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ABSTRACT
Design of robots at the small scale is a trial-and-error based

process, which is costly and time-consuming. There are no good
dynamic simulation tools to predict the motion or performance of
a microrobot as it moves against a substrate. At smaller length
scales, the influence of adhesion and friction, which scales with
surface area, becomes more pronounced. Thus, rigid body dy-
namic simulators, which implicitly assume that contact between
two bodies can be modeled as point contact are not suitable. In
this paper, we present techniques for simulating the motion of
microrobots where there can be intermittent and non-point con-
tact between the robot and the substrate. We use this simulator
to study the motion of microrobots of different shapes and select
shapes that are most promising for performing a given task.

INTRODUCTION
Our overall long-term goal is to create a dynamic simula-

tion tool that can be used to study the motion of microrobots of
different geometry and manufacture a subset of the robots for ex-

∗Address all correspondence to this author.

perimentation. This will greatly help reduce the cost and effort
of the microrobot design process, as the designer can hone in on
the most promising designs.

To validate the simulation tool at the microscale, our simu-
lation results are compared against the performance of a mobile
microrobot discussed in [1], [2], and [3], and shown schemati-
cally in Figure 1. Differences in the orientation of the robot′s
internal magnetization and that of a rotating external magnetic
field induce a torque on the robot, causing it to tumble forward
end-over-end. This tumbling locomotion has been shown to be
versatile in both wet and dry environments on steep inclines and
on rough surfaces [3]. It is especially promising for biomedical
applications, due to the multiple complex environments within
the human body that the robot can operate on. Tumbling micro-
robots have the potential to go to previously unreachable areas
of the body and perform tasks such as targeted drug delivery, tis-
sue biopsies, and toxin neutralization. Additionally, the external
magnetic fields actuating the robot harmlessly penetrate living
tissue and allow for tetherless locomotion. One key limitation of
external magnetic fields, however, is that they decrease volumet-
rically in strength as distance increases between the magnetic
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target and the source of the field. Therefore, it is beneficial to
optimize the robot’s design to achieve the most mobility under
limited magnetic field strengths. It is also beneficial to optimize
the design to travel over as many different surfaces as possible.
A flexible simulation tool for virtual design iteration and opti-
mization would be highly beneficial for this purpose.

A critical challenge for simulating the tumbling microrobot
is to model the intermittent and non-point contact between the
robot and substrate, which will change during the motion based
on the contact mode. For example, consider a curved shape mi-
crorobot tumbling over a planar surface. The contact mode be-
tween the robot and the surface is line contact, which changes as
the robot moves. Most of the existing dynamic simulation meth-
ods [4, 5] implicitly assume that the contact between two bodies
can be modeled as point contact. They choose contact points a
priori in an ad hoc manner to represent the contact patch. For
the curved robot, since the contact patch is time-varying it is not
possible to choose contact point a priori and would thus intro-
duce inaccuracy in simulation. Recently, we developed prin-
cipled methods [6–8], to simulate contacting rigid bodies with
planar convex and non-convex contact patches. In this paper,
based on our previous work, we develop a method for simulating
the motion of microrobots where the contact between the robot
and the substrate is intermittment and non-point contact. Our
contributions are as follows: (a) we extend our model in [6] to
handle the torque due to rotational magnetic field and surface
area-dependent adhesive forces of a rigid body microrobot. (b)
We present the procedure to compute the adhesive forces, which
will change during motion based on the contact mode. (c) We
also present numerical simulation results and perform prelimi-
nary comparisons with experimental results in several scenarios.
Furthermore, we simulate the motion of microrobots with differ-
ent shapes and choose shapes with best overall performances for
given tasks.

RELATED WORK
Past literature has demonstrated dynamic models for several

mobile microrobots. Pawashe et al. simulated a planar micro-
robot with stick-slip motion over dry horizontal surfaces [4, 5].
The simulation was able to predict the robot’s orientation and
linear velocity over time under various external field parameters
and surface properties. However, this model does not consider
that the robot can tumble. Hu et al. developed models for pre-
dicting the velocities of the rolling, walking, and crawling gaits
of a soft-bodied magnetic millibot capable of multimodal loco-
motion [9]. The model helped determined which geometric di-
mensions were critical for the success of particular gaits of the
robot. Morozov et al. proposed a general theory to study the
dynamics of arbitrarily-shaped magnetic propellers and rational-
ize previously unexplained experimental observations [10]. To
date, a comprehensive three-dimensional model that can predict

𝑥

𝑦

𝑧

Rotating 
Magnetic
Field

FIGURE 1: Microscale magnetic tumbling (µTUM) robot tum-
bles on the planar surface. A magnetic field rotating about x axis
counterclockwisely, which causes the robot rotates in the same
direction and tumbles forward (along the direction of y axis). L,
W and H represents the length, width and height of robot µTUM.

a microrobot’s trajectory and velocity over time with consider-
ation of intermittent contact and inclined surfaces has yet to be
developed.

In this paper, we present techniques for simulating mo-
tion of microrobots where there can be intermittent and non-
point contact between the robot and the surface. The model
we use is called a differential complementarity problem (DCP)
model. Let uuu ∈ Rn1 , vvv ∈ Rn2 and let ggg :Rn1 ×Rn2 → Rn1 , fff
: Rn1 ×Rn2 → Rn2 be two vector functions and the notation
0 ≤ xxx ⊥ yyy ≥ 0 imply that xxx is orthogonal to yyy and each com-
ponent of the vectors is non-negative.

Definition 1. The differential (or dynamic) complementarity
problem is to find uuu and vvv satisfying [11]:

u̇uu = ggg(uuu,vvv), 0≤ vvv⊥ fff (uuu,vvv)≥ 0

Definition 2. The mixed complementarity problem is to find u
and v satisfying

ggg(uuu,vvv) = 0, 0≤ vvv⊥ fff (uuu,vvv)≥ 0

If the functions fff and ggg are linear, the problem is called a
mixed linear complementarity problem (MLCP). Otherwise, the
problem is called a mixed nonlinear complementarity problem
(MNCP). As we will discuss later, our discrete-time dynamics
model is a MNCP.

Modeling the intermittent contact between bodies in mo-
tion as a complementarity constraint was first done by Lotst-
edt [12]. Subsequently, there was a substantial amount of ef-
fort in modeling and dynamic simulation with complementar-
ity constraints [13–17]. The DCP that models the equations of
motion usually can not be solved in closed form. Therefore,
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a time-stepping scheme has been introduced to solve the DCP.
Depending on the assumptions made when forming the discrete
equation of motions, the discrete-time model can be divided into
a mixed linear complementarity problem (MNCP) [18, 19] and
a mixed non-linear complementarity problem [20, 21]. Further-
more, depending on whether the distance function between the
two bodies (which is a nonlinear function of the configuration)
is approximated or linearized, the time-stepping scheme can also
be further divided into geometrically explicit schemes [13, 15]
and geometrically implicit schemes [6, 20, 21].

All of the time stepping schemes mentioned above assume
the contact between two objects to be point contact. However,
at the microscale, the influence of adhesion and friction become
more pronounced. Both of these factors scale with the surface
contact area. Recently, we presented a dynamic model that takes
non-point contact (where the contact mode could be point con-
tact, line contact, or surface contact) into account [6]. The model
belongs to a geometrically implicit time-stepping scheme, in
which the distance function depends on the geometry and con-
figurations of the rigid body. In this paper, we extend this model
to handle surface area-dependent adhesive forces of a rigid body
microrobot that will change during motion based on the contact
mode. The resulting discrete time model is a MNCP problem.

There has been much effort to model and understand the ef-
fect of non-point frictional contact [22–24]. We use the so called
soft-finger contact model [25] for the general dynamic simula-
tion. The model is based on a maximum power dissipation prin-
ciple and it assumes all the possible contact forces or moments
should lie within an ellipsoid. At the microscale, adhesion is
more pronounced and can have a significant effect on microrobot
locomotion. It is the combined effect of forces that may stem
from capillary effects, electrostatic charging, covalent bonding,
hydrogen bonding, Casimir forces, or Van der Waals interac-
tions [26]. All of these forces, aside from forces arising from
electrostatic charging, become negligible outside of the nanome-
ter range. Van der Waals forces, for example, primarily act at
ranges of 0.2-20 nm [27]. These forces can also be unpredictable
and difficult to model individually. Therefore, we clumped the
forces together into a single adhesion force and assume its effect
is insignificant if there is no direct contact between the micro-
robot and the substrate. We formulated this adhesive force as
an empirical relationship where it is proportional to the surface
contact area. This relationship is useful because our dynamic
model is capable of predicting the time-varying surface contact
area. Electrostatic force is treated as a constant, since the dis-
tance between the microrobot and the substrate undergoes mini-
mal change as the robot moves.

DYNAMICS OF BODIES IN CONTACT
In this section, we present an overview of the equations

of motion of two rigid bodies in intermittent contact with each

other. A microrobot moving on a surface may switch between
having contact with the surface or no contact at all. Furthermore,
when the robot is in contact, the contact may be a sliding or stick-
ing contact (i.e., no relative velocity between the points on the
objects in the contact region). Depending on the geometry of the
robot and its configuration, the contact mode may also be point
contact, line contact, or surface contact. A key requirement for
building dynamic simulators for the microrobots is the ability to
handle surface area-dependent adhesive forces that will change
during motion based on the contact mode. We will therefore use
a complementarity-based model of dynamics that can handle the
transition between no-contact and contact as well as sticking and
sliding contact in a unified manner. Furthermore, since we can
have non-point contact, we will use the equations of motion in [6]
as our basic model for the dynamics.

The general equations of motion has three key parts: (i)
Newton-Euler differential equations of motion giving state up-
date, (ii) algebraic and complementarity constraints modeling the
fact that two rigid bodies cannot penetrate each other, and (iii)
model of the contact force and moments acting on the contact
patch. For general rigid body motion, the model of contact forces
and moments use Coulomb’s assumption that the normal force
acting between two objects is independent of the nominal contact
area between the two objects. This is a reasonable assumption for
nominally rigid objects at macroscopic length scales, where the
inertial forces are dominating. However, at the length-scale of
microrobots, the force of adhesion between the contacting sur-
faces is comparable to inertial forces. So, the contact model
should also take into consideration the effect of the surface-area
dependent forces. These forces, combined under a single adhe-
sive force, are illustrated in Figure 2.

For simplicity of exposition, we assume one body to be
static. Let VVV = [vvvT ωωωT ]T be the generalized velocity of the rigid
body, where vvv ∈ R3 is the linear velocity and ωωω ∈ R3 is the an-
gular velocity of the rigid body. Let qqq be the configuration of the
rigid body, which is a concatenated vector of the position and a
parameterization of the orientation of the rigid body.

Newton-Euler Equations of Motion: The Newton-Euler
equations of motion of the rigid body are:

MMM(qqq)V̇VV =WWW nλn +WWW tλt +WWW oλo +WWW rλr +λλλ app +λλλ vp (1)

where MMM(qqq) is the inertia tensor, λλλ app is the vector of external
forces and moments (including gravity), λλλ vp is the centripetal
and Coriolis forces. The magnitude of the normal contact force
is λn. The magnitude of tangential contact forces are λt and λo.
The magnitude of the moment due to the tangential contact forces
about the contact normal is λr. The vectors WWW n, WWW t , WWW o and WWW r
map the contact forces and moments from the contact point to
the center of mass of the robot. The expressions of WWW n, WWW t , WWW o
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(a)Robotinsurfacecontact
withhorizontalsurfacein2D.

(b)Robotinlinecontactwithhori-
zontalsurfacein2D.

FIGURE2:Forcediagramsin2Dwhenrobothassurfacecon-
tactandlinecontactwiththesurface.Thedashedlinesinblue
representtheinternalmagneticalignment.Theadhesiveforceis
distributeduniformlyoverthesurfacearea.Whenrobothasline
contactwiththesurface,theadhesiveforceisalmostzero.

andWWWrare:

WWWn=
nnn
rrr×nnn

,WWWt=
ttt
rrr×ttt

,WWWo=
ooo
rrr×ooo

,WWWr=
000
nnn

(2)

where(nnn,ttt,ooo)∈R3aretheaxesofthecontactframe,000∈R3

isacolumnvectorwitheachentryequaltozero.Asshownin
Figure2,vectorrrr=[ax−qx,ay−qy,az−qz]isthevectorfrom
equivalentcontactpoint(ECP)aaa,tocenterofmass(CM),where
(qx,qy,qz)isthepositionoftheCM.Inthenextsection,wewill
providedefinitionfortheequivalentcontactpoint(ECP).Please
notethatEquation(1)isasystemof6differentialequations.
ModelingRigidBodyContactConstraints: Thecontact

modelthatweuseisacomplementarity-basedcontactmodelas
describedin[6,21].In[6],weintroducedthenotionofanequiv-
alentcontactpoint(ECP)tomodelnon-pointcontactbetween
objects.

Definition3.EquivalentContactPoint(ECP)isauniquepoint
onthecontactsurfacethatcanbeusedtomodelthesurface(line)
contactaspointcontactwheretheintegralofthetotalmoment
(aboutthepoint)duetothedistributednormalforceonthecon-
tactpatchiszero.

TheECPdefinedhereisthesameasthecenteroffriction.Now
let’sdescribethecontactmodelmathematically. Lettwoob-
jectsFandGbedefinedbyintersectionofconvexinequalities
fi(ζζζ1)≤0,i=1,..,m,andgj(ζζζ2)≤0,j=m+1,..,nrespec-
tively.Letaaa1andaaa2

	𝑑𝐴	(𝑎&',𝑎)')

	𝐸𝐶𝑃	(𝑎&,𝑎))

𝑡

𝑜
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(𝑣23,𝑣43)

𝑣5

𝑣53

(𝑣2,𝑣4)

bepairofECP’sorclosestpoints(when
objectsareseparate)onFandG,respectively.Thecomplemen-
tarityconditionsfornonpenetrationcanbewrittenaseitherone

FIGURE3:Notationforplanarslidingmotion.

ofthefollowingtwosetsofconditions[21]:

0≤λn⊥max
1,...,m

fi(aaa2)≥0

0≤λn⊥ max
j=m+1,...,n

gj(aaa1)≥0
(3)

ThesolutionofECP’saaa1andaaa2isgivenbythefollowing
minimizationproblem:

(aaa1,aaa2)=argmin
ζζζ1,ζζζ2

{ζζζ1−ζζζ2 fi(ζζζ1)≤0,gj(ζζζ2)≤0} (4)

wherei=1,...,mandj=m+1,...,n.
UsingaslightmodificationoftheKKTconditionsforthe

optimizationprobleminEquation(4),andcombingitwitheither
oneoftheconditionsinEquation(3),wegetthecompletecontact
modelbetweentworigidbodies:

aaa1−aaa2=−lkC(FFF,aaa1),C(FFF,aaa1)=−C(GGG,aaa2)

0≤




li
lj
λn



⊥






−fi(aaa1), i=1,...,m
−gj(aaa2), j=m+1,...,n

max
i=1,...,m

fj(aaa2)




≥0

(5)

wherekistheindexofactiveconstraintonbodyF,andthe
normalconesare: C(FFF,aaa1)=∇fk(aaa1)+∑

m
i=1,i=kli∇fi(aaa1),

C(GGG,aaa2)=∑
n
j=m+1lj∇gj(aaa2).

FrictionModel:Weuseafrictionmodelbasedonthemax-
imumpowerdissipationprinciple,whichhasbeenpreviously
proposedintheliteratureforpointcontact[28].Themaximum
powerdissipationprinciplestatesthatamongallthepossible
contactforcesandmomentsthatliewithinthefrictionellipsoid,
theforcesthatmaximizethepowerdissipationatthecontactare
selected. Fornon-pointcontact,wewilluseageneralization
ofthemaximumpowerdissipationprinciple,where,weselect
contactforces/momentsandcontactvelocitiesthatmaximizethe
powerdissipationovertheentirecontactpatch. Wewillnow
showthattheproblemformulationusingthepowerlossover
thewholecontactpatchcanbereducedtothefrictionmodelfor
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point contact with the ECP as the chosen point. Mathematically,
the power dissipated over the entire surface, Pc is

Pc =−
∫

A
(vtiβti + voiβoi + vriβri)dA (6)

where vti,voi,vri are the sliding velocity at dA, βti,βoi are the
frictional force per unit area and βri is the resistive moment per
unit area at dA, about the normal to the contact patch. We will
assume a planar contact patch which implies that the contact nor-
mal is the same at all points on the contact patch. As shown in
Figure 3, the angular velocity is constant across the patch, i.e.,
vri = vr, for all i. Let vt and vo be the components of tangen-
tial velocities at the ECP. From basic kinematics, we know that
vti = vt − vri(ayi−ay) and voi = vo + vri(axi−ax), where (ax, ay)
are the x and y coordinates of the ECP and (axi, ayi) are the x and
y coordinates of a point on the patch. Substituting the above in
Equation (6) and simplifying, we obtain

Pc =−
[∫

A
vtβtidA+

∫
A

voβoidA+
∫

A
vriβ

′
ridA

]
(7)

where β ′ri = βri − βti(ayi − ay) + βoi(axi − ax). By noting that∫
βtidA = λt ,

∫
βoidA = λo,

∫
β ′ridA = λr, where λt , λo are the net

tangential forces at the ECP and λr is the net moment about the
axis normal to the contact patch and passing through the ECP,
the power dissipation over the entire contact patch is given by
Pc = −(vtλt + voλo + vrλr). For specifying a friction model, we
also need a law or relationship that bounds the magnitude of the
friction forces and moments in terms of the magnitude of the nor-
mal force [29]. Here, we use an ellipsoidal model for bounding
the magnitude of tangential friction force and friction moment.
This friction model has been previously proposed in the litera-
ture [6, 21, 28, 29] and has some experimental justification [30].
Thus, the contact wrench is the solution of the following opti-
mization problem:

max − (vtλt + voλo + vrλr)

s.t.
(

λt

et

)2

+

(
λo

eo

)2

+

(
λr

er

)2

−µ
2
λ

2
n ≤ 0

(8)

where the magnitude of contact force and moment at the ECP,
namely, λt , λo, and λr are the optimization variables. The pa-
rameters, et , eo, and er are positive constants defining the friction
ellipsoid and µ is the coefficient of friction at the contact [30,31].
As stated before, we use the contact wrench at the ECP to model
the effect of entire distributed contact patch. Note that there is
no assumption made on the nature of the pressure distribution
between the two surfaces. A key aspect of this work which is dif-
ferent from previous effort that is here we consider that the nor-
mal force can be a function of the contact surface area. We will

elaborate on how this is done within the context of the discrete-
time framework, since this requires that we identify the contact
surface as part of our dynamic simulation algorithm.

Using the Fritz-John optimality conditions of Equation (8),
we can write [32]:

0 = e2
t µλnvt +λtσ

0 = e2
oµλnvo +λoσ

0 = e2
r µλnvr +λrσ

0≤ µ
2
λ

2
n −λ

2
t /e2

t −λ
2
o /e2

o−λ
2
r /e2

r ⊥ σ ≥ 0

(9)

where σ is a Lagrange multiplier corresponding to the inequality
constraint in (8).

EQUATIONS OF MOTION FOR TUMBLING MICRO-
ROBOT

As shown in Figure 1, the magnetic microscale tumbling
robot (µTUM) presented in this paper is cuboid-shaped and em-
bedded with magnetic particles. The robot’s magnetic features
are aligned along a certain direction and optimally it should to
be aligned along lengthwise direction of the robot. An alignment
offset angle is defined when there exists an angular difference
between actual alignment direction and the desired alignment di-
rection.

There exists one magnetic field which rotates counterclock-
wise about the x axis of the world frame. When the magnetic
alignment of the field differs from that of the robot, a magnetic
torque is applied on the robot until it is realigned with the field.
Therefore, a rotating magnetic field causes the robot to rotate
about the same axis. As shown in Figure 1, if the robot is rest-
ing on the surface, the rotating field causes the tumbling motion
of the robot, i.e., the robot will move forward by continuously
flipping end-over-end.

Notation: The following notation will be used for defining
the problem mathematically:

◦ L,M,H − length, width and height of the robot
◦ MMM = diag(m,m,m, Ixx, Iyy, Izz) − inertia tensor of the robot,

where m represents mass and I(.) represents moment of iner-
tia in body frame
◦ Felect − electrostatic force of the robot
◦ Vm − magnetic volume of the robot
◦ EEE ∈R3 −magnetization of the robot (The blue dashed lines

in Figure 2)
◦ φ − magnetic alignment offset angle
◦ BBB ∈ R3, TTT m ∈ R3 − magnetic field strength and torque
◦ frot − the frequency of rotational field
◦ µ − friction coefficient between robot and surface
◦ C − coefficient of adhesive force between robot and surface
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◦ Acontact − area of contact region between robot and surface
◦ λa − the adhesive force between robot and surface
◦ et ,eo,er − friction parameters defining the friction ellipsoid
◦ nnn ∈ R3 − the contact normal, which is used to define the

normal axis of contact frame
◦ ttt ∈ R3, ooo ∈ R3 − tangential axies of the contact frame
◦ vvv = [vx,vy,vz] − linear velocity of the robot
◦ www = [wx,wy,wz] − angular velocity of the robot
◦ λn,λt ,λo − normal and tangential contact forces
◦ λr − frictional moment about contact normal nnn
◦ aaa1 ∈ R3,aaa2 ∈ R3 − pair of equivalent contact points (ECP)
◦ σ − Lagrange multiplier associated with the friction model,

which represents the magnitude of slip velocity
◦ lll111 = [l1, ..., lm], lll222 = [lm+1, ..., ln] − Lagrange multipliers in

contact constraints

The magnetic torque TTT m applied to the microrobot is:

TTT m =VmEEE×BBB (10)

The direction of λa is along negative direction of nnn, and its
value depends on the material of the object and the area of con-
tact region. The expression for λa is:

λa =CAcontact (11)

Newton-Euler Equations for Tumbling Microrobot: As
shown in Figure 2, the generalized applied force λλλ app ∈ R6 act-
ing on CM of the robot includes gravity force mg, electrostatic
force Felect , adhesive force λa and magnetic torque TTT m ∈R3. The
contact wrench acting on the ECP includes normal contact force,
λn, and frictional forces and moments, λt ,λo and λr. The gener-
alized velocity is VVV = [vvv,www]. The Newton-Euler equations are:

MMMν̇νν =WWW


λn
λt
λo
λr

+


0
0

−(mg+Felect +λa)
TTT m

+λλλ vp (12)

where the mapping matrix WWW = [WWW n,WWW t ,WWW o,WWW r] ∈ R6×4 is
computable based on Equation (2). The magnetic torque TTT m is
based on Equation (10). Please note that Equation (12) is a sys-
tem of 6 differential equations.

Discrete-time dynamic model:We use a velocity-level for-
mulation and an Euler time-stepping scheme to discretize the
above system of equations. Let superscripts u be the beginning
of current time step, u+ 1 be the end of current time step, and
h be the time step length. Let V̇VV ≈ (VVV u+1−VVV u)/h and impulse

p(.) = hλ(.), we get the following discrete-time system. The sys-
tem of equations in general is a mixed nonlinear complementar-
ity problem. The vector of unknowns, zzz, can be partitioned into
zzz = [uuuz,vvvz], where:

uuuz = [VVV ;aaa1;aaa2; pt ; po; pr], vvvz = [lll1; lll2;σ ; pn]

The equality constraints in the mixed NCP are:

MMMu(VVV u+1−VVV u) =WWW u+1


pu+1

n
pu+1

t
pu+1

o
pu+1

r

−


0
0

mgh+ pelect + pu
a

−TTT u
mh

− pppu
vp

0 = aaau+1
1 −aaau+1

2 + lu+1
k C (FFF ,aaau+1

1 )

0 = C (FFF ,aaau+1
1 )+C (GGG,aaau+1

2 )

0 = µe2
t pu+1

n WWW Tu+1
t VVV u+1 + pu+1

t σ
u+1

0 = µe2
o pu+1

n WWW Tu+1
o VVV u+1 + pu+1

o σ
u+1

0 = µe2
r pu+1

n WWW Tu+1
r VVV u+1 + pu+1

r σ
u+1

(13)
The complementarity constraints on vvvz are:

0≤


lllu+1

1
lllu+1

2
σu+1

pu+1
n

⊥

− fff (aaau+1

1 )

−ggg(aaa
u+1

2 )
ξ

max fff (aaa
u+1

2 )

≥ 0 (14)

where ξ = (µ pu+1
n )2 − (pu+1

t /et)
2 − (pu+1

o /eo)
2 − (pu+1

r /er)
2.

Furthermore, the adhesive impulse pu
a is required as input at the

beginning of each time step. We can compute pu
a based on Equa-

tion (11). However, in order to compute pu
a, we need to know

the contact are at each time step. However, this is not part of our
solution to the dynamic model. In next section, we will discuss
the procedure to compute the contact area, Acontact .

Computing the area of contact region: In general, the area
of contact region, Acontact , depends on the geometry and config-
urations of objects in contact, which is hard to describe mathe-
matically. However, in our case, the contact happens between the
microrobot (µTUM) and the planar surface. The contact region
is the side of the robot in contact with the surface. The geometry
and dimension of the robot can be measured a priori and we can
compute the area of each side of the robot. The next question is:
which side of the robot is in contact at the current time?

The question can be answered by utilizing Lagrange multi-
pliers of contact constraints. Based on the complementary con-
dition, once lu+1

i > 0, its associated constraint fi(aaau+1
1 ) = 0, i,e.,

the Equivalent contact point should lie on the constraint or side
i. If pu+1

n > 0, which indicates robot has contact on the surface
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at the end of the current time, the active constraint or side i will
be the side of robot that has contact with the surface.

To sum up, first we can compute the area of each side of the
robot based on the knowledge of robot’s geometry and dimen-
sions. Then, we solve the discrete-time model at each time step.
The solutions for lu+1

i and pu+1
n will be utilized to identify the

side or boundary of the robot on contact and return us Au+1
contact .

Eventually, based on Equation (11), we compute adhesive im-
pulse pu+1

a , which would be used as input for next time step.

NUMERICAL RESULTS
Experimental Setup: To validate our dynamic model, we

compared experimental results against our simulated results. The
experiment microrobots are composed of two SU-8 polymer ends
doped with magnetic NdFeB particles and a non-magnetic mid-
dle section that is entirely made up of SU-8 polymer. Their
external dimensions are: Length L = 0.8× 10−3m, Width W =
0.4× 10−3m, and Height H = 0.1× 10−3m. The material prop-
erties are listed in Table 1 and they were fabricated using a two-
step photolithography process described in [3]. Additional robots
were fabricated with the parameters listed in Table 2. These
robots underwent an additional step where they were exposed
to a 9 T uniform magnetic field generated by a PPMS machine
(Quantum Design) after the SU-8 curing process. This field was
strong enough to realign the embedded NdFeB particles homoge-
neously and the resulting magnetization was measured using the
same machine. A system of eight electromagnetic coils (MFG-
100 system, MagnetibotiX AG) was used to generate the rotating
magnetic field that actuates the microrobots. Figure 4 depicts the
experimental setup. While the microrobots used for the experi-
ments have three distinct sections, our simulation simplifies them
into single, homogeneous blocks of uniform mass distribution.
We argue this assumption is acceptable at the microscale, where
factors such as weight and inertia are much smaller in magnitude
than factors proportional to distance and surface area, such as
adhesion and electrostatic forces.

To obtain the adhesion coefficient for the substrate of inter-
est, the microrobot was laid flat over the substrate in dry air. The
external magnetic field was set to a static vertical orientation and
the field strength was incrementally increased from zero until the
microrobot started rotating upwards. The field strength at which
rotation occurred was used to calculate the magnetic torque that
exactly counteracted the adhesion force resisting upwards mo-
tion. Dividing this torque by the moment arm and by the total
contact surface area of the robot resulted in the adhesion coef-
ficient for that substrate. To estimate the friction coefficient, a
wafer of SU-8 was placed over a sheet of the substrate of interest
in dry air. The SU-8 side of the wafer was placed in contact with
the substrate and 20 grams of additional mass was attached to
the other side, ensuring that the dominant force between the mi-
crorobot and the substrate would be weight instead of adhesion

TABLE 1: Parameters for µTUM on paper.

Description Value Units

Mass (m) 1.6071×10−7 kg

Electrostatic Force (Felect ) 3.2022×10−6 N

Friction Coefficient (µ) 0.3 -

Magnetic Alignment Offset (φ ) 27 degree

Magnetic Volume (Vm) 2.9×10−11 m3

Magnetization (|EEE|) 15000 A/m

Coefficient of adhesion force (C) 3.7148 N/m2

or electrostatic forces. The substrate was then tilted from a hor-
izontal position until the wafer started slipping downwards. The
angle at which slippage occurred was noted and the friction coef-
ficient for the substrate was approximated by taking the tangent
of this angle.

FIGURE 4: Experimental setup with halogen lamp (1), side cam-
era (2) and MFG-100 system (3). Additional images show an alu-
minum surface inside a petri dish at the center of the workspace
and a side view of the µTUM as seen through the camera.

Tumbling locomotion tests: The first scenario investigated
is for tumbling locomotion of the µTUM traversing a dry pa-
per substrate. The parameters are, again, listed in Table 1. The
simulation is performed in order to evaluate the robot’s perfor-
mance on the substrate under varying field rotation frequencies.
If the robot tumbles without slipping on the rough paper sur-
face, the robot’s average translational speed, v, should be ap-
proximately equal to two times the sum of body length and body
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FIGURE 5: Tumbling locomotion tests on paper (20mT field).

height (L+H) multiplied by the field rotational frequency frot :

v = 2(L+H) frot (15)

In these tests, we compared the state of robot in the experiments
and simulation with an ideal no-slip situation. We applied a ro-
tating magnetic field of 20mT to the robot. Figure 5 compares
the experimental and simulation results with the ideal no-slip
solution (Equation (15)). When the frequency of rotating field
increases, a discrepancy appears between the simulation results
and the ideal solution. One possible reason for this discrepancy is
that the robot starts slipping on the paper substrate under a high
frequency rotational field. We plotted the average slip velocity
at different frequencies. As shown in Figure 5, the slip velocity
increases as frequency increases, and its value is almost equal
to the difference between ideal situation and simulation results.
Thus, the discrepancy is mainly due to slip velocity. The exper-
imental results are higher than expected due to complications in
the MagnebotiX machine producing the external magnetic field.
It is suspected that stray field gradients become more prominent
at higher rotational frequencies and pull the microrobot towards
the edges of the workspace, causing it to move faster.

Inclined plane traversal tests on paper: In the second sce-
nario, the simulation is to determine whether the designed micro-
robot can climb an inclined surface (paper in dry conditions) at
various angles. We applied a 20mT rotating magnetic field and
1Hz frequency to the robot. We compared the simulation results
with experimental results to validate our model. Based on the ex-
perimental result, the robots can go over a maximum inclination
of 45◦ on paper but it will fail to climb a slope of 60◦. The sim-
ulation output matches these results. Figure 6 plots the adhesive
force when robot is tumbling over the incline at 45◦. It can be ob-
served from this figure that the force changes periodically. When
the contact area is large (Length × Width), the adhesive force
reaches a value of 1.189e− 6N. When the contact area is small
(Width × Height), the adhesive force value goes to 1.486e−7N.
In line contact cases, the adhesive force is almost zero.
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FIGURE 6: Simulation result for adhesive force acting on µTUM
robot when it is tumbling over the incline (paper) of 45 degree
(20mT field at 1Hz).

TABLE 2: Parameters for improved µTUM on aluminum.

Description Value Units

Mass (m) 6.94×10−8 kg

Electrostatic Force (Felect ) 0 N

Friction Coefficient (µ) 0.5359 -

Magnetic Alignment Offset (φ ) 0 degree

Magnetic Volume (Vm) 3.2×10−11 m3

Magnetization (|EEE|) 51835 A/m

Coefficient of adhesion force (C) 26.1771 N/m2

Inclined plane traversal tests on aluminum: In our third
scenario, we analyze the performance of a µTUM with improved
magnetic properties on aluminum, which is non-magnetic and
conductive. Therefore, there shouldn’t be any significant elec-
trostatic force or additional magnetic force acting on the robot
when it is tumbling over the substrate. Although an electro-
magnetic drag force may be exerted on the µTUM due to eddy
currents induced in the conductive aluminum, this force is esti-
mated to be two orders of magnitude smaller than the magnetic
torque and thus negligible. The coefficient of adhesive force on
aluminum was found to be 26.1771N/m2 and the coefficient of
friction was found to be 0.5359. The procedure for obtaining
the parameters is stated in our experimental setup section. In
Table 2, the magnetization of the newer µTUM’s (51835 A/m)
is much higher than that of original µTUM (15000 A/m). Fur-
thermore, the newer µTUM has zero magnetic alignment off-
set angle. We applied a 20mT rotating magnetic field at 1Hz
frequency to the robot. In both the simulations and the exper-
iments, the robot can successfully climb the inclination of 30◦
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but fails to climb it at 45◦. A video of showing representative
simulation and experimental results can be found here: https:
//www.youtube.com/watch?v=cr_rrc4NVHE.

Robots with different geometric shapes: Now that the
simulation model has been validated, it can be used to explore
alternative µTUM geometries for increased performance. As
shown in Figure 7, we simulated (a) spiked shape robots, (b)
robots with spiked ends, (c) curved shape robots, and (d) cuboid
shape µTUM robot from before. To explore the effect of the
robots’ design and dimensions on their performance, we assume
all the robots all have the same inertia and magnetic properties,
the same as those listed in Table 2. The simulation includes both
the tumbling locomotion tests and the inclined plane traversal
tests from before. In the tumbling locomotion tests, we applied
a 20mT rotational magnetic field at 10Hz frequency to all the
robots. Though these tests could have been performed at 1Hz for
consistency, we increased this value to 10Hz in order to empha-
size the velocity differences between the four designs due to slip.
In Figure 8, each robot’s performance on paper is similar to it
on aluminum. Furthermore, the curved shape robot was found to
move the fastest while the cuboid shape robot moved the slow-
est. In inclined plane traversal test, we chose the substrate to be
aluminum. All robots except the curved shape robot successfully
climbed though the incline up to 30◦ and fail at 45◦. Based on
the simulation results, we can conclude that the curved shaped
robot performs best in terms of linear speed, but is bad at climb-
ing. In addition, we find that the traditional cuboid shape robot
is not the best design for tumbling locomotion. Furthermore, we
found that robots with spiked ends geometry has the best overall
performance in locomotion tests and inclined plane tests.

CONCLUSION
In this paper, we have demonstrated a dynamic simulation

model that can account for intermittent non-point contact over
multiple substrates and surface inclinations. We validated this
model using experiments incorporating a tumbling magnetic mi-
crorobot and predicted that spiked ends geometry would result
in better overall performance. Using the model as a design aid
would help save time and reduce costs on the microrobot iteration
and fabrication process. Future developments may include ac-
commodations for soft, elastomeric robot bodies and additional
modeling for wet environments.
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FIGURE 7: Design and dimensions of robots with different geometric shapes.
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