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ABSTRACT

This letter is motivated by an apparent paradox, in that some quaternary systems (particularly in
the Ti-Zr-Al-C system) have been shown to exhibit M-site out-of-plane ordering, while prior work
and calculations by the present authors suggest endothermic interactions between Zr and Ti. In this
letter we provide a resolution to this issue and provide a more extended analysis on the out-of-plane
and in-plane ordering in the M sites of quaternary MAX alloys. The results provide further insights to
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develop criteria to predict potential out-of-plane ordering tendencies in other MAX systems.fx1
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In this work, we resolve a recently evident contradiction between theoretical predictions for phase
separation in the Ti-Zr-Al-C 312 MAX system and experimental observations that indicate out-of-

plane ordering.

1. Introduction

M, +1AX,, phases have intermediate properties to those
of ceramics and metals due to their unique crystal
chemistries and layered atomic structures [1-6]. While
the number of pure ternary MAX phases synthesized
and characterized thus far is relatively small—i.e. around
70 [7]—the MAX design space becomes much larger
if one considers possible different stacking sequences
and deviations from stoichiometries in the M, A and
X sites [8]. Moreover, when one considers quaternary
and higher-order systems, the number of possible sta-
ble configurations grows factorially. Until recently, only
a very small fraction of these stable quaternary com-
pounds has been observed [9] but research by the present
authors [10,11] and others [12] suggest the existence of a
vast, yet to be explored, materials space.

Quaternary (and higher order) additions to one
(or more) sublattices in the MAX crystal system have

important consequences from the perspective or phase
stability. Exothermic interactions can stabilize ordered
phases [13-15] and in some cases these energetically
(enthalpically)-stabilized compounds can have very dif-
ferent (and potentially useful) functionalities compared
to the end-members (i.e. ternary) compounds [16].
When the interactions are only weakly exothermic,
entropic contributions to the free energies of the MAX
alloys may be sufficient to stabilize solid solutions. The
ability to stabilize these quaternary compounds or alloys
is important from a technological perspective as the fur-
ther degree of compositional control provides the means
to further tune and improve the properties of MAX sys-
tems [17-20]. Moreover, moving into quaternary direc-
tions within the MAX design space provides the means
to stabilize MAX phases that otherwise would not be
thermodynamically stable, as exemplified by the work by
Horlait et al., who synthesized quaternary Zr,(ALBi)C
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MAX phases even through the end members Zr, AIC
and Bi;AlIC are not (apparently) thermodynamically
stable [21].

Within the body of work dedicated to investigating
the synthesis and properties of quaternary MAX systems,
so-called out-of-plane ordered compounds has received
significant attention recently. Liu et al. where among
the first ones to report ordered M3AX, structures in
which a Ti layer was sandwiched between outer car-
bide layers, as in the Cr, TiAlC, compound [22]. Anasori
et al. [23] later discovered the ordered Mo, TiAlC qua-
ternary compound. Moreover, Anasori et al. [24] showed
that the unique Mo-Ti-Mo 2D carbide configuration
(i.e. MXene) obtained by selective etching of A element
from Mo, TiAlIC results in electrochemical properties
that are significantly different from those achieved from
conventional MXene compounds (e.g. TiC,). Meshkian
et al. [25] very recently provided yet one more example
of an out-of-plane MAX compound, Mo,ScAIC,, which
is thermodynamically stable, as opposed to the ternary
end-members Mo3AlC, and Sc3AlC,. This work is sig-
nificant as they demonstrated the synthesis of the 2D
variant through selective etching of the Al layer, thus
expanding the MXene repertoire.

2. Motivation and description of this work

Notably, all the recent experimental investigations on
out-of-plane ordering in quaternary MAX systems
have gone hand-in-hand with DFT-based computa-
tions that have verified the thermodynamic stability
of these ordered compounds against decomposition
into combinations of lower order compounds from the
constituent ternary, binary and unary systems. This
agreement between experiments and calculations was
initially reassuring as it suggests that high-throughput
approaches pioneered by the present authors [10,11] can
be used to screen in an efficient manner vast regions of
the MAX materials space. This positive outlook, how-
ever, was partially put into question by the recent work
of Tunca et al. [26], who observed strong evidence for
out-of-plane ordering in samples with Ti,ZrAlC; stoi-
chiometry, while Dahlqvist and Rosen [27] predicted that
such an ordering is metastable relative to the end mem-
bers Tiz AIC, and Zr3 AlC,. The primary motivation of this
work is to resolve this controversy.

While the discrepancy between the experiments
by Tunca et al. and the predictions by Dahlqvist
et al. may be dismissed, the apparent inability of the-
oretical approaches to predict ordering tendencies in
the Ti-Zr-Al-C system would imply that recent com-
putational approaches are not as effective at mak-
ing the search for new quaternary solid solutions

and/or ordered compounds more efficient and robust.
The primary objective of this work is the system-
atic investigation of the alloying behavior of a sys-
tem in which both theory and experiments suggest
strong ordering trends—Mo-Ti-Al-C [23]—in compari-
son with a system that is predicted to phase separate [27]
but in which solid solutions—(Zr,Ti)AlC—and ordered
compounds—Ti,ZrAlC,—have been observed [26]. We
extend our analysis to the (Ti,Hf)3 AIC; and (Ti,Nb)3; AlC,
in order to attempt to de-convolute the different factors
(atomic radii, charge transfer, etc.) responsible for the
stability of different configurations in these systems.

Contrary to prior approaches in which an arbitrary
set of crystal structures are used to estimate the nature
of mixing in specific sublattices of an MAX compound,
in this work we employed a more systematic approach
first introduced by the present authors [10,11] in which
alloy theoretic approaches [28], in combination with a
high-throughput DFT framework are used to investigate
alloying trends within the M sublattice in 312 systems.
In this work, we do not explicitly investigate the sta-
bility of the systems studied against decomposition into
lower order phases as our objective is merely to compare
observed trends with theoretical predictions.

3. Results and discussion

To carry out the present alloy theoretic investigation,
we followed an approach already employed by the
present authors [10,11], whereby the energetics of the
configuration space in the systems under study was
investigated through the Cluster Expansion (CE) for-
malism [28,29], as described in more detail in the
Supplementary Material.

3.1. Alloying trends in (Ti,Mo)3AIC; MAX alloys

Figure 1 shows the calculated energies (per M-site)
for different ordered structures derived from differ-
ent ordering sequences within the M sublattice in the
(Mo, Ti)3AIC, system, as determined by the exhaus-
tive search using the MAPS code in the ATAT package.
A systematic and exhaustive search over the configu-
ration space yielded a set of configurations that were
most stable at a given composition and that, together,
form the so-called convex hull, along the Ti-M compo-
sition range. This of course, ignores competing phases
coming regions in the composition space outside the
(Mo, Ti)3AIC; pseudo-binary region.

The figure also includes insets corresponding to
the structural model and corresponding high-resolution
TEM image of the Mo, TiAlC; compound as synthesized
by Anasori et al. [24]. According to the calculations, the
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Figure 1. (color online) Energetics of Mo-Ti mixing in
(Ti,Mo)3AIC; MAX alloys predicted through the combination of
cluster expansion lattice searches with DFT calculations—for
a definition of the energy units (energy per M-site) refer to
Supplementary Material. Calculated ground states are indicated
by the blue markers and convex hull is indicated by solid blue
line. Non-ground state structures are depicted by red markers
with random energy—defined in Eq. S2 of Supplementary
Material—shown as green dashed line. Structure marked with
magenta circle corresponds to Mo, TiAIC; synthesized by Anasori
et al. [24]. (insets) Model crystal structure and high-resolution
TEM—reproduced (adapted) with permission from [23].

ground state of this 312 system consists of a series of
ordered structures at the fraction of M site occupied by
Mo (xpmp) equal to 1/3, 1/2, 7/12, 2/3 and 10/12. We fur-
ther compared the calculated energy-per-M site of the
Mo, TiAlC, compound calculated by Anasori et al. [30]
from their reported energies for the end-members and
their most stable configuration at the same stoichiom-
etry and found excellent agreement—within 7 meV/M-
site—with our calculations.

As shown in Figure 1, the convex hull is clearly non-
symmetrical, exhibiting a deep minimum at xpg, = 2/3,
which corresponds to the layered, out-of-plane ordered
Mo, TiAlC,; compound synthesized by Anasori etal. [23].
In this compound, Ti sits on the Wyckoff 2a-sites
(M’ sublattice), while Mo sits on the Wyckoff 4f-sites
(M” sublattice) of the MAX lattice (see Figure S1 in
the Supplementary Material). In this structure Ti is
surrounded by C in a face-centered configuration that
is highly favorable relative to other possible stacking
sequences [27]. In fact, the calculations show that, at
this composition, there is no degeneracy in the ener-
getics of different stacking sequences, with the second
most stable stacking sequence lying almost 150 meV/site
above the most stable configuration. Incidentally, this
latter structure consists of Mo and Ti alternatively
occupying different 2a-sites along the c-axis of the
structure.
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The stabilization of this configuration has been previ-
ously investigated by Dahlqvist and Rosen [27] and it has
been determined that the local configuration consisting
of Mo atoms surrounded by C atoms in an fcc arrange-
ment (NaCl-prototype) is energetically unfavorable as
the binary carbide MoC favors instead arrangements
analogous to the WC prototype. Moreover, the large elec-
tronegativity difference between Mo and Al makes Al
atoms neighboring Mo (in the 4f-sites/M” sublattice)
more positively charged, reducing the number of elec-
trons populating Al-Al anti-bonding states, the net result
being that the ordered structure with Ti in 2a- and Mo
in 4f-sites is considerably stabilized relative to not only
the end members Tiz AlC, and Mo3AlC, but also relative
to competing configurations with mixed occupancy of Ti
and Mo in the 2a- and 4f-sites.

The situation is very different for the xp1, = % config-
uration. In this case, the most stable structure consists
of a combination of in-plane and out-of-plane ordering
(see Figure S2 in the Supplementary Material). Degener-
acy, however, is significant as there is a large number of
ordered states relatively close in energy. In fact, our calcu-
lations suggest that for a maximum size of two unit cells
(24 atoms), there are a dozen or so configurations within
40 meV of the ground state. Such degeneracy suggests
that at temperatures within the 600-1000 K range, config-
urational entropy would be sufficient to stabilize random
solid solutions with Mo and Ti mixing in the M sublat-
tice, provided no competition with other phases would
render this structure metastable.

Results from Dahlqvist and Rosen [27] suggest that
the MoTi,AlC, composition lies above the convex
hull of this system, competing with TiC, MosAl and
MosAlg. The distance to the convex hull, however, is
only 9meV/atom or 18 meV/M-site. This metastabil-
ity is rather small, and it may be possible that ran-
dom solutions in the (Ti,Mo0)3AlC, become stabilized
at elevated temperatures. We should note, however,
that even though MosAl and MosAlg are line com-
pounds [31] without much configurational entropy, TiC
exhibits a large degree of non-stoichiometry [32] and
is likely to be further stabilized by entropy at elevated
temperatures. Further analysis of the high-temperature
phase stability of this system incorporating combined
DFT, CALPHAD and experimental data [33,34] may
be necessary to determine whether it is likely that
(Ti,Mo0)3AlIC; solid solutions are indeed stabilized at high
temperatures.

3.2. Alloying Trends in (Ti,Zr)3AlIC; MAX alloys

Recently, Tunca et al. [26] considered additions of
Ti—over the entire composition range—into the Zr-Al-C
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system with the focus on synthesizing (Zr;_,Tix)3AlC,
and (Zr;_,Tix)2AlC MAX phase solid solutions. Precur-
sor powders (ZrH,, TiH;, Al and C) were used to syn-
thesize the target MAX alloys through both hot-pressing
and pressureless sintering methods. XRD analysis of the
hot-pressed sintered samples as a function of Ti con-
tent and hot-pressing temperature (ranging from 1300°C
to 1700°C) indicate that in the entire composition-
temperature synthesis space there was no condition that
resulted in a single phase.

In samples with Ti content close to 50% the dominant
phase was (Zr;_,Tiy)2AlC, with a significant amount
of secondary phases as well as (Zr;_,Tiy)3AlC, when
hot pressing at intermediate temperatures. At elevated
temperatures and at Ti amounts close to 0% or to
100%, (Zr;_,Tiy)3AlC, was the dominant MAX solid
solution, although the samples characterized contained
most of the times significant amounts of non-MAX sec-
ondary phases [26]. Analysis by Dahlqvist et al. [27]
indicates that (Zr; . Tix), AIC competes with binary sub-
systems (TiC, ZryAls,Zr3Alz), while (Zr; _,Tiy)3AIC; is
definitely metastable with regards to the end-members
ZI‘3AIC2 and T13A1C2

The considerable amounts of non-MAX secondary
phases during hot-pressing synthesis were attributed to
liquid losses arising from invariant reactions involving
the liquid phase and intermetallics in the Zr-Al sys-
tem [26]. Presureless sintering, however, did not yield
more phase-pure samples, potentially due to the extreme
sensitivity of phase stability of MAX phases to even
the smallest deviations in stoichiometry and the dis-
rupted diffusion in highly porous samples since during
pressureless reaction sintering the samples are highly
porous so thus it is hard to achieve chemical homo-
geneity. Presureless sintered samples with overall 50% Ti,
however, offered a significant yield of (Zr;_,Ti,)3AlC,.
Rietveld refinement suggests that samples with x7; = %
exhibited significant deviations from Vegard’s Law, which
was interpreted as possible ordering, with Zr and Ti
occupying (preferentially) the 2a- and 4f- Wyckoff sites,
respectively. HAADF STEM analysis provided strong
confirmation of the previously hypothesized ordered
configuration.

Figure 2 shows the energetics of mixing in the M
sublattice in the (Zr;_,Tiy)3AlC, system, which exhibits
rather strong endothermic interactions between Zr and
Ti, in perfect agreement with Dahlqvist et al. [27] but,
unfortunately, in perfect disagreement with the experi-
mental results of Tunca et al. [26]. Here, we would like
to clarify that while Tunca provides evidence for out-of-
plane ordering, partitioning among the 2a and 4f-sites
may not be perfect and in fact Tunca reports this order-
ing as a tendency for preferential occupancy in one or
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Figure 2. (color online) Energetics of Zr-Ti mixing in (Ti,Zr)3AIC;
MAX alloys predicted through the combination of cluster expan-
sion lattice searches with DFT calculations—for a definition of
the energy units (energy per M-site) refer to Supplementary
Material. Calculated ground states are indicated by the blue
markers and convex hull is indicated by solid blue line. Non-
ground state structures are depicted by red markers with random
energy—defined in Eq. S2 of Supplementary Material—shown
as green dashed line. Structure marked with magenta circle cor-
responds to the Ti,ZrAIC; observed by Tunca et al. [26]. (insets)
Model crystal structure and the HAADF STEM intensity profile and
HRTEM micrographs, with atomic layers enclosed by green rectan-
gle corresponding to 413 stacking faults—reproduced (adapted)
with permission from Tunca et al. [26], copyright (2015) American
Chemical Society.

the other sublattice. From the theoretical perspective,
such partial partitioning could be accounted for through
Monte Carlo simulations [35] but this is outside the scope
of the present work.

To gain a better understanding of the predicted pos-
itive mixing enthalpies in this system, one can consider
the following: Ti and Zr are isoelectronic, with minimal
chemical interaction between them. On the other hand,
the (metallic) atomic radii of Zr (1.60A [36]) is about
9% larger than that of Ti ( 1.47A [36]). This difference
falls within the Hume-Rothery limit for solid solutions
(15%) and when including comparisons of electronega-
tivity (1.54 (Zr) vs 1.33 (Ti) [36]) and valency, a cursory
analysis would suggest that this system would tend to
form random mixtures in the M sublattice. Yet, it seems
that a 9% difference in atomic radii is sufficient to result in
positive/endothermic strain energy contributions when
Zr and Ti randomly mix in the M’ and M” sublattices.

Ignoring for a moment chemical/electronic effects—Zr
and Ti are isoelectronic and there should not be
strong tendency towards charge exchange between
them [27]—the mixing energy in the M sublattices, per
M site, of (Zr;—,Tix)3AlC; has a significant contribution
from elastic interactions and, ignoring crystal anisotropy,



can be expressed as—see [37,38]:

E? o Q,,UIE&SZ, (1)
where €, is the (average) atomic volume of (Zr;_,Tiy)3
AlC,, E,, is (average) Young’s modulus and v is Poisson’s
ratio. Using Vegard’s Law, we can calculate the variation
in the mismatch ¢ with Zr content x,:

e(xzr) = erM’ (2)

azy

where az, 1; corresponds to the lattice parameter of the
solution assuming Vegard’s Law and ayz, is the atomic
volume of Zr3AlC,. Equation (1) shows that if one
equates the mixing energy to the strain energy result-
ing from lattice mismatch, the former is expected to be
symmetrical around xz. = 0.5, which is consistent with
Figure 2.

Yet, while one can use these arguments to rational-
ize our and others’[27] calculations, the fact remains that
these results are at odds with the observations by Tunca
et al. [26], who have convincingly showed out of plane
ordering in this system, at the Ti,ZrAlC, stoichiometry.
Whenever encountering such discrepancies between the-
ory/calculations and experiments, one is compelled to
either resolve the controversy or to establish limits to the
predictive abilities of the theories used.

3.3. Order vs. phase separation energetics

As indicated by our calculations, in the (Ti,Zr)3AlC; sys-
tem, the predicted equilibrium state (phase-separating
mixture of TizAlC, and Zr3;AlC, domains) does not
correspond to the observed state (out-of-plane ordered
compound). While in some instances it is safe to invoke
kinetic considerations as the reason for this discrepancy,
a better approach is to consider possible changes to the
thermodynamic boundary conditions prevalent during
the formation of the system under study.

To be more specific about this, our alloy theoretic
calculations allowed for each configuration to relax (see
Supplementary Material) to the zero pressure volume
(at 0K). On the other hand, the synthesis by Tunca
et al. [26] may have resulted in conditions that dif-
fered from these isobaric/isothermal bulk conditions. In
fact, there is considerable literature on the influence of
non-isothermal/isobaric thermodynamic constraints on
phase stability [39-43]. These constraints can arise from
strain, size, interfacial effects, etc. and they can result
in dramatic changes in the phase stability of a system.
Just recently, for example, one of the present authors and
collaborators showed how epitaxial constraints in multi-
layered Mg—Nb films were sufficient to stabilize Mg in its

MATER. RES. LETT. 5

E Ti,AIC, (a J+ZrAIC, (ac )
>‘ P——
o / 1

o ; AH (s)<0

S Ordered 0 | it

2 Y /

< AB(G)>0  f Ordered o L
X { S

i

P Ti,AIC, (ay, v, J#ZEAIC, (2, uc., )

Figure 3. (color online) Schematic plot for alloy energetics in
bulk-incoherent and bulk-coherent alloys. Due to the large dif-
ference in atomic radii between Ti and Zr, an out-of-plane
ordered structure with TiyZrAIC, stoichiometry would have
a higher energy than the incoherent phase-separated state,
Ti3AlC;+Zr3AlC,, i.e. AE(o) > 0.0nthe other hand, when coher-
ent constraints are imposed in the bulk, the strain energy cost
that must be incurred in order to maintain lattice coherence (E?;i”)
makes the ordered state favorable, relative to the coherent, phase-
separated state, AHB?JTk (o) < 0. Note that a, corresponds to the
lattice parameter of the coherent configurations.

bce form, while under bulk conditions pressures above
20 GPa are necessary to do the same [42].

In order to make sense of these findings, a formal
analysis of how changes in thermodynamic boundary
conditions modify a system’s phase stability is necessary.
A decade ago, Liu and Zunger [44] developed a theory
(see Figure 3) to rationalize the influence of epitaxial
conditions on the phase stability of A;_,B,C semicon-
ductor alloys grown into ultra-thin films. This analysis
was applied to the cubic (Ga,In)N phase-separating sys-
tem, which exhibits strong tendencies towards the forma-
tion of ordered superlattices when epitaxial constraints
are imposed. In fact, Liu and Zunger [44] predicted that,
under such constraints, (Ga,In)N would form a series of
ordered structures instead of undergoing phase separa-
tion (at low temperatures).

Following the analysis by Liu and Zunger [44], we
start by defining two characteristic energies: the excess
energy of the unconstrained system, AE(c), and that of
the system under constraints, SE© (o).

AE(o) is the total energy difference between the
configuration o —in this case the out-of-plane ordered
TiZrAlC, compound—at its equilibrium lattice param-
eters, ao, and the pure end members, Ti3AlC, and
Zr3AlC,, at their own, unconstrained lattice parameters:

AE(0) = E(x,0) — [(1 = x)ETi;a1c,(ATizAlC,)

+ XEzy a1, (Azr,41C,) 1> (3)

where x = % for this very specific case. The excess energy,
AE(o), is the formation energy (positive in this case)
of configuration o relative to the end members and
in this very specific case has a value of approximately
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60 meV/M-site—this state corresponds to the circled
marker in Figure 2. At this level of energy, one would need
to have approximately a thermal energy of about 800°C to
stabilize a disordered state. One can think of this AE(c)
as a measure of the cohesive tendency for the configura-
tion o. In this case, this is positive because of the positive
energy contributions arising from the large mismatch in
atomic radii between Tiand Zr.

SE9 (o), on the other hand, corresponds to the rela-

tive energy difference between the compound/configuration

o under constraints, relative to the corresponding end-
members under the same constraining conditions:

SEV(0) = E(x,0) — [(1 = 0)E) 416, (@)

+xEy) i, (@0)]. (4)

As in Liu and Zunger [44], we use this to compare
the thermodynamics of two possible states, described
graphically in Figure 3:

e Bulk-incoherent states: when there are no constraints
whatsoever in the growth of theTizAlC,-Zr;AlC,
pseudo-binary system, the phase-separated systems
as well as the random solution or ordered configura-
tions have their own lattice parameters. When large
atomic radii difference results in endothermic inter-
actions between the constituents subject to exchange
(in this case Ti and Zr), the ordered/random con-
figurations are thermodynamically unfavorable to the
phase-separated state and the formation enthalpy,
AHé‘:jﬁh(o) is positive and identical to the excess
energy of the unconstrained system, AE(c)—see
Figure 3, left.

e Bulk-coherent states: When, for whatever reason, a 3D
bulk alloy system maintains its coherence or is forced
to grow under constraints, the constituents of the
pseudo-binary, TizAIC; and Zr3AlC,, share the same
lattice parameter(s) at their interface, which leads to a
(positive) strain energy, E™". The latter corresponds
to the energy cost associated with forming lattice
matching at the interface between two semi-infinite
slabs of Ti3AlC, and Zr3;AlC, of a specific orienta-
tion. This energy cost may be of such magnitude that
the ordered configuration, o, now has a favorable (i.e.
negative) enthalpy of formation relative to the two end
members, AHf)iﬁ‘k (0) < 0,as shown in Figure 3, right.

To test whether the latter scenario could be used to
explain the ordering behavior in the (Tiy/3,Zr1/3)3AlC,
system observed by Tunca et al. [26], we proceeded to
carry out the following analysis: assuming that the sys-
tem was constrained to have the lattice parameters as

Table 1. DFT-derived energetics as well as M’-X and M”-X
layer separation in phase-separated (2 TizAIC; + 1 Zr3AIC,)
and ordered (3 Ti;AlC;) constrained configurations, assum-
ing lattice parameters derived from Vegard’s Law, a/c = 2/3
alCriaic, +1/3 alCzrpic, -

Phase Separation

Total Energy (eV)
—304.2926

Energy/(fu) (eV)
—50.7154

2TisAlC; +Zr3AIC;  2a-X separation (A)  4f-X separation (A)
1.441 (Zr)/ 1.292 (Ti)  1.033 (Ti) /1.278 (Zr)
Ordering Total Energy (ev) Energy/(fu) (eV)
—304.7791 —50.7965
3 i, ZrAIC, 2a-X separation (A)  4f-X separation (A)
1.475 (Zr) 1.033 (Ti)
Energy Difference: —27.027 (meV/M-site)

prescribed by Vegard’s Law—applied to the lattice param-
eters of the end members as calculated in this work—we
calculated the total energies of two configurations. One
configuration corresponded to two unit cells of Ti3AlC,
stacked atop a unit cell of Zr3 AlC,, while the second con-
figuration corresponded to three unit cells of an ordered
structure,Ti,ZrAlC,, in which Zr occupied the 2a-sites
(M’ sublattice) while Ti occupied the 4f-sites (M” sublat-
tice), as reported by Tunca et al. [26]. These two configu-
rations are shown in Figure 3.

Table 1 shows the results of the calculations. In this
case, we assume that the system was constrained to have
the lattice parameters as prescribed by Vegard’s Law
with the correct 2:1 stoichiometry between Ti and Zr.
As indicated in the table, our calculations suggest that
the difference in energy between a constrained ordered
configuration and a constrained configuration in which
the two compositions are phase separated is negative,
with a value of —27 meV/M-site, or —162 meV per for-
mula unit. This difference in energy is quite signifi-
cant, and represents a shift in energy of approximately
90 meV/M-site, relative to the formation energy for the
ordered TiyZrAlC, configuration considering incoher-
ent end-members as shown in Figure 2. While there
may be questions with regard to the assumed constraints
(Tunca et al. [26] report deviations from Vegard’s Law
at Xz, = %), the calculations provide at least a plausible
explanation for the observed out-of-plane ordering in the
(Tiz/3,Z1r1/3)3AlC; system may be induced by coherency
constraints.

To gain a better understanding of the structural/atomic
relaxation basis for the energy difference between the
constrained ordered and phase-separated configurations,
we have analyzed the interlayer separation between the
M’ (2a-sites) and M (4f-sites) sublattices and the X layer
in both configurations. Table 1 shows that, for the case of
the ordered configuration, the 2a-X and 4f-X interlayer
separation, corresponding to Zr-X and Ti-X layer pairs,
is 1.475 and 1.033 A, respectively. Since Ti and Zr are iso-
electronic, and theoretical analysis by Dahlqvist et al. [27]



indicates that the electron charge per atom is almost
identical in the case of TiZr, AlC; and TiyZr, AlC, com-
pounds, regardless of the local environment (i.e. Wyck-
off site), the difference in interlayer separation can be
attributed mostly to differences in atomic radii. Under
the constrained conditions, these interlayer distances are
to be considered the most stable separation necessary to
maintain the c-lattice parameter at the value correspond-
ing to Vegard’s Law.

In the case of the phase-separating configuration, on
the other hand, we observe two sets of 2a-X and 4{-X
interlayer separation. When the 2a site is occupied by Ti,
the distance is 1.292 A, which is considerably larger than
the 1.033 A distance separating Ti and C when Ti occu-
pies the 4f-sites in the ordered compound. In the case
of Zr occupancy of the 2a-site, the distance is instead
1.441 A, which is only slightly shorter than the distance of
1.475 A for the Zr-X layer pair in the ordered compound.
The 4f-X interlayer separation distances in the phase-
separating configuration are 1.033 and 1.278 A when Ti
and Zr occupy the 4f-sites, respectively. In this case, the
Zr-X distance is shorter than the Zr-X distance when
Zr occupies the 2a-site in both the phase-separating and
ordering configuration. We note, however, that the aver-
age M-X interlayer distance is identical in both configura-
tions, when considering M'-X and M"-X layer pairs in an
equal footing.

From this analysis it seems that local deviations
from the stable 2a-X and 4f-X interlayer separation
observed in the ordered compound are responsible for
the destabilization of the phase-separated state relative
to the ordered configuration under constrained condi-
tions. These results, while not conclusive, seem to suggest
that the observed ordered Ti;ZrAlIC; configuration is the
result of constrained conditions during the synthesis of
these materials.

3.4. On the possible origin of coherency constraints

While our analysis presented above provides convinc-
ing evidence that a constrained ordered state at the
Ti,ZrAlC, composition is more stable than a phase-
separating state under the same constraints, we have not
discussed where these constraints may come from.

From the synthesis conditions reported by Tunca
et al. [26], one could assume that there was a possibility
for the reacted powders to form a random solid solu-
tion, provided the disordering temperature is below the
1300-1700°C range used in the sintering process.

The disordering temperature can be calculated as
follows:

AEmiX
di x1i=2/3
Ten=2/3 = ~guix )

x1i=2/3
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Emix

where AE™X
XTi=

»/3 is the mixing energy (or enthalpy at 0K)

2 s . mix L.
at the x; = § composition, while S7% , 5 is given by

tre2/3 = —ks[3In(3) + 3In(1/3)] (6)
with AEfchiiX: 23 and Sf:‘TiiX: 2/3 given per M-site.

From the calculated values for the (random) energy of
mixing at x7; = % (~ 90 meV/M-site), one can estimate
a disordering temperature of about 1350°C, which lies at
the lower bound of the sintering temperatures [26].

After reacting to form a quaternary (Ti,Zr)3AlC, ran-
dom solid solution, there would be a driving force for
phase separation as the samples are cooled to room tem-
perature. The average lattice parameter, though, would
correspond to the one given by Vegards Law, which is
the constraint assumed in our calculations. Under this
constraint, phase separation would be energetically unfa-
vorable and instead out-of-plane ordering would be the
preferred (metastable) configuration. An implication of
this (admittedly ad hoc) model is that over longer times,
long-range diffusion would relax the coherency con-
straint and the system would begin to phase separate.

Before moving on, we would like to point out that one
further prediction that arises from the strain-ordering
theory is the necessary presence of planar defects that
may accommodate some of the significant strains asso-
ciated with coherency between 2a-Zr and 4f-Ti layers.
Tunca et al. [26] in fact observed such defects in the so-
called 312 grains composed of ordered Ti; ZrAlC, config-
urations. Figure 2 shows one observed 413 stacking fault
in a 312 grain, likely originating from the need to relax
some of the strain associated with coherency constraints.

3.5. Further investigation of ordering trends

In order to arrive at a clearer picture of the ordering
trends in systems with possible out-of-plane ordering
between the M’ and M” sublattices in (M’, M”);AlC,
systems, we proceeded to investigate the lattice system
involving mixing between Ti and Nb, Hf, respectively.
Figure 4 shows the alloy energetics for the (Ti,Hf)3 AlC,
MAX alloy system. The system, as in the case of mix-
ing between Ti and Zr, exhibits endothermic interac-
tions, with the mixtures of the end members TizAlC,
and Hf3 AIC, being the most stable configurations for all
compositions. These results are to be expected given the
fact that Hf is isoelectronic to Ti and Zr. What is unex-
pected, however, is the fact that even though the rpy/rr;
ratio is similar to rz,/r1; (see Table 2), the energy of the
Ti,HfAIC, ordered configuration is actually much closer
to the convex hull formed by Ti3 AlC,-Hf3 AIC members,
indicating a much lower tendency for phase separation,
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Figure 4. (color online) Energetics of Hf-Ti mixing in (Ti,Hf)3AIC;
MAX alloys predicted through the combination of cluster expan-
sion lattice searches with DFT calculations—for a definition of the
energy units (energy per M-site) refer to Supplementary Material.
Calculated ground states are indicated by the blue markers and
convex hull is indicated by solid blue line. Green dashed line cor-
responds to the random mixing energy derived from the cluster
energies. Bottom-left inset shows the pair cluster energies as a
function of radius, while bottom-right inset provides an indication
of the goodness of fit.

Table 2. Atomic properties of Ti, Zr, Hf [36].

Radii (A)/ratio Electronegativity

Element Metallic Covalent x/ratio
Ti 1471 1.36/1 1.54

Zr 1.60/1.09 1.48/1.09 1.33/0.86
Hf 1.59/1.08 1.50/1.10 1.30/0.84
Nb 1.46/0.99 1.37/1.01 1.60/1.04
Mo 1.39/0.94 1.45/1.07 2.16/1.40

corresponding to about 182 K. Table 2 shows that the dif-
ference in (Pauling) electronegativity between Ti and Zr
and Ti and Hf is identical.

Tunca et al. [26] put forward two possible reasons for
the preference for out-of-plane ordered configurations in
Ti;MAIC, MAX quaternary compounds: (a) differences
in electronegativity and/or (b) differences in atomic radii,
the latter possibility termed as the steric-based hypoth-
esis. In the case of the Zr-Ti, the differences are some-
what significant (although the difference in atomic radii
is well within the Hume-Rothery limit). Their analysis
of ordered compounds reported to date suggests that M
elements with the smallest(largest) atomic radii (Cr <
V < Mo < Ti < Zr) and highest(lowest) electronegativ-
ity (Mo > Cr > V > Ti > Zr) would tend to partition
preferentially to the 4f-sites(2a-sites). While these results
seem to hold for the observed compounds, the compari-
son with the Hf-Ti system is confounding because even
though differences in atomic radii and electronegativities
are very similar, the (Ti,Hf)3 AlC, exhibits a much weaker
tendency to phase separate than (Ti,Zr);AlC,.

pair ECI . ¥ enérgy fit
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—
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Figure 5. (color online) Energetics of Nb-Ti mixing in

(Ti,Nb)sAIC; MAX alloys predicted through the combination
of cluster expansion lattice searches with DFT calculations—for
a definition of the energy units (energy per M-site) refer to
Supplementary Material. Calculated ground states are indicated
by the blue markers and convex hull is indicated by solid blue
line. Green dashed line corresponds to the random mixing energy
derived from the cluster energies. Top-left inset shows the pair
cluster energies as a function of radius, while top-right inset
provides an indication of the goodness of fit.

Things are more complicated, however, when consid-
ering the (Ti,Zr), (Ti,Nb) and (Ti,Mo) sequence. In this
case, the three systems have almost identical atomic radii
ratios (see Table 2) and yet, when comparing Figures 2, 5
and 1, it is clear that for similar atomic radii ratios,
the alloying trends go from phase-separation to strong
ordering as one moves up in periodic groups. Examin-
ing the differences in electronegativity (Ti-1.54, Zr-1.33,
Nb-1.6, Mo-2.16) also confound the results since the dif-
ference in electronegativity between Ti and Zr is higher
than the difference in electronegativity between Ti and
Nb. Yet, as Figure 5 shows, the ordering trend in the
Ti-Nb system is intermediate to those of the Ti-Zr and
Ti-Mo system.

The analysis by Dahlqvist et al. [27] provides an expla-
nation for these trends. As shown in Figure S2 (Sup-
plementary Material), the analysis of the site-projected
electronic charges shows that for TiM,AIC, configura-
tions, the difference in atomic charges between 2a-sites
(occupied by Ti) and 4f-sites (occupied by Zr, Nb and
Mo) increases as one moves along the Zr — Nb —
Mo direction. The (electro-positive) charge per atom for
Ti occupying the 2a-site remains the same and the loss
of charge in the 4f-sites according to the Zr — Nb —
Mo sequence results in more electro-positive Al, which
in turn reduces the number of electrons available for
populating the anti-bonding Al-Al states, increasing the
stability of the system. Comparison of the atomic charges
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Table 3. Energetics for different stacking configurations in the Ti-Zr, Ti-Hf, Ti-Nb and Ti-Mo
pseudo-binary systems for Ti;MAIC; and TiM,AIC;, stoichiometries. The table only contains
stacking sequence involving 2a- and 4f-M sites, with the 2a sites enclosed by parentheses.
Energy/M-site is calculated as per definition in Supplementary Material.

System M,Ti MTi,

Stacking Energy (meV/site) ~ Stacking Energy (meV/site)

(M)]MJTi[(M)]M]Ti 65 (M)[Ti[Ti[(M)[Ti[Ti 60

(M)[M{Ti| (M) [Ti[M 67 (MO)|Ti[Ti| (i) | M[Ti 83

Ti-Zr (M)[Ti[Ti] (M)|M|M 70 (M)[MTi|(Ti)|Ti|Ti 90

(M)|M|M|(Ti)|M]Ti 94 (Ti)|M|Ti| (Ti)|M|Ti 104

(M)|M[Ti|(Ti) MM 98 (Ti)|M|Ti| (Ti)| Ti|M 108

(M)]MJTi[(M)]M]Ti 27 (M)[Ti[Ti[(M)|Ti[Ti 10

(M)|M|Ti| (M)[Ti[M 27 (M)[Ti|Ti|(Ti)|M|Ti 47

Ti-Hf (M)[Ti[Ti] (M)|M|M 30 (M)|M]Ti|(Ti)|Ti|Ti 50

(M)|M|M|(T)[M|Ti 69 (Ti)|M|Ti| (Ti)|M|Ti 85

(M) M|Ti|(Ti)|M|M 70 (Ti) [ M| Ti| (Ti) Ti|M 86

(T3, Ti) [T, MM, Ti| (T3, Ti) [M,Ti[Ti, M —45

(Ti)|M|M]|(Ti)|M|M —66 ()| Ti[Ti| (Ti) MM —42

(M)[MM](Ti) | M Ti 33 (Ti) | MTi (T |MTi -35

Ti-Nb (M)|M|Ti| (M)[Ti|M —17 (M)|Ti[Ti|(Ti)|M|Ti —34

(M)|M[Ti|(M)|M|Ti —12 (M)|Ti[Ti| (M)[Ti[ Ti —26

(M)[Ti[Ti|(M)| MM 0 (TH)|M|Ti|(Ti)[Ti]m —24

(T3, Ti) [T, MM, Ti| (Ti, Ti) [M, Ti[Ti,M —240

(i) | MM (Ti) MM —367 (i) [ MTi (T |MTi —207

(M)|M|M|(Ti)|M]Ti —188 (Ti)|M|Ti|(Ti)[Ti]m —197

Ti-Mo (M)|M]Ti|(M)|Ti]Mm —29 ()| Ti[Ti| (Ti) M| M —176

(V)| MTi (M) M| T —16 (MO)|Ti[Ti| (i) | M[Ti -17

(M)|Ti[Ti|(M)[M]M 0 (M)|[Ti|Ti|(M)|Ti[Ti —46

in the TiZr,AlC, and TiHf, AIC; and the alloy energet-
ics as shown in Figures 2 and 4 shows, however, that this
bonding argument is not the entire picture.

To close the present discussion, Table 3 lists the ener-
getics for different M-stacking configurations for sto-
ichiometries Ti;MAIC, and TiM,AlC, in the Ti-Zr,
Ti-Hf, Ti-Nb and Ti-Mo system. The results indicate
that the most stable configurations for the Ti,MAIC, and
TiM,AlC, stoichiometries in the Ti-Zr and the Ti-Hf
system have M in the 2a-sublattice as the most stable
configuration. The energy landscape, however, is very
different when comparing the configuration degeneracy
in the TiM,AIC, Ti-Zr/Hf systems to the rather sharp
energy separation between the most stable configura-
tion and those following in the case of the Ti,MAIC,
system. This makes sense as excess of Zr/Hf relative
to Ti in the Ti;MAIC, systems has to be accommo-
dated, by force, by placing M atoms in 4f-sites as
opposed to exclusively 2a-sites. Any energetic advantage
derived from exclusive occupancy of 4f-sites by Ti is lost
and therefore several configurations have essentially the
same energy.

The behavior is qualitatively different when examin-
ing the Ti-Mo and Ti-Nb systems. In this case, the most
stable configuration with the TiM,AIC, stoichiometry is
much more stable (twice in absolute temperature) than
the next following configuration. In this case, there is
a very strong preference for partitioning of Ti into 2a-
sites, with Nb or Mo occupying exclusively the 4f-sites.
This ordering sequence is more complicated in the case
of the Ti;MAIC, stoichiometry, when it is evident that

the energy separation between the most stable state and
the next following tends to be much closer. More impor-
tantly, in both cases, the most stable configuration for
the Ti,MoAIC, and Ti;NbAIC, stoichiometries corre-
spond to compounds with both in-plane and out-of-plane
ordering.

Finally, we return to the discussion of the effect of con-
straints on the stability of phase-separated states relative
to out-of-plane ordered configurations but extend the
analysis to the Ti-Hf, Ti-Mo and Ti-Nb systems. Table 4
compares the energetics of phase-separated and out-of-
plane ordered states under Vegard’s Law constraints for
all the Ti;MAIC; systems under study in this work. The
table indicates the following: in the case of Ti,ZrAlC,
and Ti,HfAIC,, under constraints, the ordered states
are more stable than the phase-separated states. The
Ti,NbAIC, and Ti;MoAIC, systems are also shown to
be more stable than the phase-separated states, although
in this case these systems are Jess stable than when com-
paring the fully relaxed ordered structures relative to
the fully relaxed end-members. This is more noticeable
for TiMoAIlC,, in which, under constraints, the ordered
configuration is more stable than the phase-separated
one by approximately 100 meV/M-site, while in the unre-
laxed states, the stability of this compound relative to its
end members is more than 350 meV/M-site. In the case of
the fully relaxed states, as shown in Table S1 of the Supple-
mentary Material, the Ti,MoAIC, undergoes a consid-
erable volume reduction upon ordering and the Vegard’s
Law constraints subject the configuration to considerable
tensile strains.
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Table 4. Comparison between phase-separated and layered (out-of-plane ordered)
states in Ti;MAIC; systems under Vegard'’s Law constraints.

M
5l i Hf Mo Nb
Phase Separation: Total Energy (eV) —304.293 —314.312 —310.506 -313.086
2Ti3A|C2 + M3A|C2
Energy/(fu) (eV) —50.715 —52.385 —51.751 —52.181
Ordering: Total Energy (eV) —304.779  —315.120 —312.216 —313.399
3Ti;MAIC,
Energy/(fu) (eV) —50.797 —52.520 —52.036 —52.233
Energy Difference (meV/M-site) -27 —45 -95 -17
it PR a=>b 3.150 3.133 3.063 3.093
4 57.405 57.141 55.988 56.475

Table 5. Comparison between phase-separated and layered (out-of-plane ordered)
states in TiM,AlC; systems under Vegard’s Law constraints.

M
State zr Hf Mo Nb
Phase Separation: Total energy (eV) —307.876 —327.293 —320.677 —323.427
TisAlC; + 2M3AIC,
Energy/(fu) (eV) —51.313 —54.549 —53.446 —53.905
Ordering: Total Energy (eV) —307.620 —326.610 —326.464 —324.594
3TiM,AIC;
Energy/(fu) (eV) —51.270 —54.435 —54.411 —54.099
Energy difference (meV/M-site) +14 +38 —-321 —65
Lattice Parameters a=b>b 3.239 3.206 3.126 3.066
c 58.683 58.156 56.823 55.849

This behavior is not seen in the case of the TiM,AIC,
systems as shown in Table 5. In this case, the ordered
TiZr,AlC, and TiHf, AlC, states are less stable than the
phase-separated states, implying that the constraints as
considered in this work do not always result in stabi-
lization of ordered states relative to phase separation.
In the case of the Ti,HfAIC, system, this result is sur-
prising as in the relaxed state, the ordered configura-
tion lies only about 10 meV/M-site above the Convex
Hull. Table 5 shows that the TiMo,AIC, and TiNb,AIC,
are, again, more stable than the corresponding phase-
separated states. In this case, the stability is very similar to
the formation energies of the relaxed ordered states with
respect to the relaxed end-members.

These results point to the need to further investigate,
in a more systematic manner, the effects of constraints
on the relative stability of phase-separated and ordered
states in MAX quaternary and higher order compounds.
Further analysis, however, is beyond the scope of this
work.

4. Conclusions

In this paper, we have used a DFT-based alloy theoretic
approach to investigate the out-of-plane ordering phe-
nomenon already observed in several quaternary MAX
alloy systems. The following can be concluded from the
results presented above:

e The cluster expansion-based alloy theoretic analy-
sis confirmed the strong tendency for TiMo,AIC, to

exhibit out-of-plane ordering with Ti and Mo occupy-
ing exclusively the 2a- and 4f-sites, respectively. The
results agree well with recent experimental observa-
tions as well as prior theoretical/computational work.

e By invoking a thermodynamic analysis based on the
comparison of constrained vs. non-constrained sys-
tems, we have explained the apparent discrepancy
between the predicted (by us and others) tendency
towards phase separation in the (T1,Zr)3AIC; system
and the observed out-of-plane ordering for composi-
tion Tip ZrAlC,.

e Different theories for the physical underpinning for
the observed ordering tendencies were examined in
light of the results not only for the Ti-Zr and Ti-Mo
systems, but also by including Ti-Hf and Ti-Nb. In
the case of the isoelectronic systems Ti-Zr and Ti-Hf,
differences in atomic radii were sufficient to favor
phase separation over ordering, although the results
are inconclusive when considering the much weaker
tendency towards phase separation of Ti-Hf as com-
pared to Ti-Zr.

e The results are important as they show that it is not
possible to rely only on incoherent alloy theoretic
approaches when attempting to confirm or rule out the
possibility for out-of-plane ordering in MAX phases.
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