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Resource Allocation

Sharing resources amongst competing jobs

Subject to resource constraints

So that

Maximally utilize resources

Minimize latency (completion time) incurred by jobs

Using Implementable policy for allocating resources

It is self evident that they are everywhere
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A Canonical Task

Performance Metric

Resource utilization: Capacity

Latency: Queue-size 

Implementation: Computation, System constraints

Depends upon

System load

System size 

Structure of resource sharing constraints



Ideal Performance

Consider an M/M/1 Queue

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

µ
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Queue-size:                        and E[Q] =
⇢

1� ⇢
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P(Q > t) ⇡ exp(�(1� ⇢)t)
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System load:

Capacity: ⇢ < 1
<latexit sha1_base64="9Y2lfUZvXx2M/CDzWZgfE4f1LJY=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6MFD0IvHCOYhyRJmJ7PJkHksM7NCWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dUcKZsb7/7a2srq1vbBa2its7u3v7pYPDplGpJrRBFFe6HWFDOZO0YZnltJ1oikXEaSsa3U791hPVhin5YMcJDQUeSBYzgq2THrt6qBC6RkGvVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJs1oJzivV+4ty7SaPowDHcAJnEMAl1OAO6tAAAgKe4RXePO29eO/ex7x1xctnjuAPvM8fGiOPSg==</latexit>

First-come-first-serve (work conserving) policy

Queue-size:                        and E[Q] =
⇢

1� ⇢
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P(Q > t) ⇡ exp(�(1� ⇢)t)
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Ideal Performance: Beyond Simple Example

Jackson (1957)/Basket-Chandy-Munz-Palacois (1975)/Kelly Network (1976)

Network of Queues Independent M/M/1 Queues

=
d

Policies (LCFS / PS) achieving these are simple

Total queue-size scales linearly with network size - best one can hope for 

“product-form” queueing networks 



Stochastic Processing Networks

Harrison (2000): A parsimonious model
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Stochastic Processing Networks

Harrison (2000): A parsimonious model
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But, complicated



Stochastic Processing Networks

Policies

Maximum Weight (MW)(back-pressure) of Tassiulas-Ephremides (1992) 
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unit rate 
server

MW: always serve the longest queue

Constraint: can serve only one queue at a time

An Example:



Stochastic Processing Networks

Policies
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QN

unit rate 
server

PF: every non-empty queue is served with positive rate,  
longer queue with higher rate

Constraint: service rate bounded by 1, can split in any manner

An Example:

Proportional Fair (PF) of Kelly-Maullo-Tan (1997) 



Stochastic Processing Networks



Stochastic Processing Networks

Performance analytic methods

Capacity via positive recurrence of Markov chain

Foster and Lyapunov criterion cf. Meyn-Tweedie (1990s)

Fluid model cf. Dai (1995), Bramson (2008)

+ Dai-Harrison (20XX)
Processing Networks 

Fluid models and Stability

Jim Dai 
J. Michael Harrison 



Stochastic Processing Networks

Performance analytic methods

Capacity via positive recurrence of Markov chain

Foster and Lyapunov criterion cf. Meyn-Tweedie (1990s)

Fluid model cf. Dai (1995), Bramson (2008)

+ Dai-Harrison (20XX)
Processing Networks 

Fluid models and Stability

Jim Dai 
J. Michael Harrison 

Optimal capacity is achieved by  

MW (back-pressure) by Tassiulas-Ephremides (1992), Stolyar (2004)

PF by Bonald-Massoulie(2001), de Vecianna-Lee-Konstantopoulos(2001)
Ye (2003)

Implication:
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Stochastic Processing Networks

Performance analytic methods

Queue-size scaling via diffusion or heavy traffic approximation

State-space collapse + Invariance Principle
cf. Bramson (1998), Williams (1998)

State-space collapse + Lyapunov function cf. Maguluri-Srikant (2016)

cf. Harrison (1985, 2013)



Stochastic Processing Networks

Implication:

MW (restricted optimality in various forms) 

PF leads to asymptotic “product-form” (for specific networks)
cf. Kang-Kelly-Lee-Williams (2006), Ye-Yao (2012)

cf. Stolyar (2004), Shah-Wischik (2006), Maguluri-Srikant (2016)

Performance analytic methods

Queue-size scaling via diffusion or heavy traffic approximation

State-space collapse + Invariance Principle
cf. Bramson (1998), Williams (1998)

State-space collapse + Lyapunov function cf. Maguluri-Srikant (2016)

cf. Harrison (1985, 2013)



Stochastic Processing Networks

Policy design methods

Randomization cf. Tassiulas (1998), Giaccone-Prabhakar-Shah (2002)

Distributed Implementation cf. Modiano-Shah-Zussman (2005)

Message-passing cf. Shah (2006)

Primal-dual cf. Kelly-Maullo-Tan (1997), Low (1998), Srikant (2000)



Stochastic Processing Networks

Implication:

MW has capacity achieving low-complexity implementation

PF has iterative, distributed low-complexity implementation 

Policy design methods

Randomization cf. Tassiulas (1998), Giaccone-Prabhakar-Shah (2002)

Distributed Implementation cf. Modiano-Shah-Zussman (2005)

Message-passing cf. Shah (2006)

Primal-dual cf. Kelly-Maullo-Tan (1997), Low (1998), Srikant (2000)



�0
M

<latexit sha1_base64="5IOJ+GX12PiHXhLE9n2lBdE6P58=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQKuiy6cSNUsA9oYphMJu3QmUmYmYgl5FfcuFDErT/izr9x2mahrQcGDuecy71zwpRRpR3n21pZXVvf2KxsVbd3dvf27YNaVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfD31e49EKpqIez1Jic/RUNCYYqSNFNg1j5lwhB68VFJOgvy2COy603BmgMvELUkdlGgH9pcXJTjjRGjMkFID10m1nyOpKWakqHqZIinCYzQkA0MF4kT5+ez2Ap4YJYJxIs0TGs7U3xM54kpNeGiSHOmRWvSm4n/eINPxpZ9TkWaaCDxfFGcM6gROi4ARlQRrNjEEYUnNrRCPkERYm7qqpgR38cvLpNtsuGeN5t15vXVV1lEBR+AYnAIXXIAWuAFt0AEYPIFn8ArerMJ6sd6tj3l0xSpnDsEfWJ8/TAaUmw==</latexit>

�0
M�1

<latexit sha1_base64="g27Gv1VuZF9p8xod8Px44enWrIw=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwY5mpgi6LbtwIFewDOuOQyWTa0CQzJBmhDsVfceNCEbf+hzv/xrSdhbYeCBzOOZd7c8KUUaUd59taWFxaXlktrZXXNza3tu2d3ZZKMolJEycskZ0QKcKoIE1NNSOdVBLEQ0ba4eBq7LcfiFQ0EXd6mBKfo56gMcVIGymw9z1mwhG691JJOQnymxN3FNgVp+pMAOeJW5AKKNAI7C8vSnDGidCYIaW6rpNqP0dSU8zIqOxliqQID1CPdA0ViBPl55PrR/DIKBGME2me0HCi/p7IEVdqyEOT5Ej31aw3Fv/zupmOL/ycijTTRODpojhjUCdwXAWMqCRYs6EhCEtqboW4jyTC2hRWNiW4s1+eJ61a1T2t1m7PKvXLoo4SOACH4Bi44BzUwTVogCbA4BE8g1fwZj1ZL9a79TGNLljFzB74A+vzBzLalQ0=</latexit>

�0
1

<latexit sha1_base64="EAcn/JOoUYJYMb4YFSn7BLRGGSE=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYXEVCUFCcYKFsYi0YfUhMhxnNaq7US2g6ii/AoLAwix8iNs/A1umwFajmTp6Jxzda9PmDKqtON8W5W19Y3Nrep2bWd3b//APqz3VJJJTLo4YYkchEgRRgXpaqoZGaSSIB4y0g8nNzO//0ikoom419OU+ByNBI0pRtpIgV33mAlH6MFLJeUkyN0isBtO05kDrhK3JA1QohPYX16U4IwToTFDSg1dJ9V+jqSmmJGi5mWKpAhP0IgMDRWIE+Xn89sLeGqUCMaJNE9oOFd/T+SIKzXloUlypMdq2ZuJ/3nDTMdXfk5Fmmki8GJRnDGoEzgrAkZUEqzZ1BCEJTW3QjxGEmFt6qqZEtzlL6+SXqvpnjdbdxeN9nVZRxUcgxNwBlxwCdrgFnRAF2DwBJ7BK3izCuvFerc+FtGKVc4cgT+wPn8AIXqUfw==</latexit>

Q0
M

<latexit sha1_base64="cD2l3iCIQqoxwVvnStPrpfEJPBM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxYuQgHlgsobZSW8yZHZ2mZkVQshfePGgiFf/xpt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3kz95hMqzWN5b0YJ+hHtSx5yRo2VHmqPnUTxCLt33ULRLbkzkGXiZaQIGardwlenF7M0QmmYoFq3PTcx/pgqw5nASb6TakwoG9I+ti2VNELtj2cXT8ipVXokjJUtachM/T0xppHWoyiwnRE1A73oTcX/vHZqwit/zGWSGpRsvihMBTExmb5PelwhM2JkCWWK21sJG1BFmbEh5W0I3uLLy6RRLnnnpXLtoli5zuLIwTGcwBl4cAkVuIUq1IGBhGd4hTdHOy/Ou/Mxb11xspkj+APn8wdc55C2</latexit>

Q0
M�1

<latexit sha1_base64="ihzj2oByC//3XHUwIweJVMnOxlM=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4sexWQY9FL16EFuwHtNuSTbNtaJJdkqxSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN1O/eYjVZpF8sGMY+oLPJAsZAQbK3Vr3U6smKC99P7cm/QKRbfkzoCWiZeRImSo9gpfnX5EEkGlIRxr3fbc2PgpVoYRTif5TqJpjMkID2jbUokF1X46u3qCTq3SR2GkbEmDZurviRQLrccisJ0Cm6Fe9Kbif147MeG1nzIZJ4ZKMl8UJhyZCE0jQH2mKDF8bAkmitlbERlihYmxQeVtCN7iy8ukUS55F6Vy7bJYucniyMExnMAZeHAFFbiDKtSBgIJneIU358l5cd6dj3nripPNHMEfOJ8/CMqSNA==</latexit>

Q0
1

<latexit sha1_base64="jzS5SIHXyiM9+50Uc43P9rBUaj8=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx5bsLXQXUs2nbahSTYkWaEs/RtePCji1T/jzX9j2u5BWx8MPN6bYWZerDgz1ve/vcLa+sbmVnG7tLO7t39QPjxqmyTVFFo04YnuxMQAZxJallkOHaWBiJjDQzy+nfkPT6ANS+S9nSiIBBlKNmCUWCeFzcdQaSaglwXTXrniV/058CoJclJBORq98lfYT2gqQFrKiTHdwFc2yoi2jHKYlsLUgCJ0TIbQdVQSASbK5jdP8ZlT+niQaFfS4rn6eyIjwpiJiF2nIHZklr2Z+J/XTe3gOsqYVKkFSReLBinHNsGzAHCfaaCWTxwhVDN3K6Yjogm1LqaSCyFYfnmVtGvV4KJaa15W6jd5HEV0gk7ROQrQFaqjO9RALUSRQs/oFb15qffivXsfi9aCl88coz/wPn8A/ImRpg==</latexit>

Stochastic Processing Networks: Baseline Performance

An Interesting Goal: design resource allocation policy so that
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network of queues becomes equivalent to  “product-form”
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called baseline performance cf. Harrison-Mandayam-Shah-Yang (2014)
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An Interesting Goal: design resource allocation policy so that
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Questions:  
is it feasible? done with low complexity? is it a good thing to do? 

called baseline performance cf. Harrison-Mandayam-Shah-Yang (2014)
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This Tutorial

We will describe method to achieve this interesting goal 

Maximal capacity, minimal queue-size scaling

Maximal capacity, fully distributed implementation 

For two different objectives

leads to notion of baseline performance 

We will discuss

Challenges in achieving maximal capacity, minimal queue-size and fully 
distributed implementation simultaneously  

Relation of baseline performance to extension complexity 

Some open directions



Outline

Baseline performance

Switched flow network, Multi Hop

Wireless network

Discussion

Remainder of the tutorial

Switched network, Single Hop 

Distributed implementation 



Switched Networks:  
Single-hop

D. Shah, N. Walton and Y. Zhong, "Optimal queue-size scaling in switched networks”,   
The Annals of Applied Probability, 2014
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Switched Networks

A useful example: input-queued switch

Input 1

Input 2

Output 1 Output 2

�11

�12

�21

�22

Q11

Q12
Q21

Q22

Unit sized packets arrive as per independent Poisson processes
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Switched Networks

each input can send at most one packet
each output can receive at most one packet

Each integral time instance

Input 1

Input 2

Output 1 Output 2

⇥

⇥

Valid
1 0
0 1

!

"
#

$

%
&



Switched Networks

The set of feasible rates

convex combination of possible schedules

In a 2-port switch,                  is feasible iff� = [�ij ]

[ ] ↵ + �[ ][ ]�11 �12

�21 �22

1

1 1

1

0

0 0

0

s.t. ↵+ �  1, ↵, � � 0.

Load of    : the smallest possible            satisfying above↵+ ��



Switched Networks

The set of feasible rates

convex combination of possible schedules

In a 2-port switch,                  is feasible iff� = [�ij ]

Load of    : maximum of the left-hand-side of the above four terms �

�11 + �12  1

�11 + �21  1

�21 + �22  1

�12 + �22  1



Switched Networks

�1

�N�1

�N

S

Q1

QN�1

QN

Scheduling constraints

each time choose schedule          

               is a finite monotone set

� 2 S
S ⇢ ZN

�0

if            and                                 then � 2 S �0 2 ZN
�0, �0  � �0 2 S



Switched Networks

Capacity region

convex hull of S

can be represented as

� 2 RN
�0 : A�  b, A 2 RM⇥N

�0 , b 2 RM
>0

given a feasible   , it’s load is defined as   

⇢(�) = min{⇢  1 : A�  ⇢b}

�



An Open Question

Consider input-queued switch with n inputs / outputs 

there exists a policy such that  

achieves maximal capacity 

computationally efficient (poly-time)

average queue-sizes

where c is a universal constant 

E
hX

i,j

Qij

i
 c

n

1� ⇢(�)
+ n3

<latexit sha1_base64="tafdb6piX7r4L8nk7eNf/YcFyVU="></latexit>

Informally around since 2000, formally noted down in Shah-Tsitsiklis-Zhong (2010)



Switched Networks

We describe policy so that switched network becomes 

equivalent to “product-form” queueing network

Four step approach 

Identify “relaxed” network with feasible actions being convex hull of   S

Identify multi-class “product-form" (ala Kelly) network

Design policy for "relaxed" network which makes it equivalent to  
this multi-class “product-form" network

Design emulation policy for switched network that emulates  
behavior of any policy in "relaxed" network

(a good analogy = rounding or relaxation in combinatorial optimization)



Relaxed Switched Networks

Input 1

Input 2

Output 1 Output 2

Output 1

Output 2

Input 1

Input 2

µ11
<latexit sha1_base64="vmXThypO6qHSb3I49EWHfVizvsg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZDZmbXeQhhyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctnVhFaJMkPFGdCGvKmaRNwwynnVRRLCJO29H4dua3n6jSLJEPZpLSUOChZDEj2Dip0xO2nwXBtF+u+FV/DrRKgpxUIEejX/7qDRJiBZWGcKx1N/BTE2ZYGUY4nZZ6VtMUkzEe0q6jEguqw2x+7xSdOWWA4kS5kgbN1d8TGRZaT0TkOgU2I73szcT/vK418XWYMZlaQyVZLIotRyZBs+fRgClKDJ84goli7lZERlhhYlxEJRdCsPzyKmnVqsFFtXZ/Wanf5HEU4QRO4RwCuII63EEDmkCAwzO8wpv36L14797HorXg5TPH8Afe5w+9j4/F</latexit>
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Switched network Flow-level network
(bandwidth sharing)



Multi-class “Product-form” Network

Flow-level network
(bandwidth sharing)

Multi-class Multi-hop Network

unit size jobs

(processor sharing nodes)



Policy for Relaxed Switched Network

Store and Forward Policy by Massoulie, Bonald-Proutiere (2003)

Insensitivity established by Zachary (2008)

Each flow is allocated rate 

as a function of total number of flows queued

the function corresponds to ratio of two normalization constants 

with and without one less flow of the specific type

the normalization constant arises from stationary distribution of 
associated Multi-class “product-form” network

Such choice makes sure that under stationary distribution 

total jobs in flow network = total jobs in multi-class network



Policy for Relaxed Switched Network

Store and Forward Policy by Massoulie, Bonald-Proutiere (2003)

unit size jobs

Average number of jobs in the system in steady-state ⇠<latexit sha1_base64="YmFkX3Xr57GcCOOf2uS/Na7Gyy0=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2lvuFyUKl6NW8OvEr8glShQHNQ+eoPY5pKpiwVxJie7yU2yIi2nAo2K/dTwxJCJ2TEeo4qIpkJsvmtM3zulCGOYu1KWTxXf09kRBozlaHrlMSOzbKXi/95vdRGN0HGVZJapuhiUZQKbGOcP46HXDNqxdQRQjV3t2I6JppQ6+IpuxD85ZdXSbte8y9r9YerauO2iKMEp3AGF+DDNTTgHprQAgpjeIZXeEMSvaB39LFoXUPFzAn8Afr8ASD9jks=</latexit>
number of nodes 
in multi-class net.

1� ⇢
<latexit sha1_base64="z9AglkGvcdwc8hKTdr72ta5BHxo=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbKrgh6LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wj26nfemLacCUf7DhhQUwGkkecEuukpn/W1UPVK1e8qjcDXiZ+TiqQo94rf3X7iqYxk5YKYkzH9xIbZERbTgWblLqpYQmhIzJgHUcliZkJstm1E3zilD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ug4yLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQyYXgL768TJrnVf+ien5/Wand5HEU4QiO4RR8uIIa3EEdGkDhEZ7hFd6QQi/oHX3MWwsonzmEP0CfP/rxjr0=</latexit>
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Time 3, etc
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Time 3, etc
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Emulating Relaxed Switched Networks

Time 3, etc

Lemma. Total difference in q-size 
is at most n3.



Emulating Relaxed Switched Networks

In summary:

total avg q-size of  
switched net.

total avg q-size of  
switched net.
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Recall: Capacity region, the convex hull of feasible schedules S
num of faces of  

 capacity region

That is, baseline performance is achieved cf. Harrison-Mandyam-Shah-Yang (2014)
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What Happened to The Open Question

Consider input-queued switch with N inputs / outputs 

there exists a policy such that  

achieves maximal capacity 

computationally efficient (poly-time)

average queue-sizes

where c is a universal constant 

baseline performance + emulation

E
hX

i,j

Qij

i
 2

n

1� ⇢(�)
+ n3

<latexit sha1_base64="EE0otViJnuKR9vDtLCjbZ5VTl08="></latexit>

E
hX

i,j

Qij

i
 c

n

1� ⇢(�)
+ n3

<latexit sha1_base64="tafdb6piX7r4L8nk7eNf/YcFyVU="></latexit>



Switched Flow Networks:  
Multiple-hop

D. Shah and Q. Xie, "Centralized congestion control and scheduling in a data-center”,  
Preprint.



Switched Flow Networks

Flows are a collection of packets
Flows get rates assigned per which packets are injected in the network
Packets hop through network where each node decides service policy

rate allocation

packet / job scheduling 

Excellent model for data center networks cf. Perry-Balakrishnan-Shah (2014, 16)
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Switched Flow Networks

Rate allocation 

Store-and-forward

Packet injection in the network per Poisson process

Packet scheduling 

Ideally, need to use LCFS or Processor Sharing
But, nodes process packets in integral time-steps
Need emulation, like before
But, now it needs to hold over a multi-hop network 



Switched Flow Networks

Last-Come-First-Serve Emulation 

Operate continuous time network per LCFS

Schedule packets in discrete-time network

using LCFS policy at integral time steps 

but with respect to the arrival time of continuous network

Lemma (informally). The departure time of each packet from a queue 
in discrete time is within fixed constant of departure time from the 
corresponding ideal continuous time network as long as network has 
acyclic routing (allows for variable length packets).  

That is, delay of both networks are within constant (independent of 
network size, load, etc. )



Switched Flow Networks

In summary:

total avg q-size of  
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number of hops
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That is, we achieve baseline performance 



Wireless Networks:  
Distributed Implementation

D. Shah and J. Shin, "Randomized scheduling algorithm for queueing networks",  
The Annals of Applied Probability, 2012.



Wireless Networks

Medium Access

Q1 = 4

Q2 = 8 Q3 = 0

Constraint 

No two neighbors can transmit at the same time
Each node does not have knowledge of its neighbors 
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Rules 

When asked 

you may respond (raise hand) in < 100ms

Winner

if s/he is unique responder 

Reward

bar of chocolate

Goal

Someone must win each time, and evenly across



Medium Access

Network G = (V, E)

V = {1, …, n} being n nodes (wireless transmitters)

E edges capturing interference structure

Feasible transmission 

� = [�i] 2 {0, 1}n
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�i + �j  1, (i, j) 2 E
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Distributed implementation  

each node i need to decide �i 2 {0, 1}
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so that most simultaneous transmissions can happen



Medium Access

Independent sets of G

I(G) = {� 2 {0, 1}n : �i + �j  1, (i, j) 2 E}
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⇤ = Convex Hull of I(G)
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Capacity region

Efficient Medium Access 

Positive recurrent as long as arrival rate � 2 ⇤o
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An Ideal Policy

MW policy  

Queue size 

Choose schedule       

Q = [Qi]
<latexit sha1_base64="ehn2L2Jr0QZgPA9kpLvs6Iu8PCY=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EohePLdgP3C4lm2bb0GyyJFmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVYS2iORSdUOsKWeCtgwznHYTRXEcctoJx3czv/NElWZSPJhJQoMYDwWLGMHGSo9NdIP8Zp8FqF+uuFV3DrRKvJxUIEejX/7qDSRJYyoM4Vhr33MTE2RYGUY4nZZ6qaYJJmM8pL6lAsdUB9n84ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+5/mpia6DjIkkNVSQxaIo5chINHsfDZiixPCJJZgoZm9FZIQVJsaGVLIheMsvr5J2repdVGvNy0r9No+jCCdwCufgwRXU4R4a0AICAp7hFd4c7bw4787HorXg5DPH8AfO5w+zVY+h</latexit>

�? 2 I(G)
<latexit sha1_base64="Metsb5GHL19OLVoYnDooDr+a02c=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUmqoMuiC3VXwT6gieVmOmmHTiZhZiKU0I0bf8WNC0Xc+g/u/Bunj4W2HrhwOOde7r0nSDhT2nG+rYXFpeWV1dxafn1jc2vb3tmtqziVhNZIzGPZDEBRzgStaaY5bSaSQhRw2gj6lyO/8UClYrG404OE+hF0BQsZAW2ktn3gKdaN4N5TGiT2mMCZR4Djm2Hx6rhtF5ySMwaeJ+6UFNAU1bb95XVikkZUaMJBqZbrJNrPQGpGOB3mvVTRBEgfurRlqICIKj8bfzHER0bp4DCWpoTGY/X3RAaRUoMoMJ0R6J6a9Ubif14r1eG5nzGRpJoKMlkUphzrGI8iwR0mKdF8YAgQycytmPRAAtEmuLwJwZ19eZ7UyyX3pFS+PS1ULqZx5NA+OkRF5KIzVEHXqIpqiKBH9Ixe0Zv1ZL1Y79bHpHXBms7soT+wPn8AD0WXoA==</latexit>

where �? 2 argmax
�

X

i

�if(Qi)
<latexit sha1_base64="vtQAHSPRttA1xFgfpE3P16bJP0w=">AAACI3icbZDNSgMxFIUz/tb6V3XpJlgE3ZSZKiiuim5cVrBW6NThTpqpoUlmSDJiGfoubnwVNy6U4saF72LamYVWLwS+nHMvyT1hwpk2rvvpzM0vLC4tl1bKq2vrG5uVre0bHaeK0BaJeaxuQ9CUM0lbhhlObxNFQYSctsPBxcRvP1ClWSyvzTChXQF9ySJGwFgpqJz5mvUF3PnagMI+k9gH1fcFPAZZbo2wr1MRMJxfLUQHVwE7xEGl6tbcaeG/4BVQRUU1g8rY78UkFVQawkHrjucmppuBMoxwOir7qaYJkAH0aceiBEF1N5vuOML7VunhKFb2SIOn6s+JDITWQxHaTgHmXs96E/E/r5Oa6LSbMZmkhkqSPxSlHJsYTwLDPaYoMXxoAYhi9q+Y3IMCYmysZRuCN7vyX7ip17yjWv3quNo4L+IooV20hw6Qh05QA12iJmohgp7QC3pD786z8+qMnY+8dc4pZnbQr3K+vgG3gqRB</latexit>

for choice of function                    such that f : R ! R
<latexit sha1_base64="oUo2Mx6u9CWNgodKz54T2Db7nXY=">AAACBXicbVDLSsNAFL2pr1pfUZe6GCyCq5JUQXFVdOOyin1AU8pkOmmHTiZhZiKU0I0bf8WNC0Xc+g/u/BsnbRbaemDgzDn3cu89fsyZ0o7zbRWWlldW14rrpY3Nre0de3evqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dJ35rQcqFYvEvR7HtBvigWABI1gbqWcfBpfIC7Ee+n56N0Gejn59e3bZqThToEXi5qQMOeo9+8vrRyQJqdCEY6U6rhPrboqlZoTTSclLFI0xGeEB7RgqcEhVN51eMUHHRumjIJLmCY2m6u+OFIdKjUPfVGYbqnkvE//zOokOLropE3GiqSCzQUHCkbk1iwT1maRE87EhmEhmdkVkiCUm2gRXMiG48ycvkma14p5Wqrdn5dpVHkcRDuAITsCFc6jBDdShAQQe4Rle4c16sl6sd+tjVlqw8p59+APr8wfd1pgu</latexit>

for example

f(x) = x, f(x) = log(x+ 1), f(x) = log log(x+ e)
<latexit sha1_base64="XT4itgIjHyHMNmP7eAIT2XtC0hU=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2ARWpQyU0XdCEU3LivYC7SlZNJMG5pJhiQjLUN9Eje+ihsXioi7vo1pO0KtHgh8/P85nJzfCxlV2nHGVmppeWV1Lb2e2djc2t6xd/eqSkQSkwoWTMi6hxRhlJOKppqReigJCjxGal7/ZuLXHohUVPB7PQxJK0BdTn2KkTZS2z73c4M8vIKDE/gIE24y0YW5wbGbN+K89mOQfNvOOgVnWvAvuAlkQVLltv3V7AgcBYRrzJBSDdcJdStGUlPMyCjTjBQJEe6jLmkY5CggqhVP7xvBI6N0oC+keVzDqTo/EaNAqWHgmc4A6Z5a9Cbif14j0v5lK6Y8jDTheLbIjxjUAk7Cgh0qCdZsaABhSc1fIe4hibA2kWZMCO7iyX+hWiy4p4Xi3Vm2dJ3EkQYH4BDkgAsuQAncgjKoAAyewAt4A+/Ws/VqfVifs9aUlczsg19ljb8BdQ+dsw==</latexit>

f(0) = 0, f 0(x) > 0, 8x � 0
<latexit sha1_base64="rBcKlUbGn3Gow2qt4C6amwnprrg=">AAACFnicbVDLSgNBEJyNrxhfUY9eBoOQgIbdKOhFCXrxGME8IBvD7KQ3GTL7cGZWEkL8CS/+ihcPingVb/6Nk80eNFrQUFR1093lhJxJZZpfRmpufmFxKb2cWVldW9/Ibm7VZBAJClUa8EA0HCKBMx+qiikOjVAA8RwOdad/MfHrdyAkC/xrNQyh5ZGuz1xGidJSO3vg5s0CPsXmPr53b+xQMA/ygwI+ixXbDQThHA+w3YVbbLazObNoxsB/iZWQHEpQaWc/7U5AIw98RTmRsmmZoWqNiFCMchhn7EhCSGifdKGpqU88kK1R/NYY72mlg/UJunyFY/XnxIh4Ug49R3d6RPXkrDcR//OakXJPWiPmh5ECn04XuRHHKsCTjHCHCaCKDzUhVDB9K6Y9IghVOsmMDsGaffkvqZWK1mGxdHWUK58ncaTRDtpFeWShY1RGl6iCqoiiB/SEXtCr8Wg8G2/G+7Q1ZSQz2+gXjI9vXfubyg==</latexit>

cf. Andrews et al (2000), Stolyar (2004), Shah-Wischik (2006)



Distributed Implementation

How to find MW schedule in a distributed manner?

Answer: emulation! 

Identify a reversible Markov chain on   

Per stationary distribution  

And, argue that changing queue-size does not cause an issue

I(G)
<latexit sha1_base64="BljWPPpbZhYAyLSyzcaM2XvLK0I=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnoselBvFawtbJeSTbNtaDZZklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsB1v53Cyura+kZxs7S1vbO7V94/eDQq1ZS1qBJKd0JimOCStYCDYJ1EMxKHgrXD0fXUbz8xbbiSDzBOWBCTgeQRpwSs5GddSgS+m1RvTnvliltzZ8DLxMtJBeVo9spf3b6iacwkUEGM8T03gSAjGjgVbFLqpoYlhI7IgPmWShIzE2Szkyf4xCp9HCltSwKeqb8nMhIbM45D2xkTGJpFbyr+5/kpRJdBxmWSApN0vihKBQaFp//jPteMghhbQqjm9lZMh0QTCjalkg3BW3x5mTzWa95ZrX5/Xmlc5XEU0RE6RlXkoQvUQLeoiVqIIoWe0St6c8B5cd6dj3lrwclnDtEfOJ8/DQmQcQ==</latexit>

E
hX

i

�if(Qi)
i
⇡

X

i

�?
i f(Qi)

<latexit sha1_base64="4/23WWFpWrmENM8Mczsc8pRveEo="></latexit>

Find a distributed way to simulate the Markov chain



Reversible Markov Chain

Markov chain on   

Given state  

Choose any i amongst n nodes uniformly at random        

if            

I(G)
<latexit sha1_base64="BljWPPpbZhYAyLSyzcaM2XvLK0I=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnoselBvFawtbJeSTbNtaDZZklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsB1v53Cyura+kZxs7S1vbO7V94/eDQq1ZS1qBJKd0JimOCStYCDYJ1EMxKHgrXD0fXUbz8xbbiSDzBOWBCTgeQRpwSs5GddSgS+m1RvTnvliltzZ8DLxMtJBeVo9spf3b6iacwkUEGM8T03gSAjGjgVbFLqpoYlhI7IgPmWShIzE2Szkyf4xCp9HCltSwKeqb8nMhIbM45D2xkTGJpFbyr+5/kpRJdBxmWSApN0vihKBQaFp//jPteMghhbQqjm9lZMh0QTCjalkg3BW3x5mTzWa95ZrX5/Xmlc5XEU0RE6RlXkoQvUQLeoiVqIIoWe0St6c8B5cd6dj3lrwclnDtEfOJ8/DQmQcQ==</latexit>

� 2 I(G)
<latexit sha1_base64="uUJkzwKV2zRb/BuXzVUmN0Dn0FM=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tFqJeSVEGPRQ/qrYL9gCaUzXbbLt1swu5GKLEH/4oXD4p49W9489+4bXPQ1gcDj/dmmJkXxJwp7TjfVm5peWV1Lb9e2Njc2t6xd/caKkokoXUS8Ui2AqwoZ4LWNdOctmJJcRhw2gyGVxO/+UClYpG416OY+iHuC9ZjBGsjdewDT7F+iJHHBEo9gjm6HZeuTzp20Sk7U6BF4makCBlqHfvL60YkCanQhGOl2q4Taz/FUjPC6bjgJYrGmAxxn7YNFTikyk+n94/RsVG6qBdJU0Kjqfp7IsWhUqMwMJ0h1gM1703E/7x2onsXfspEnGgqyGxRL+FIR2gSBuoySYnmI0MwkczcisgAS0y0iaxgQnDnX14kjUrZPS1X7s6K1cssjjwcwhGUwIVzqMIN1KAOBB7hGV7hzXqyXqx362PWmrOymX34A+vzBzxIlPA=</latexit>

else if �j = 0, 8 (i, j) 2 E
<latexit sha1_base64="JtgLMdB0XWwHD5Kd0rL/jpP9hIc=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQoZSkCroRiiK4rGAf0IQymU7aaSeTMDMRSmjXbvwVNy4UcesPuPNvnLZZaOuBC4dz7uXee7yIUaks69vIrKyurW9kN3Nb2zu7e+b+QUOGscCkjkMWipaHJGGUk7qiipFWJAgKPEaa3vB66jcfiJA05PdqFBE3QD1OfYqR0lLHzDuS9gLUGcBLaJXgxPFDgRibFGlpcAIdyuFNxyxYZWsGuEzslBRAilrH/HK6IY4DwhVmSMq2bUXKTZBQFDMyzjmxJBHCQ9QjbU05Coh0k9kvY3islS7UV+jiCs7U3xMJCqQcBZ7uDJDqy0VvKv7ntWPlX7gJ5VGsCMfzRX7MoArhNBjYpYJgxUaaICyovhXiPhIIKx1fTodgL768TBqVsn1artydFapXaRxZcATyoAhscA6q4BbUQB1g8AiewSt4M56MF+Pd+Ji3Zox05hD8gfH5A/IomRI=</latexit>

�i = 1
<latexit sha1_base64="UVS3WLnd3KhHZ7WKEC9BCX/bF44=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBTSib7aZdursJuxuhhP4NLx4U8eqf8ea/cZvmoK0PBh7vzTAzL0w408Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTu7mfveJKs1i+WimCQ0EHkkWMYKNlXxfs5HAA4ZukDeo1ty6mwOtEq8gNSjQGlS//GFMUkGlIRxr3ffcxAQZVoYRTmcVP9U0wWSCR7RvqcSC6iDLb56hM6sMURQrW9KgXP09kWGh9VSEtlNgM9bL3lz8z+unJroOMiaT1FBJFouilCMTo3kAaMgUJYZPLcFEMXsrImOsMDE2pooNwVt+eZV0GnXvot54uKw1b4s4ynACp3AOHlxBE+6hBW0gkMAzvMKbkzovzrvzsWgtOcXMMfyB8/kDxWuQ2Q==</latexit>

1

Wi
<latexit sha1_base64="W07Wug6cQo1aN5EQ1rUasf1z2Co=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbOLupFBCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKwecZJwP6IDJULBKFrJ74aassybZq2emPZKZbfizkFWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8mmxmxqeUDaiA96xVNGIGz+bHz0l51bpkzDWthSSufp7IqORMZMosJ0RxaFZ9mbif14nxfDGz4RKUuSKLRaFqSQYk1kCpC80ZygnllCmhb2VsCG1OaDNqWhD8JZfXiXNasW7rFQfrsq12zyOApzCGVyAB9dQg3uoQwMYPMEzvMKbM3ZenHfnY9G65uQzJ/AHzucP9PWSOA==</latexit>

then set it to 0 with prob.

then set it to 1 with prob. 1

else 

do nothing 



Reversible Markov Chain

Markov chain on   

Stationary distribution: for    

I(G)
<latexit sha1_base64="BljWPPpbZhYAyLSyzcaM2XvLK0I=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnoselBvFawtbJeSTbNtaDZZklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsB1v53Cyura+kZxs7S1vbO7V94/eDQq1ZS1qBJKd0JimOCStYCDYJ1EMxKHgrXD0fXUbz8xbbiSDzBOWBCTgeQRpwSs5GddSgS+m1RvTnvliltzZ8DLxMtJBeVo9spf3b6iacwkUEGM8T03gSAjGjgVbFLqpoYlhI7IgPmWShIzE2Szkyf4xCp9HCltSwKeqb8nMhIbM45D2xkTGJpFbyr+5/kpRJdBxmWSApN0vihKBQaFp//jPteMghhbQqjm9lZMh0QTCjalkg3BW3x5mTzWa95ZrX5/Xmlc5XEU0RE6RlXkoQvUQLeoiVqIIoWe0St6c8B5cd6dj3lrwclnDtEfOJ8/DQmQcQ==</latexit>

� 2 I(G)
<latexit sha1_base64="uUJkzwKV2zRb/BuXzVUmN0Dn0FM=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tFqJeSVEGPRQ/qrYL9gCaUzXbbLt1swu5GKLEH/4oXD4p49W9489+4bXPQ1gcDj/dmmJkXxJwp7TjfVm5peWV1Lb9e2Njc2t6xd/caKkokoXUS8Ui2AqwoZ4LWNdOctmJJcRhw2gyGVxO/+UClYpG416OY+iHuC9ZjBGsjdewDT7F+iJHHBEo9gjm6HZeuTzp20Sk7U6BF4makCBlqHfvL60YkCanQhGOl2q4Taz/FUjPC6bjgJYrGmAxxn7YNFTikyk+n94/RsVG6qBdJU0Kjqfp7IsWhUqMwMJ0h1gM1703E/7x2onsXfspEnGgqyGxRL+FIR2gSBuoySYnmI0MwkczcisgAS0y0iaxgQnDnX14kjUrZPS1X7s6K1cssjjwcwhGUwIVzqMIN1KAOBB7hGV7hzXqyXqx362PWmrOymX34A+vzBzxIlPA=</latexit>

P(�) / exp
⇣X

i

�i logWi

⌘

<latexit sha1_base64="E6yrFS/gSZ5EfLLaTZBLWlaS75E="></latexit>

From Gibb's maximal principle (or variational characterization)

E
hX

i

�i logWi

i
�

⇣
max

�2I(G)

X

i

�i logWi

⌘
� n

<latexit sha1_base64="qugeluOXZlWaSwGWjz0PUIhB3x4="></latexit>

If queue-sizes were fixed, this would suffice to establish positive recurrence

as long as � 2 ⇤o
<latexit sha1_base64="q0avWA/KG8tjORerZAah+X0t45I=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUmqoMuiGxcuKtgHNLFMJtN26GQSZiZCCQV/xY0LRdz6He78G6dpFtp6YOBwzrncOydIOFPacb6tpeWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJsKKcCdrUTHPaSSTFUcBpOxhdT/32I5WKxeJejxPqR3ggWJ8RrI3Usw89bsIhRh4TyLvN+UPcsytO1cmBFolbkAoUaPTsLy+MSRpRoQnHSnVdJ9F+hqVmhNNJ2UsVTTAZ4QHtGipwRJWf5edP0IlRQtSPpXlCo1z9PZHhSKlxFJhkhPVQzXtT8T+vm+r+pZ8xkaSaCjJb1E850jGadoFCJinRfGwIJpKZWxEZYomJNo2VTQnu/JcXSatWdc+qtbvzSv2qqKMER3AMp+DCBdThBhrQBAIZPMMrvFlP1ov1bn3MoktWMXMAf2B9/gBfRpUb</latexit>

cf. Rajagopalan-Shah-Shin (2009)



Changing Queue-size Does not Matter

Roughly speaking (for W = f(Q))

Change in stationary distribution per unit time

Reduction to stationary distribution due to step of MC

For large enough Q, we need

�⇡ ⇡ f 0(Q)
<latexit sha1_base64="ENWsA0PHc9n+J1Y40AC2k7VJ7p4=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCvITdKOgxqAePCZgHZNcwO+lNhszuDjOzYgi5efFXvHhQxKu/4M2/cfI4aGJBQ1HVTXdXIDhT2nG+rczS8srqWnY9t7G5tb1j7+7VVZJKCjWa8EQ2A6KAsxhqmmkOTSGBRAGHRtC/GvuNe5CKJfGtHgjwI9KNWcgo0UZq24feNXBNsCcY9ogQMnnA4Z0nJIugUD1p23mn6EyAF4k7I3k0Q6Vtf3mdhKYRxJpyolTLdYT2h0RqRjmMcl6qQBDaJ11oGRqTCJQ/nPwxwsdG6eAwkaZijSfq74khiZQaRIHpjIjuqXlvLP7ntVIdXvhDFotUQ0yni8KUY53gcSi4wyRQzQeGECqZuRXTHpGEahNdzoTgzr+8SOqlontaLFXP8uXLWRxZdICOUAG56ByV0Q2qoBqi6BE9o1f0Zj1ZL9a79TFtzVizmX30B9bnD61qmIs=</latexit>

�d(µ,⇡) ⇡ 1

mixing time
⇡ 1

f(Q)n
<latexit sha1_base64="D9/SAPHa6dtm/0FGL7hqkRAg9s8="></latexit>

�⇡ ⌧ �d(µ,⇡) ) f 0(Q) ⌧ 1

f(Q)n
<latexit sha1_base64="RCyJzWI66f26561mdNMVns73FjM="></latexit>



Changing Queue-size Does not Matter

For large enough Q, we need

For 

�⇡ ⌧ �d(µ,⇡) ) f 0(Q) ⌧ 1

f(Q)n
<latexit sha1_base64="RCyJzWI66f26561mdNMVns73FjM="></latexit>

For 

f(x) = x
<latexit sha1_base64="khSa0WfX1BiDN2ZU6IB71JSMfTM=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9mtgl6EohePFewHtEvJptk2NMmuSVZalv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5O/eYTVZpF8sGMY+oL3JcsZAQbK7XC0ugMXaNRt1B0y+4MaJl4GSlChlq38NXpRSQRVBrCsdZtz42Nn2JlGOF0ku8kmsaYDHGfti2VWFDtp7N7J+jUKj0URsqWNGim/p5IsdB6LALbKbAZ6EVvKv7ntRMTXvkpk3FiqCTzRWHCkYnQ9HnUY4oSw8eWYKKYvRWRAVaYGBtR3obgLb68TBqVsndertxfFKs3WRw5OIYTKIEHl1CFO6hBHQhweIZXeHMenRfn3fmYt6442cwR/IHz+QN6iY7y</latexit>

f 0(x) = 1 � x�n = 1/f(x)n
<latexit sha1_base64="vNK1gL5fWJ8i3bDbon2UjgB5pQ4=">AAACDnicbVA7T8MwGHTKq5RXgZHFoqpUBkpSkGBBqmBhLBJ9SE1aOa6TWnWcyHZQq6i/gIW/wsIAQqzMbPwbnDYDFE6ydL67T/Z3bsSoVKb5ZeSWlldW1/LrhY3Nre2d4u5eS4axwKSJQxaKjoskYZSTpqKKkU4kCApcRtru6Dr12/dESBryOzWJiBMgn1OPYqS01C+WvZ4dCRqQyvgIXkIL2r4Px73kmE/T64mn9Z7OlcyqOQP8S6yMlECGRr/4aQ9CHAeEK8yQlF3LjJSTIKEoZmRasGNJIoRHyCddTTkKiHSS2TpTWNbKAHqh0IcrOFN/TiQokHISuDoZIDWUi14q/ud1Y+VdOAnlUawIx/OHvJhBFcK0GziggmDFJpogLKj+K8RDJBBWusGCLsFaXPkvadWq1mm1dntWql9ldeTBATgEFWCBc1AHN6ABmgCDB/AEXsCr8Wg8G2/G+zyaM7KZffALxsc382qZgA==</latexit>

f 0(x) =
1

x+ 1
⌧ log�n(x+ 1) = 1/f(x)n

<latexit sha1_base64="7ybeeiAbHRNN6GdJtBSX0rmBv94="></latexit>

f(x) = log(x+ 1)
<latexit sha1_base64="g49gufLieaZIc/PXmM50M2KVpSE=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0VoEUpSBb0IRS8eK9gPaEPZbDft0k027G60pfanePGgiFd/iTf/jds2B219MPB4b4aZeX7MmdKO822trK6tb2xmtrLbO7t7+3buoK5EIgmtEcGFbPpYUc4iWtNMc9qMJcWhz2nDH9xM/cYDlYqJ6F6PYuqFuBexgBGsjdSxc0FhWERXqM1FDxWGp26xY+edkjMDWiZuSvKQotqxv9pdQZKQRppwrFTLdWLtjbHUjHA6ybYTRWNMBrhHW4ZGOKTKG89On6ATo3RRIKSpSKOZ+ntijEOlRqFvOkOs+2rRm4r/ea1EB5femEVxomlE5ouChCMt0DQH1GWSEs1HhmAimbkVkT6WmGiTVtaE4C6+vEzq5ZJ7Virfnecr12kcGTiCYyiACxdQgVuoQg0IPMIzvMKb9WS9WO/Wx7x1xUpnDuEPrM8fCBaR6A==</latexit>



Distributed Medium Access

In summary:

each node, say i, attempts transmission at each time t w.p.  pi(t)
<latexit sha1_base64="3RYb7PstgC9uIqN1+LWWWSSJxmQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgWcLsZDYZM7uzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR06hUM95gSirdDqjhUsS8gQIlbyea0yiQvBWMbmd+64lrI1T8gOOE+xEdxCIUjKKVmklPlPG8Vyy5FXcOskq8jJQgQ71X/Or2FUsjHiOT1JiO5yboT6hGwSSfFrqp4QllIzrgHUtjGnHjT+bXTsmZVfokVNpWjGSu/p6Y0MiYcRTYzoji0Cx7M/E/r5NieO1PRJykyGO2WBSmkqAis9dJX2jOUI4toUwLeythQ6opQxtQwYbgLb+8SprVindRqd5flmo3WRx5OIFTKIMHV1CDO6hDAxg8wjO8wpujnBfn3flYtOacbOYY/sD5/AHze463</latexit>

setting pi(t)
<latexit sha1_base64="3RYb7PstgC9uIqN1+LWWWSSJxmQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgWcLsZDYZM7uzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR06hUM95gSirdDqjhUsS8gQIlbyea0yiQvBWMbmd+64lrI1T8gOOE+xEdxCIUjKKVmklPlPG8Vyy5FXcOskq8jJQgQ71X/Or2FUsjHiOT1JiO5yboT6hGwSSfFrqp4QllIzrgHUtjGnHjT+bXTsmZVfokVNpWjGSu/p6Y0MiYcRTYzoji0Cx7M/E/r5NieO1PRJykyGO2WBSmkqAis9dJX2jOUI4toUwLeythQ6opQxtQwYbgLb+8SprVindRqd5flmo3WRx5OIFTKIMHV1CDO6hDAxg8wjO8wpujnBfn3flYtOacbOYY/sD5/AHze463</latexit>

if transmission of node i was successful at time t-1, then 

pi(t) = 1� 1

log(Qi(t) + 1)
<latexit sha1_base64="WkosszNvFNCPcLyvTvRvlivcFDc=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0VIEUtSBd0IRTcuW7APaEKYTCft0EkmzEyEEvoLbvwVNy4UcevOnX/jtM1CWw9cOJxzL/feEySMSmXb30ZhZXVtfaO4Wdra3tndM/cP2pKnApMW5oyLboAkYTQmLUUVI91EEBQFjHSC0e3U7zwQISmP79U4IV6EBjENKUZKS75pJT61VAVeQweeQTcUCGfOJHMZH0CrOfdOoVOZ+GbZrtozwGXi5KQMcjR888vtc5xGJFaYISl7jp0oL0NCUczIpOSmkiQIj9CA9DSNUUSkl80+msATrfRhyIWuWMGZ+nsiQ5GU4yjQnRFSQ7noTcX/vF6qwisvo3GSKhLj+aIwZVBxOI0H9qkgWLGxJggLqm+FeIh0KkqHWNIhOIsvL5N2reqcV2vNi3L9Jo+jCI7AMbCAAy5BHdyBBmgBDB7BM3gFb8aT8WK8Gx/z1oKRzxyCPzA+fwAA4Jn5</latexit>

if transmission of node i was failure at time t-1, then 

pi(t) = 0
<latexit sha1_base64="bY5udIAHU3c2VpVFGA8/pLU0Kyk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexGQS9C0IvHCOaByRJmJ7PJkNnZZaZXCCF/4cWDIl79G2/+jZNkD5pY0FBUddPdFSRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw9up33zi2ohYPeAo4X5E+0qEglG00mPSFSU8I9fE7RaKbtmdgSwTLyNFyFDrFr46vZilEVfIJDWm7bkJ+mOqUTDJJ/lOanhC2ZD2edtSRSNu/PHs4gk5tUqPhLG2pZDM1N8TYxoZM4oC2xlRHJhFbyr+57VTDK/8sVBJilyx+aIwlQRjMn2f9ITmDOXIEsq0sLcSNqCaMrQh5W0I3uLLy6RRKXvn5cr9RbF6k8WRg2M4gRJ4cAlVuIMa1IGBgmd4hTfHOC/Ou/Mxb11xspkj+APn8weWf4+M</latexit>

if no attempt of transmission by node i

pi(t) = 0
<latexit sha1_base64="bY5udIAHU3c2VpVFGA8/pLU0Kyk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexGQS9C0IvHCOaByRJmJ7PJkNnZZaZXCCF/4cWDIl79G2/+jZNkD5pY0FBUddPdFSRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw9up33zi2ohYPeAo4X5E+0qEglG00mPSFSU8I9fE7RaKbtmdgSwTLyNFyFDrFr46vZilEVfIJDWm7bkJ+mOqUTDJJ/lOanhC2ZD2edtSRSNu/PHs4gk5tUqPhLG2pZDM1N8TYxoZM4oC2xlRHJhFbyr+57VTDK/8sVBJilyx+aIwlQRjMn2f9ITmDOXIEsq0sLcSNqCaMrQh5W0I3uLLy6RRKXvn5cr9RbF6k8WRg2M4gRJ4cAlVuIMa1IGBgmd4hTfHOC/Ou/Mxb11xspkj+APn8weWf4+M</latexit>

pi(t) = 0.5
<latexit sha1_base64="JIarI9InpaJOj7Ix9RLpOK6QgVU=">AAAB83icbVBNSwMxEM3Wr1q/qh69BItQL8tuVfQiFL14rGBtoV1KNs22odlsSGaFsvRvePGgiFf/jDf/jWm7B219MPB4b4aZeaES3IDnfTuFldW19Y3iZmlre2d3r7x/8GiSVFPWpIlIdDskhgkuWRM4CNZWmpE4FKwVjm6nfuuJacMT+QBjxYKYDCSPOCVgpa7q8Sqc4mvsuRe9csVzvRnwMvFzUkE5Gr3yV7ef0DRmEqggxnR8T0GQEQ2cCjYpdVPDFKEjMmAdSyWJmQmy2c0TfGKVPo4SbUsCnqm/JzISGzOOQ9sZExiaRW8q/ud1UoiugoxLlQKTdL4oSgWGBE8DwH2uGQUxtoRQze2tmA6JJhRsTCUbgr/48jJ5rLn+mVu7P6/Ub/I4iugIHaMq8tElqqM71EBNRJFCz+gVvTmp8+K8Ox/z1oKTzxyiP3A+fwB8CpAD</latexit>

, interfering neighbor attempted 

, otherwise 



Baseline Performance  
and Discussion

J. M. Harrison, C. Mandayam, D. Shah, Y. Yang, "Resource sharing networks: Overview and an 
open problem". Stochastic Systems. 2014.



Where Are We?

Switched networks emulation of multi-class “product-form”

Achieves maximal capacity

Average queue-size achieves baseline performance

Switched network emulation of reversible MC on space of schedules

Distributed, computationally efficient implementation

What about getting all three: capacity, queue-size and implementation?

scales with number of facets of capacity polytope

Achieves maximal capacity

And, how good is baseline performance?



Where Are We?

subject to standard computational hypothesis

Unlikely by Shah-Tse-Tsitsiklis (2010)

There exist examples of switched networks s.t. not possible to have policy 

Polynomial time computation per schedule

Achieves at least a constant fraction of the capacity

What about getting all three: capacity, queue-size and implementation?

Polynomial size queues

Where does baseline performance fit in?



Baseline performance 

Baseline performance through emulation of Store-and-Forward

Maximal capacity

Linear queue-size in number of facets of capacity polytope

Computation cost is not understood



Baseline performance 

Baseline performance through emulation of Store-and-Forward

Maximal capacity

Linear queue-size in number of facets of capacity polytope

Computation cost is not understood

There exists example of switched networks such that (cf. Xie-Shah 2019) 

Follows from a reduction to facet complexity cf. Goos-Jain-Watson (2016)

Num. of facets of capacity polytope is super-polynomially in num. of ques.



Baseline performance 

Baseline performance through emulation of Store-and-Forward

Maximal capacity

Linear queue-size in number of facets of capacity polytope

Computation cost is not understood

Moreover, Baseline performance does not mean optimal performance

e.g. under MW, queue-size always scales as  O(n2
/(1� ⇢))

<latexit sha1_base64="8zToF6+KJWkT0+Y583N3bhEkDVU=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjcQEDmKLJnokevEmJvKRQCXbZQsbtttmd6shyE/x4kFjvPpLvPlvXKAHRV8yyct7M5mZ58ecKe04X1ZmaXlldS27ntvY3NresfO7DRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36w8up37ynUrFI3OpRTL0Q9wULGMHaSF07f10UdxV0jIruUUcOolKpaxecsjMD+kvclBQgRa1rf3Z6EUlCKjThWKm268TaG2OpGeF0kuskisaYDHGftg0VOKTKG89On6BDo/RQEElTQqOZ+nNijEOlRqFvOkOsB2rRm4r/ee1EB+femIk40VSQ+aIg4UhHaJoD6jFJieYjQzCRzNyKyABLTLRJK2dCcBdf/ksalbJ7Uq7cnBaqF2kcWdiHAyiCC2dQhSuoQR0IPMATvMCr9Wg9W2/W+7w1Y6Uze/AL1sc3vo2Rug==</latexit>

There exists example of switched networks such that (cf. Xie-Shah 2019) 

Follows from a reduction to facet complexity cf. Goos-Jain-Watson (2016)

Num. of facets of capacity polytope is super-polynomially in num. of ques.



Baseline performance 

Baseline performance through emulation of Store-and-Forward

Maximal capacity

Linear queue-size in number of facets of capacity polytope

Computation cost is not understood

Computation cost of SFA

Proportional Fair is concave maximization over convex set

Poly number of oracle membership calls to convex set required

Asymptotically (in large queues) equivalent to Proportional Fair 

Oracle member may require poly computation in # of facets

cf. Massoulie (2008)



So, Where Are We, In General?

Policy Capacity Queue-size Complexity/
Implementation

Store-n-Forward 
Emulation Maximal

Gibbs  
Emulation Maximal SuperPoly(n) x 

DoubleExp(     ) fully distributed

Maximum Weight Maximal

IDEAL Maximal

IDEAL Maximal

1

1� ⇢
<latexit sha1_base64="DVQOdM5+jNTj+VCVYExX7pQOcyY=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4sSRV0GPRi8cK9gOaUDbbTbt0sxt2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8KOVMG8/7dtbWNza3tks75d29/YND9+i4pWWmCG0SyaXqRFhTzgRtGmY47aSK4iTitB2N7md+e0yVZlI8mUlKwwQPBIsZwcZKPdcNYoVJ7k9z/zJQQzntuRWv6s2BVolfkAoUaPTcr6AvSZZQYQjHWnd9LzVhjpVhhNNpOcg0TTEZ4QHtWipwQnWYzy+fonOr9FEslS1h0Fz9PZHjROtJEtnOBJuhXvZm4n9eNzPxbZgzkWaGCrJYFGccGYlmMaA+U5QYPrEEE8XsrYgMsY3C2LDKNgR/+eVV0qpV/atq7fG6Ur8r4ijBKZzBBfhwA3V4gAY0gcAYnuEV3pzceXHenY9F65pTzJzAHzifP0Q0k2s=</latexit>

n2

1� ⇢
<latexit sha1_base64="QQVyDba0mDTFDcY72oh0exfVJFM=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwYkmqoMeiF48V7Ac0sWy2m3bpZhN2N2IJ+StePCji1T/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7t6+fVBpqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScY30z9ziOVisXiXk8S6kd4KFjICNZG6tsVL5SYZOKhnmfumSdHcd63q07NmQEtE7cgVSjQ7Ntf3iAmaUSFJhwr1XOdRPsZlpoRTvOylyqaYDLGQ9ozVOCIKj+b3Z6jE6MMUBhLU0Kjmfp7IsORUpMoMJ0R1iO16E3F/7xeqsMrP2MiSTUVZL4oTDnSMZoGgQZMUqL5xBBMJDO3IjLCJgxt4iqbENzFl5dJu15zz2v1u4tq47qIowRHcAyn4MIlNOAWmtACAk/wDK/wZuXWi/VufcxbV6xi5hD+wPr8AdKQlEw=</latexit>

|facets(S)|
1� ⇢

<latexit sha1_base64="zEEIvJDsPlXVefB3KTS87uGMhC0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WogiWpgi6LblxWtA9oQplMJ+3QySTMTISS5h/c+CtuXCji1o07/8ZJm4W2HrhwOOde7r3HixiVyrK+jcLS8srqWnG9tLG5tb1j7u61ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NrjO//UCEpCG/V+OIuAEacOpTjJSWeuaJ4wuEk0niSB/6CBMl00riBEgNPQ/epceTNLFPHTEM055ZtqrWFHCR2DkpgxyNnvnl9EMcB4QrzJCUXduKlJsgoShmJC05sSQRwiM0IF1NOQqIdJPpTyk80kof+qHQxRWcqr8nEhRIOQ483ZkdK+e9TPzP68bKv3QTyqNYEY5ni/yYQRXCLCDYp4JgxcaaICyovhXiIdIhKR1jSYdgz7+8SFq1qn1Wrd2el+tXeRxFcAAOQQXY4ALUwQ1ogCbA4BE8g1fwZjwZL8a78TFrLRj5zD74A+PzB3EUnn8=</latexit>

poly
�
|facets(S)|

�
<latexit sha1_base64="GNy2WwFwlfB3mjb+m8LO6a0AzOI=">AAACGHicbVC7TsMwFHXKq5RXgJHFokJql5IUJBgrWBiLoA+piSrHdVqrzkO2gxSl+QwWfoWFAYRYu/E3OGkGaDmSpeNz7tW99zgho0IaxrdWWlvf2Nwqb1d2dvf2D/TDo64IIo5JBwcs4H0HCcKoTzqSSkb6ISfIcxjpOdPbzO89ES5o4D/KOCS2h8Y+dSlGUklD/TyxhAvDgMWp5dBxbZb/XYSJFGktsTwkJ44DH9L6LPPrQ71qNIwccJWYBamCAu2hPrdGAY484kvMkBAD0wilnSAuKWYkrViRICHCUzQmA0V95BFhJ/lhKTxTygi6AVfPlzBXf3ckyBMi9hxVmS0qlr1M/M8bRNK9thPqh5EkPl4MciMGZQCzlOCIcoIlixVBmFO1K8QTxBGWKsuKCsFcPnmVdJsN86LRvL+stm6KOMrgBJyCGjDBFWiBO9AGHYDBM3gF7+BDe9HetE/ta1Fa0oqeY/AH2vwH4PegRA==</latexit>

poly
�
|facets(S)|

�
<latexit sha1_base64="GNy2WwFwlfB3mjb+m8LO6a0AzOI=">AAACGHicbVC7TsMwFHXKq5RXgJHFokJql5IUJBgrWBiLoA+piSrHdVqrzkO2gxSl+QwWfoWFAYRYu/E3OGkGaDmSpeNz7tW99zgho0IaxrdWWlvf2Nwqb1d2dvf2D/TDo64IIo5JBwcs4H0HCcKoTzqSSkb6ISfIcxjpOdPbzO89ES5o4D/KOCS2h8Y+dSlGUklD/TyxhAvDgMWp5dBxbZb/XYSJFGktsTwkJ44DH9L6LPPrQ71qNIwccJWYBamCAu2hPrdGAY484kvMkBAD0wilnSAuKWYkrViRICHCUzQmA0V95BFhJ/lhKTxTygi6AVfPlzBXf3ckyBMi9hxVmS0qlr1M/M8bRNK9thPqh5EkPl4MciMGZQCzlOCIcoIlixVBmFO1K8QTxBGWKsuKCsFcPnmVdJsN86LRvL+stm6KOMrgBJyCGjDBFWiBO9AGHYDBM3gF7+BDe9HetE/ta1Fa0oqeY/AH2vwH4PegRA==</latexit>

poly
�
|facets(S)|

�
<latexit sha1_base64="GNy2WwFwlfB3mjb+m8LO6a0AzOI=">AAACGHicbVC7TsMwFHXKq5RXgJHFokJql5IUJBgrWBiLoA+piSrHdVqrzkO2gxSl+QwWfoWFAYRYu/E3OGkGaDmSpeNz7tW99zgho0IaxrdWWlvf2Nwqb1d2dvf2D/TDo64IIo5JBwcs4H0HCcKoTzqSSkb6ISfIcxjpOdPbzO89ES5o4D/KOCS2h8Y+dSlGUklD/TyxhAvDgMWp5dBxbZb/XYSJFGktsTwkJ44DH9L6LPPrQ71qNIwccJWYBamCAu2hPrdGAY484kvMkBAD0wilnSAuKWYkrViRICHCUzQmA0V95BFhJ/lhKTxTygi6AVfPlzBXf3ckyBMi9hxVmS0qlr1M/M8bRNK9thPqh5EkPl4MciMGZQCzlOCIcoIlixVBmFO1K8QTxBGWKsuKCsFcPnmVdJsN86LRvL+stm6KOMrgBJyCGjDBFWiBO9AGHYDBM3gF7+BDe9HetE/ta1Fa0oqeY/AH2vwH4PegRA==</latexit>

poly
�
n
�

<latexit sha1_base64="XzbTMbUIoPK9z4lDetHrcOSZ3UM=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkpSBV0W3bisYB/QhDKZTtqhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBezmccy9z5wQJZ0o7zre1srq2vrFZ2ipv7+zu7dsHh20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOPb3O88UqlYLB70JKF+hIeChYxgbaS+fZx5KkRJzCdTL2DDqsj7ed+uODVnBrRM3IJUoECzb395g5ikERWacKxUz3US7WdYakY4nZa9VNEEkzEe0p6hAkdU+dns/Ck6M8oAhbE0JTSaqb83MhwpNYkCMxlhPVKLXi7+5/VSHV77GRNJqqkg84fClCMdozwLNGCSEs0nhmAimbkVkRGWmGiTWNmE4C5+eZm06zX3ola/v6w0boo4SnACp1AFF66gAXfQhBYQyOAZXuHNerJerHfrYz66YhU7R/AH1ucP4nCVbQ==</latexit>

|facets(S)|
1� ⇢

<latexit sha1_base64="zEEIvJDsPlXVefB3KTS87uGMhC0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WogiWpgi6LblxWtA9oQplMJ+3QySTMTISS5h/c+CtuXCji1o07/8ZJm4W2HrhwOOde7r3HixiVyrK+jcLS8srqWnG9tLG5tb1j7u61ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NrjO//UCEpCG/V+OIuAEacOpTjJSWeuaJ4wuEk0niSB/6CBMl00riBEgNPQ/epceTNLFPHTEM055ZtqrWFHCR2DkpgxyNnvnl9EMcB4QrzJCUXduKlJsgoShmJC05sSQRwiM0IF1NOQqIdJPpTyk80kof+qHQxRWcqr8nEhRIOQ483ZkdK+e9TPzP68bKv3QTyqNYEY5ni/yYQRXCLCDYp4JgxcaaICyovhXiIdIhKR1jSYdgz7+8SFq1qn1Wrd2el+tXeRxFcAAOQQXY4ALUwQ1ogCbA4BE8g1fwZjwZL8a78TFrLRj5zD74A+PzB3EUnn8=</latexit>

n

1� ⇢
<latexit sha1_base64="aUZ6t/g8YdDELVpNNEerTweW42U=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4sSRV0GPRi8cK9gOaUDbbTbt0sxt2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8KOVMG8/7dtbWNza3tks75d29/YND9+i4pWWmCG0SyaXqRFhTzgRtGmY47aSK4iTitB2N7md+e0yVZlI8mUlKwwQPBIsZwcZKPdcNYoVJLqa5fxmooZz23IpX9eZAq8QvSAUKNHruV9CXJEuoMIRjrbu+l5owx8owwum0HGSappiM8IB2LRU4oTrM55dP0blV+iiWypYwaK7+nshxovUkiWxngs1QL3sz8T+vm5n4NsyZSDNDBVksijOOjESzGFCfKUoMn1iCiWL2VkSG2EZhbFhlG4K//PIqadWq/lW19nhdqd8VcZTgFM7gAny4gTo8QAOaQGAMz/AKb07uvDjvzseidc0pZk7gD5zPH6LNk6g=</latexit>

= conjecture



So, Where Are We, For Input-Queued Switch?

Policy Capacity Queue-size Condition Reference

Store-n-
Forward 

Emulation
Maximal Shah-Walton-

Zhong (2014)

Maximum 
Weight Maximal Maguluri-

Srikant (2016)

Clever 
Batching Maximal Xu-Zhong 

(2019)

IDEAL Maximal ?

= conjecture

⇢ � 1�O
� 1

n4+

⌘

<latexit sha1_base64="kxJmxkYZnGyITNyp0RboDCMy4xc=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoEUtSC7osdePOCvYBTSyT6SQdOpnEmYlQQr7Bjb/ixoUibl2582+cPhZaPXDhcM693HuPFzMqlWV9Gbml5ZXVtfx6YWNza3vH3N1ryygRmLRwxCLR9ZAkjHLSUlQx0o0FQaHHSMcbXUz8zj0Rkkb8Ro1j4oYo4NSnGCkt9c2yI4YRdAJyB214Aq8cjwYlxxcIp3aW8tu0dpxlToMG5b5ZtCrWFPAvseekCOZo9s1PZxDhJCRcYYak7NlWrNwUCUUxI1nBSSSJER6hgPQ05Sgk0k2nL2XwSCsD6EdCF1dwqv6cSFEo5Tj0dGeI1FAuehPxP6+XKP/cTSmPE0U4ni3yEwZVBCf5wAEVBCs21gRhQfWtEA+RzkPpFAs6BHvx5b+kXa3Yp5Xqda1Yb8zjyIMDcAhKwAZnoA4uQRO0AAYP4Am8gFfj0Xg23oz3WWvOmM/sg18wPr4BrdacPQ==</latexit>

uniform � = [⇢]
<latexit sha1_base64="9ohCXzhjHgpyR5w8awLwNMA/dH4=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsxUQTdC0Y3LCvYBM0PJZDJtaJIZkoxQhrpx46+4caGIW7/BnX9j2s5CWw8EDufcQ+49Ycqo0o7zbZWWlldW18rrlY3Nre0de3evrZJMYtLCCUtkN0SKMCpIS1PNSDeVBPGQkU44vJ74nXsiFU3EnR6lJOCoL2hMMdJG6tmHua9imBkpkfxhDH1mshG69Hw5SIKeXXVqzhRwkbgFqYICzZ795UcJzjgRGjOklOc6qQ5yJDXFjIwrfqZIivAQ9YlnqECcqCCfnjGGx0aJoFnEPKHhVP2dyBFXasRDM8mRHqh5byL+53mZji+CnIo000Tg2UdxxqBO4KQTGFFJsGYjQxCW1OwK8QBJhLVprmJKcOdPXiTtes09rdVvz6qNq6KOMjgAR+AEuOAcNMANaIIWwOARPINX8GY9WS/Wu/UxGy1ZRWYf/IH1+QNnqZkT</latexit>

any �
<latexit sha1_base64="ecN+gXakxfKNifWlQuhnSsvoT74=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmqoMuiG5cV7APaUCaTSTt0MgkzE7GE+CluXCji1h9x5984bbPQ1gMDh3Pu4d45fsKZ0o7zbZXW1jc2t8rblZ3dvf0D+7DaUXEqCW2TmMey52NFORO0rZnmtJdIiiOf064/uZn53QcqFYvFvZ4m1IvwSLCQEayNNLSr2UCFCIvpU44G3OQCPLRrTt2ZA60StyA1KNAa2l+DICZpRIUmHCvVd51EexmWmhFO88ogVTTBZIJHtG+owBFVXja/PUenRglQGEvzhEZz9Xciw5FS08g3kxHWY7XszcT/vH6qwysvYyJJNRVksShMOdIxmhWBAiYp0XxqCCaSmVsRGWOJiTZ1VUwJ7vKXV0mnUXfP6427i1rzuqijDMdwAmfgwiU04RZa0AYCj/AMr/Bm5daL9W59LEZLVpE5gj+wPn8A3bmUUw==</latexit>

⇢ � 1�O

⇣ 1

n2

⌘

<latexit sha1_base64="oQzxBQ6H3B5+Yb5nbSFBiYKbbsU=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiCVgSopSDBWZWGjSPQhNaFyXKe16jjBdpCqKD/Awq+wMIAQKzsbf4PTZoDCka50dM69uvceL2JUKsv6MgoLi0vLK8XV0tr6xuaWub3TlmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vsj8zj0Rkob8Rk0i4gZoyKlPMVJa6psHjhiF0BmSO2gfXzkNOqw4vkA4sdOE39bSTDnqm2Wrak0B/xI7J2WQo9k3P51BiOOAcIUZkrJnW5FyEyQUxYykJSeWJEJ4jIakpylHAZFuMv0mhYdaGUA/FLq4glP150SCAikngac7A6RGct7LxP+8Xqz8czehPIoV4Xi2yI8ZVCHMooEDKghWbKIJwoLqWyEeIR2G0gGWdAj2/Mt/SbtWtU+qtevTcr2Rx1EEe2AfVIANzkAdXIImaAEMHsATeAGvxqPxbLwZ77PWgpHP7IJfMD6+AWysmoY=</latexit>E
hX

i,j

Qij

i
 c

n

1� ⇢(�)
+ n3

<latexit sha1_base64="tafdb6piX7r4L8nk7eNf/YcFyVU="></latexit>

E
hX

i,j

Qij

i
 c

n

1� ⇢(�)
+ n3

<latexit sha1_base64="tafdb6piX7r4L8nk7eNf/YcFyVU="></latexit>

1�O

⇣ 1

n

⌘
� ⇢ � 1�O

⇣ 1

n2

⌘

<latexit sha1_base64="91QI9t13rYOEyt1H6jthxx4CVW8=">AAACKXicbZDLSgMxFIYz9VbrrerSTbAIddEyqYIuS924s4K9QGcsmTTThmYyY5IRytDXceOruFFQ1K0vYtrOorYeCHz85z+cnN+LOFPatr+szMrq2vpGdjO3tb2zu5ffP2iqMJaENkjIQ9n2sKKcCdrQTHPajiTFgcdpyxteTfqtRyoVC8WdHkXUDXBfMJ8RrI3UzVcRLMEbp8b6RceXmCAx4VPo9OkDdOQgnBEqzXkSNE7EfWU8dXbzBbtsTwsuA0qhANKqd/NvTi8kcUCFJhwr1UF2pN0ES80Ip+OcEysaYTLEfdoxKHBAlZtMLx3DE6P0oB9K84SGU3V+IsGBUqPAM84A64Fa7E3E/3qdWPuXbsJEFGsqyGyRH3OoQziJDfaYpETzkQFMJDN/hWSATRjahJszIaDFk5ehWSmjs3Ll9rxQraVxZMEROAZFgMAFqIJrUAcNQMATeAHv4MN6tl6tT+t7Zs1Y6cwh+FPWzy8WK6Qo</latexit>

E
hX

ij

Qij

i
 eO

⇣
n

(1� ⇢)4/3

⌘

<latexit sha1_base64="ZXaFkd2mcTZlNIqg0slGrMZX4h0="></latexit>

uniform � = [⇢]
<latexit sha1_base64="9ohCXzhjHgpyR5w8awLwNMA/dH4=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsxUQTdC0Y3LCvYBM0PJZDJtaJIZkoxQhrpx46+4caGIW7/BnX9j2s5CWw8EDufcQ+49Ycqo0o7zbZWWlldW18rrlY3Nre0de3evrZJMYtLCCUtkN0SKMCpIS1PNSDeVBPGQkU44vJ74nXsiFU3EnR6lJOCoL2hMMdJG6tmHua9imBkpkfxhDH1mshG69Hw5SIKeXXVqzhRwkbgFqYICzZ795UcJzjgRGjOklOc6qQ5yJDXFjIwrfqZIivAQ9YlnqECcqCCfnjGGx0aJoFnEPKHhVP2dyBFXasRDM8mRHqh5byL+53mZji+CnIo000Tg2UdxxqBO4KQTGFFJsGYjQxCW1OwK8QBJhLVprmJKcOdPXiTtes09rdVvz6qNq6KOMjgAR+AEuOAcNMANaIIWwOARPINX8GY9WS/Wu/UxGy1ZRWYf/IH1+QNnqZkT</latexit>

E
hX

i,j

Qij

i
 c

n

1� ⇢(�)
+ n3

<latexit sha1_base64="tafdb6piX7r4L8nk7eNf/YcFyVU="></latexit> any �
<latexit sha1_base64="ecN+gXakxfKNifWlQuhnSsvoT74=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmqoMuiG5cV7APaUCaTSTt0MgkzE7GE+CluXCji1h9x5984bbPQ1gMDh3Pu4d45fsKZ0o7zbZXW1jc2t8rblZ3dvf0D+7DaUXEqCW2TmMey52NFORO0rZnmtJdIiiOf064/uZn53QcqFYvFvZ4m1IvwSLCQEayNNLSr2UCFCIvpU44G3OQCPLRrTt2ZA60StyA1KNAa2l+DICZpRIUmHCvVd51EexmWmhFO88ogVTTBZIJHtG+owBFVXja/PUenRglQGEvzhEZz9Xciw5FS08g3kxHWY7XszcT/vH6qwysvYyJJNRVksShMOdIxmhWBAiYp0XxqCCaSmVsRGWOJiTZ1VUwJ7vKXV0mnUXfP6427i1rzuqijDMdwAmfgwiU04RZa0AYCj/AMr/Bm5daL9W59LEZLVpE5gj+wPn8A3bmUUw==</latexit>

⇢ < 1
<latexit sha1_base64="+O3ifpEEx+m57Mb/0NhJBuF17/Y=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8ld0q6MFD0YvHCvYD2qVk02wbmk3WJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxPBjfW8b7Syura+sVnYKm7v7O7tlw4Om0almrIGVULpdkgME1yyhuVWsHaiGYlDwVrh6Hbqt56YNlzJBztOWBCTgeQRp8Q6qd3VQ4Wvsd8rlb2KNwNeJn5OypCj3it9dfuKpjGTlgpiTMf3EhtkRFtOBZsUu6lhCaEjMmAdRyWJmQmy2b0TfOqUPo6UdiUtnqm/JzISGzOOQ9cZEzs0i95U/M/rpDa6CjIuk9QySeeLolRgq/D0edznmlErxo4Qqrm7FdMh0YRaF1HRheAvvrxMmtWKf16p3l+Uazd5HAU4hhM4Ax8uoQZ3UIcGUBDwDK/whh7RC3pHH/PWFZTPHMEfoM8fwn2PIA==</latexit>
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That’s all, folks!

Thank you.


