directly to each of the six steps, then specific structures would have to be
specified for R, I, K, and the various collections of products that appear. An interior unsat-
isfied carbon bond might best be selected for R and maintained for I, which, for heptane,
for example, is C7H14OOH, while K is OC7H13OOH (the double carbonyl bond placed at
the beginning, following convention), with similar selections made for the other alkanes.
For heptane, the collection of P’s should be taken to be [21] CO + CH2O + C2H4 + n-
C3H7, while, for octane, C2H4 here may be replaced by C3H6, which is a species that may
also be added to the heptane products to apply to decane; similar simplifications would be
introduced for higher normal alkanes. The specific selections for the species not involving
O atoms, however, would have relatively little influence on predictions, and, moreover,
there is little point in considering these details because additional steps, not appearing in
the table, such as further oxidation of the alkyl products arising in this mechanism, likely
have significant energetic effects in the cool flame and so would have to be included. In
addition, energetic consequences of the oxidation of the portion of R that is consumed
by the hot-flame route are to be expected. It therefore seems better to treat the energetics
empirically.
With ωk denoting the rate of step k in Table 1, the steady-state approximation for OH

inplies that ω1 = ω3 + ω4. The radical R also maintains an accurate steady state during the
low-temperature chemistry, resulting in ω1 = ω2 + ω6. If the sixth step is neglected, then
this removes the rate parameters of the first two steps in the table from the chemical-kinetic
description, providing what is formally a three-step description, in which the intermediate

Table 1. The six reaction steps and associated values of
rate parameters that have been selected for n-heptane.

Number Reaction A Ta

1 F + OH →R + H2O 1.0×1012 0
2 R + O2 →I 2.0×1012 0
3 I + O2 →K + OH 3.5×107 −8360
4 K →P’s + OH 4.0×1013 19,840
5 I →Q’s 2.0×1012 12,090
6 R →S’s 3.2×1013 15,110
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I carries on the necessary branching through K. If the fifth and sixth steps both could have
been neglected, then there would have been a simpler two-step description, but the predic-
tions of that approximation have been found to be inaccurate, the associated reduction in
the concentration of I in both of the steps 5 and 6 being important quantitatively although
not qualitatively.
At the higher NTC temperatures, K begins to approach a steady state, defined by ω3 =

ω4, in which its concentration is related to the concentrations of I and O2 according to [K]
= [I][O2]0.88×10−6exp(28, 200/T), but this condition, reducing the K concentration sub-
stantially as the temperature increases, becomes highly inaccurate as the low-temperature
end of the NTC range, of interest here, is approached. The temperature decrease results
in a transition of the overall rate of heat release from the negative temperature depen-
dence of ω3 to the positive temperature dependence of ω4, thereby defining the extinction
condition determined by the onset of instability. At high temperatures in the NTC range,
the reverse of the step 2 (that produces I) becomes important and begins to equilibrate,
and additional steps involving OH, associated with the high-temperature hydrogen-oxygen
branching, increasingly compete with this low-temperature path, these complications even-
tually removing the system from the NTC range at a high enough temperature, the rates
of steps 1 and 2 then entering, along with rate parameters for high-temperature branching
steps. While these complications must be addressed to consider the entire NTC range, for
the majority of the cool-flame droplet-combustion histories in the ISS experiments, the pre-
ceding maximally simplified chemical-kinetic description, involving six irreversible steps,
should suffice.
According to the table, the net rate of production of species K is simply ω3 − ω4, inde-

pendent of the steady-state approximations that have been introduced. Rate expressions
for the other species are, however, affected by the steady states. After ω1 is eliminated
through application of the steady state for OH, the steady-state expression for R contains
four terms,ω2 + ω6 = ω3 + ω4. Throughout this low-temperature range in particular, how-
ever, the rate of step 4 is negligible compared with the rate of step 3 in the R balance, and
the rate of step 6 similarly is much smaller than the rate of step 2. An accurate truncation of
the steady-state expression for R therefore is obtained by equating the rate of step 2 to the
rate of step 3, thereby relating the concentration of R directly to that of I. There results an
expression for the production rate of I, which is ω2 − ω3 − ω5 according to the table, but
which, in view of the R steady state, is equivalent to ω4 − ω5 − ω6, with the last term of
which becoming proportional to the I concentration through the truncated R steady state.
This completes the specification of the rates to be employed for I and K in the analysis.
For fuel, application of the OH steady state yields as its production rate −ω3 − ω4,

while, for oxygen, formal application of the steady-state relations produces the rate
−2ω3 − (ω4 − ω6), with the last term (ω6) accounting for the net rate reduction of oxygen
consumption attributable to the continued presence of the high-temperature path. There is
a net consumption of both of these reactants in the cool flame, and, unlike the intermedi-
ates R, I, and K, these reactants are present in high concentrations, so that the cool-flame
chemistry does not modify their distributions very much from those of diffusion-controlled
predictions in frozen flow. The dominant cool-flame effect on the concentrations of these
reactants is a kink in the locally essentially linear profiles at the hottest point in the flame, a
dip arising through fuel and oxygen consumption by step 4. The chemical source term for
each of these reactants therefore may be approximated as −ω4, which indicates that they
are consumed there in roughly equal molar amounts. In addition, since the heat release is
dominantly associated with the K-consumption process of step 4 in the lower-temperature
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part of the NTC range (the other steps shown being more nearly energetically neutral), in
energy conservation the rate at which this energy is released is taken to be proportional
to the rate of step 4, with an empirical constant of proportionality, this empiricism being
dictated by the aforementioned uncertainty in the energetics.

3. Transport aspects of the formulation
The formulation of the droplet-combustion problem is based on the conservation equations
for steady flow in spherical geometry. Since cool-flame temperatures are low enough that
radiant-energy effects can be neglected, energy conservation is a balance of heat conduc-
tion, convection, and chemical heat release, and the chemistry is balanced by convection
of chemical species and their molecular transport through diffusion. One complication
concerning transport phenomena is that the species F, I, and K have low diffusion coeffi-
cients, so that consideration should be given to Lewis numbers greater than unity. Although
this influence has not been included in earlier analytical studies, its likely importance has
been indicated previously [20,22]. A fortunate simplification is that, excluding the prod-
ucts, diffusion of which does not enter into the analysis, essentially only two types of
species are present in the system, from the viewpoint of transport properties. One type is
the oxidiser O2 and the inert N2, for which Lewis numbers are essentially unity, and the
other type is the larger molecules, all of which have Lewis numbers appreciably greater
than unity, in fact definitely greater than L= 2. This enables simplified analyses with good
accuracy to be developed, a benefit not available when N2 is replaced by He or Xe, caus-
ing the Lewis number of O2 to differ significantly from unity, as in some previous ISS
experiments[15,27].
Values of diffusion coefficients are available in the literature for normal alkanes but not

for the intermediate species I and K. These high-Lewis-number species are present in small
enough concentrations that their contributions to the thermal diffusivity through equiparti-
tion of energy can be neglected, enabling their Lewis numbers to be estimated from their
diffusion coefficients. From literature data, that estimate produces approximately L= 3 for
heptane, with somewhat higher values for higher alkanes. It will be found later, however,
that the value of the Lewis number of the fuel does not affect the most important results
to be developed here, while the Lewis numbers of I and K are critical, diffusion of these
intermediates playing central roles. The kinetic theory of gases indicates that diffusion
coefficients vary approximately inversely with the square root of the molecular weight
of the molecule, which results in estimated Lewis numbers of the intermediates formed
through O2 addition being closer to L= 4. This higher value will be employed in later
comparisons.
A further transport complication of possible importance is the Soret effect, which tends

to drive the larger, heavier molecules away from the hotter regions [20,22]. A helpful
aspect of the present problem is that the high-Lewis-number species have low enough con-
centrations in the reaction zone (mole fractions of 0.1 or less [20]) that they can be treated
in the dilute limit in which their molecular-diffusion fluxes, including Soret, in the spherical
co-ordinate system with radius r become proportional to dYi/dr + αi(Yi/T)dT/dr, where
the Yi denote the mass fractions of each species i and αi their thermal diffusion factors,
which depend little on their concentrations or on temperature. Use has been made of this
fact to account for Soret diffusion of H2 [28], for which αi is negative (while it will be pos-
itive for F, I, and K in the present problem). Given this form of the operator that includes
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both Fick and Soret diffusion, introduction of the modified dependent variable YiTαi serves
to include the Soret effect in a purely Fikian form [28]. When that is done in the present
problem, especially for the important intermediate species I and for K in the analysis, it
turns out that, because of the factor Yi multiplying αi, the Soret term becomes very small
in comparison with the Fick term. For that reason, the complexity of the formulation is
reduced from the outset by not including the Soret term.

4. The initial mathematical formulation
In the formulation the average molecular weight is approximated as being constant, equal
to that of the ambient atmosphere, W∞, so that the gas density ρ varies inversely with the
temperature T, according to the adopted ideal gas law, and, in terms of the mass fraction Yi
of any species i and its molecular weightWi, its concentration that appears in the reaction-
rate expressions is Yiρ/Wi. With a Lewis number of unity for O2 and N2, the thermal
diffusivity D is taken to be the binary diffusion coefficient of O2 into N2. Letting 4πµ
denote the quasi-steady mass-loss rate of the burning droplet, with the mass fractions of F,
O2, I, and K denoted byYF , YO, YI , and YK , respectively, through a development similar to
that given in previous work [20], in view of the preceding discussion of the chemistry, the
gas-phase conservation equations for these species can be shown to become

µ
dYF
dr

= 1
L
d
dr

(
r2ρD

dYF
dr

)
− r2WFω4, (1)

µ
dYO
dr

= d
dr

(
r2ρD

dYO
dr

)
− r2WOω4, (2)

µ
dYI
dr

= 1
L
d
dr

(
r2ρD

dYI
dr

)
+ r2WI(ω4 − ω5 − ω6), (3)

and

µ
dYK
dr

= 1
L
d
dr

(
r2ρD

dYK
dr

)
+ r2WK(ω3 − ω4) (4)

(where the Lewis number L can be allowed to have different values for different species).
Conservation equations are not considered for inerts or product species because they
clearly will not influence the other solutions. Similarly, with the specific heat at constant
pressure cp assumed constant and the previously discussed empirical heat release associ-
ated with step 4 written in terms of a temperature increment TQ as cpW∞TQ for notational
convenience, the differential equation for energy conservation becomes

µ
dT
dr

= d
dr

(
r2ρD

dT
dr

)
+ r2W∞TQω4, (5)

with TQ to be obtained from considerations of oxygen consumption, there being additional
fuel consumption in the chemistry that does not release heat.These are the five differential
equations to be studied here. In calculating cp, since fuel is the only species transported
between the droplet surface and the flame (the region in which energy conservation is most
important), the value to be selected is that of the fuel vapour at an intermediate temperature,
following previous recommendations [29], that choice having been found to exert a notable
influence on later predictions.
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These equations are to be solved, subject to the given boundary conditions in the ambient
atmosphere, identified by the subscript ∞ and applied at r = ∞, along with boundary
conditions at the surface of the droplet, identified by the subscript s and applied at the
droplet radius, r = rs. The droplet is taken to be at a uniform temperature and to maintain
evaporative equilibrium, with a sufficiently large heat of vaporisation and gas-phase fuel
mole fraction that its temperature Ts can be approximated well as the normal boiling point
of the fuel. Interphase species and energy conservation equations can then be written as

(
r2sρ

D
L
dYF
dr

)

r=rs

= −µ(1 − YFs),

(
r2sρD

dYO
dr

)

r=rs

= µYOs,

(
r2sρ

D
L
dYI,K
dr

)

r=rs

= µYIs,Ks,

(
r2sρD

dT
dr

)

r=rs

= µTL, (6)

where the heat of vaporisation per unit mass for the fuel has been denoted by cpTL.

5. Transformation to convection-free form
Analysis can be facilitated by writing the conservation equations in convection-free form
[24]. This normally involves the introduction of a conserved scalar such as a mixture frac-
tion under the restriction that all Lewis numbers are unity, followed by transforming from
r to this conserved scalar as the independent variable. Even though the Lewis number of
the fuel (as well as of the important intermediates) is not unity in the present problem,
so that convection must remain important for this species and the others with non-unity
Lewis numbers, it has still been found to be useful to transform the problem to one with a
hypothetical mixture fraction Z, having a Lewis number of unity, as the independent vari-
able. This extension of the mixture-fraction formulation to account for some species having
Lewis numbers different from unity, with an ancillary mixture fraction to be defined later,
is novel and has not been introduced in previous investigations.The major mixture-fraction
variable is defined by

µ
dZ
dr

= d
dr

(
r2ρD

dZ
dr

)
; Z(∞) = 0,

(
r2ρD

dZ
dr

)

r=rs

= −µ(1 − Zs). (7)

It is then readily shown [20] that

Z = 1 − exp
(

−
∫ ∞

r

µ

r2ρD
dr

)
, (8)

so that

r =
[∫ Z

0

ρD
µ (1 − Z)

dZ
]−1

, (9)
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and in terms of an r-dependent inverse time

χ = 2D
(
dZ
dr

)2

, (10)

the convection and diffusion operators in (2) and (5) combine according to

µ

r2
d
dr

− 1
r2

d
dr

(
r2ρD

d
dr

)
= −ρχ

2
d2

dZ2
, (11)

leading to linearity of solutions in Z space away from reaction regions for Lewis numbers
of unity. Use of the condition at the droplet surface in (7) then conveniently extends the
linearity in Z space to the full domain 0<Z< 1 [20]. The function χ(Z), the product of the
thermal diffusivity and the squared magnitude of the gradient of Z, which approaches zero
at Z=0 and at Z=1 according to its definition, achieving a maximum value somewhere
between these two limits, is often called the scalar dissipation rate because in turbulent
flow its average conditioned on the value of the scalar Z represents the rate of dissipation
of fluctuations of Z at that value, but in the present context it would more properly represent
the appropriate inverse time scale for heat conduction at the value of Z.
After the transformation to Z as the independent variable is made, the conservation

equations become

ρχ

2
d2T
dZ2

= −wT , (12)

ρχ

2
d2YO
dZ2

= −wO, (13)

and

ρχ

2L
d2Yi
dZ2

+ L − 1
2L

ρχ

1 − Z
dYi
dZ

= −wi, (14)

for i = F, I, K, in which the chemical source terms are

wT = W∞TQω4, wO = −WOω4, wF = −WFω4,

wI = WI(ω4 − ω5 − ω6), wK = WK(ω3 − ω4). (15)

The boundary values in the ambient atmosphere, identified by the subscript ∞, are to be
applied at Z=0, and the boundary conditions at the droplet surface, given by (6), become

(1 − Zs)
(
dT
dZ

)

Z=Zs

= −TL, (1 − Zs)
(
dYO
dZ

)

Z=Zs

= −YOs,

(1 − Zs)
(
dYF
dZ

)

Z=Zs

= L(1 − YFs), (1 − Zs)
(
dYi
dZ

)

Z=Zs

= −LYis (16)

for i= I,K. Equations (12) through (16) provide a convenient formulation of the problem
in mixture-fraction space.
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6. Outer solutions
A thin reaction zone for the high-activation-energy steps 4, 5, and 6 is considered to be
located in the vicinity of Z = Zf , so that the variable Z can be stretched about Z = Zf ,
where the temperature is highest, with the chemical reaction rates of those steps vanishing
outside the range of this stretching. Since it is only step 4 that influences the temperature
appreciably, the solution for T(Z) outside this range, its outer solution, is linear in Z and, at
the leading order in the analysis, it reaches the value T = Tf at Z = Zf , being continuous
there in the first approximation. The solutions at leading order in the outer zones for all of
the variables, also being continuous at this flame location, will be identified by the subscript
f when evaluated at Z = Zf .
With this notation, in view of the boundary conditions, the solutions to (12) in the outer

zones are

T = T∞ + (Tf − T∞)(Z/Zf ), for 0 < Z < Zf ,

T = T0 + (Tf − T0)(1 − Z)/(1 − Zf ), for Zf < Z < 1, (17)

where use has been made of (16) to transfer the boundary conditions applicable at the
droplet surface to conditions at Z= 1, the notation T0 = Ts − TL having been introduced
for the fictitious temperature at the centre of the droplet (which may be a negative absolute
temperature but in fact is small but positive), so that the subscripts 0 and ∞ identify con-
ditions at r=0 and at r = ∞, respectively. It is worth emphasizing here that the values of
Tf and Zf are not fixed in advance, but the values of the other temperature constants that
appear in (17) are known.
A similar solution applies to (13) for YO, namely,

YO = YO∞ − (YO∞ − YOf )(Z/Zf ), for 0 < Z < Zf ,

YO = YOf (1 − Z)/(1 − Zf ), for Zf < Z < 1, (18)

and this type of solution would also apply to (14) for YF if its Lewis number were unity.
Unlike YO, however, instead of being constructed from a linear function of (1 − Z), the
solution for YF is obtained from a linear function of (1 − Z)L, resulting in

YF = YFf [1 − (1 − Z)L]/[1 − (1 − Zf )L], for 0 < Z < Zf ,

YF = 1 − (1 − YFf )[(1 − Z)/(1 − Zf )]L, for Zf < Z < 1. (19)

Similarly, from (14) and (16) for species I,

YI = YIf [1 − (1 − Z)L]/[1 − (1 − Zf )L], for Z < Zf ,

YI = YIf [(1 − Z)/(1 − Zf )]L, for Z > Zf . (20)

These solutions, accounting for Lewis numbers different from unity and not having previ-
ously been identified in the literature, work because none of the chemical source terms for
these species in Equation (15) involve ω3.

Unfortunately, because of the complexity of the expression for ω3, accurate analytical
solutions cannot be obtained for the concentration of species K in the outer zones, where
this reaction has to be taken into account. A convenient way to address this difficulty,
which has not been noticed previously, is to define an alternative mixture fraction Z̃ by (7)
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with D replaced by Di, the diffusion coefficient for the species to be considered. Then (8)–
(10) follow for Z̃, with χ becoming χ̃ in (10). It is necessary to relate Z̃ to the independent
variable Z in the solution, and from (8) and the corresponding equation for Z̃, that rela-
tionship is found to involve an integral, unless the product ρD is constant. Since ρ varies
inversely with T according to the ideal gas law, while D generally increases with T as
a fractional power not very much less than unity, that approximation is reasonable and
will be adopted henceforth. It then may be shown from (8) that (1 − Z̃) = (1 − Z)L and
that χ̃ = χL(1 − Z)2(L−1), providing the necessary relationships between the new mixture
fraction and inverse residence time and the original ones.
Just as χ is a characteristic inverse time for heat conduction at a given value of Z, so is

χ̃ the characteristic inverse time for diffusion of the key reactants of steps 3 through 6 at a
given value of Z̃. Therefore, in the outer zone, it is appropriate to approximate the rate ω3

as ω3 = Cρχ̃/WK , where C will be taken to be a constant in order to obtain an analytical
solution. If, in the expression for ω3, the prefactor 3.5×107 cm3/mol s is denoted by B,
and 8360 K is denoted by Tb, then the value of that constant should be selected to be a
representative value of the function

C(Z) = [(WKρ)/(WOWI χ̃)]YOYIBeTb/T . (21)

Asymptotic analysis in the presence of a step having a negative activation energy has
not been attempted before, and the present approximation, for the first time providing an
analytical solution with a reaction occurring in the outer zones, is an approach having an
accuracy that is yet to be determined but that must vary with the magnitude of the negative
activation energy.
Different selections of the value of the constant C would likely be required to obtain

reasonable values for different quantities, as would be expected from the observation that
C(Z) varies by more than an order of magnitude throughout the outer zones. For the present
purposes the objective is to make a selection that best approximates the dependence of χf

on Tf , because that dependence exerts the main influence on measurable quantities, so χ̃

will be eliminated in favour of χ . Concentrations of reaction intermediaries, reflected in
YIf and in YKf , for example, would require different choices for C and, moreover, should
retain χ̃ as a more pertinent inverse time scale, but those quantities are not measured.
Considerations of the extent to which C should depend upon L for fitting χf (Tf ) will be
seen to affect the specification of the constant value for C.
The most convenient position for selecting a temperature at which to evaluate C is the

flame, whence ρf and Tf will be used in (21) for those two variables appearing there.
Suitable average values throughout the outer zones should be selected for YO and for YI .
The oxygen concentration varies relatively smoothly in (21), decreasing on one side of the
flame and increasing on the other, so the constant value YOf is an appropriate choice for its
average. On the other hand, YI peaks at the flame and decreases to zero at both boundaries,
so that YIf /2 is a better choice for its average. The function T(Z) also peaks at the flame,
and the value of Tb is sufficiently large that the variation of T is expected to exert the
dominant influence on the variation of C(Z). Moreover, the temperature variation, being
controlled by the thermal diffusivity, independent of L, should generate a Z dependence of
T, driving the droplet response, that is governed by χ and does not depend strongly on L.
The appearance here of χ̃ instead of χ , however, produces a rather strong L dependence in
C(Z) for a given χ function, which therefore needs to be cancelled at the flame to produce
a more nearly correct variation there. Given the preceding relationship between χ and χ̃ ,
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Figure 1. Schematic diagram of the flame structure.

this cancellation can be achieved by the selection

C = L(1 − Zf )2L[(WKρf )/(WOWI χ̃f )]YOf (YIf /2)BeTb/Tf , (22)

which is to be used in the subsequent analysis.
With this selection, (14) for species K in the outer zone in this new mixture-fraction

variable becomes simply d2YK/dZ̃2 = −2C, the solution to which is

YK = YKf (Z̃/Z̃f )+ CZ̃(Z̃f − Z̃), for Z̃ < Z̃f ,

YK = YKf [(1 − Z̃)/(1 − Z̃f )] − C[(1 − Z̃)2 + (1 − Z̃s)2]

+ C[(1 − Z̃f )2 + (1 − Z̃s)2](1 − Z̃)/(1 − Z̃f ), for Z̃ > Z̃f . (23)

It may be noted that satisfaction of the boundary conditions requires that the value of Z̃s
remains in the C term of this solution for the range Z̃ > Z̃f .

Figure 1 is a schematic diagram of the flame structure in the original mixture-fraction
space according to this solution. The dashed curves shown there for the fuel and oxygen
are the profiles that would occur under purely diffusive conditions without the reactant
chemical consumption. The values of the mass fractions at the flame that appear in (18)–
(20) and (23) are yet to be determined.

7. The inner problem
Unlike typical hot-flame problems, where Tf is determined by a condition of chemical
equilibrium, becoming the adiabatic flame temperature if all Lewis numbers are unity, in
partial-burning regimes there is a range of values of Tf , dependent on the chemical kinetics
through the associated heat-release rate and residence time in the reaction zone. With the
present chemistry, solutions will exist for a range of values of Tf , and the objective here
is to find an analytical approximation to the solution that is valid in the vicinity of the
minimum of the heat-release rate that occurs at the low-temperature end of the NTC region.
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Therefore, solutions are investigated for values of Tf near the flame temperature at which
this minimum occurs. This entails an AEA expansion of the inner zone in which steps 4,
5, and 6 occur while step 3 is too slow by comparison because the temperature there is too
high for it to be of comparable importance.
The AEA expansion is based on the most important of the three steps that occur in this

zone, the one (with the highest activation energy) that is responsible for the heat release.
The prefactor 4.0×1013 s−1 for step 4 will be denoted by A, and given an activation tem-
perature Ta=19,840 K associated with AEA, the small expansion parameter is taken to
be

ϵ = T2
f /[Ta(Tf − T∞)]. (24)

The stretched mixture-fraction co-ordinate ζ , which serves as the independent variable in
the inner zone, and the inner-zone temperature-decrement variable ϕ are then defined by

ζ = (Z/Zf − 1)/ϵ,ϕ = (Tf − T)/[ϵ(Tf − T∞)]. (25)

Constants in these stretching formulas have been selected so that matching to the outer
solution in (17) for Z < Zf will require that dϕ/dζ approached −1 as ζ approaches −∞.
In view of the stretching, at leading order the mass fractions may be expected to assume
constant values Yif throughout the inner zone.

In view of (12) and (15), the heat release in the inner zone is controlled by step 4, the
rate of which is proportional to the constant K concentration, YKf ρf /WK there, the reaction
rate varying with temperature only in that zone. The inner equation then becomes

d2ϕ/dζ 2 = )e−ϕ , (26)

where
) = 2(W∞/WK)(TQ/Ta)[Tf /(Tf − T∞)]2Z2

f YKf Ae
−Ta/Tf /χf , (27)

use having been made of (12), (15), (24), and (25). The value χf of the inverse time
scale evaluated at the thin inner flame zone, which appears in this definition of the eigen-
value, specifies the relevant residence time of the fluid in this reaction zone for the present
problem and will be termed the inverse residence time.
Given the form of (26), matching can be achieved only if the magnitudes of dT/dZ are

the same in the outer solutions on both sides of this inner zone. From (17) this can be
shown to require that

Zf = (Tf − T∞)/(2Tf − T0 − T∞), (28)

which serves to relate Zf to Tf , a relationship that is needed in determining the dependence
of Tf on χf . It is also necessary to relate Zs to Tf for that purpose, and, with this result, it
can be shown from (16) and (17) that

Zs = 1 − TL/(2Tf − T0 − T∞). (29)

Equation (26), along with the boundary conditions that dϕ/dζ approaches 1 as ζ

approaches ∞ and -1 as ζ approaches −∞, defines the well-known problem for the
partial-burning regime, the solution to which [24] results in ) = 2. Equations (27) and
(28) therefore imply that

YKf = [WKχf (2Tf − T0 − T∞)2Ta]/[W∞T2
f TQAe

−Ta/Tf ]. (30)

These result provide all of the information that is needed from the solution to the inner
problem.
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8. Outer mass fractions at the flame
Integration of (12)–(14) across the flame sheet provides, with use of (15), relationships
between the jump conditions for the gradients at the flame sheet. If square brackets identify
the difference between the derivative at the flame for Z > Zf and that for Z < Zf , then,
from (17) and (28)

[
dT
dZ

]
= −2(2Tf − T0 − T∞). (31)

Use of this result along with (15) in integrals of (13) and (14) across the flame sheet yields

[
dYO
dZ

]
=

2WO(2Tf − T0 − T∞)

W∞TQ
,

[
dYF
dZ

]
=

2WFL(2Tf − T0 − T∞)

W∞TQ
,

[
dYI
dZ

]
=

(
WKYIf (Qe−Tq/Tf + He−Th/Tf )

WIYKf Ae−Ta/Tf
− 1

)
2WIL(2Tf − T0 − T∞)

W∞TQ
,

[
dYK
dZ

]
=

2WKL(2Tf − T0 − T∞)

W∞TQ
. (32)

In the formula for species I, the rate parameters for step 5, 2.0×1012 s−1 and 12,090 K,
are denoted by Q and Tq, respectively, the ratio ω5/ω4 at the flame having been introduced
directly, avoiding addressing the inner problem for that species. The influence of step 6
has been taken into account in a similar manner; in employing the R steady state to express
its concentration in terms of the I concentration, the effective activation temperature Th,
being 15,110 K - 8360 K = 6750 K, arises, with an effective prefactor equal to the
product of the prefactors of steps 6 and 3 divided by the rate constant of step 2, giving H =
5.6×108 s−1. When these results are employed in the derivatives of (18)–(20) and (23), all
values Yif become related to Tf after use is made of dZ̃/dZ = L(1 − Z)L−1 in (23).

From the first equation in (32) and the derivartive of (18), it may be shown that

YOf =
Tf − T0

Tf − (T0 + T∞)/2

[
YO∞

2
−

WO(Tf − T∞)

W∞TQ

]
. (33)

The derivative of (19) can be treated in a similar manner to obtain an expression for YFf
from the second equality in (32), but that result will not be written here since YFf does not
appear anywhere in the analysis. An expression for YIf , however, is needed, and from the
third expression in (32) it is found by taking the derivative of (20) that YIf is related to YKf
according to

YIf =
2Z̃f WI(Tf − T0)

W∞TQ

[

1+
2Z̃f WK(Tf − T0)(Qe−Tq/Tf + He−Th/Tf )

W∞TQYKf Ae−Ta/Tf

]−1

. (34)

Finally, with the shorthand notation R = 1 − Z̃f and S = 1 − Z̃s, it can be shown from the
derivative of (23) that

YKf = C(1 − R)(R − S2) − 2WK(Tf − T0)(1 − R)/(W∞TQ). (35)
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9. The variation of the flame temperature with the most relevant inverse residence
time at the flame

The most relevant inverse residence time at the flame for describing the the droplet history
is χf because the heat transfer controls the droplet behaviour, so it is desirable to use the
formula given above equation (21) to relate χ̃f in (22) to χf . Substitution of (30) into (34)
and of (22) and (30) into (35) then results in (34) and (35) becoming two independent equa-
tions involving the three unknowns YIf , χf , and Tf , when (33) is employed for YOf and (28)
and (29) are used, the tilde variables being related to Z as previously indicated. Elimination
of the first of the three variables from the two equations then leads to a quadratic equation
for χf as a function of Tf , the positive solution to which is

χf =
(1 − R)(Tf − T0)T2

f (Ae
−Ta/Tf + Qe−Tq/Tf + He−Th/Tf )

Ta(2Tf − T0 − T∞)2
[(1+ E)1/2 − 1], (36)

in which

E =
(R − S2)Ta(Tf − T0)(YOf ρf /WO)BeTb/Tf

T2
f (Ae

−Ta/Tf + Qe−Tq/Tf + He−Th/Tf )2/(Ae−Ta/Tf )

− 4Ae−Ta/Tf (Qe−Tq/Tf + He−Th/Tf )

(Ae−Ta/Tf + Qe−Tq/Tf + He−Th/Tf )2
. (37)

It is noteworthy that the value of TQ affects these results only through the factor YOf in
E, that is, the heat release influences the value of the inverse residence time at any given
flame temperature only by modifying the oxygen concentration in the inner flame zone
during combustion in a given atmosphere, so that, in the approximation suggested after
Equation (33), the heat release (which, of course, is essential to the cool flame) does not
affect predictions of the droplet behaviour, helping to support the utility of the chemistry
in Table 1 even when the energetics are not described well.
There is a temperature above which E becomes negative and the present chemical-

kinetic description no longer applies; the value of E increases with decreasing flame
temperature below this limiting value but soon reaches a maximum and decreases con-
tinually thereafter. The maximum value of E is small enough that an expansion of the
square root about E=0 is accurate over the entire temperature range of interest, resulting
in the simplified equation

χf =
(1 − R)(R − S2)(Tf − T0)2(YOf ρf /WO)BeTb/Tf Ae−Ta/Tf

2(2Tf − T0 − T∞)2(Ae−Ta/Tf + Qe−Tq/Tf + He−Th/Tf )

−
2(1 − R)(Tf − T0)T2

f Ae
−Ta/Tf (Qe−Tq/Tf + He−Th/Tf )

Ta(2Tf − T0 − T∞)2(Ae−Ta/Tf + Qe−Tq/Tf + He−Th/Tf )
, (38)

expressing the importance of step 3 in increasing the heat-release rate at the lower tem-
peratures (lessening the influence of step 4) and of steps 5 and 6 in decreasing it at higher
temperatures.
The plot in Figure 2 shows χf as a function of Tf for heptane droplets in air at nor-

mal atmospheric conditions for two different values of L, obtained from (36) and (37) by
using (33) with TQ=4,000 K (employing the heptane values ρ∞ = 1.164 kg/m3, Ts= 372
K, and TL=120 K). The value of TQ selected here might seem large, but that is merely



Combustion Theory and Modelling 763

Figure 2. Predicted dependence of the inverse residence time on the flame temperature for
n-heptane droplets in an atmosphere of air at 1 atm and 300 K, with L= 4 and with L= 1.

an artifact of the normalisation; computational studies [20] have shown that the princi-
pal cool-flame products are CO and H2O, along with lesser amounts of CH2O, C2H4, and
H2O2, and with the heat release taken to be that produced in combustion to CO and H2O,
for heptane this is the value rounded to one significant figure, rounded downward because
the other products involve less heat release. Values of temperatures below the maximum of
these curves (the left part of the figure) represent conditions in the low-temperature, unsta-
ble range, the maximum corresponding to cool-flame extinction conditions. Comparison
of the curve for L=4 with that for L= 1 demonstrates the substantial reduction in the level
of the inverse time scale (implying a longer residence time) for an improved (larger) value
of the Lewis number of K is employed. The difference is around a factor of four, roughly
proportional to the Lewis-number ratio.

10. Lewis-number effects
Lewis numbers influence the predictions of the present analysis and of the previous asymp-
totic analysis differently. Although the previous publication [22] is restricted to Lewis
numbers of unity, it is straightforward to calculate the Lewis-number influence on those
predictions. In that theory, the chemistry occurring in the vicinity of the crossover temper-
ature involves only the species K, so that the Lewis number of that species would appear
on the right-hand side of the first equation of the paper. That factor is then carried through
the rest of the analysis without any other modification and results in the predicted value
of the inverse residence time at extinction being proportional to the Lewis number, the
opposite of the dependence in (38), where the dominant Lewis-number-dependent factor
R = [(Tf − T0)/(Tf − T0 − T∞)]L (the S2 term being negligible) decreases with increas-
ing Lewis numbers, The value of the inverse residence time at the flame for L= 4 in the
earlier analysis thus would exceed that for L= 1, contrary to what is seen in Figure 2.
The reason for the difference resides in the different flame structures for the two differ-

ent theories. In the earlier work, all of the chemistry occurred in a narrow reaction zone,
and increasing the Lewis number decreased the loss rate of the important reactant K pro-
duced there, thereby making the chemistry more robust and resistant to extinction, so that
extinction is delayed until a shorter residence time in the reaction zone is achieved, corre-
sponding to a larger value of χf . By way of contrast, in the present chemistry the important
species K is produced in a large distributed-reaction region, and it must diffuse into the
narrow heat-release zone to support the reaction there. Increasing the Lewis number of
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K reduces the rate at which it can diffuse into the hottest zone, thereby decreasing the
heat-release rate and causing extinction to occur earlier in time during droplet combustion,
when the droplet is larger so that the value of χf is smaller.

11. The extinction diameter
Since the quasi-steady mass-loss rate of the droplet has been denoted by 4πµ, according
to a mass balance the burning-rate constant K (the time rate of decrease of the square of
the droplet diameter) is K = 16µ/(ρldl), where ρl is the density of the liquid droplet and
dl is its diameter. It then follows directly from (9) and (10) that

χ = (K2/D∞)(ρl/ρ∞)2(T/T∞)(1 − Z)2

8d2
l (r/rs)

4[(ρD)/(ρ∞D∞)]
, (39)

which, besides depending on the liquid density and properties in the ambient atmosphere,
also exhibits explicit dependencies on the burning-rate constant, the droplet diameter, the
mixture fraction, the temperature ratio, the radius ratio (r/rs), and the (ρD) ratio, although
this last ratio is unity in the present analysis. The radius ratio here becomes the flame-
standoff ratio (rf /rs) when evaluated at χ = χf , whence the maximum value of χf , that is,
χfe (the subscript e identifying the values of all variables at this maximum), provides an
expression for the minimum diameter, which is the extinction diameter, that involves the
burning-rate constant, the liquid and ambient properties, and the flame-standoff ratio.

d2
le =

(ρl/ρ∞)2(K2/D∞)(Tfe/T∞)(Tfe − T0)2

8(rfe/rs)4(2Tfe − T0 + T∞)2χfe
, (40)

where use has been made of (28). One approach to data analysis would be to employ the
measured burning-rate constant K and flame-standoff ratio (rf /rs) at the time of cool-flame
extinction, along with the calculated value of χfe (the value at the maximum of the curve
in the second figure) in this formula to determine a theoretical extinction diameter for
comparison with the experimentally measured extinction diameter. The theory, however,
also provides expressions for these other two measurable parameters.

12. The burning-rate constant and the flame-standoff ratio
With (ρD)constant, the expressions for the burning-rate constant and for the flame-
standoff ratio are K = [8(ρ∞D∞)/ρl]ln[1/(1 − Zs)] and (rf /rs) = [ln(1 − Zs)]/[ln(1 −
Zf )], obtainable from the analysis in Section 5. Use of (28) and (29) in these expressions
provides the results

K = [8(ρ∞D∞))/ρl]ln[(2Tf − T0 − T∞)/TL] (41)

and

rf /rs = ln[(2Tf − T0 − T∞)/TL]/ln[(2Tf − T0 − T∞)/(Tf − T0)]. (42)

Predicted values of the burning-rate constant (using ρl = 614 kg/m3, ρ∞ = 1.164 kg/m3,
and D∞ =2.76×10−5 m2/s) and of the flame-standoff ratio for heptane are shown in
Figure 3 for the conditions of Figure 2. These values are seen to vary little over the
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Figure 3. Predicted dependence of the burning-rate constant and of the flame-standoff ratio on the
flame temperature for heptane droplets burning in air at normal atmospheric conditions.

flame-temperature range encountered during cool-flame burning, and, moreover, they are
comparable with the values found experimentally, the experimental flame-standoff ratio,
somewhat dependent on the manner in which it is defined during data reduction, being
around 3, and the burning-rate constant around 0.5 mm2/s, a little less than is seen in the
figure.

13. Comparisons with experimental droplet diameters at extinction
Experimental values of droplet diameters at cool-flame extinction are now available for a
number of normal alkanes in different atmospheres. Comparisons of predictions with mea-
surements for heptane in oxygen-nitrogen atmospheres at 1 atm and 300 K for various
degrees of dilution [15] are shown in Figure 4. The computations employ Equation (40),
selecting the maximum of the χf curve calculated from Equation (38) with TQ= 4,000
K in (33), for the reason explained previously. The prediction for the selection L= 4
is seen to fall about in the centre the scatter of the data or slightly above, while that
for L=1 seems somewhat low. This observation lends support to the importance of
employing correct Lewis numbers in the analysis, with the general agreement suggest-
ing that the approximations that have been introduced, as well as the thermodynamic and
reaction-rate parameters that have been employed for n-heptane, are reasonably accu-
rate. Despite the evident scatter of this data, which likely is not entirely random but
instead may reflect systematic dependencies on initial droplet diameters and ignition

Figure 4. Dependence of the droplet diameter at cool-flame extinction on the oxygen mass fraction
in the ambient atmosphere for heptane.
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conditions that are yet to be clarified, the experimental results clearly support the pre-
dicted increase of the extinction diameter with decreasing oxygen concentration of the
atmosphere.
Data like that in Figure 4 for extinction diameters are available for decane droplets at

both 1 atm and 1/2 atm [15]. That data, however, are too few and scattered to reveal a
systematic dependence on the oxygen mass fraction. The computed values for decane,
employing the same rate parameters as those in Table 1 for heptane (since corresponding
rate parameters are not available for decane), with other parameters revised to apply to
decane, such as, roughly, TL=100 K (and sill TQ= 4,000 K, as the best estimate for
decane), lead to results lying somewhat above the centre of the range of the experimental
data at both pressures, as might be expected if the true rate parameters for decane were
larger than those for heptane. This outcome is favourable for the validity of the theory in
that differences in rate parameters for these two fuels are not likely to be large, less than
the uncertainties in individual values, the rate of the decomposition step 4, for example,
being about the same, while rates of oxygen addition, such as step 3, being somewhat
greater because of the larger number of addition sites. These agreements, however, are not
definitive because of insufficient data.
When the same rate data are used for different alkanes, the theory predicts a notice-

able increase in the extinction diameter with increasing size of the fuel molecule, which is
not borne out experimentally, likely because of an increase in the overall rate of the low-
temperature chemistry with an increasing number of carbon atoms in the normal alkane,
along with initiation of intrusion of fuel-pyrolysis processes that lead to (observed) sooting
increases with increasing fuel molecular weight and pressure. These explanations unfortu-
nately cannot be tested here because the extensive degree of reduction of the chemistry in
Table 1 is not yet available for alkanes higher than heptane, and accounting for the second
would require much more chemistry. The appreciable scatter of the data, as may be seen
in Figure 4, for example, may be associated with the shapes of the curves in Figure 2,
with small perturbations leading to extinctions not occurring precisely at the maximum
point, whence it could be helpful if much more extensive sets of experimental data could
be obtained.
More recent experimental results are available for the dependence of extinction diame-

ters on pressure at a fixed ambient oxygen mass fraction for droplets of dodecane, which,
with nearly twice as many oxygen addition sites on the alkyl radical as heptane, may be
expected to have noticeably faster low-temperature chemistry (although differences may
not be large enough to preclude use of the parameters in Table 1 for purposes of com-
parison, which is done here in the absence of corresponding rate data for dodecane). The
experiments, performed in a 300 K atmosphere of oxygen and nitrogen having an oxygen
mass fraction of 0.23, exhibited droplet diameters at extinction which are shown along
with the theoretical results in Figure 5. Calculated by employing the estimated TQ value
for dodecane, again 4,000 K, along with the pressure-dependent boiling temperature (about
490 K at 1 atm) and the measure TL of the heat of vaporisation (90 K at 1 atm and decreas-
ing with increasing pressure), these predicted extinction diameters are found to exceed
those measured by amounts increasing with pressure, starting from a factor of 4 at the
lowest pressure. Although an increase in the value of TQ would improve the agreement
considerably, good justification for such an increase is lacking. The difference observed
at the lowest pressure is consistent with the chemistry being faster for dodecane; increas-
ing the value of B by a factor of 5 and A by a factor of 2, for example, would produce
agreement. The experimental pressure dependence is, however, stronger than predicted,
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Figure 5. Dependence of the droplet diameter at cool-flame extinction on pressure for dodecane.

indicating that more extensive modifications of the chemistry are likely to be needed for
higher alkanes such as dodecane at elevated pressures.

14. Extinction-diameter scaling and the limiting oxygen index
Scaling laws have been addressed for the dependence of the diameter of the fuel droplet
at cool-flame extinction on the oxygen concentration in the ambient atmosphere. In the
approximation that extinction occurs at the crossover temperature in the NTC range, the
values of the activation energies of steps 4 and 6 of Table 1 enter into the scaling and
lead to the prediction that the extinction diameter varies approximately as the − 3/4 power
of the oxygen concentration [15]. The previous asymptotic analysis [22] resulted in that
dependence being related differently to the variation of the crossover temperature with the
oxygen concentration and effectively changed the approximate power law from −3/4 to
−1/2. Both of these dependencies, however, appear to be weaker than what is observed
experimentally.
If the last term is neglected in Equation (38) and use is made of the observation that

the flame temperature at extinction is calculated to be approximately the same for all
of the oxygen concentrations addressed, then the droplet diameter at extinction is found
from (33), (38), and (40) to be proportional to ([O2] − α)−1/2, where α = (2ρf /W∞)(Tf −
T∞)/TQ is independent of the oxygen concentration [O2] (but proportional to pressure)
if TQ is constant (likely the most reasonable choice). As α approaches zero, this scaling
becomes the same as that of the previous asymptotic analysis, but the dependence becomes
stronger as the value of α increases, and, in addition, from (38) it is seen that the last term
further strengthens this dependence by increasing the sensitivity to this factor. The present
results thus do not yield a simple power-law scaling but predict instead an increasingly
strong dependence of the extinction diameter on [O2] as it decreases, a dependence that
becomes more pronounced as the heat release in the flame is reduced.
With all other parameters fixed, there is, in fact, no solution for the flame structure if

the ambient oxygen concentration is too small ([O2] < α), according to Equation (33),
because more oxygen would then have to be consumed at the hot flame than is avail-
able. This implies the existence of a limiting oxygen index (LOI) for cool-flame-supported
droplet combustion, below which burning ceases to occur. The rate of change of the droplet
extinction diameter with the ambient oxygen concentration becomes infinite as the LOI is
approached. The value of the ambient oxygen mass fraction at the LOI is readily obtained
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from (33). Because of the likely decrease in the flame temperature with increasing dilution,
in an atmosphere of oxygen and nitrogen at 300 K, use of 4,000 K for TQ, the estimated
value for heptane, would give an oxygen mole fraction in the ambient atmosphere on the
order of 0.1 at the LOI. This value is below the value at the LOI of the hot flame, sug-
gesting the possibility of cool-flame-supported droplet combustion in atmospheres with
insufficient oxygen to support hot flames. Unfortunately the uncertainty in the value of
the empirical heat-release measure TQ leads to uncertainty in the value of the LOI, which
may differ for different normal alkanes and may or may not be high enough to be readily
measured, but the existence of an LOI is a robust prediction of the analysis.

15. Conclusions
It may be concluded from this study that, when reasonable values of the Lewis num-
bers of the important reaction intermediates are taken into account, and proper energetics
for cool-flame combustion of normal-alkane fuels to carbon monoxide and water vapour
are included, then six elementary reaction steps, with two of the species involved (the
hydroxyl and initially formed alkyl radicals) obeying accurate chemical-kinetic steady-
state approximations, provide good predictions of the quasi-steady cool-flame stage of
droplet combustion and its extinction conditions at and below normal atmospheric pres-
sure. That combustion involves a flame structure in which three unimolecular steps with
high activation energies, decomposition of alkylketohydroperoxide generating hydroxyl,
decomposition of hydroperoxylkyl to the comparatively unreactive hydroperoxyl and
conjugate alkene, and carbon-carbon bond breaking of the alkyl radical (as occurs in high-
temperature combustion), all proceed in a narrow reaction zone at the highest temperature,
while the absolutely essential intermediate, alkylketohydroperoxide, is produced in a dis-
tributed manner, throughout practically all of the gas phase, by a step with an activation
energy that is effectively negative in the NTC range. This alkylketohydroperoxide then
diffuses to the thin, hottest reaction zone, where it is consumed and where all of the heat
is liberated. This flame structure is described well by activation-energy asymptotics of the
partial-burning regime, different from an earlier analysis of that type, which treated only
one reaction occurring in the thin zone, excluding the distributed reaction.
The asymptotic analysis predicts values of droplet burning-rate constants and flame-

standoff ratios that agree reasonably well with experiment. It also predicts that the inverse
residence time in the flame achieves a maximum value for a flame temperature between
600 K and 800 K, corresponding to cool-flame temperatures in the range found by detailed
computational investigations employing chemical mechanisms with hundreds or thousands
of elementary steps. The maximum of the inverse residence time corresponds to a mini-
mum droplet diameter for which flame-structure solutions exist. This minimum diameter
is expected to be close to the droplet diameter at which cool-flame extinction occurs. Com-
parisons of predicted values of extinction diameters with values measured in experiments
performed aboard the ISS for normal heptane droplets, normal decane droplets, and normal
dodecane droplets exhibit general agreement as well as showing the observed decrease of
the extinction diameter with increasing oxygen concentration of the atmosphere and with
increasing pressure at a fixed oxygen mass fraction. All of the aforementioned elements of
the theory must be included to achieve this agreement, and the differences that are observed
can be attributed to likely differences in values of reaction-rate parameters that have not
yet been well determined and to the onset of sooting effects at higher pressures. The six
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pseudo-elementary irreversible reaction steps, with rate parameters justified as much as
possible at present by independent chemical-kinetic investigations, as well as accounting
for the Lewis numbers of intermediates being greater than unity, therefore are essential in a
minimal description for quantitative understanding of cool-flame-supported normal-alkane
droplet combustion, and they lead to the requirement that, for the oxygen concentration to
be positive in the hot reaction zone, the ambient oxygen concentration must exceed a value
determined by the heat release and the flame temperature that establishes a limiting oxygen
index.
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