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A B S T R A C T

Numerical nonadiabatic eigenfunctions are calculated for 2D Jahn-Teller conical intersections with the elliptical
shape found in square-symmetric molecules. Hunter’s exact factorization is used to visualize the complete real-
valued vibronic eigenfunctions. Point nodes are observed in the vibrational factor and the nodal structures are
compared with those for circularly symmetric conical intersections. Without pseudo-rotation symmetry, essen-
tial nth order nodes at circular conical intersections split into n accidental conical nodes that are near but not at
the elliptical conical intersection. For each eigenfunction, the integer electronic index that measures electronic
state vector rotation around a closed vibrational path is locally stable to perturbations. Pairs of oppositely signed
conical nodes can be generated or annihilated as Hamiltonian parameters are continuously varied. At annihi-
lation, a tangential node with an electronic index of zero is created. For elliptical conical intersections, all
eigenfunctions examined generate nonzero total vibrational probability density at the conical intersection.

1. Introduction

Nonadiabatic dynamics are important in many photochemical re-
actions and often proceed through conical intersections between adia-
batic potential surfaces [1–10]. The adiabatic perspective faces inter-
esting challenges when a conical intersection is submerged so that its
energy lies below the zero point energy or is otherwise accessible. In
these circumstances, the eigenfunctions can be delocalized over both
adiabatic potential surfaces and their behavior at and around the con-
ical intersection is of interest [11,12]. In spectroscopy, submerged
conical intersections are readily accessible as an extreme limit of the
dynamical Jahn-Teller effect [13–15] and can generate femtosecond
nonadiabatic dynamics [10,16,17]. This paper is concerned with the
eigenfunctions of low symmetry Jahn-Teller conical intersections,
which occur in square-symmetric molecules such as porphyrins and
phthalocyanines [18,19]. In such molecules, non-degenerate asym-
metric vibrations lower the molecular symmetry to lift the electronic
degeneracy between adiabatic potential energy surfaces.

For nonadiabatic systems, Hunter [20] developed an exact factor-
ization [21,22] that closely parallels the Born-Oppenheimer factoriza-
tion in many ways but also has fundamental differences. This factor-
ization completely characterizes the exact eigenfunctions and is used to
visualize nonadiabatic eigenfunctions here [23–25]. Each normalized
eigenfunction is written as a product of a marginal vibrational factor

and a conditional electronic factor. Like the Born-Oppenheimer fac-
torization, each marginal vibrational factor is square-normalized for
integration over all vibrational coordinates and, for every set of vi-
brational coordinates, each conditional electronic factor is square-nor-
malized over the electronic coordinates. Unlike the Born-Oppenheimer
factorization, the vibrational-coordinate dependent electronic factors
vary from vibronic state to vibronic state and the vibrational factors are
not orthogonal, which are both heavy prices. However, since the square
of the vibrational factor gives the total vibrational probability density
[24], Hunter’s exact factorization is more natural for visualizing dif-
fraction and imaging measurements [26,27] that probe the total vi-
brational probability density.

If only two electronic states are involved, the electronic factor,
which depends on the vibrational coordinates, can be fully specified by
one electronic angle. As a result, as shown in Refs. [23–25], a colored
exact factorization with amplitude contours for the positive vibrational
factor and color for the signed electronic factor provides complete vi-
sualization of real-valued nonadiabatic eigenfunctions with a single
map [24]. This colored factorization led to the discovery of low di-
mensionality nodes in the exact factorization of nonadiabatic eigen-
functions [24] for an energy transfer Hamiltonian. These are in prin-
ciple observable as isolated zeroes in the vibrational probability
density. The dimensional considerations that govern the appearance of
these nodes are similar to those for conical intersections between
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adiabatic potential energy surfaces; for two electronic dimensions over
two vibrational dimensions, one obtains point nodes. Since the sur-
rounding vibrational amplitude has the shape of a right elliptical cone
with the node at the vertex, these are called conical nodes [24]. These
results do not contradict the idea that, with an infinite number of
coupled electronic states, nonadiabatic couplings will always fill in
nodes in the vibrational factor to some extent [22,28–30]. In practice,
they suggest observable weakly avoided vibrational zeroes of low di-
mensionality in the total vibrational probability density [24].

Further exploration of a circularly symmetric Jahn-Teller
Hamiltonian with a conical intersection that is submerged below the
zero point level found that some eigenfunctions had vibrational am-
plitude at the conical intersection and some had essential nodes there
[25]. These essential nodes are required by the circular symmetry when
pseudo-rotation is excited and have integer orders given by the elec-
tronic index, which arises from variation of the electronic state vector
around an encircling path [25]. For an essential node, the electronic
index also gives the local radial dependence of the vibrational prob-
ability amplitude factor. With circular symmetry, essential first order
nodes are circular conical nodes. Nonadiabatic wavefunction amplitude
at a conical intersection is consistent with conjectures about nonzero
amplitude at a conical intersection [11,12] and is critical for non-
adiabatic tunneling [31–33].

Here we examine the relationship between conical intersections and
nonadiabatic nodes for a lower symmetry Jahn-Teller Hamiltonian [15]
which occurs for square-symmetric molecules. Square-symmetric mo-
lecules have either D4h symmetry (the point group symmetry of a
square) or C4v symmetry (the point group symmetry of a square with
different colors on the two faces). In molecules belonging to these point
groups (and also molecules belonging to the D4 and D2d point groups
isomorphic to C4v), the Jahn-Teller effect is driven by non-degenerate
vibrations of two different symmetries, giving the conical intersection
an elliptical shape [34], but no tilt along its major or minor axes. All
vibrational-electronic eigenfunctions remain doubly degenerate.
Square-planar D4h porphyrins have 4 non-planar distortions: doming,
propellering, and saddling/ruffling [35]; these give distorted equili-
brium geometries with C4v, D4, and D2d point group symmetry, re-
spectively. As a result, any single non-planar distortion does not alter
the form of the linear Jahn-Teller coupling Hamiltonian. In a silicon
naphthalocyanine molecule with D4h molecular symmetry, a sub-
merged conical intersection with Jahn-Teller stabilization energies of
∼1meV drives electronic dynamics on ∼100 fs timescales [17,36,37].

In this paper, it will be shown that the lower symmetry around
conical intersections in square-symmetric molecules has multiple con-
sequences. Numerically exact calculations do not find nodes at the
conical intersection. We found this numerical result surprising because
the conical intersection has no tilt or asymmetry to drive nodes to one
side over the other, so analytic perturbation theory is then used to
demonstrate this result. A numerical example shows that first order
nodes move continuously as the equilibrium Jahn-Teller displacement
of the coupling coordinate is varied. Another numerical example shows
that nth order nodes, when not required by symmetry, split into n first
order nodes that locally conserve the electronic index. Numerical ex-
amples in which the frequency of the coupling coordinate is varied
exhibit node creation and annihilation phenomena. Numerically, these
creation (annihilation) events generate (destroy) two nodes which have
equal and opposite electronic indices. It is found numerically and
shown analytically that node creation and annihilation proceeds
through a nonadiabatic point node with a non-conical structure and an
electronic index of zero; these are called tangential nodes. These node
creation and annihilation phenomena also conserve the electronic index
locally, so long as no node crosses the closed path along which the
electronic index is calculated. To address the question of whether the
electronic index has a globally conserved character, we report numer-
ical results demonstrating that conical nodes can move in towards the
conical intersection from large radius. These results, along with avoided

crossings between eigenstates with different electronic indices around
the perimeter examined here, suggest a globally conserved large radius
electronic index either does not exist or is not easily accessible in nu-
merical studies. To justify the title, it is shown that square-symmetric
Jahn-Teller Hamiltonians can have global elliptical symmetry.
Although the ellipticity in the shape of the adiabatic conical intersec-
tion can be transformed away, it is demonstrated that ellipticity cannot
be transformed away from the nonadiabatic Hamiltonian. Ellipticity
generates amplitude at an energetically accessible conical intersection
for all eigenstates examined here. Finally, we discuss how probability
amplitude at conical intersections might be experimentally observed.

2. Theory

This section begins with a brief presentation of the standard linear
Jahn-Teller coupling Hamiltonian for square-symmetric point groups in
a diabatic basis [18]. From there, globally valid vibrational coordinate
dependent adiabatic potential energy surfaces and adiabatic electronic
eigenstates with maximum continuity through the conical intersection
are developed. A colored representation of the adiabatic electronic ei-
genstates clearly shows the phase discontinuity or cut radiating out
from the conical intersection on each surface. Conical intersections
have a sign which specifies the direction of electronic phase evolution
for any path encircling the conical intersection [3]. This sign impacts
the non-adiabatic eigenfunctions and is defined by a line integral fol-
lowing Ref. [25]. The doubly degenerate non-adiabatic eigenfunctions
are uniquely chosen to be eigenstates of one reflection operator that
follow a standard phase convention. This allows straightforward com-
parisons between eigenfunctions as Hamiltonian parameters are varied.
After defining the colored exact factorization used for visualization of
the complete nonadiabatic eigenfunctions, the integer electronic index
developed in Ref. [25] to quantify the electronic state vector rotation
[38] around a nonadiabatic node is defined and its key properties are
briefly summarized.

2.1. The Jahn-Teller Hamiltonian

The Hamiltonian will be written down assuming the highest sym-
metry square-symmetric point group, D4h, because symmetry species in
the lower symmetry square-symmetric point groups can then be ob-
tained through correlation tables [34]. Doubly degenerate electronic
states subject to Jahn-Teller distortion have Eg or Eu symmetry at
square-symmetric geometries. The n n( , )x y =(2,1) and (1,2) states for a
particle in a 2D square box provide an example of an Eu symmetry
electronic state. Diabatic electronic basis states x and y for the E state
are assumed to be independent of the vibrational coordinates. Di-
mensionless normal coordinates and their canonically conjugate mo-
menta can be obtained from internal vibrational coordinates [39] by a
canonical scale transformation [40] of the normal coordinates that
necessarily scales their generalized or conjugate momenta. Using the

x y{| , | } basis and dimensionless normal coordinates, the square-sym-
metric linear Jahn-Teller coupling Hamiltonian [18] (divided by ) is

= + + + +

+ +

H Ip q p q d q x x y y

d q x y y x

[(1/2) ( ) (1/2) ( )] [| | | |]

[| | | |]
1 1

2
1
2

2 2
2

2
2

1 1 1

2 2 2 (1)

where i are the Jahn-Teller active vibrational frequencies (i=1 or 2),
qi and pi are the dimensionless normal coordinate position and mo-
mentum operators, di are the equilibrium Jahn-Teller displacements for
those vibrations in dimensionless normal coordinates, and

= +I x x y y| | | | is the electronic identity operator for the Jahn-Teller
degenerate states. The first line is a harmonic oscillator Hamiltonian for
two vibrations. The second and third lines contain linear vibrational-
electronic couplings, which are specified by the equilibrium Jahn-Teller
displacements of the lower adiabatic potential energy surface. All vi-
brations without a linear Jahn-Teller coupling have been omitted. In
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this paper, all vibrational frequencies and energy eigenvalues will be
given in wavenumbers (which must be multiplied by 2πc to convert into
angular frequencies).

In the D4h point group, the Jahn-Teller active asymmetric vibrations
q1 and q2 have b g1 and b g2 symmetry, respectively (correlating to b1 and
b2, respectively, in the 3 isomorphic lower symmetry groups). Using the
terminology for more general conical intersections [41], q1 is the tuning
coordinate (g) and q2 is the coupling coordinate (h). For a particle in a
square 2D box, rectangular and diamond symmetry lowering de-
formations of the square box would have b g1 and b g2 symmetry
[37,42–44]. There are equal numbers of b g1 and b g2 vibrations in any
D4h symmetry molecule, but these Jahn-Teller active vibrations are
non-degenerate (unlike other n-fold point group symmetries with Jahn-
Teller distortions) [34]. Low frequency vibrations sometimes occur in
b g1 /b g2 pairs with similar frequencies and Jahn-Teller displacements
[45]. With equal frequencies ( =1 2) and displacements ( =d d1 2), this
Hamiltonian generates [18] a circularly symmetric conical intersection
[13,46].

2.2. Adiabatic surfaces

The adiabatic electronic Hamiltonian is obtained by neglecting the
kinetic energy operators and regarding the vibrational coordinates as
parameters:

= + +

+ +

H Iq q q q d q x x y y

d q x y y x

( , ) [(1/2) (1/2) ] [| | | |]

[| | | |].
elec 1 2 1 1

2
2 2

2
1 1 1

2 2 2 (2)

The adiabatic potential energy surfaces are obtained by diag-
onalizing the electronic Hamiltonian at each coordinate q q( , )1 2 :

± = ±±H q q q q U q q q q( , )| ; , ( , )| ; ,elec 1 2 1 2 1 2 1 2 (3)

The adiabatic potential surfaces are the electronic energy eigenva-
lues [47],

= + ± +±U q q q q d q d q( , ) [(1/2) (1/2) ] ( ) ( ) .1 2 1 1
2

2 2
2

1 1 1
2

2 2 2
2 (4)

As shown in Fig. 1, the two surfaces intersect at the origin (the
square-symmetric geometry) and together form a right elliptical double
cone in its immediate neighborhood. Along the q1-axis ( =q 02 ), slices
through the pair of potential surfaces give parabolas with positive
curvature that intersect at the origin and have their minima displaced
to = ±q d1 1, the equilibrium Jahn-Teller displacement parameter used
here to specify the linear vibrational-electronic coupling. Both minima
are lower than the conical intersection by the Jahn-Teller stabilization
energy =D d( ) (1/2)1 1 1

2. Similar statements hold for the slice along
the q2-axis. In 2D, the minima for slices along the coordinate axis with
the smaller stabilization energy become saddle points separating true
minima along the coordinate axis with the larger stabilization energy.
The lower surface has two symmetry related minima separated by two
symmetry related saddle points and a local maximum that touches the
bottom of the upper cone at its minimum [18,34]. The point of contact
between upper cone and lower surface is the conical intersection, and
the two surfaces locally form a right elliptical double cone around it.
The conical intersection is located at the coordinate origin and the zero
of energy. Moving from one adiabatic surface onto the other on passing
through the conical intersection makes the pair of potential energy
surfaces have continuous derivatives with respect to vibrational co-
ordinates. For this reason, Longuet-Higgins et al. referred to the two
adiabatic electronic eigenvalue surfaces as continuations of each other
[13].

The real-valued adiabatic electronic energy eigenstates depend only
on the adiabatic mixing angle

=q q d q d q( , ) atan2 ( , )1 2 2 2 2 1 1 1 (5)

where atan2(y, x) extends arctangent(y/x) over a 2π range. Square-
symmetry dictates the adiabatic electronic character up to a sign on the

=q 01 and =q 02 lines, but does not dictate the quantitative electronic
variation with angle in the q q( , )1 2 plane, which depends on the cou-
pling parameters through Eq. (5). [In contrast, for circularly symmetric
conical intersections, which have =d d1 1 2 2, the adiabatic mixing
angle becomes equal to the polar coordinate in the q q( , )1 2 plane.] For
real-valued eigenfunctions, Longuet-Higgins showed the adiabatic
electronic eigenfunctions must encounter a sign change discontinuity
for any closed curve encircling the conical intersection [48]. This sign
change discontinuity or cut radiates out from the conical intersection
point, but its location is arbitrary [49]. The adiabatic electronic ei-
genstates are chosen for maximum continuity as:

= x y| ; ssqw( /2){sin( /2)| cos( /2)| } (6a)

for the lower adiabatic state and

+ = +cos x y| ; csqw( /2){ ( /2)| sin( /2)| } (6b)

for the upper adiabatic state. Eqs. (6a) and (6b) have been simplified by
defining a sinusoidal square wave function

=ssqw( ) signum[sin( )] (7a)

and a cosinusoidal square wave function

=csqw( ) signum[cos( )] (7b)

by means of the standard [50] signum function

=
+ >

=
<

signum( )
1 ( 0)
0 ( 0)
1 ( 0) (8)

With this form of Eqs. (6a) and (6b), the adiabatic mixing angle
can take on any real value. The trigonometric square wave functions
specify the locations of cuts (see Fig. 1). Here, the cuts on the two
surfaces have been arranged into a maximally continuous single cut
along =q 02 such that the lower surface cut for <q 02 connects to the
upper surface cut for >q 02 and separates ± y| on both surfaces. Eqs.
(6a) and (6b) show that + + =| ; | ; everywhere except at the
conical intersection point, where both are undefined. As can be seen
from the surface colors in Fig. 1, moving from one adiabatic surface to
the other on passing through the conical intersection makes the pair of
adiabatic electronic eigenstates continuous across the conical intersec-
tion (except for the undefined electronic character of the separate
surfaces at the conical intersection point). For this reason, Longuet-
Higgins et al. also referred to the two adiabatic electronic eigenstates as
continuations of each other [13].

2.3. The sign of the conical intersection

Conical intersections have a sign [3] which can be defined by the
sign of any counterclockwise line integral around the conical intersec-
tion [25]:

=C d q q( ) 1
2

( , ).
C

a
1 2 (9)

where ± ±± q q y x( , ) arctan[ | ; / | ; ]a
1 2 are diabatic to adiabatic

transformation angles. From Eqs. (6a) and (6b), the transformation
angles are =q q( , ) ( )/2a

1 2 over the domain = (0, 2 ) and
=+ q q( , ) /2a

1 2 over the domain = ( , ); each becomes undefined
at its cut. The line integral starts and stops at the cut for the single-
valued a used here. For real-valued electronic states, the phase angle is
an integer multiple of and gives the adiabatic electronic sign dis-
continuity found by Longuet-Higgins [13,48,51,52] for closed paths
around a conical intersection (an example of a geometric phase [53]).
The sign of a conical intersection, signum(γ), depends on the phase
convention for the diabatic electronic basis set but not on arbitrary
adiabatic eigenfunction sign or phase. Any line integral around the
conical intersection is = +C( ) 1/2 for either surface in Fig. 1, so the
sign of this conical intersection is positive.
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2.4. Exact nonadiabatic eigenstates

The nonadiabatic eigenfunctions solve the full time-independent
Schrodinger equation

=H r rq q E q q( , , ) ( , , )m m m1 2 1 2 (10)

and depend on both electronic (r) and vibrational coordinates.
Although the degeneracy of the adiabatic potential energy surfaces is

lifted everywhere but at the conical intersection, the nonadiabatic vi-
brational-electronic eigenstates of the square-symmetric Jahn-Teller
Hamiltonian all remain doubly degenerate. The degeneracy arises be-
cause the total Hamiltonian in Eq. (1) has a molecular symmetry group
[54] that remains isomorphic to the square-symmetric point group even
when Jahn-Teller distortions lower the equilibrium point group sym-
metry [18]. The square-symmetric Hamiltonian separately commutes
with two mutually non-commuting reflection operators v and d; this
requires degeneracy [55] and imposes symmetries on the eigenstates
beyond those required by four-fold rotational symmetry. Under these
reflection operators, the asymmetric coordinates and diabatic electronic
basis states transform as [37]:

= + =q q q q, ,v 1 1 v 2 2 (11a)

= + =x x y y| | , | |v v (11b)

and

= = +q q q q, ,d d1 1 2 2 (11c)

= + = +x y y x| | , | |dd (11d)

Pairs of doubly degenerate eigenstates can be chosen as simultaneous
eigenstates of the Hamiltonian and either reflection operator.

When the conical intersection parameters generate circular sym-
metry, the eigenfunctions have an additional rigorous pseudo-rotation
quantum number j and an approximate vibrational quantum number v.
Vibrational quantum numbers characterize such eigenfunctions well in
the limits of small d (circular 2D harmonic oscillator quantum numbers)
and large d (separable adiabatic radial vibration on the lower surface)
[13,56]. Circular 2D harmonic oscillator quantum numbers are used
here to describe elliptical conical intersection eigenstates by correlation
to eigenstates of a circular conical intersection with reasonably small
Jahn-Teller displacement d. These quantum numbers are not “good” for
elliptical conical intersections, just convenient correlation labels that
provide an energetic point of reference.

2.5. Colored exact factorization

To simultaneously visualize a complete nonadiabatic eigenfunction,
we use Hunter’s exact factorization [20,29]. Each normalized eigen-
function r q q( , , )m 1 2 is written as a product of an everywhere positive
marginal vibrational amplitude factor,

= r r rq q q q q qÞ ( , ) ( , , ) ( , , )dm m m1 2 1 2 1 2 (12)

and a signed conditional electronic factor

=r rK ( ; q , q ) ( , q , q )/Þ (q , q )m m m1 2 1 2 1 2 (13)

Like Born-Oppenheimer factors, each exact vibrational factor is
square-normalized over the vibrational coordinate space and each
conditional electronic factor is square-normalized over the electronic
space (r) at each vibrational coordinate q q( , )1 2 . The conditional elec-
tronic factor is a unit vector in the electronic state space. If the vibra-
tional amplitude factor has a node, the exact factors are not separately
acceptable wavefunctions, motivating the use of the Icelandic letter
thorn, Þ, to emphasize that the vibrational factor is the square root of
the diagonal element of the reduced vibrational density operator ob-
tained by tracing over electronic states. The exact vibrational factor for
a real-valued nonadiabatic eigenfunction may have integer-order es-
sential nodes if they are required by symmetry and accidental first order
conical nodes, which become likely when the vibrational dimension-
ality exceeds the electronic dimensionality. When only two electronic
states (x and y) are involved, the exact electronic factor at each set of
vibrational coordinates can be fully specified (in character and phase)
for each nonadiabatic state m by the electronic angle

=q q y x y x( , ) atan2( | , | ) atan2( |K , |K ),m m m m m1 2 (14)

Fig. 1. Potential Surfaces around the Conical Intersection for a Square-
Symmetric Molecule. Top) The adiabatic potential energy surfaces for a doubly
degenerate E symmetry electronic state as a function of Jahn-Teller active
normal coordinates (q1, q2) with b1g and b2g symmetry. The Hamiltonian para-
meters in Eq. (1) have accidentally equal vibrational frequencies = =1 2
200 cm−1 with unequal displacements d1 =0.4 and d2 =0.8 along q1 and q2,
respectively. The lower surface has minima [front right and back left] at

± d(0, )2 that are stabilized by =D( )2 64 cm−1 below the conical intersection.
The two saddle points [front left and back right] at ±d( , 0)1 are stabilized by

=D( )1 16 cm−1. The upper cone has roughly elliptical cross sections with
major axes along q1. The color of each potential surface at each coordinate
indicates the adiabatic electronic eigenfunction according to the color wheel.
Bottom) Color wheel used to indicate electronic eigenfunctions for the adiabatic
potential surfaces above and for nonadiabatic eigenfunctions throughout the
rest of the paper. The 2π angular range is divided into 64 discrete colors. The
adiabatic potential surfaces show continuous coloring through the conical in-
tersection and an eigenfunction sign-change discontinuity or cut (arbitrarily
located along =q 02 ) that is required by the geometric phase.
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which becomes undefined if the vibrational amplitude factor is zero.
Representing the positive vibrational factor by amplitude contours and
the signed electronic factor by color (referencing the color wheel in
Fig. 1) allows a single map to completely specify a real-valued non-
adiabatic eigenfunction [24]. A price paid for using this colored exact
factorization is that visualization of linear combination states requires
thinking about how the mixing of colors represents the addition of vi-
brational amplitude weighted electronic factors.

2.6. The electronic index

A key property of the nonadiabatic eigenfunctions is the electronic
index C( ) for line integrals around any simple closed counterclockwise
path C in the vibrational coordinate space that does not pass through a
node [25],

=C d q q( ) 1
2

( , )
C m 1 2 (15)

Visually, the electronic index equals the integer number of net
counterclockwise turns around the color wheel on the path C. Like the
sign of a conical intersection, the electronic index depends on the phase
convention for the diabatic electronic basis states x| and y| , but is in-
dependent of the arbitrary overall sign of the eigenfunction. As a result,
electronic indices for different eigenstates are significant relative to
each other. For a two-dimensional electronic state space over a two
dimensional vibrational space, Ref. [25] proved that the integer elec-
tronic index depends only on the number, order, and sign of the non-
adiabatic nodes enclosed by the path.

3. Calculations

The diabatic basis set Hamiltonian diagonalization computations
are similar to those in Ref. [25]. For high spatial resolution, harmonic
oscillator basis state coefficients are found and used to construct the
nonadiabatic eigenfunctions of Eq. (10). All harmonic oscillator basis
states are centered at the origin. Harmonic oscillator matrix elements
are obtained analytically [36,39]. Calculations use a truncated vibronic
Hamiltonian matrix that includes all vibrational states with

+v v N1 2 (roughly, this includes all 2D harmonic oscillator basis
states up to a certain energy, which provides faster convergence com-
pared to the separate maxima for v1 and v2 used in Ref. [25]). The
number of vibrational basis states on each diabatic electronic state is

+ +N N( 1)( 2)/2, so each calculation includes a total of + +N N( 1)( 2)
diabatic vibronic basis states. The Hamiltonian is diagonalized using
the DEVCSF routine from the IMSL library which uses an implicit QR
algorithm [57] to evaluate eigenvalues and eigenvectors. All results
shown are for N=39. In addition to the convergence checks in Ref.
[25], the eigenvalues were checked for accuracy against Judd’s exact
results [58], which provide some analytic eigenvalues for specific cir-
cular symmetry conical intersection parameters (see Table S1 and Fig.
S1 in Supplementary Material). This check indicates 14-digit numerical
accuracy for the eigenvalues. Supplementary Table S2 and Fig. S2 show
eigenvalues for a square-symmetric Hamiltonian.

A numerically stable basis set rotation is applied to each pair of
degenerate eigenstates to find states with d symmetry [37]. The basis
set is then rotated by /4 to find states with v symmetry. These states
are then separated into states with eigenvalues of + 1 and 1 with
respect to the v operator. Then the vibrational amplitude and elec-
tronic factor are calculated using Eqs. (12) and (13), respectively. Fi-
nally, overall eigenfunctions signs are chosen to match perturbation
theory results for small d2. All of the nonadiabatic eigenfunctions shown
in the main body of this paper have a v eigenvalue of +1 so that

= +| |m mv . Pairs of degenerate eigenstates of v and the alter-
native representation of each pair as eigenstates of d are shown to-
gether in Supplemental Material Fig. S3.

4. Results

4.1. Effects of unequal linear Jahn-Teller couplings

Fig. 2 shows the colored exact factorization of the lowest eigenstates
for several Jahn-Teller Hamiltonians with different equilibrium dis-
placements for the coupling coordinate. (Fig. S2 shows that the energy
eigenvalues undergo avoided crossings [59] as a function of the linear
Jahn-Teller coupling parameter d2.) In the rightmost column of Fig. 2,
both Jahn-Teller displacements are = =d d 0.41 2 , generating a circu-
larly symmetric conical intersection. This circularly-symmetric case is
not general, and differences between d1 and d2 are expected for square-
symmetric molecules. The eigenstates in the rightmost column are si-
milar to those in column 1 of Fig. 2 from Ref. [25] where

= =d d 0.3161 2 . However, some arbitrary overall eigenfunction signs
are different here in order to more simply connect with results from
perturbation theory starting from Hougen’s accidental Born-Oppen-
heimer [18] case. For =d 02 , the phases have been chosen to agree with
the phase convention of Papousek and Aliev [39] as in Ref. [25].

In all five columns of Fig. 2, every = +1v eigenstate shown is de-
generate with an eigenstate having = 1v and any linear combination
of the degenerate eigenstates is also an energy eigenstate. Linear
combinations of the doubly degenerate eigenstates with = ±1v ,

= ±1d , and signed pseudo-rotation quantum numbers ± j are shown
for a circularly symmetric conical intersection in Fig. 2 from Ref. [25]
and the transformations between them are discussed there. Fig. S3
shows the set of = ±1v and = ±1d eigenfunctions for the elliptical
conical intersection in the fourth column of Fig. 2.

Important differences between the states studied here and those
studied in Ref. [25] arise because circular symmetry generates a con-
served pseudo-rotation quantum number j. In Fig. 2, some circular
symmetry eigenstates have higher order essential nodes that do not
occur without pseudo-rotation symmetry. Essential nodes occur be-
cause j takes on half-odd integral values (−v−1/2, … −3/2, −1/2,
+1/2, +3/2, … v+1/2) and requires radial amplitude power law
exponents of at least Þ ( , )v j

j
,

| | (1/2) in the vibrational amplitude
[25]. Further, these essential nodes have an electronic index with a
magnitude of exactly j| | (1/2) for simple closed counterclockwise
paths that encircle the essential node but do not encircle any other
node. This index is negative (clockwise around the color wheel for a
counterclockwise path) for all three essential nodes in the rightmost
column of Fig. 2 and positive (counter-clockwise around the color
wheel for a counterclockwise path) for the three essential nodes in the
leftmost column of Fig. 2. This change in sign of the index is accom-
panied by a change in sign of the conical intersection. The leftmost
column in Fig. 2 here differs from Fig. 6 of Ref. [25] in reversing the
sign of the conical intersection by changing the sign of d2 instead of d1.
Examination of the Hamiltonian in Eq. (1) shows that changing the sign
of the equilibrium Jahn-Teller displacement di is equivalent to changing
the sign of the coordinate qi. While both the electronic index of a node
and the sign of a conical intersection depend on the phase convention
for the electronic basis states, their physically meaningful ratio does
not. As proven in Ref. [25], the electronic index for a simple closed path
that encircles several nodes is the sum of the electronic indices for the
enclosed nodes. Such summed electronic indices are stable with respect
to the symmetry lowering perturbations in the second and fourth col-
umns of Fig. 2. However, as the displacement d2 is varied over a wider
domain from 0 to 1 for this family of square-symmetric Jahn-Teller
Hamiltonians (in which all other parameters remain fixed), Fig. S2
shows avoided crossings between states with different summed elec-
tronic indices; these avoided crossings indicate that the summed elec-
tronic indices are not globally conserved over the vibrational co-
ordinate region shown in Fig. 2.

The changes in coupling coordinate displacement from left to right
in Fig. 2 lower the symmetry of and then annihilate a negative conical
intersection at an accidental adiabatic point before creating a positive
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Fig. 2. Effects of varying Jahn-Teller displacement for the coupling coordinate. The five columns each have six panels showing the probability amplitude and
electronic character of the six lowest energy eigenstates with = +1v for the Jahn-Teller Hamiltonian with vibrational frequencies = = cm2001 2

1 and Jahn-
Teller displacement =d1 0.4 for the tuning coordinate. The five columns systematically vary the Jahn-Teller displacements d2 for the coupling coordinate. In each
panel, the contour interval is 10% of the maximum probability amplitude for that state, with thicker contour lines for higher amplitude. The color wheel in Fig. 1 is
used to represent electronic character. In each column, the lowest energy state is on the bottom and energy increases upward. In each panel, the label at upper left
gives the eigenstate energy in wavenumbers and the label at lower right specifies the electronic index for paths around the perimeter. The leftmost and rightmost
columns have circular symmetry conical intersections with opposite signs. These eigenstates have a good vibrational quantum number v and a rigorous absolute value
of the half-odd integral pseudo-rotation quantum number j| | given at lower left v j( , | |). In each column, three eigenfunctions have essential nodes of order j(| | 1/2) at
the conical intersection (346, 526, and 613), and three have accidental conical nodes elsewhere (395, 574, and 613). The second and fourth columns have non-
adiabatic Hamiltonians with elliptical conical intersections, which break pseudo-rotation symmetry. The eigenstates do not have rigorous quantum numbers beyond

v and have only accidental conical nodes. None of the accidental nodes occur at the conical intersection at the origin. The middle column is an accidental Born-
Oppenheimer case with adiabatic nodal lines or curves indicated by abrupt color changes. In the middle column, degenerate states are chosen so each has a definite
adiabatic electronic state (x or y), vibrational quantum number v, and absolute value of the vibrational angular momentum | | about the equilibrium geometry on its
adiabatic potential surface given at lower left x y v( / , , | |).
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conical intersection and restoring circular symmetry. Two level cross-
ings occur as the conical intersection is annihilated: eigenstates corre-
lating to = =v j( 1, | | 3/2) and = =v j( 1, | | 1/2) on the left cross at

=d 02 to correlate with = =v j( 1, | | 1/2) and = =v j( 1, | | 3/2), re-
spectively, on the right; similarly, = =v j( 2, | | 5/2) and

= =v j( 2, | | 3/2) on the left cross to become = =v j( 2, | | 3/2) and
= =v j( 2, | | 5/2), respectively, on the right; = =v j( 2, | | 1/2) passes

through this higher energy level crossing. (The level crossings at =d 02
are examined closely in Fig. S4 of the Supplementary Material.) For
each eigenstate, the electronic index for paths around the perimeter is
conserved through these crossings over the range of equilibrium Jahn-
Teller displacements shown in Fig. 2.

4.2. Nodes near, but not at, conical intersections

In square-symmetric molecules, Hamiltonians with circular sym-
metry and their eigenstates with essential nodes are improbable (zero
probability) because they require two exact equalities between con-
tinuously variable parameters. Similarly, the adiabatic case with nodal
lines and curves in the middle column is improbable (zero probability)
because it requires that one parameter be exactly zero. The eigen-
functions shown in the second and fourth columns of Fig. 2 also require
a one parameter equality (equal frequencies) for square-symmetric
molecules. For these nonadiabatic eigenfunctions, the only nodes are
accidental conical nodes, each with an elliptical shape. So long as no
node crosses the enclosing path as the Hamiltonian symmetry is low-
ered, the electronic index for the square-symmetric case is equal to the
electronic index for the circularly symmetric case. For 5 of the 6 states
in Fig. 2, conical nodes simply change their position continuously as a
function of coupling coordinate displacement until they disappear
along with the conical intersection at =d 02 . For the 6th state

= =v j( 2, | | 5/2), the essential second order node splits into two first
order conical nodes with the same sign as the symmetry is lowered. This
splitting preserves the total electronic index for small radius paths that
enclose the origin and both split nodes.

Conical nodes need not occur at the conical intersection for elliptical
conical intersections in square-symmetric molecules. Close inspection
of columns 2 and 4 in Fig. 2 indicates that conical nodes occur near the
conical intersection, but not at the conical intersection. This result can
be understood based on the nonadiabatic eigenstates shown in Fig. 3,
which can be accurately obtained from first order degenerate pertur-
bation theory starting from a basis of eigenstates for =d 02 .

In square-symmetric molecules, the equilibrium Jahn-Teller dis-
placements along any pair of Jahn-Teller active modes are independent
of each other. When either displacement di is zero, the Jahn-Teller
Hamiltonian accidentally becomes an adiabatic Hamiltonian with
analytic solutions [18]. The adiabatic electronic eigenstates become x|
and y| , which are allowed to cross because they have different sym-
metries. The vibrational coordinates q1 and q2 become separable, with
harmonic oscillator quantum numbers v1 and v2 (this basis is useful even
when the vibrational frequencies are different). Superscripts on the
vibrational quantum numbers will indicate which adiabatic electronic
basis state they are vibrational eigenstates of (i.e. their displacements
for the unperturbed Hamiltonian with d2= 0). With =d2 , the de-
generate adiabatic basis states = =x v v| | 1 | 0x x

1 2 and
= =y v v| | 0 | 1y y

1 2 both have = +1v and are directly coupled by the
off-diagonal tuning coordinate perturbation operator

= +H q x y y x[| | | |]1 2 2 (16)

The direct matrix element coupling these two states is given by

= = = = =
= = = = =
=

H v v y H x v v
v v v q v

d exp d

1| 0| | ^ | | 1 | 0
0| 1 1| | 0

[ 2 ( )][1/ 2 ]

y x
y y x x

y x y x
01, 10 2 1 1 1 2

2 1 1 2 2 2

2 1 1
2 (17)

On the last line, the first factor in brackets is the Franck-Condon

overlap integral for mode 1 (relative to each other, the electronic states
x and y are displaced by d2 1), and the second factor in brackets is the
harmonic oscillator matrix element for mode 2. For the parameters used
in Fig. 3, Hy x01, 10 6.817×10−9 cm−1. Degenerate first-order pertur-
bation theory [55] yields the eigenstates

= = = + = =+ y v v x v v| (1/ 2 )[| | 0 | 1 | | 1 | 0 ]y y x x
1 2 1 2 (18)

And

= = = = =y v v x v v| (1/ 2 )[| | 0 | 1 | | 1 | 0 ]y y x x
1 2 1 2 (19)

with eigenvalues

= ±±E E Hy x
(1) (0)

01, 10 (20)

where E(0) =Hy01,y01=Hx10,x10= 384 cm−1. Since is positive,
the lower eigenstate is the antisymmetric linear combination and the
upper eigenstate is the symmetric linear combination. For this pair of
states, all other couplings are of second order. Since the contributing
adiabatic basis states have nodal lines that cross, their crossing point
locates the conical node at = =q d q( , 0)1 1 2 .

A slightly more complicated analysis can be performed for states

-2 0 2

-2

0

2

-2 0 2
q1

-2

0

2

q 2

-2

0

2

-2

0

2

q 2

-2 0 2-2 0 2-2 0 2
q1

384

384
d2 = 0

384− 
 

384+
d2 = δ

 
 (y,0,1)

(x,1,0)

=−1

=+1

Fig. 3. Accidental Conical Nodes are near but not at the Conical Intersection.
Left Column) Probability amplitude and electronic character for eigenfunctions
with = +1v and one quantum of vibration for an accidental Born-
Oppenheimer Hamiltonian with parameters = =1 2 200 cm−1, =d 0.41 , and

=d 02 . Contour intervals are 10% of each state’s maximum probability ampli-
tude, and are thicker for higher amplitude. The top eigenfunction has quantum
numbers = =x v v( , 1, 0)1 2 and has a vertical nodal line (dotted white) through
the equilibrium geometry of adiabatic electronic state x, = =q d q( , 0)1 1 2 . The
bottom eigenfunction has quantum numbers = =y v v( , 0, 1)1 2 and has a hor-
izontal nodal line (dot-dashed white) through the equilibrium geometry of
adiabatic electronic state y, = + =q d q( , 0)1 1 2 . Both energy eigenvalues are
exactly 384 cm−1. Right Column) Probability amplitude and electronic char-
acter for eigenfunctions with = +1v and one quantum of vibration for a
nonadiabatic Hamiltonian with parameters = =1 2 200 cm−1, =d 0.41 , and

=d2 , where = 10 10. The nonadiabatic energy eigenvalues are non-
degenerate, with shifts of± 6.818× 10−9 cm−1 to 384+ (top) and 384−

(bottom). For both nonadiabatic eigenfunctions, the dot-dashed and dashed
nodal lines of the projections onto adiabatic basis states intersect at the conical
node, which occurs at = =q d q( , 0)1 1 2 in the limit as tends to zero.
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with 2 quanta of vibration (see the discussion of perturbation theory for
two-quanta states in the Supplementary Material). In this analysis, vi-
brational eigenstates of the 2D harmonic oscillator having definite ab-
solute values of the vibrational angular momentum | | form a natural
basis when the Jahn-Teller displacement for mode 1 also approaches
zero. The eigenstates with 2 quanta in Fig. 2 still bear a resemblance to
linear combinations of these natural basis states, which are shown for

=d 02 . These analyses can also be generalized to unequal vibrational
frequencies. Thus, perturbation theory shows that conical nodes can
occur off the elliptical conical intersection for square-symmetric mo-
lecules.

Fig. 4 shows that the locations of nodes in nonadiabatic eigenstates
vary continuously as a function of the Jahn-Teller displacement for the
coupling mode. The conical intersection lies at the origin for all d2. As d2
increases, the vertically elongated elliptical conical node gradually
approaches the origin for =d d2 1 (where it becomes circular), and then
moves beyond it and becomes horizontally elongated.

For elliptical conical intersections in square-symmetric molecules,
all of the energy levels are doubly degenerate, which raises the ques-
tion: Are the conical nodes “accidental” in the sense that they can be
removed by a change in degenerate basis? A perturbation theory ana-
lysis of the = 1v eigenstates with one vibrational quantum exactly
parallels the one above and shows that their conical nodes occur at

= + =q d q( , 0)1 1 2 . Taking complex-valued linear combinations of de-
generate states with = ±1v thus proves that the conical nodes in Fig. 3
are accidental. The doubly degenerate sets of = ±1v and = ±1d ei-
genstates in Fig. S3 all have conical nodes, but the nodes are on op-
posite sides of the conical intersection for the two eigenstates in each
degenerate pair. This shows that the conical nodes for elliptical conical
intersections in Fig. 2 are all accidental. The results are not particular to
the symmetries chosen: Supplementary Material Fig. S5 shows many
basis-set rotations of a degenerate eigenstate pair and all have the same
number of conical nodes with node coordinates in one related to the
node coordinates in the other by inversion through the conical inter-
section. These relationships between nodal coordinates within each
degenerate pair are relevant for measurement of point zeroes in the
total vibrational probability density (see discussion).

When = = 200 cm1 2
1 and = =d d 0.41 2 , the = =v j( 2, | | 5/2)

eigenstate has a second order node [25], shown here in Fig. 2. The
middle panel of Fig. 5 illustrates how this second order node arises from
the simultaneous intersection of two nodal curves in the projection onto
adiabatic electronic state x with two nodal curves in the projection onto
y. In each projection, these nodal curves intersect at a 90° angle at the
origin because of the circular symmetry of the conical intersection [25].
When this circular symmetry is broken, however, the nodal curves in
each adiabatic projection need not pass through the conical intersection

at the origin and need not intersect (Ref. [60] discusses non-intersecting
nodal curves). As shown in the top and bottom panels of Fig. 5, the
second order node separates into two first order nodes with the same
sign (in Fig. 2, similar node splittings can be seen in the second and
fourth columns of the third row). The splitting preserves the total
electronic index for any simple closed path that encircles both conical
nodes and the origin in all three cases. Supplementary Material Fig. S6
shows, for states with n=1–5, that nth order nodes at the circularly
symmetric conical intersection split into n conical nodes for slightly
unequal frequencies. The first order conical nodes have the generic
elliptical shape. The sum of the electronic indices for the first order
nodes arising from the split equals the electronic index of the higher
order parent node.

4.3. Conical node creation and annihilation via tangential nodes

Fig. 6 shows the eigenfunctions as the coupling vibration frequency
is changed while the tuning vibration frequency remains fixed and the
Jahn-Teller displacements remain equal. When the frequencies are
equal (center column), the Hamiltonian and conical intersection have
circular symmetry. Since the Jahn-Teller stabilization energy for the
coupling vibration is given by =D d( ) (1/2)2 2 2

2, an increase (or de-
crease) in frequency 2 destroys the circular symmetry of the adiabatic
potential surfaces, creating minima (or maxima) at = ±q d2 2 on the
lower surface. By stretching (or compressing) the adiabatic potential
surfaces vertically along one axis, these distortions generate elliptical
conical intersections for the other four columns of Fig. 6. For the
nonadiabatic Hamiltonian, unequal vibrational frequencies introduce
an asymmetry in the kinetic energy operator that does not occur for
unequal displacements alone. Comparing the states correlated to

= =v j( 2, | | 1/2) in row 5, columns 3–5 of Fig. 6 shows a node creation
phenomenon not seen in Fig. 2, but the electronic index around the
perimeter of each panel is stable.

As the vibrational frequency is changed, pairs of oppositely signed
nodes can be created or annihilated. Fig. 7 shows an instance of this by
extending the frequency difference beyond the domain shown in the top
row of Fig. 6. At the frequency for which two conical nodes annihilate,
there appears to be a point node where three nodal curves in the two
adiabatic electronic projections cross. Around this point, the electronic
character reverses sign along q2 while remaining locally constant along
q1, so this is not a conical node. The overall electronic index for simple
closed paths around this region remains 0 in all panels of Fig. 7.

This node at the point of annihilation is here referred to as a tan-
gential node. Fig. 8 zooms into the region around this node for a fre-
quency numerically close to annihilation. Although the intersection of
three diabatic nodal curves at a single point arises by varying a

Fig. 4. Varying the coupling coordinate displacement. The five panels show how variation of d2 affects the conical node in the second lowest energy = +1v
eigenstate of the Jahn-Teller Hamiltonian with vibrational frequencies = = cm2001 2

1 and =d 0.41 . Panels are labeled at upper left by the eigenstate energy in
cm−1. Each panel overlays the nodal curves in the eigenfunction projections onto adiabatic electronic states x (dotted white curve) and y (dot-dashed white line).
Contour intervals are 10% of maximum amplitude. From left to right: =d2 ) here = 10 10 and the conical node is located at = =q d 0.41 1 . This is a close-up of
the lower right panel in Fig. 3; =d 0.22 ) the conical node is located at about q1 −0.210. This is a close-up of the eigenfunction in the second row and fourth column
of Fig. 2; =d 0.42 ) here, =d d1 2 and the node lies exactly on the circular conical intersection at the origin. This is a close-up of the eigenfunction = =v j( 1, | | 3/2) in
the second row and fifth column of Fig. 2; d2 = 0.6) the node has continued shifting further to the right and lies at about q1 0.225; =d2 0.8) the node has continued
shifting further to the right and lies at q1 0.455. The Hamiltonian parameters in this rightmost panel match those for the adiabatic potential energy surfaces in Fig. 1.
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parameter in the presence of symmetry, the shape of this node may be
typical. Along q2, the electronic character changes sign from+ y| below
the node to y| above the node. The even contour spacing shows that
amplitude grows linearly along q2, like a conical node. Along q1, the
electronic character is + x| for all points except the node itself, where
electronic character is undefined. The uneven contour spacing indicates
an amplitude that grows quadratically along q1, like a second-order
node. The electronic index η is zero for any simple closed path around
just this node.

The simplest generic creation/annihilation event for two oppositely
signed nodes involves shifting two adiabatic vibrational nodal curves
that intersect twice so that their intersections coalesce to a single point
and then disappear. The two nodal curves generically become tangent
at the point where they coalesce and annihilate the two conical nodes,
suggesting the name tangential node. Tangential nodes are “accidental”
because a parameter must be precisely tuned to the creation/annihi-
lation event. Supplementary Material Fig. S7 shows slices through the
amplitude along the tangential direction as two conical nodes annihi-
late. Without loss of generality in determining nodal shape, we may
choose perpendicular coordinates w z( , ) with the point of coalescence
as the origin and the tangent line along axis w. Locally, the non-
adiabatic eigenfunction can be written in terms of two orthogonal
electronic basis states as

= +w z az w A bz w B| ; , ( )| ( )|2 2 (21)

This has a vibrational amplitude factor

= +w z az w bz wÞ( , ) ( ) ( )2 2 2 2 (22)

that gives the generic shape for a tangential node. The electronic factor
is locally constant along the tangent line,

= = +w z A B|K; , 0 ( | | )/ ( ) ( )2 2 (23a)

but abruptly changes sign along the perpendicular to the tangent
through the origin,

= = + +w z z a A b B a b|K; 0, signum( )( | | )/ ( ) ( )2 2 (23b)

Note that the electronic factors along the tangent line and its per-
pendicular through the origin are not generically orthogonal – their
orthogonality requires + =a b 0, which is a consequence of sym-
metry in Fig. 8 (with =w q c1 , =z q2, =A x| | and =B y| | , Eq. (11)
requires =a 0 and = 0 for = +1v states). Eq. (21) can be used to
show that, in the absence of symmetry, the electronic index around a
generic tangential node is zero.

Supplementary Material Fig. S8 shows that conical nodes can also
be created or annihilated in a different fashion as the Hamiltonian
parameters change in the presence of symmetry. This creation event for
the eigenstate correlated to = =v j( 2, | | 1/2) occurs near

2 =210.2 cm−1 (within the range shown in Fig. 6). The intersection of
three nodal curves at a single point creates two new conical nodes with
the same sign as the original node and reverses the sign of the original
node. As a result, the overall electronic index for simple closed paths
around the region of node creation remains constant, indicating a first
order singularity in the electronic factor. Even at the convergence limit
of these calculations, the vibrational amplitude around the node lies
between that around an adiabatic nodal curve and that around a tan-
gential node (a hypothetical accidental first order tangential node in the
presence of symmetry would not conflict with either generic accidental
zeroth order tangential nodes in the absence of symmetry or symmetry-
required first-order conical nodes).

Up to this point, every figure has shown a constant electronic index
around the perimeter of the coordinate region plotted for each eigen-
state. Fig. 9 shows how the (v=2, |j|= 3/2) eigenstate of the circu-
larly symmetric conical intersection changes as d2 increases. In the
circularly symmetric case (left panel), the electronic index for a path
around the perimeter is = +2. Compared to Fig. 2, the wider
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 d2 = 0.38

 d2 = 0.40

 d2 = 0.42

 (2,5/2)

=−2
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Fig. 5. Splitting of Second Order Nodes. All panels show the = +1v eigenstate
correlating to = =v j( 2, | | 5/2) for parameters = = cm2001 2

1 and = =d d1 2
0.4, as the coupling coordinate displacement d2 changes from panel to panel.
Each panel overlays the nodal curves in the eigenfunction projections onto
adiabatic electronic states x (dotted white curves) and y (dot-dashed white
curves). The contour interval is 2% of each state’s maximum amplitude, with
thicker contours for higher amplitudes. Top) d2= 0.42 gives rise to two conical
nodes with index −1 to the left and right of the origin. Middle) = =d d0.4 ( )2 1
shows the second order node with an electronic index of 2. This second order
node arises from the intersection of four nodal lines at the origin, Bottom)
d2= 0.38 generates two conical nodes with electronic index 1 above and
below the origin.
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coordinate range reveals that the three radial lines at = 0, 2π/3 and
4π/3 approximate nodal lines at the perimeter. All four conical nodes
from the left panel can be correlated throughout the three panels. For

=d2 0.6, two conical nodes (circled) have moved into the range shown.
Both conical nodes have an electronic index of = −1 (see
Supplementary Material Fig. S9 for close-ups), so that the electronic
index around the perimeter is = 0. For =d2 0.8, two more conical nodes
with electronic index = −1 have appeared, each along a new

approximate nodal line. With 4 nodes that do not appear in the leftmost
panel (node close-ups again in Fig. S9), the electronic index around the
perimeter is = −2. This shows that conical nodes can move in from (or
out to) large distances from the conical intersection. These changes do
not involve an obvious weakly avoided level crossing in Fig. S2, but the
energy eigenvalue’s curvature with d2 suggests strong level mixing in
this range.

Although nodal curves should not typically appear in nonadiabatic

Fig. 6. Effects of varying frequency for the coupling vibration. The probability amplitude and electronic character for the six lowest energy = +1v eigenstates of the
Jahn-Teller Hamiltonian are shown for vibrational frequency =1 200 cm−1 and = =d d1 2 0.4. Each column has a different coupling vibration frequency 2 given at
the top. The contour interval is 10% of the maximum probability amplitude for each state, with thicker contours for higher amplitude. Color represents electronic
character as shown in the color wheel in Fig. 1. Energy eigenvalues are given in cm−1 at the upper left of each panel. The electronic index around the perimeter of
each panel is given at lower right for each eigenfunction. The eigenfunctions in the center column match the rightmost column of Fig. 2 and have quantum numbers
v j( , | |) in the lower left of each panel.
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eigenfunctions, 7 out of the 8 conical nodes in the right panel of Fig. 9
can be connected by curves along which the amplitude never rises
above 20% of the maximum amplitude. These low amplitude regions
may be developing nodal curves, which suggests that conical nodes
commonly occur in the weakly avoided nodal curves of eigenfunctions
that are nearly adiabatic.

4.4. The role of ellipticity

Although all of the adiabatic potential surfaces considered so far
have elliptical conical intersections, the symmetry equivalent minima
and saddle points are obvious deformations from a simple scale trans-
formation for one coordinate of a circular conical intersection. This
raises questions about whether the amplitude at the origin is caused by
the local elliptical shape of the conical intersection, global departures
from an elliptical potential, or an elliptical form of the kinetic energy
operator. The following considerations justify the title of this paper.

Locally circular conical intersections can be obtained by requiring
that both Jahn-Teller active vibrations have the same linear coupling;

=d d1 1 2 2. This still allows the Jahn-Teller stabilization energies to
differ, so the adiabatic potential surfaces have minima and saddle
points at the equilibrium Jahn-Teller displacements. For one
Hamiltonian of this type (see Supplemental Material Fig. S10), all of the
nonadiabatic eigenfunctions examined have nonzero amplitude at the
conical intersection. A locally circular conical intersection is not suffi-
cient to keep nonadiabatic eigenfunction amplitude off the conical in-
tersection.

Purely elliptical Jahn-Teller Hamiltonians can be found by requiring
that both Jahn-Teller active vibrations have the same stabilization en-
ergy; = =d d D(1/2) (1/2) ( )1 1

2
2 2

2 . In this case, a little algebra shows
that the adiabatic potential surfaces in Eq. (4) simplify to

= +

± +
±U q q q q

D q q

( , ) [(1/2) (1/2) ]

2 ( ) [(1/2) (1/2) ] .
1 2 1 1

2
2 2

2

1 1
2

2 2
2

(24)

Since the level contours of = +f q q[(1/2) (1/2) ]1 1
2

2 2
2 are ellipses,

each elliptical contour of constant f gives one elliptical contour of
constant adiabatic potential energy on each adiabatic surface:

= ±±U f D f2 ( ) . As a result, all contours of constant adiabatic po-
tential energy are similar ellipses with a common center at the origin
and the same eccentricity [ =e 1 ( / )min max where

= min( , )min 1 2 and = max( , )max 1 2 ]. Since the kinetic energy
operator in the nonadiabatic Hamiltonian has the same eccentricity,
equal stabilization energies create an elliptically symmetric non-
adiabatic Hamiltonian. For a numerical example of a purely elliptical
Jahn-Teller Hamiltonian, every nonadiabatic eigenfunction examined
has nonzero amplitude at the conical intersection (see Supplementary
Material Fig. S11).

For adiabatic potential surfaces, one can transform any untilted

Fig. 7. Creation and Annihilation of Conical Nodes through a Tangential Node. Close-up view of the nonadiabatic eigenfunctions correlated to = =v j( 2, | | 3/2) for
fixed Jahn-Teller Hamiltonian parameters of =1 200 cm−1 and = =d d1 2 0.4 as 2 is increased beyond the range shown in Fig. 6. Each panel overlays the nodal
curves in the eigenfunction projections onto adiabatic electronic states x (dotted white curves) and y (dot-dashed white line). For each state, the contour interval is
10% of its maximum amplitude, with thicker contours for higher amplitude. Axis ranges are in a 3:1 ratio. Left) Two conical nodes still remain where nodal curves on
x intersect the horizontal nodal line on y. The left and right conical nodes have electronic indices of +1 and −1, respectively. Middle) The two oppositely signed
nodes combine to annihilate one another when the nodal curves on x cross each other at 2 230.9055 cm−1. Right) Having crossed, the two nodal curves on x swap
connections to avoid each other and do not cross the nodal line on y, so there are no nodes.

Fig. 8. Generic structure around a tangential node. A closer view of the tan-
gential node shown in the middle panel of Fig. 7, portraying the sixth lowest
eigenstate of v=+1 symmetry for the Jahn-Teller Hamiltonian with

=1 200 cm−1, =2 230.9055 cm−1 and = =d d 0.41 2 . The contour interval is
0.1% of the maximum probability amplitude, with thicker contours for higher
amplitude. Color shows electronic character using the color wheel in Fig. 1. The
nodal curve in the eigenfunction projection onto electronic state x is dotted
white while y is dot-dashed white. Axis ranges are in a 20: 1 ratio to show the
different amplitude variation along the tangential (q1) and perpendicular (q2)
axes. The energy (cm−1) is shown at upper left and the electronic index is
shown at lower right.
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elliptical 2D conical intersection into a circular 2D conical intersection
by a scale transformation of one vibrational coordinate [61]. However,
for non-adiabatic dynamics, ellipticity in the shape of the conical in-
tersection cannot be transformed away because any canonical scale
transformation [40] that expands a coordinate by a factor of α ne-
cessarily contracts its canonically conjugate momentum by a factor of
1/α (this appears as an effective mass scaling in Eq. (12) of Ref. [61]).
In particular, the canonical transformation =q q( / )2 2 1

1/2
2,

=p p( / )2 1 2
1/2

2 transforms the above purely elliptical adiabatic po-
tential surfaces into circular ones, but gives the nonadiabatic Ha-
miltonian an elliptic kinetic energy perturbation of

p(1/2)[( )/ ](^ )2
2

1
2

1 2
2. Similarly, transforming the purely elliptical

nonadiabatic Hamiltonian to make the kinetic energy operator have the

circular form +p p(1/2) ^ (^ )1 1
2

2
2

leaves the potential surfaces ellip-

tical. Ellipticity in either the potential or the kinetic energy operator
makes the nonadiabatic states fundamentally different from those of a
circularly symmetric nonadiabatic Hamiltonian. One could diabolically
construct an apparently elliptical Hamiltonian by transformation of a
circular Hamiltonian so that both the potential surfaces and the kinetic
energy operator would have compensating ellipticities, but such truly
circular Hamiltonians lie within an improbable lower-dimensionality
sub-space in the space of purely elliptical Hamiltonians, which are
themselves improbable in the higher-dimensionality space of square-
symmetric Hamiltonians. Such dimensional arguments rationalize why,
throughout this study, every eigenfunction calculated without global
circular symmetry had nonzero amplitude at the conical intersection.

5. Discussion

Conical node points in nonadiabatic eigenfunctions have a lower
dimensionality than the nodal curves in adiabatic eigenfunctions [24].
In principle, these nodes of the exact eigenfunction are observable by
imaging the vibrational probability density for an eigenstate. Techni-
ques for such imaging are discussed in Refs. [26,27]. This contrasts with
conical intersections, which are a feature of the adiabatic approxima-
tion and, as such, cannot be directly observed but are calculated or
inferred from their consequences. In square-symmetric molecules, the
vibrational-electronic eigenstates occur in degenerate pairs and have
only accidental conical nodes. Since accidental conical nodes have
different vibrational coordinates for the two members of a degenerate

pair, their observation in the molecular frame would require selective
preparation of one eigenstate out of a degenerate pair. The vibrational
imaging techniques of Refs. [27,62] involve laboratory frame mea-
surements. Symmetry prevents a distinction between equivalent mole-
cular frame x and y axes. Fortunately, although linearly polarized
excitation from the zero point vibrational level of a totally symmetric
electronic state generates = +1v states for x polarization and = 1v
for y polarization, the opposite placement of accidental conical nodes
with respect to the =q 01 plane in Fig. S3 gives these degenerate state
pairs the same laboratory frame vibrational probability density as each
other. Similarly, the = ±1d states excited for ±x y( )/21/2 polarization
have the same laboratory frame vibrational probability density as each
other (but different from that for x or y polarization). These observa-
tions indicate that accidental conical nodes in each degenerate pair are
related such that they could be observed in the lab frame.

For square-symmetric molecules with 4 equivalent atoms such as
the tetra-chalcogen dications [63–65] and their isoelectronic anions
[66], (which require counter-ion stabilization), gas-phase laboratory
frame coordinates might be appropriately mapped using a 4-particle
Dalitz plot [67,68] analogous to the 3-particle Dalitz plots used by Ref.
[27] for H3. The larger number of atoms in typical square planar mo-
lecules might eventually become accessible by improving on the spatial
and temporal resolution of the surface technique used by Apkarian and
co-workers [62]. Both appear to be more challenging prospects than
observing essential nodes at higher symmetry conical intersections.
Alternatively, conical nodes near and vibrational probability density at
a conical intersection might be measurable in lower symmetry mole-
cules such as the the radicals formed from three dissimilar alkali atoms
treated by Longuet-Higgins [48].

For the elliptical conical intersections without tilt studied here,
every eigenstate examined has vibrational amplitude at the conical
intersection. It is well known that single-surface adiabatic eigenfunc-
tions do not have amplitude at a conical intersection [61,69,70]. Fun-
damentally, this amplitude arises because the conical intersection is
energetically accessible in the Hamiltonians studied here and there is
no conserved pseudo-rotation angular momentum to generate a cen-
trifugal barrier when pseudo-rotation is excited. For the circularly
symmetric Jahn-Teller Hamiltonian, only eigenfunctions without a
centrifugal barrier can have amplitude at the conical intersection [25],
but every eigenfunction of the square-symmetric Jahn-Teller Hamilto-
nian can have amplitude there. The pair of studies thus leaves open
questions about whether some eigenstates cannot have amplitude at the

Fig. 9. Node Movements that Change the Electronic Index Around a Fixed Path. The three panels show the probability amplitude and electronic character for the
sixth lowest energy = +1v eigenstate of the Jahn-Teller Hamiltonian for = =1 2 200 cm−1, =d 0.41 and d2 as specified above each panel. Contours represent 10%
of the maximum probability amplitude for each state, with thicker contour lines for higher amplitude. Color represents electronic character as shown at the bottom of
the color wheel in Fig. 1. The energy (cm−1) for each eigenstate is shown at upper left and the electronic index around the perimeter of the area shown is at lower
right. Moving from left to right, nodes enclosed in white circles have moved into the area shown and changed the electronic index around its perimeter.
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conical intersection for intermediate symmetry Hamiltonians (e.g.
groups with three-fold, five-fold, or six-fold rotations, octahedral sym-
metry, etc.). In the absence of such high global symmetry, the present
study suggests that almost every nonadiabatic eigenstate will have
amplitude on top of any energetically accessible conical intersection.
Thus, conjectures by Izmaylov and co-workers [11] and by Meek and
Levine [12] that nonadiabatic wavefunctions can have amplitude at a
conical intersection appear to be the typical case for energetically ac-
cessible conical intersections. Such extreme examples of the dynamical
Jahn-Teller effect can still generate femtosecond conical intersection
dynamics in square-symmetric molecules [10,17,37], and this in-
vestigation sheds light on the eigenfunctions involved.

6. Conclusions

Elliptical conical intersections have nonadiabatic eigenstates that
behave similarly to those for circular conical intersections with a few
notable differences. Perturbing one frequency or one displacement from
circular symmetry lowers the symmetry to D h4 and breaks angular
symmetry, giving rise to conical intersections with an elliptical shape.
As a result, nodes in the eigenstates at the conical intersection typically
move off the conical intersection. This has been proven here using
perturbation theory near Hougen’s accidental Born-Oppenheimer case
and demonstrated numerically for all other elliptical cases examined,
including a nonadiabatic Hamiltonian with global elliptical symmetry.

When pseudo-rotation angular momentum symmetry is destroyed,
no good quantum numbers beyond the discrete reflection symmetry
eigenvalue remain. However, the integer electronic index ( ) that
characterizes the electronic circulation around a closed path is useful as
a quantum number because it is locally stable with respect to pertur-
bations. Oppositely-signed nodes can be created or annihilated in pairs
such that is conserved. Creation or annihilation typically occurs
through a tangential node with an electronic index of 0. The vibrational
amplitude surrounding a tangential node grows quadratically in the
tangential direction and linearly in the perpendicular direction. For
circular conical intersections, the higher order eigenfunction nodes
occur at the origin with nodal lines in each electronic state converging
at the conical intersection to make an nth order node. For elliptical
conical intersections, these nodal lines diverge to make different first
order nodes, all with an electronic index of the same sign as each other
and as the original nth order node, maintaining the electronic index .
The formation of adiabatic nodal curves appears to involve expansion
and coalescence of conical nodes, which can make the electronic index
difficult to evaluate as it ultimately becomes ill-defined in the adiabatic
limit. Although the electronic index is stable with respect to small
perturbations, it is not globally conserved.

None of these nodes found here occur at the conical intersection, so
all eigenfunctions can have probability amplitude at the conical inter-
section as long as the conical intersection is energetically accessible.
Depending on the degenerate eigenstate selected, the conical nodes are
located at different coordinates, so they are accidental in nature and
disappear for complex-valued linear combinations of degenerate ei-
genstates. Conical nodes were observed for all sets of real-valued ei-
genstates here. While accidental nodes shifted off the conical intersec-
tion may be experimentally difficult to observe, the conclusion that all
eigenstates have amplitude at the conical intersection is experimentally
testable.
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Overview of Eigenstates for Circular Conical Intersections 

The circular symmetry Jahn-Teller Hamiltonian has three parameter regimes with simple 

expressions for the energy eigenvalues.[1] The half-odd integral pseudo-rotation quantum 

number j is rigorously conserved across all three parameter regimes.  For small Jahn-Teller 

displacements, the 2D harmonic oscillator vibrational quantum number v  is good and the 

energy levels are well approximated by perturbation theory.[1, 2]  The perturbation theory 

expression involves three quantum numbers:  the 2D harmonic oscillator vibrational quantum 

number v  and vibrational angular momentum   plus an electronic angular momentum 1λ = ±  

that couple to give the pseudo-rotation quantum number ( / 2)j λ= + .  The energy 

eigenvalues are given by ( 1) 2( )[ 1]E v Dω ω λ= + − + .[2]  As d  increases, all three electronic 

and vibrational quantum numbers break down through j − conserving avoided crossings.[3, 4]  

Before a level undergoes its first avoided crossing, the small Jahn-Teller displacement quantum 

numbers ( ,| |)v j  remain good.  For larger displacements, the lower eigenvalues approximate 

those of a double-valued radial potential 2( ) (1/ 2) ( )dV r r dω= −  with half-odd integral pseudo-

rotation quantum numbers. In this regime, the eigenvalues are
2 2( 1/ 2) ( ) /(2 )E p D j dω ω ω= + − + , where the radial vibrational quantum number p is a non-

negative integer (Eq. (6.16) of ref. [1] defines p differently). Since radial curve crossing between 

the lower and upper adiabatic potentials is unhindered at the origin in this model, it has 

diabatic aspects.  At very large displacements, the low energy eigenstates become vibrational 

eigenstates of the lower adiabatic potential (the hat) and the pseudo-rotation term in the 

energy tends to zero.[1]  For any given vibrational eigenstate of the hat, this transition involves 

a finite number of avoided crossings.  After a level’s last avoided crossing, its adiabatic quantum 

numbers ( , | |)p j  become good.  Since the vibronic eigenstates of the upper adiabatic 

potential (the cone) are embedded among the higher energy vibrational eigenstates of the hat, 

an endless series of avoided crossings prevents convergence to adiabatic behavior as the Jahn-

Teller displacement increases.[3]  Nonetheless, for specific Jahn-Teller displacements, some 

eigenstates are predominantly on the cone. [3]   
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Table S1:  Comparison to Analytic Eigenvalues for Circular Conical Intersections 

 

For circular conical intersections with special ratios of the Jahn-Teller stabilization energy to 
vibrational frequency, Judd obtained an analytic expression for some isolated eigenvalues.[5]  
Judd used an angular quantum number | | 1/ 2m j= −  and a baseline quantum number v   that 
does not have a simple relation to the eigenfunction.  Eq. (10) of Judd’s paper gives some 
isolated analytic energy eigenvalues as ( ) ( 1/ 2) ( )E v v Dω ω= + − , where v  is Judd’s baseline 
quantum number.  Table S1 compares the numerical eigenvalues obtained here by truncated 
Hamiltonian diagonalization with all nine analytic eigenvalues in Table 2 of ref. [5] for the E e⊗  
Jahn-Teller system. The states Judd labeled ‘x’ and ‘u’ are separately correlated with their 
stabilization energies based on Figure 2 of Judd’s paper. Comparing their coordinates in Table 2 
and Figure 2 of Judd’s paper, it is clear that the states labeled ‘r’ and ‘s’ have been qualitatively 
mis-positioned in Judd’s Figure 2, where they should lie at the lower right range of the plot 
(large stabilization energy, small energy) instead of the upper left (small stabilization energy, 
large energy). As a result, the small stabilization energy circular quantum number assignments 
suggested by Judd’s Figure 2 are incorrect [‘r’ ≠ (v=3,|j|=7/2) and ‘s’ ≠ (v=3,|j|=5/2)], and the 
assignments for these two states are based on Fig. S1. All other quantum number assignments 
are based on following the eigenvalue curves in Judd’s Figure 2 back to small stabilization 
energies, where perturbation theory Eq. (7) of ref. [2] connects the energy to the quantum 
numbers.  In Table S1,  the ratio ( ) /Dω ω  of Jahn-Teller stabilization energy to vibrational 
frequency ranges from ~1/6 to ~5 and the quantum numbers go as high as ( 5,| | 7 / 2)v j= = . 
For the vibrational frequency of ω =  200 cm-1 used in Table S1, the eigenvalues are typically a 
few hundred cm-1 and all errors are less than 10-11 cm-1.  Errors typically occur only in the 15th 
digit, as measured either by discrepancies with Judd’s analytic results or by departures from 
numerical degeneracy.   
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Figure S1:  Nonadiabatic Eigenfunctions with Analytic Eigenvalues 

 

The nine panels here show the nonadiabatic eigenfunctions for the 1vσ = ±  eigenstates with 
exact eigenvalues in Table S1.  For each eigenfunction, the energy eigenvalue (cm-1) is given at 
upper left, Judd’s label at upper right, the small Jahn-Teller displacement circular quantum 
numbers ( , | |)v j  from Table S1 at lower left, and the electronic index around the perimeter at 
lower right.  The v  quantum number is assigned based on eigenfunction appearance so that 

(| | 1/ 2)v j− −  gives the number of radial nodes (such assignments jump through avoided 
crossings).  In each panel, the contour interval is 10% of the maximum probability amplitude for 
that state, with thicker contour lines for higher amplitude.  The color wheel in Figure 1 is used 
to represent electronic character.  Note that each eigenfunction in this figure arises from a 
different Hamiltonian, which is specified in Table S1 according to the label at upper right.  
Comparing the angular dependence of the eigenstate colors to those for the lower adiabatic 
electronic state in Figure 1 of ref. [2] indicates that all of these eigenstates are predominantly 
on the lower adiabatic potential surface (the hat state). 
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Figure S2:  Energy Eigenvalues as a Function of Displacement for Mode 2 

 

The energy eigenvalues for the 15 lowest pairs of eigenstates are shown for the Jahn-Teller 
Hamiltonian with 𝜔1 = 𝜔2 = 200 cm-1 and 1d = 0.4 as a function of 2d  from 0 to 1 (stepsize is 
0.01).  To show relative trends more clearly, the vertical axis is the sum of the eigenstate energy 

mE  and the Jahn-Teller stabilization energy 2
2 2 2( ) (1/ 2)D dω ω= . The quantum numbers v  and 

| |j  for the eigenstates are specified at 2 0.4d =  where the conical intersection has circular 
symmetry and the pseudo-rotation quantum number j  is rigorous.  The marker color indicates 
the correlation to | |j  at circular symmetry:  blue for | | 1/ 2j =  , red for | | 3 / 2j = , black for 
| | 5 / 2j = , green for | | 7 / 2j = , and orange for | | 9 / 2j = . Several avoided crossings can be 
seen, including weakly avoided crossings between eigenvalues labelled (4,5/2) and (4,1/2); 
(4,1/2) and (4,3/2); (4,3/2) and (4,7/2); (3,3/2) and (3,1/2); crossing between (3,1/2) and (3,5/2) 
appears to be more strongly avoided.  The quantum numbers characteristic of each 
eigenfunction can be determined by pretending each weakly avoided crossing is an actual 
crossing, so the quantum numbers do not necessarily correlate with marker color beyond 2d ≈  
0.6. 
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Table S2: Energy Eigenvalues for Different Displacements of Mode 2 

 

Numerical eigenvalues for the twenty lowest energy eigenstates of Jahn-Teller Hamiltonians 
with 1 2ω ω= = 200 cm-1, 1 0.4d =  and displacements 2d tabulated above each column.  These 
eigenvalues include all states shown in Figures 2-5 of the main paper and Figures S3-S5 of the 
supplementary material.  Quantum numbers are assigned to eigenvalues based on 
eigenfunction appearance, which agrees with assignment based on continuous energy 
eigenvalue correlation except for ( 3, | | 3 / 2)v j= =  and ( 3, | | 1/ 2)v j= =  at 2d =  0.8 (Fig. S2 
shows these two levels undergo an avoided crossing between 2d =  0.6 and 0.8).  Symmetry 
required degeneracies are maintained to 15 digits.  The numerical eigenvalues for 2 0d =  
(accidental Born-Oppenheimer case) exhibit 15 digit accuracy vs. the analytic formula 

1 2 1 1 2 2 1( , ) ( 1/ 2) ( 1/ 2) ( )E v v v v Dω ω ω= + + + − , where 2
1 1 1( ) (1/ 2)D dω ω= = 16 cm-1.  Numerical 

eigenvalues for 2d =  10-10 match degenerate first order perturbation theory expressions [see 
Eq. (20) of the main text and the discussion following Fig. S4 below] for the v =  0, 1, and 2 
energies to 15 digit accuracy. 
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Figure S3: Real-valued Eigenfunctions for All vσ  and dσ  Eigenvalues 

 

The four columns each have six panels showing the probability amplitude and electronic 
character of the six lowest energy eigenstates with a given reflection symmetry for the Jahn-
Teller Hamiltonian with vibrational frequencies 1 2ω ω= = 200 cm-1 and Jahn-Teller 
displacements 1 0.4d =  and 2 0.2d = . The left column has 1vσ = +  symmetry, the second 
column has 1vσ = −  symmetry, the third column has 1dσ = +  symmetry, and the right column 
has 1dσ = −  symmetry. In each panel, the contour interval is 10% of the maximum probability 
amplitude for that state, with thicker contour lines for higher amplitude. The color wheel in 
Figure 1 is used to represent electronic character. In each column, the lowest energy state is on 
the bottom and energy increases upward. In each panel, the label at upper left gives the 
eigenstate energy in wavenumbers and the label at lower right specifies the electronic index η  
around the perimeter of each panel. η  is constant for each row, while the location of the nodes 
is different between the paired columns. 
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Figure S4: Nonadiabatic Eigenstates in the Limit of Small but Finite Displacement 

 

The three columns each have six panels showing the probability amplitude and electronic 
character of the six lowest energy eigenstates with 1vσ = +  for the Jahn-Teller Hamiltonian 
with vibrational frequencies 1 2ω ω= = 200 cm-1 and Jahn-Teller displacement 1d = 0.4 for the 
tuning coordinate. The three columns systematically vary the Jahn-Teller displacements 2d  for 
the coupling coordinate. In each panel, the contour interval is 10% of the maximum probability 
amplitude for that state, with thicker contour lines for higher amplitude. The color wheel in 
Figure 1 is used to represent electronic character. In each column, the lowest energy state is on 
the bottom and energy increases upward. In each panel, the label at upper left gives the 
eigenstate energy in wavenumbers and the label at lower right specifies the electronic index η  
for large radius circles. The center column shows an accidental Born-Oppenheimer case with 
adiabatic nodal lines or curves indicated by abrupt color changes. Degenerate 1vσ = +  states 
are chosen so each has a definite adiabatic electronic state ( x  or y ), vibrational quantum 
number v , and absolute value of the vibrational angular momentum l  about the equilibrium 
geometry on its adiabatic potential energy surface given at lower left ( / , , | |)x y v  . The left and 
right columns show perturbations from the accidental Born-Oppenheimer case with 

10
2 10d −= −  on the left and 10

2 10d −= +  on the right. Energies of the left and right columns 
agree with each other to 14-digit precision. The energies with a +  or −  superscript are slightly 
above or below the energy for the accidental Born-Oppenheimer case, respectively (see Table 
S2 and corresponding perturbation theory). The probability amplitudes of the left and right 
column also agree to 14-digit precision, though the electronic characters differ significantly, 
with index η  reversing with a change in the sign of 2d . Alternately, this can be viewed as 
showing that η  is conserved while the energetic ordering changes as 2d  varies through the 
degenerate case.  
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Pertubation theory for two quanta states with small coupling mode displacement 

Hougen showed that, when either 1 0d =  or 2 0d =  , the Jahn-Teller Hamiltonian 

accidentally becomes a Born-Oppenheimer Hamiltonian with analytic solutions.[6] When 

2 0d = ,  the diabatic states x  and y  become adiabatic electronic eigenstates with different 

symmetries, so their potential surfaces are allowed to cross.  The vibrational coordinates 1q  and 

2q  become separable, with harmonic oscillator quantum numbers 1v  and 2v  (this basis is useful 

even when the vibrational frequencies are different).  The harmonic oscillator eigenstates for 

mode 1 have their equilibria at 1 1|xeqq d= −  and 1 1|y
eqq d= +  on x and y, respectively, while those 

for mode 2 both have their equilibria at 2 2| | 0x y
eq eqq q= =  .  The degenerate adiabatic states with 

two vibrational quanta and 1vσ = +  are: 

1 220 2 0x x v v= = = , 

1 211 1 1y y v v= = = , 

and 1 202 0 2x x v v= = = . 

Among these three states, two direct couplings arise through the off-diagonal tuning 

coordinate perturbation operator 

 1 2 2
ˆ ˆ [ ]H q x y y xω δ= + . 

The nonzero direct matrix element couplings are 

 

x 20,y11 2 1 1 1 2

2 1 1 2 2 2

2 2
2 1 1 1

ˆ0 2 1 1

2 1 0 1

[2 (1 )exp( )][1/ 2]

x x y y

x y x y

H v v x H y v v

v v v q v

d d d

ω δ

ω δ

= = = = =

= = = = =

= − −

   

 

y11, 02 2 1 1 1 2

2 1 1 2 2 2

2
2 1 1

ˆ1 1 0 2

1 0 1 2

[ 2 exp( )][1]

y y x x
x

y x y x

H v v y H x v v

v v v q v

d d

ω δ

ω δ

= = = = =

= = = = =

= − −
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On the last line of each equation, the first factor in brackets is the Franck-Condon overlap 

integral for mode 1 (relative to x , the electronic state y  is displaced by + 12d ), and the second 

factor in brackets is the harmonic oscillator matrix element for mode 2.  For the parameters 

used in Fig. 3, 11, 02y xH ≈  -9.640906×10-9 cm-1 and  2
20, 11 11, 02 1(1 )x y y xH H d= − − ≈  8.098361×10-9 

cm-1.   Degenerate first-order perturbation theory[7] amounts to diagonalizing the truncated 

3×3 Hamiltonian matrix coupling the degenerate states: 

 

(0)
20, 11
(0)

0 1 20, 11 11, 02
(0)

11, 02

0
ˆ ˆ

0

x y

x y y x

y x

E H
H H H E H

H E

 
 + =  
  

. 

This yields the eigenvalues 

 (1) (0) (1) (0) 2 2
0 20, 11 11, 02, ( ) ( )x y y xE E E E H H±= = ± + . 

For these three states, all other couplings have effects that are second order in δ .  Defining 
2 2

20, 11 11, 02( ) ( )x y y xH H∆ = + ,  this predicts one unshifted state and two states with equal and 

opposite energetic shifts of ±∆ =  ±1.259089×10-8 cm-1. 
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The corresponding eigenstates are 

 11, 02 20, 11
0 1 2 1 22 0 0 2y x x yH H

x v v x v vψ = − = = + = =
∆ ∆

,  

 20, 11 11, 02
1 2 1 2 1 2

1 2 0 1 1 0 2
2

x y y xH H
x v v y v v x v vψ+

 
= = = + = = + = = ∆ ∆ 

 

and 20, 11 11, 02
1 2 1 2 1 2

1 2 0 1 1 0 2
2

x y y xH H
x v v y v v x v vψ−

 
= − = = + = = − = = ∆ ∆ 

.  

The overall signs of these eigenstates were chosen to match the right column of Fig. S4, where 

δ  is positive. The unshifted eigenstate is accidentally adiabatic to first order, so it appears to 

have a 1D adiabatic nodal curve that becomes a circular node as the displacement of mode 1 

tends to zero.  In this limit, the unshifted eigenstate becomes the symmetric linear combination 

state, 

( )
1

0 1 2 1 20
lim (1/ 2) 2 0 0 2

2, 0
d

x v v x v v

x v

ψ
→

= = = + = =

= = =
 

which is a 2D harmonic oscillator state with zero vibrational angular momentum.   Similarly, as 

1 0d → , the shifted eigenstates become symmetric and antisymmetric linear combinations of 

two real-valued basis states with 1vσ = +  and an absolute value of 2 for the vibrational angular 

momentum:  the first basis state is the antisymmetric linear combination state on x , 

( )1 2 1 22, | | 2 (1/ 2) 2 0 0 2x v x v v x v v= = = = = − = = ; 

and the second basis state comes from y , 

1 22, | | 2 1 1y v y v v= = = = = . 

For 0δ > , the upper eigenstate is the symmetric linear combination of the above two basis 

states with | | 2= .  Since the eigenstates for small 1d  resemble the eigenstates in the limit as 

1 0d → , states with definite absolute values of the angular momentum are plotted in the 

middle column of Fig. 2 for 0δ = .  For finite 1d , the nodal line crossing on x  is avoided in 
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ψ±  , so that there is nearly a tangential node at 1 1 2( , 0)q d q= − = . [See the main text results 

around Fig. 7 and 8 for a description of tangential nodes.  Here, a tangential node would occur 

for the nonadiabatic linear combination states only in the adiabatic limit 1 0d = , where 

conventional adiabatic nodal lines are a more natural description.]  Two conical nodes are 

approximately located at the crossings between nearly diagonal nodes on x  and the vertical 

node at 1 1q d=  on y .  This explains the structure of the v = 2 eigenstates in Fig. S4.  
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Figure S5: Eigenstates with Different Transformation Angles among Degenerate States 

 

The four panels show how different orthogonal transformations among a degenerate 
eigenstate pair affect the probability amplitude and electronic character. Each panel shows the 
605 cm-1 eigenstate of the Jahn-Teller Hamiltonian with vibrational frequencies 1 2ω ω= = 200 
cm-1 and Jahn-Teller displacements of 1d = 0.4 and 2d =0.2.  The contour interval is 10% and 
the color wheel from Fig. 1 indicates electronic character.  The orthogonal transformation is 
defined as 

1cos( ) sin( )
1sin( ) cos( )

v

v

α σα α
α σα α

+

−

   = + − 
=     = −    

 

For / 4α π= , 1dα σ+ = = +  and 1dα σ− = = − .  The eigenstates in the left panel have vσ  
symmetry, while the second panel has the degenerate state pair transformed with 15α = ° . The 
third panel has 30α = °  and the right panel has 45α = °  so that the states exhibit dσ  
symmetry.  As all nodes are accidental, the location of the nodes is different in each panel, but 
the electronic index η  around the perimeter is conserved.  

Supplementary Material - Conical nodes near conical intersections Foster and Jonas

Page 21 of 37



q1

q 2
q 2

q 2
q 2

q 2
q 2

q1 q1

ω ω ω

Supplementary Material - Conical nodes near conical intersections Foster and Jonas

Figure S6 Page 22 of 37



Figure S6: Splitting of Higher Order Nodes 

 

The probability amplitude and electronic character for six selected eigenstates of the Jahn-
Teller Hamiltonian with vibrational frequency 1ω =200 cm-1 and 1 2d d= = 0.4. Each column has 
a different coupling vibration frequency 2ω  given at the top. Energy eigenvalues are given in 
cm-1 at the upper left of each panel. For the bottom two rows, each contour represents 10% of 
the maximum probability amplitude. For the third row, each contour represents 5% of the 
maximum probability amplitude, while each contour for the fourth row represents 2% of the 
maximum probability amplitude, each contour for the fifth row represents 0.5% of the 
maximum probability amplitude, and each contour for the top (sixth) row represents 0.1% of 
the maximum probability amplitude. Thicker contours represent higher amplitude. Color 
represents electronic character as shown in the color wheel in Fig. 1. The eigenfunctions in the 
center column have circular symmetry and quantum numbers ( , )v j  specified in the lower left 
of each panel. From bottom to top, they are the lowest energy eigenstate with no node, a first 
order node, a second order node, a third order node, a fourth order node and a fifth order 
node, respectively. The columns to the left and right have square-symmetric Jahn-Teller 
Hamiltonians that generate elliptical conical intersections and have no higher order nodes.  In 
every row, η  is conserved for simple closed paths around the perimeter of each panel. A thin 
white vertical line marking 1 0q =  shows that no node occurs at the origin for the elliptical 
conical intersections. 
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Figure S7: Tangential Node Cross-Sections Through the Tangent Line 

 

Cross-sections along 2q = 0 for the tangential node in Fig. 7 and 8.  Relative probability 
amplitudes as a function of 1q  are offset vertically (by 0.0001) for five different Jahn-Teller 
Hamiltonians.  Each Hamiltonian has a vibrational frequency of 1ω =200 cm-1 and Jahn-Teller 
displacements of 1 2d d= = 0.4; 2ω =  230.9005 cm-1 for the black line, 230.903 cm-1 for the red 
line, 230.90555 cm-1 for the green line, 230.908 cm-1 for the blue line and 230.9105 cm-1 for 
the violet line.  As two conical nodes with opposite signs approach each other, continuity of the 
total eigenfunction and its derivative along their line of approach requires that the linear term 
in a Taylor series for the amplitude vanish in between them.  This leaves a quadratic term as the 
lowest order term in the Taylor series expansion of the amplitude along their line of approach. 
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Figure S8: Creation of Three Nodes from a Single First-Order Node  

Close up view of the nonadiabatic eigenfunctions correlated to ( 2,| | 1/ 2)v j= =  for fixed Jahn-
Teller Hamiltonian parameters of 1ω =  200 cm-1 and 1 2d d= =  0.4 as 𝜔2 (indicated above each 
panel) increases. The horizontal axis has been stretched by a factor of 3 relative to the vertical 
axis.  The positive vibrational amplitude factor’s contour interval is 5%, with thicker contours 
indicating higher amplitude. The electronic factor is shown using the color wheel from Fig. 1. 
Each panel overlays the nodal curves in the eigenfunction projections onto adiabatic electronic 
states x (dotted white curve) and y (dot-dashed white line). In each panel, the eigenstate 
energy (cm-1) is given at top left and the total electronic index for a simple closed path around 
the perimeter is given at lower right.  Left) One conical node with electronic index -1 occurs 
where the nodal curve on x intersects the horizontal nodal line on y.  The nodal curve on y lies 
to the left of the nodal curve on x and does not intersect it to generate conical nodes.  Middle)  
At 2ω ≈  210.2 cm-1, the vertices of the nodal curves on x and y coincide with each other at the 
horizontal nodal line on y.  Right)  The nodal curves on x and y now cross each other twice 
(generating two new conical nodes, each with electronic index of -1), and the nodal curve on x 
still crosses the nodal line on y, so there are three conical nodes.  Compared to the left panel, 
the node at 2 0q =  has changed its electronic index from -1 to +1. The electronic index for 
simple closed paths around all these nodes is the sum of the individual electronic indices and 
remains -1 throughout. 
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Fig. S8 shows that conical nodes can also be created through a 1 node to 3 node 

transition as the Hamiltonian parameter 𝜔2 is increased.  Fig. S8 can also be viewed as showing 

a 3 node to 1 node annihilation event as 𝜔2 is decreased.  In this creation event, nodes are 

created on top of a previously existing node.  This creation involves the intersection of three 

nodal curves at a single point, a circumstance made possible here by tuning one frequency 

parameter in the presence of vσ  reflection symmetry.  For 2ω  below 210.2 cm-1, the single 

conical node with 2 0q =  has an electronic index of -1.  As 𝜔2 increases above 210.2 cm−1, two 

new conical nodes, both with electronic indices of -1, appear above and below the 2 0q =  line.  

For the same frequency parameter, the electronic index around the node at 2 0q =  changes 

sign from -1 to +1.  The overall index for simple closed paths around this region is the sum of 

the individual indices and remains -1 throughout. For the value of 𝜔2 at which nodes are 

created/annihilated, then, only one node exists and it has an electronic index of -1, so the 

electronic factor indicates a first order node.  As for the shape of the vibrational amplitude 

around this point, the 𝑦 character is much less than the 𝑥 character such that convergence at 

the 10−10 level still shows an amplitude structure closer to that of an adiabatic nodal curve 

than a tangential node. 

  

Supplementary Material - Conical nodes near conical intersections Foster and Jonas

Page 28 of 37



-1.40 -1.25 -1.10
q1

-3.75

-3.50

-3.25

-3.00

q
2

-0.55 -0.40 -0.25
q1

-2.25

-2.00

-1.75

q
2

4.00 4.25 4.50 4.75
q1

-2.60

-2.45

-2.30

q
2

-1.40 -1.25 -1.10
q1

3.00

3.25

3.50

3.75

q
2

-0.55 -0.40 -0.25
q1

1.75

2.00

2.25

q
2

4.00 4.25 4.50 4.75
q1

2.30

2.45

2.60
q

2

   

 

 

 

   

 

 

 

   

 

 

 

   

 

 

 

   

 

 

 

   

 

 

 

 

  

 

 

 d2 = 0.8 d2 = 0.8 d2 = 0.6

 

563563598

 

563563598

 
=−1=−1=−1

 
=−1=−1=−1

Figure S9

Supplementary Material - Conical nodes near conical intersections Foster and Jonas

Page 29 of 37



Figure S9: Zoom into Conical Nodes in Figure 9 

 

The six panels show the probability amplitude and electronic character around the conical 
nodes that are circled in Figure 9. The two panels on the left show close-up views of the sixth 
lowest energy 𝜎𝑣 = +1 eigenfunction of the Jahn-Teller Hamiltonian when both vibrational 
frequencies in the Hamiltonian are 𝜔1 = 𝜔2 = 200 𝑐𝑚−1, 1 0.4d =  and 2 0.6d = . The contour 
interval is 0.5%.  The four panels in the center and on the right show close-up views of the sixth 
lowest energy 𝜎𝑣 = +1 eigenfunction of the Jahn-Teller Hamiltonian when 𝜔1 = 𝜔2 =
200 𝑐𝑚−1, 1 0.4d =  and 2 0.8d = . The contour interval is 2.5% in the center and 0.025% on the 
right.  All six nodes are shown with uneven aspect ratios to reveal the conical character, which 
has one highly elongated axis. Due to vσ  symmetry, corresponding nodes in the top row and 
bottom row have surrounding amplitudes that are reflections of one another and have equal 
electronic indices. 
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Figure S10:  Adiabatic Potential Surfaces and Nonadiabatic Eigenfunctions for a Conical 

Intersection with Local Circular Symmetry 
 
Top) The adiabatic potential energy surfaces for a doubly degenerate E   symmetry electronic 
state as a function of Jahn-Teller active normal coordinates 1 2( , )q q . The Hamiltonian 
parameters in Eq. (1) have unequal vibrational frequencies 1ω  =200 cm-1 and 2ω  =160 cm-1 
and unequal displacements 1d  = 0.4 and 2d  = 0.5 such that 1 1 2 2d dω ω= . The unequal 
frequencies make the Hamiltonian and adiabatic potential surfaces globally non-circular, while 
the last condition gives the conical intersection local circular symmetry.  The lower surface has 
minima [front right and back left] at 2(0, )d±   that are stabilized 2( )Dω  = 20 cm-1 below the 
conical intersection. The two saddle points [front left and back right] at 1( ,0)d±  are stabilized 
by 1( )Dω  = 16 cm-1.  The color of each potential surface at each coordinate indicates the 
adiabatic electronic eigenfunction according to the color wheel in Figure 1. Bottom) The six 
lowest energy eigenfunctions (shown as eigenstates of vσ ).  Contours show 
probability amplitude, with each contour representing 10% of the maximum amplitude and 
thicker lines for higher contours. Electronic character is shown by color, again using the color 
wheel in Figure 1. The asymmetry of these states and the lack of nodes at the conical 
intersection point (the origin) shows that local circular symmetry is not sufficient to force nodes 
onto the conical intersection. 
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146.832358574305 
146.832358574306 
295.140369817599 
295.140369817600 
359.209017149936 
359.209017149937 
449.384364655300 
449.384364655301 
505.829709426359 
505.829709426359 
562.967387357872 
562.967387357873 

 

 

Table S3: Energy Eigenvalues for a Conical Intersection with Local Circular Symmetry 

 

Numerical energy eigenvalues (cm-1) for the twelve lowest energy eigenstates of the Jahn-Teller 

Hamiltonian in Eq. (1) of the main text with the parameters used to generate the adiabatic 

potential surfaces and nonadiabatic eigenfunctions in Figure S10.  
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Figure S11: Nonadiabatic Eigenfunctions for a Purely Elliptical Nonadiabatic Hamiltonian 
 

The twelve lowest energy eigenfunctions are shown for a Hamiltonian with unequal vibrational 
frequencies ( 1ω  =200 cm-1, 2ω  =128 cm-1) and unequal Jahn-Teller displacements ( 1d  =0.4, 2d  
=0.5) chosen to generate the same Jahn-Teller stabilization energy [ ( )Dω  = 16 cm-1] for both 
vibrations. All contours of both adiabatic potential energy surfaces are concentric ellipses with 
exactly the same eccentricity, 2 11 ( / ) 0.6e ω ω= − = .  The kinetic energy operator has the 
same eccentricity, so these eigenfunctions arise from a purely elliptical nonadiabatic 
Hamiltonian.  
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134.500041759584 
134.500041759585 
256.713166795670 
256.713166795673 
338.978806048831 
338.978806048833 
385.600744578583 
385.600744578585 
456.410107135765 
456.410107135766 
511.741881836435 
511.741881836437 

 

 

Table S4: Energy Eigenvalues for a Purely Elliptical Nonadiabatic Hamiltonian 

 

Numerical energy eigenvalues (cm-1) for the twelve lowest energy eigenstates of Jahn-Teller 

Hamiltonian in Eq. (1) of the main text with the parameters used to generate the nonadiabatic 

eigenfunctions in Figure S11.  
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