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a b s t r a c t 

Many forms of stretchable electronic systems incorporate planar, filamentary serpentine 

structures to realize high levels of stretchability in ways that allow the use of high perfor- 

mance of inorganic functional materials. Recent advances in mechanics-guided, determin- 

istic three-dimensional (3D) assembly provide routes to transform these traditional, two- 

dimensional (2D) serpentine layouts into 3D architectures, with significantly improved me- 

chanics and potential for applications in energy harvesters, pressure sensors, soft robotics, 

biomedical devices and other classes of technologies. One challenge is that, by comparison 

to other geometries, the relatively low bending stiffnesses of the serpentine structures cre- 

ate difficulties in overcoming the interfacial adhesion energy to allow delamination from 

the underlying elastomeric substrate, as an essential aspect of the assembly process. An 

additional complication is that many of the functional materials widely used in stretch- 

able electronics have a low strain threshold for failure such that damage can occur during 

buckling-induced assembly. Therefore, a clear understanding of the mechanics of buckled 

serpentine structures is essential to their design, fabrication and application. Through the- 

oretical modeling and finite element analysis, we present models for the phase diagram of 

buckled states and the maximum strain in the globally-buckled serpentine structures. The 

analysis yield formulae in concise and explicit forms, clearly showing the effect of geom- 

etry/material parameters and the prestrain. The results can be used in designing buckled 

serpentine structures to ensure their compatibility with the mechanics-guided, determin- 

istic 3D assembly and facilitate their applications in stretchable electronics. 

© 2019 Elsevier Ltd. All rights reserved. 

 

 

mechanics-guided, determin-

istic 3D assembly
1. Introduction 

Serpentine structures have wide applications in flexible and stretchable electronics, as they provide a rich range of design

options to achieve unusually high levels of stretchability while maintaining high performance operation ( Khang et al., 2006;
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Xu et al., 2013; Fan et al., 2014; Gutruf et al., 2014; Lu and Kim, 2014; Xu et al., 2014; Mamidanna et al., 2016; Huang et al.,

2017; Ma et al., 2017a; Pan et al., 2017; Su et al., 2017; Alcheikh et al., 2018; Cui et al., 2018a; Zhao et al., 2018 ). Such struc-

tures can be used in devices for energy conversion and storage ( Xu et al., 2013; Yang et al., 2015; Lai et al., 2017 ), in diagnos-

tic and therapeutic biomedical devices ( Son et al., 2014; Lin et al., 2016; Gao et al., 2017a; Liu et al., 2017; Nyein et al., 2018 ),

in human-machine interfaces ( Dong et al., 2018a, 2018b ), and in general forms of electronics ( Lu et al., 2012; Han et al., 2016;

Gao et al., 2017b; Ma et al., 2017b; Hu et al., 2018; Yang et al., 2018 ) and optoelectronics ( Park et al., 2015; Dai et al., 2016;

Vásquez Quintero et al., 2017; Gutruf et al., 2018 ). Serpentine structures in such applications are mostly two-dimensional

(2D) in their layouts. Recent studies show that three dimensional (3D) structures, especially those integrated with functional

components, are of emerging utility as 3D vibrational platforms ( Ning et al., 2017; Li et al., 2018a; Wang et al., 2018 ) for

fluid mechanics ( Ning et al., 2018a ) and polymer mechanics ( Nan et al., 2018a ) studies, as thermoelectric/mechanical/solar

energy harvesters ( Ahn et al., 2009; Nan et al., 2018b; Han et al., 2019 ), strain/temperature/electrophysiological sensors

( Zarek et al., 2016; Guo et al., 2018a ), soft robotic components ( Wehner et al., 2016; Kim et al., 2018a ) and biomedical de-

vices ( Wu et al., 2011; Sun et al., 2012; Kolesky et al., 2014; Han et al., 2016; Skylar-Scott et al., 2016; Zhu and Cheng, 2018 ).

Mechanics-guided, deterministic approaches in 3D assembly can transform well-defined 2D precursors into complex, but

well controlled 3D shapes ( Sun et al., 2006; Xu et al., 2015; Zhang et al., 2015; Yan et al., 2016; Liao et al., 2017; Fu et al.,

2017; Zhang et al., 2017; Cui et al., 2018b; Fu et al., 2018; Yu et al., 2018 ) with the ability to integrate diverse functional

materials such as piezoelectric membranes ( Ning et al., 2018a ), doped single-crystalline silicon ( Kim et al., 2018b ), metals

( Jang et al., 2017; Yan et al., 2017; Kim et al., 2018c; Nan et al., 2018a; Zhang et al., 2019 ), shape memory polymers ( Guo

et al., 2018b; Ning et al., 2018b; Wang et al., 2019 ) and elastomers ( Mao et al., 2017; Li et al., 2018b ). Based on these tech-

niques, Han et al. (2019) formed buckled serpentine structures made of a piezoelectric polymer. Because of their ultra-low

stiffnesses and buckled 3D shapes, these structures can operate as low frequency, broad band energy harvesters and sensors.

However, their unique geometries and ultra-low stiffnesses also raise two questions about the straightforward realization of

such structures via the mechanics-guided, deterministic 3D assembly technique. 

1) Can the serpentine structures overcome the adhesion energy with the underlying elastomeric substrate to buckle

into the 3D shape? In mechanics-guided, deterministic 3D assembly, only a selected part of the 2D precursor bonds

strongly to the substrate, while the other parts only weakly adhere, most typically by Van der Waals forces. Results of

Wang et al. (2010) suggest that the prestrain of the substrate must exceed a critical value for these weakly adhered

regions to fully delaminate from the substrate (global-buckling) during the assembly process. For small prestrain,

test structures such as straight ribbons only partially delaminate (local-buckling) or entirely adhere to the substrate

(no-buckling). Mechanics-guided, deterministic 3D assembly relies on global buckling state. Compared with a straight

ribbon, a serpentine structure has an even smaller bending stiffness and is therefore even more difficult to delaminate

from the substrate because of the reduced strain energy compared with the adhesion energy. Although adding a

temporary sacrificial layer below the serpentine structure may facilitate the buckling process ( Han et al., 2019 ), this

strategy significantly increases the complexity and difficulty of fabrication. Theoretical models reported in literature

mainly focus on buckling of structures in relatively simple geometries ( Wang et al., 2010; Wang and Wang, 2016 ). The

model in Wang et al. (2010) predict the phase diagram of a buckled single ribbon under compression, but the model

cannot be applied or generalized directly to the serpentine structure, due to its complex geometry. 

2) Is the strain in the buckled serpentine structure sufficiently small to avoid failure? Many functional materials in elec-

tronics have a low strain threshold for failure, e.g. yield strain of gold is 0.3%; fracture limits of PZT and silicon are

0.6% ( Cao and Evans, 1993; Guillon et al., 2002 ) and < 2% ( Vedde and Gravesen, 1996 ), respectively. Many models ex-

ist the deformations and strains of 2D serpentine structures ( Zhang et al., 2013; Shi et al., 2014; Zhang et al., 2014a;

Zhang et al., 2014b; Fu et al., 2015; Lu and Yang, 2015; Ma and Zhang, 2016; Wang et al., 2017; Chen et al., 2018 ), and

some apply also to buckled structures in simple shapes such as arches ( Xiao et al., 2008; Su et al., 2012; Xue et al.,

2018; Zhou et al., 2018; Coupean et al. , 2019 ) and helical coils ( Chen et al., 2016; Liu et al., 2016; Fan et al., 2018 ).

However, the above models are not directly applicable to buckled serpentine structures. 

Therefore, a theoretical model for the buckled serpentine structures is necessary and important to guide the design and

fabrication. Here we present a study through theoretical modeling and finite element analysis (FEA). The results yield for-

mulae in very concise forms to predict the phase diagram of buckled states (no buckling, local buckling and global buckling),

as well as the maximum strain in the globally-buckled serpentine structure. 

2. Buckling of serpentine structures 

Fig. 1 a shows the geometric parameters of a 2D precursor of the serpentine structure, which is adhered to a pre-stretched

elastomeric substrate ( Fig. 1 b). The two ends of the 2D precursor are chemically treated such that they form strong bonds

with the substrate, while the other parts are weakly adhered to the substrate via the van der walls force ( Zhang et al.,

2015 ). Following the complete release of substrate prestrain, the 2D precursor is under compression from the substrate,

and may buckle up if the prestrain exceeds a threshold. Fig. 1 c, d, and e show three representative deformed states: the
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Fig. 1. Schematic illustrations of a serpentine structure on a pre-stretched elastomeric substrate, and the buckled serpentine after the prestrain release in 

the substrate. (a) The geometric parameters of the serpentine structure, (b) transfer print of serpentine structure onto a pre-stretched elastomer substrate, 

(c) the no-buckling state after release of a small prestrain, (d) the local-buckling state after release of an intermediate prestrain, and (e) the global-buckling 

state after release of a large prestrain. 
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Fig. 2. Scaling laws and FEA results for the strain energy of the (a) no-buckling and (b) global-buckling states for the baseline values of thickness Young’s 

modulus E = 2.5 GPa, thickness h = 10 μm, width b = 60 μm, unit cell length λ= 200 μm, height H = 400 μm, representative length L = 20 0 0 μm, and prestrain 

ɛ prestrain = 0.25, and each of the 7 parameters varies independently in its representative range. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

no-buckling state 1 (no delamination, Fig. 1 c) at small prestrain, the local-buckling state (partial delamination of the weak

bonding, Fig. 1 d) at intermediate prestrain, and the global-buckling state (complete delamination of the weak bonding,

Fig. 1 e) at large prestrain. In the following the total energy for each state is obtained in terms of the prestrain, serpentine

geometries and material properties. 

2.1. No-buckling state 

The total energy for the no-buckling state ( Fig. 1 c) is the strain energy of the flat serpentine under compression because

the strain energy in the substrate is negligible upon the complete release of the substrate prestrain, which results in the

compression 

ε prestrain 

1+ ε prestrain 
on the serpentine, where ɛ prestrain is the substrate prestrain. The strain energy in the serpentine is

linearly proportional to the representative length L and Young’s modulus E of serpentine ribbon, and to the square of com-

pression ( 
ε prestrain 

1+ ε prestrain 
) 2 since the deformation is linear elastic prior to buckling. In addition, prior to buckling the serpentine is

mainly subjected to in-plane bending, and its (in-plane) bending stiffness is h b 3 

12 , which is much larger than the out-of-plane

bending stiffness b h 3 

12 since the ribbon thickness h (in the normal direction of the substrate), in general, is much smaller

than the ribbon width b , i.e., h � b . Therefore the strain energy in the serpentine is linearly proportional to Ehb 3 , and the

total energy of the no-buckling state takes the form 

W no ∝ Eh b 3 L 

(
ε prestrain 

1 + ε prestrain 

)2 

. (1)

The total energy above also depends on parameters pertinent to the serpentine, namely the serpentine height H and unit

cell length λ ( Fig. 1 a), where λ, in general, is much smaller than the representative length L of the serpentine, i.e., λ� L .

The FEA suggests that the total energy is linearly proportional to λ and inversely proportional to H 

3 , and is given by 

W no = 0 . 26 

Eh b 3 λL 

H 

3 

(
ε prestrain 

1 + ε prestrain 

)2 

. (2)

This equation has been validated via FEA by the commercial software ABAQUS with its four-node reduced integration

finite-strain shell elements (S4R), and at least 8 elements along the ribbon width to ensure the accuracy. Eq. (2) involves 7

parameters: 5 for the serpentine geometry ( h, b, λ, L , and H ), Young’s modulus and pre-strain. Fig. 2 a shows W no versus the

combination of these 7 parameters Eh b 3 λL 
H 3 

( 
ε prestrain 

1+ ε prestrain 
) 2 ; the straight line corresponds to Eq. (2) and its slope is 0.26; the dots

are for FEA with the baseline values of 7 parameters E = 2.5 GPa, h = 10 μm, b = 60 μm, λ= 200 μm, H = 400 μm, L = 2000 μm,

and ɛ prestrain = 0.25, and each of the 7 parameters varies independently in its representative range. It is clear that Eq. (2) is
1 In this no-buckling state the serpentine structure does not delaminate from the substrate, but it may wrinkle once the prestrain exceeds a critical value 

( Khang et al., 2006 ). However, the wrinkle disappears once delamination starts, as observed in the numerical simulations and also experiments ( Vella et al., 

2009 ). Therefore, the state of wrinkling is not considered in this paper. 
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quite accurate for the total energy W no of the no-buckling state. The Poisson’s ratio of the serpentine ribbon has negligible

effect ( < 0.1%) on W no . 

2.2. Global-buckling state 

For global buckling, the serpentine structure delaminates from the substrate except for the strong bonding ( Fig. 1 d). Its

total energy consists of the following two parts. 

1) The adhesion energy γ S L 
λ

, where γ is the work of adhesion between the serpentine and the substrate, S = ( π2 − 1 ) bλ +
2 bH + 2 b 2 is the area of one unit cell of the serpentine structure, and L 

λ
is the number of total number of unit cells. 

2) The strain energy in the buckled serpentine, which is linearly proportional to the out-of-plane bending stiffness E h 3 b 
12 

of the serpentine ribbon. It is also linearly proportional to the compression 

ε prestrain 

1+ ε prestrain 
because the nonlinear post-

buckling deformation is proportional to the square root of compression ( Su et al., 2012 a) 2 . Therefore, the strain energy

in the buckled serpentine is ∝ 

E h 3 b 
L 

ε prestrain 

1+ ε prestrain 
. Here the ∝ 

1 
L term results from the bending energy, which scales linearly

with the representative length L and the square of curvature κ of the serpentine, and κ is inversely proportional to

L . This ∝ 

1 
L scaling has also been observed in buckling of straight ribbons ( Wang et al., 2010 ). FEA suggests that the

strain energy is linearly proportional to the unit cell length λ and inversely proportional to the serpentine height H ,

and is given by 2 . 0 E h 
3 bλ

HL 

ε prestrain 

1+ ε prestrain 
. As shown in Fig. 2 b, this formula has been validated via FEA for the same baseline

values and the same range of those 7 parameters as in Fig. 2 a. The straight line and dots in Fig. 2 b, corresponding to

the above formula and FEA, respectively, agree very well. The slope of the straight line is 2.0, which is obtained for

the Poisson’s ratio 0.34 (for Polyimide). This slope has a weak dependence (a few percent) on the Poisson’s ratio. The

total energy of the global-buckling state is then given by 

W global = 2 . 0 

E h 

3 bλ

HL 

ε prestrain 

1 + ε prestrain 

+ γ S 
L 

λ
. (3) 

2.3. Local-buckling state 

For local buckling, the serpentine structure partially delaminates from the substrate ( Fig. 1 e), and its representative length

of delamination is denoted by L –l , where l (to be determined) is the representative length of the serpentine that remains

adhered to the substrate. The limits of l = 0 and l = L correspond to the global- and no-buckling states, respectively. Let

ɛ 1 and ɛ 2 denote the average compressions over the buckled (delaminated) and no-buckling (flat) parts of the serpentine,

respectively, and they are related by 

ε 1 ( L − l ) + ε 2 l = 

ε prestrain 

1 + ε prestrain 

L. (4) 

The total energy consists of the following three parts. 

1) The strain energy of the no-buckling part, which is obtained from Eq. (2) by replacing L and 

ε prestrain 

1+ ε prestrain 
with l and ɛ 2 ,

respectively, to give 0 . 26 Eh b 3 λl 
H 3 

ε 2 2 . 

2) The adhesion energy of the buckled (delaminated) part, which is obtained from γ S L 
λ

in Eq. (3) by replacing L with

L –l , to give γ S L −l 
λ

. 

3) The strain energy of the buckled serpentine 3 , which is obtained from 2 . 0 E h 
3 bλ

HL 

ε prestrain 

1+ ε prestrain 
in Eq. (3) by replacing L and

ε prestrain 

1+ ε prestrain 
with L –l and ɛ 1 , respectively, to give 2 . 0 E h 

3 bλ
H( L −l ) 

ε 1 . 

The total energy of the local-buckling state is then given by 

W local = 0 . 26 

Eh b 3 λl 

H 

3 
ε 2 2 + 2 . 0 

E h 

3 bλ

H ( L − l ) 
ε 1 + γ S 

L − l 

λ

= 0 . 26 

Eh b 3 λl 

H 

3 
ε 2 2 + 2 . 0 

E h 

3 bλ

H ( L − l ) 
2 

(
ε prestrain 

1 + ε prestrain 

L − ε 2 l 

)
+ γ S 

L − l 

λ
, (5) 

where Eq. (4) is used to eliminate ɛ 1 . Minimization of W local in Eq. (5) with respect to ɛ 2 gives 

ε 2 = 3 . 8 

h 

2 H 

2 

b 2 ( L − l ) 
2 
. (6) 
2 The post-buckling deformation is linearly proportional to 
√ 

ε − ε c where ɛ is the compression, and ɛ c is the critical value for the onset of buckling. In 

general, ɛ c is very small (a fraction of a percent) so that the post-buckling deformation is ∝ 

√ 

ε and the strain energy is ∝ ɛ . 
3 It can be shown analytically that the total energy for multiple partial delaminations is higher than that for a single partial delamination, and is not 

considered in this study. 
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Fig. 3. The normalized total energy of the local-buckling state versus the normalized delamination length ( L –l )/ L with different normalized compression 

ɛ 0 . The dots denote the minimal energy. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Its substitution into Eq. (5) yields 

W local = −3 . 8 

E h 

5 λHl 

b ( L − l ) 
4 

+ 2 . 0 

E h 

3 bλL 

H ( L − l ) 
2 

ε prestrain 

1 + ε prestrain 

+ γ S 
L − l 

λ
. (7)

It should be pointed out, for h � b, H � L and pre-strain ɛ prestrain not vanishingly small, the first term on the right hand

side of the above equation becomes negligible as compared to the second term (See Appendix A for details). Eq. (7) can

then be well approximated by 

W local ≈ 2 . 0 

E h 

3 bλL 

H ( L − l ) 
2 

ε prestrain 

1 + ε prestrain 

+ γ S 
L − l 

λ
. (8)

Fig. 3 shows the normalized total energy of the local-buckling state 
W local 

γ S L 
λ

, versus the normalized delamination length

( L –l )/ L for the normalized compression 

ε 0 = 

E h 

3 b λ2 

γ HS L 2 
ε prestrain 

1 + ε prestrain 

(9)

= 0.01, 0.076 and 0.25, and the medium value ɛ 0 = 0.076 corresponds to baseline values of those 7 parameters and

γ = 0.16 N/m. The energy W local reaches the minimum when the delamination length L –l is 0.34 L, 0.67 L and L for ɛ 0 = 0.01,

0.076 and 0.25, respectively. Here ɛ 0 = 0.25 corresponds to the complete delamination l = 0 (i.e., global buckling). 

In general, the delamination length L –l can be determined by minimizing W local with respect to L –l as 

L − l = 

3 

√ 

4 E h 

3 b λ2 L 

γ HS 

ε prestrain 

1 + ε prestrain 

= 

3 
√ 

4 ε 0 L. (10)

Its limit l = 0 gives the maximum compression for local buckling, i.e., ε 0 ≤ 1 
4 , beyond which local buckling does not occur.

Substitution of Eq. (10) into Eq. (8) gives 

W local = 

3 

2 

3 

√ 

4 E γ 2 h 

3 b S 2 L 

λH 

ε prestrain 

1 + ε prestrain 

= 3 

3 

√ 

ε 0 
2 

γ S 
L 

λ
, (11)

for ε 0 ≤ 1 
4 . 

2.4. The phase diagram of buckling states 

The total energy for no-, local- and global-buckling states in Eqs. (2) , (11) and (3) , respectively, can be expressed in terms

of ɛ 0 as 

W no 

γ S L 
λ

= 0 . 26 γ ′ ε 2 0 , 
W local 

γ S L 
λ

= 3 

3 

√ 

ε 0 
2 

, 
W global 

γ S L 
λ

= 2 ε 0 + 1 , (12)

where γ ′ = 

γ bS L 4 

E h 5 λ2 H 
represents the adhesion energy normalized by the elastic modulus E and combination of geometry pa-

rameters of the serpentine. The total energy for each state (i.e., no-, local- and global-buckling) given in Eq. (12) is shown

versus ɛ in Fig. 4 a for relatively strong adhesion γ ′ = 1 . 5 × 10 4 . It is clear that, as ɛ increases, the state changes from
0 0 
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Fig. 4. The normalized total energy versus the normalized compression ɛ 0 for the no-, local- and global-buckling states (a) strong adhesion γ ′ = 1.5 × 10 4 

and (b) relatively weak adhesion γ ′ = 62. 

 

 

 

 

 

 

 

 

 

 

 

 

 

no-buckling to local-buckling and eventually to global-buckling. For each ɛ 0 , the total energy of the system is the minimal

of those in Eq. (12) , i.e., 

W = min 

(
W no , W local , W global 

)
, (13) 

and is represented by the solid line in Fig. 4 a. For relatively strong adhesion γ ′ > 92, the total energy in Eq. (13) is given

explicitly as 

W = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

W no 0 < ε 0 < 

5 

√ 

770 

γ ′ 3 

W local 
5 

√ 

770 

γ ′ 3 < ε 0 < 

1 
4 

W global ε 0 > 

1 
4 

for γ ′ > 92 , (14) 

where the critical normalized compression 

5 

√ 

770 

γ ′ 3 separating the no- and local-buckling states is obtained from W no =
W local , and the critical normalized compression separating the local- and global-buckling states is 1 

4 . For relatively weak

adhesion γ ′ < 92, the total energy in Eq. (13) becomes 

W = 

⎧ ⎨ 

⎩ 

W no 0 < ε 0 < 

3 . 8 
γ ′ + 

√ 

15 

γ ′ 2 + 

3 . 8 
γ ′ 

W global ε 0 > 

3 . 8 
γ ′ + 

√ 

15 

γ ′ 2 + 

3 . 8 
γ ′ 

, for γ ′ < 92 , (15) 

where the critical normalized compression 

3 . 8 
γ ′ + 

√ 

15 

γ ′ 2 + 

3 . 8 
γ ′ separating the no- and global-buckling states is obtained from

W no = W global . It is important to point out that, for relatively weak adhesion γ ′ < 92, the state changes from no-buckling to

global-buckling directly, without local-buckling. This is illustrated in Fig. 4 b, where the total energy for each state (i.e., no-,

local- and global-buckling) given in Eq. (12) is shown versus ɛ 0 for γ ′ = 62 . The solid line represents the total energy of the

system given in Eq. (13) . The curve for the local-buckling is always higher than those of no- or global-buckling. 

Fig. 5 shows the phase diagram of the buckling states, i.e., the normalized compression ɛ 0 versus the normalized adhesion

energy γ ′ , where the domains for no-, local- and global-buckling are clearly marked. It once again shows that, for relatively

weak adhesion γ ′ = 

γ bS L 4 

E h 5 λ2 H 
< 92 , the no-buckling state changes to the global-buckling state directly as the compression (or

equivalently, the prestrain) increases. For relatively strong adhesion γ ′ = 

γ bS L 4 

E h 5 λ2 H 
> 92 , the no-buckling states goes through

the local-buckling state and eventually reaches the global-buckling state as the compression (prestrain) increases. These are

summarized in Table 1 , where the range of prestrain for each state is clearly given. 
Table 1 

The range of prestrain for no-, local- and global-buckling states. 

Strong adhesion γ bS L 4 

E h 5 λ2 H 
> 92 Weak adhesion γ bS L 4 

E h 5 λ2 H 
< 92 

No buckling 
ε prestrain 

1+ ε prestrain 
< 

5 

√ 

770 γ
2 H 8 S 2 

E 2 b 8 λ4 L 2 
ε prestrain 

1+ ε prestrain 
< 3 . 8 h 

2 H 2 

b 2 L 2 
+ 

√ 

15 h 
4 H 4 

b 4 L 4 
+ 3 . 8 γ H 3 S 

Eh b 3 λ2 

Local buckling 5 

√ 

770 γ
2 H 8 S 2 

E 2 b 8 λ4 L 2 
< 

ε prestrain 

1+ ε prestrain 
< 

γ HS L 2 

4 E h 3 b λ2 

Global buckling 
ε prestrain 

1+ ε prestrain 
> 

γ HS L 2 

4 E h 3 b λ2 

ε prestrain 

1+ ε prestrain 
> 3 . 8 h 

2 H 2 

b 2 L 2 
+ 

√ 

15 h 
4 H 4 

b 4 L 4 
+ 3 . 8 γ H 3 S 

Eh b 3 λ2 
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Fig. 5. The phase diagram of the normalized compression ɛ 0 versus the normalized adhesion energy γ ′ for no-, local- and global-buckling states. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.5. Implications on the mechanics-guided, deterministic 3D assembly 

As discussed in the introduction ( Section 1 ), the mechanics-guided, deterministic 3D assembly prefers the global-buckling

state. The results in Table 1 suggest two ways to facilitate this. 

1) To achieve relatively weak adhesion γ ′ = 

γ bS L 4 

E h 5 λ2 H 
< 92 such that local-buckling never occurs. Considering

S = ( π2 − 1 ) bλ + 2 bH + 2 b 2 , it is clear that the decrease of adhesion energy γ , width b and representative length L ,

or increase of Young’s modulus E , thickness h and unit cell length λ help to achieve global buckling. It is very sensi-

tive to the thickness ( ∝ h −5 ), representative length ( ∝ L 4 ) and width ( ∝ b 2 to b 3 ), is somewhat sensitive to the adhesion

energy ( ∝ γ ), Young’s modulus ( ∝ E −1 ) and unit cell length ( ∝ λ−1 to λ−2 ), and is insensitive to the height ( ∝ 1 to H 

−1 ).

2) To reduce the critical compression 

γ HS L 2 

4 E h 3 b λ2 for global buckling if the relatively strong adhesion is unavoidable γ ′ =
γ bS L 4 

E h 5 λ2 H 
> 92 . This suggests the decrease of adhesion energy γ , height H and representative length L , or increase of

Young’s modulus E , thickness h and unit cell length λ. It is very sensitive to the thickness ( ∝ h −3 ) and representative

length ( ∝ L 2 ), is somewhat sensitive to the adhesion energy ( ∝ γ ), Young’s modulus ( ∝ E −1 ), unit cell length ( ∝ λ−1

to λ−2 ) and height ( ∝ H to H 

2 ), and is insensitive to the width ( ∝ 1 to b ). 

For both 1) and 2) above, the order of effectiveness to facilitate the global buckling is (i) increase of thickness h ; (ii)

decrease of representative length L ; (iii) increase of unit cell length λ; and (iv) decrease of adhesion energy γ or increase

of Young’s modulus E . The decrease of width b and height H helps to prevent local buckling and to reduce the critical

compression for global buckling, respectively. 

3. The maximum strain in the serpentine structures 

For globally-buckled serpentine structures (complete delamination of weak bonding), it is important to ensure that the

maximum strain is below the threshold for failure, such as the yield strain for metallic materials. 

3.1. A scaling law for the maximum equivalent strain 

For the globally-buckled metallic serpentine structures, the maximum equivalent strain ɛ eq must not exceed the yield

strain (e.g., ∼0.3%). In general, ɛ eq is ∝ κh , where the curvature κ is ∝ L −1 , and is also linearly proportional to the square

root of the compression. These lead to the following scaling law 

ε eq = 

hb 

HL 
F 

(
b 

λ

)√ 

ε prestrain 

1 + ε prestrain 

(16)

for h � b � L , where the linear proportionality to H 

−1 is supported by FEA, and the function F is to be determined by FEA.

Fig. 6 a–c show ɛ eq versus hb 
HL 

√ 

ε prestrain 

1+ ε prestrain 
obtained by FEA for the wide ranges of h, b, H, L and ɛ prestrain , and 

b 
λ

= 0.125, 0.25

and 0.375 4 . The straight lines clearly validate the scaling law above, and their slopes give the function F , which, as shown

versus b 
λ

in Fig. 6 d, has a minimal value ∼20 when b = 0 . 3 λ. Therefore, the maximum equivalent strain is simply given by
4 FEA is similar to that in Section 2 except that there are at least 25 elements along the width direction of the ribbon to ensure the accuracy. 
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Fig. 6. (a)–(c) The scaling law for the maximum equivalent strain ɛ eq in the buckled serpentine structure versus hb 
√ 

ε prestrain / ( 1+ ε prestrain ) / ( HL ) for 

b/ λ = 0.125, 0.25 and 0.375, respectively; and (d) the slope of the straight line in (a–c) versus b/ λ. 

 

ε eq = 6 

hλ

HL 

√ 

ε prestrain 

1 + ε prestrain 

for b = 0 . 3 λ. (17) 

It should be pointed out that ɛ eq obtained by FEA is independent of the Young’s Modulus E , and has a weak dependence

(a few percent difference) on the Poisson’s ratio. The Poisson’s ratio in Fig. 6 is 0.34 (for Polyimide). 

3.2. Optimal design of serpentine structures 

For b = 0 . 3 λ from Eq. (17) , the condition for relatively weak adhesion in Table 1 becomes 

γ L 4 

E h 

5 

(
1 + 0 . 58 

λ

H 

)
< 510 . (18) 

Global bucking then occurs when the compression exceeds a critical value (obtained from Table 1 ) 

ε prestrain 

1 + ε prestrain 

> 42 

h 

2 H 

2 

λ2 L 2 
+ 

√ 

1 . 8 × 10 

3 h 

4 H 

4 

λ4 L 4 
+ 49 

γ H 

3 

Eh λ3 
+ 84 

γ H 

4 

Eh λ4 

for 
γ L 4 

E h 

5 

(
1 + 0 . 58 

λ

H 

)
< 510 . (19) 
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For relatively strong adhesion 

γ L 4 

E h 5 
( 1 + 0 . 58 λH ) > 510 , the critical compression to ensure global buckling in Table 1 be-

comes 

ε prestrain 

1 + ε prestrain 

> 

γ H 

2 L 2 

2 E h 

3 λ2 

(
1 + 0 . 58 

λ

H 

)
for 

γ L 4 

E h 

5 

(
1 + 0 . 58 

λ

H 

)
> 510 . (20)

Once global buckling is ensured by Eqs. (19) or (20) , the maximum equivalent strain ɛ eq in Eq. (17) can then be reduced

by the decrease of thickness h , and increase of height H or the number of unit cells L 
λ

. For example, for the baseline values

E = 2.5 GPa, h = 10 μm, λ= 200 μm, H = 400 μm, and L = 2000 μm, and b = 60 μm [satisfies b = 0 . 3 λ in Eq. (17) ], Eq. (19) be-

comes 
ε prestrain 

1+ ε prestrain 
> 0 . 11 for γ < 0.0062N/m, while Eq. (20) becomes 

ε prestrain 

1+ ε prestrain 
> 0 . 66 for γ > 0.0062N/m. The maximum

equivalent strain ɛ eq in Eq. (17) would increase (undesirably) by a factor of 2.5 if the semicircles are connected directly

without the straight segment in the serpentine (then H = 

λ
2 + b= 160 μm). Similarly, ɛ eq would increase (undesirably) by a

factor of 2 if the number of unit cells decreases to L 
λ

= 5 . 

4. Conclusion 

Through theoretical modeling and FEA, this study produces a phase diagram of buckling states for serpentine structures

formed via the mechanics-guided, deterministic 3D assembly. The phase diagram can be explicitly expressed by very con-

cise formulae containing only two dimensionless combinations of parameters, i.e. the normalized compression ɛ 0 and the

normalized adhesion γ ′ , although originally there are eight parameters (five geometries, modulus, prestrain and work of

adhesion) that come into play. The phase diagram clearly shows the means to facilitate the preferred global-buckling state

in the mechanics-guided, deterministic 3D assembly (see Section 2.5 ). 

A scaling law in explicit and concise form is developed for the maximum strain in the globally-buckled serpentine struc-

tures. The scaling law suggests that the optimized ratio of the serpentine width b over the unit cell length λ to minimize

the maximum equivalent strain ɛ eq is b/λ = 0 . 3 . Under this optimized geometry, ɛ eq is linearly proportional to the geome-

try parameters and the prestrain in the combination 

hλ
HL 

√ 

ε prestrain 

1+ ε prestrain 
. The scaling law clearly shows the means to keep the

maximum strain below the threshold for failure (see Section 3.2 ). 

In summary, the developed theoretical models may serve as design guidelines to the buckled serpentine structures with

potential applications in stretchable electronics and 3D micro-electromechanical systems. 
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Appendix A. The approximation of W local 

The ratio of the first to second terms of W local in Eq. (7) is 1 . 9 ( h 
b 
) 2 l L ( 

H 
L −l 

) 2 , which is on the order of ( h 
b 
) 2 ( H L ) 

2 and is

much less than 1 for h � b and H � L . Fig. A1 shows the phase diagrams based on the exact and approximate W local in

Eq. (7) and Eq. (8) , and their differences are only a few percent. 
Fig. A1. The phase diagram of the normalized compression ɛ 0 versus the normalized adhesion energy γ ′ for no-, local- and global-buckling states. The 

lines and the dots are the approximate and the exact solutions, respectively. 
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