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ABSTRACT

This paper presents a simple inverted pendulum gait model
to study walking under slip conditions. The model allows for
both the horizontal and vertical movements of the center of mass
during normal walking and walking gaits with foot slip. Stability
of the system is analyzed using the concept of capturability. Con-
sidering foot placement as a control input, we obtain the stable
regions which lead to stable gait. The size of those stable regions
is used to evaluate the effect of the coefficient of friction and the
slip reaction time on capturability. We also analyze the feasibility
of recovery from slip gait in relation to the coefficient of friction
and the reaction time. The results confirm the effectiveness of the
model and the capturability developement.

INTRODUCTION

Fall-related injuries are the largest contributor to the eco-
nomic burden of injuries among the elderly in the US [1]. In
the general population, the fall-related injuries are second only
to motor vehicle injuries when it comes to lifetime costs [2]. Nu-
merous studies have been conducted to examine fall [3,4]. How-
ever, majority of such studies focus on clinical experiments to
describe the variables for the onset of slip and to detect such oc-
currences [5,6]. In order to better understand the fundamentals of
bipedal walking and slip, various simplified analytic models have
been presented [7-9]. This kind of abstract models have been
developed from simple single inverted pendulums (LIP) [10,11],
to the more complex models that are obtained by stacking to-
gether multiple pendulums [12, 13]. In order to reduce the com-

plexity, the majority of models use simplified, linear dynamics
(e.g., [14]). Such a simplification neglects the vertical motion
of mass, which is a critical part of slip gait. Hence, a model
which allows for the vertical movement of mass, similar to [15]
is needed to study walking gait with foot slip. Many walking
models require a non-slip condition between the ground and the
foot. Planning approaches have been proposed under non-slip
conditions [16] to ensure compliance with slip restrictions [17].
On the other hand, some models allow slip conditions by incor-
porating friction into their dynamics, such as [18] the two mass
LIP model in [19].

Stability is one of the main research topics for bipedal walk-
ers. Dynamic stability [20] examines the relation of the center
of mass (COM) to the size of the support base of the walker.
To better describe the concept of stability during walking gait,
the concept of divergent component of motion (DCM) or capture
point (CP) was introduced in [21] and later expanded [22, 23].
Along with the capture point, the capture region is defined as the
region where a foot can be placed in order to bring a biped to
stop in a single step. Capture regions are extended by omitting
a single step requirement and thereby obtaining the concept of
capturability [24]

This work presents a simple inverted pendulum model to in-
corporate vertical movement as well as a slip contact condition.
First, the non-linear dynamics are presented for both non-slip and
slip conditions. A model is presented to describe multiple steps
and the concept of capturability. We then present the captura-
bility analysis as a function of different parameters such as the
friction coefficient and walker’s reaction time. The main con-
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FIGURE 1. The inverted pendulum model for bipedal walkers

tribution of this work is to apply the concept of capturability to
walking gaits with foot slip. Capture regions are calculated and
the effects of varying the friction coefficient and the time be-
tween steps are presented.

PENDULUM MODEL DYNAMICS

When considering normal walking without slip, it is as-
sumed that the contact point between the pendulum and the
ground is stationary. In order to simplify the model, it is usually
assumed that the COM stays at constant height. When dealing
with slip, both of those assumptions have to be relaxed in order
to sufficiently describe the motion.

The model used in this work considers a constant length
[ inverted pendulum, with mass m and a moment of inertia J
around the COM. Figure 1 shows the model schematic of the
biped walker. The Cartesian location of the COM is denoted in
the ground fixed xz frame and ¢ denotes the angle of the pen-
dulum from the vertical position. Mass m represents the concen-
trated mass of the entire body, while moment J represents the
mass moment of inertia of the pendulum and the reaction forces
at the point of contact are denoted as F in horizontal and F; in
vertical direction. No ankle actuation is considered in the model.

Dynamics without slip

In the case when no slip occurs and the contact point is sta-
tionary, the dynamics equation in the horizontal, vertical and ro-

tational directions are given respectively as follows,

F,
i=- (1)
m
F.
i=——g, @)
m
. Fl Fl
o = %sin(])JrTcosd). 3)

Combining Eqgs. (1) - (3). we eliminate the reaction force vari-
ables and obtain a single equation

L — zsing —scos ¢+ gsin @
ml

Since the contact point is always on the ground and is stationary,
variables x and z can be expressed as

x=I[sing, z=1Icos¢ 5)

Taking time derivatives of Eq. (5) and substituting them into Eq.
(4), a final form of dynamic equation is obtained:

_ mlgsing

0= ime ©)

Dynamics under slip When the contact point experi-
ences slip, the governing Egs. (1), (2) and (3) still hold. Since
the standing leg does not leave the ground during slip, relation-
ship in z is still Eq. (5) is still held.

The relationship in Eq. (5) describes the relation between
x and the angle ¢ in the non-slip case and is not valid under
foot slip. Rather, x is treated as a state variable and describes
the horizontal distance between the center of mass and the foot
initial contact point.

During the slip phase, a simple friction relation between the
reaction forces is assumed F, = [ F; sign(xy), where u is a fric-
tion coefficient and sign(x;) equals to 1 and —1 when x; > 0 and
X5 < 0, respectively. The dynamic equations under slip condi-
tions are then written as

$ = _IJL:Z" (sgn(%)sing + p cos 9), O
¥ =sgn()p (Igsing +19°cosp —g), ®)
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or alternatively in explicit form:

sgn(x)ml(g —1¢? cos ¢)(sgn(x) sin + pcos )

L 9
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If we choose x; as the state variable, namely

x=x;+1sing. (11
Eq. (10) is then rewritten as

¥y =%+1¢%sing — ¢ cos¢ (12)

or explicitly:

. Isgn(x)(sgn(x)sin¢ + L cos 0)(JP* +mi>$* —mglcos @)
= J +sgn(x)2msin ¢ (sgn(x)sin¢ + pcos ¢)
N sgn(xt) g/u
J +sgn(x)2msin ¢ (sgn(x) sin ¢ + fLcos¢)’
(13)

Slip often happens at the moment the heel strikes the ground
but may also occur at any other moments of gait phase. Given
a set of state variables (¢, ¢ ,x,, %), if X, = 0, Eq. (6) is used to
compute ¢. Then, by combining Egs. (1), (2) with (5) and (2?),
we calculate reaction forces as:

Fe = ml(¢>cos¢ + ¢ sing), (14)
F, = mg—ml($?sing + ¢ cos ). (15)

To maintain the contact with the ground, F; > 0 is required for
any valid gait. Next, it is verified whether the coefficient of fric-
tion is sufficient. If |F,| < uF;, the friction at the contact point is
sufficient so that slip does not occur and s = %; = 0. If |Fy| > UF;
or x; 7 0, the system is under slip and Eqgs. (9) and (13) are used
to compute the dynamics.

Multiple steps

To describe continuous and discrete changes between two
steps, subscript f is used to denote the final value of a variable
from previous step, while subscript i denotes the initial value in
the next step. During a single step, the dynamics is predicted as
an initial value problem with initial values xg;, X;, ¢; and (j)i and
governed by Eqgs. (9) and (10). A single step is assumed to have

a fixed duration of ¢, so that after time #;, the values for the state
variables are X, 7, X r, 7 and ¢y.

In order to initiate the next step, the position of the stance
foot is instantaneously reassigned and consequently, a discrete
jump from ¢y to ¢; is enforced. Since the COM moves continu-
ously, it is assumed that the x and z components are continuous
xy = x; and zy = z;. Furthermore, the change in the position of
the foot is given as a control input xy; = x, y + u. With the conti-
nuity equations for COM position and a control input for x;, the
new angle ¢; can be calculated as

o lfsind)ffu
¢; = atan <lf cosd; ) (16)

Where [ is the length of the pendulum during the previous step.
Note that the constant length / remains unchanged only during
continuous phase. When the foot slips, for given position of
COM, the leg has to extend accordingly to reach the control input
u and its length is thus calculated as

cos Py
=1 17
=Y cos ; a7

To determine x,; and (]Si, two more equations are sought. The
first equation comes from conservation of linear momentum in
horizontal direction and the continuity in x, thus Xy = %;. To
obtain a second equation, an additional equation is prescribed
depending on the slip condition. In case of non-slip conditions,
the contact point velocity is assumed to be zero and in the case
of slip, the rotational velocity is assumed zero. The missing two
equations are thus written as

. . lycosy .
| = Qo ——=, 5i=0 138
2 ¢flf cos ¢ * (18)

for non-slip conditions, and
¢ =0, Xyi =%y +1rPpcos Py (19)

for slip conditions.

Another plausible treatment is to assume the conservation of
total kinetic energy and then zy = z;. However, given the rigidity
of the leg, this approach tends to result in non-realistic conditions
close to singularity. If the foot is positioned in such a way that
velocities Z and x align with the leg, then the resulting angular
velocity experiences singularity, that is, ¢; — oo.
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Capturability concept

A framework for capturability was first presented by Koolen
et al. [24]. For the reader’s convenience, the basic idea is re-
peated here. A hybrid dynamic system is described by continu-
ous dynamics X = f(x,u), where X is the state of the system and
u is a possible control input, and discrete dynamics x < gj(x)
presents a discrete jump in X. A set Xgajled, represents all of the
failed states and should be avoided at all costs. A state Xq is con-
sidered N-step capturable, if there exists at least one evolution
starting at X and containing N steps, the state varables set never
reaches Xgjled- Next, an N-step viable capture basin is defined
as the set of all N-step capturable states. This is equivalently ex-
pressed as a set of all the initial states xg for which there is at least
one evolution which leads to an (N-1)-step viable capture basin.
The 0-step viable capture basin is the set of captured states. The
system in such a basin is considered captured, in other words,
such a system is in an equilibrium position and comes to a stop.
Given a system with known X and X¢ajieq, We can define its cap-
ture points. A point on the ground is a N-step capture point, if
and only if there exists at least one evolution starting at X and
containing a single step which leads to an (N-1)-step capturable
state. The N-step capture region is then a set of all N-step capture
points. It is important to note that choosing an N-step capture
point for the next step is a necessary but not sufficient condition
for reaching a captured state.

In this work we are use the concept of capturability with
N = 2. This means that after the system is set in motion with a
set of initial conditions Xxo, we observe 2-step capture regions. In
order to bring the system to a stop within two steps, the walker
must take the first step in one of such regions. If there exists a
1-step capture region, we treat those as a special case of 2-step
capture regions, where the second step is of zero size.

Initial conditions and foot placement

The parameters of the model are as follows: m =70 kg, [ =
1.2m, and J = 10 kg m2. The coefficient of friction and time
between steps are (L = 0.15 and #; = 0.45 s. The largest distance
of the step is chosen u,;, = 0.8 m in either direction. For all
the simulations, the system is set in motion by initial state xg =
(90, o, x50, %s0), where ¢o = —20°, dg = 70°s~!, x;0 = 0 m and
X0=03ms !,

Initial conditions were deliberately chosen to emulate the
common behavior of slip which presents the possibility of
falling. Given those initial conditions, at the end of the first con-
tinuous phase, the system slips forward with x; > 0 and the angu-
lar velocity is negative ¢ < 0. In order to mitigate the slip, a step
backwards to reduce x and increase ¢ and F has to be initiated.
To obtain the capture regions, all the capture points have to be
evaluated numerically by examining the behavior of the system
for each positioning of the foot from 0 to 0.8 m behind the cur-
rent standing foot with an increment of 5 mm. The locations of

the first step are noted and the system is propagated continuously
through its standing phase. Depending on the foot placement, the
biped walker might experience no slip, or slip in either direction.
For that reason, the location of the foot placement for subsequent
steps is not restricted to either positive or negative values but
instead encompasses all the locations |u| < upg,. Thus we use
u € (—0.8,0.8) m with a 2 mm increment.

A captured state is determined as x; = 0, ¢ = 0 and ¢ = 0.
Since the final position is only calculated for a set of discrete
values for steps, the captured state condition is relaxed to x; = 0,
|¢| < & and |¢| < & where § is a small number. If at any time
during the simulation, the value of the angle exceeds the limit
|¢| > 70°, the system is considered to have fallen and has entered
Xfailed-
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FIGURE 2. Snapshot of models with the same control input but dif-
ferent p in motion. Solid and dashed lines show the beginning and the
end of continuous phase respectively.

We present simulation results in this section. Fig. 2 shows
snapshots of the model in motion. The solid line represents the
position at the beginning of the continuous phase, right after the
step was taken, while the dashed line represents the end of con-
tinuous phase immediately before the next step is taken. Thus
the dashed model represents the system at an interval of #; after
the solid model on the same plot. The topmost snapshots rep-
resent the first continuous phase that is set in motion by initial
conditions. The middle snapshots show the system after the first
step is taken while the bottom snapshots represent the propaga-
tion after the second step. The left and the right column have an
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0z Capturability regions for different friction coefficients
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FIGURE 3. Capture regions in relation to 1. Each line represents the
area of the ground where a walker with a given u has to step in order to
reach the captured state

identical control input, initial conditions and all the parameters.
The coefficient of friction is y = 0.14 for the left column and
u =0.17 for the right column.

Fig. 2 represents the gait where the length of the steps are
u; = —0.55 m and up, = 0.104 m. These values were chosen
because they stabilize the walker with u = 0.14. Initially, the
contact foot is placed at the point x; = 0, however due to slip, the
contact point moves forward and the COM moves downward. To
counteract this movement, step u; is taken backwards and the
system continues as shown in the second row of Fig. 2. Under
the low friction condition, the system keeps slipping, while the
higher friction ensures that the slip stops almost immediately.
The next goal is to determine whether the point u; is a capture
point for each of the cases. We demonstrate that by taking a
forwards step uy, the low friction condition (i = 0.14) comes to
rest, thus making the point u#; a 2-step capture point. However,
the same second step does not bring the high friction (u = 0.17)
to equilibrium. In fact, no possible second step, would bring the
high friction system to rest and thus, the point #; is not a 2-step
capture point in case of 4 = 0.17.

Influence of coefficient of friction

In order to study capture regions,repeated calculation is per-
formed for all possible step sizes. Similar calculation is repeated
for different values of the friction coefficient and the results are
presented in Fig. 3.

Fig. 3 shows the capture regions, where the abscissa is the
location of the point on the ground and the ordinate is the value of
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FIGURE 4. Size and location of capture regions with regards to coef-
ficient of friction

u. It can be seen that the capture region moves further back when
the values of the coefficient of friction decreases. Conversely, if
the value of u increases, the region moves forward, and the case
of 1 = 0.2 encompasses x = 0, when the back step is no longer
required for recovery. With further increasing the u, the slip gets
eliminated during the first step and no corrective action is needed
when placing the foot.

Fig. 4 shows the same results in different representation. In-
stead of representing as straight lines, the capture regions are
shown with two parameters: their width and the distance of the
centers from the current foot position, which is defined as zero.
This plot also shows that with decreasing (t, not only do the cen-
ters of regions move further back, but the capture regions also
become narrower.

With lower u, the rotation |@| is higher, thus requiring a
longer step back to sufficiently lower the |@|. On the other hand,
if the step backwards is too large, a foot slip with x; < 0 occurs.
Due to those constrains, capture regions get narrower with de-
creasing U.

Influence of reaction time

The effects of varying step time on capture regions are sim-
ilar but opposite to the effects of varying coefficient of friction.

Fig. 5 confirms that when reducing the time between steps,
the required step back becomes shorter. Further, taking a step in
a shorter amount of time allows for more variance in the position-
ing of the foot and still results in an equilibrium position. Fig. 6
illustrates the capture region locations and sizes as a function of
step time duration. The relationship between p and step time
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Capturability regions for different time between steps
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FIGURE 5. Capture regions in relation to time between two steps
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duration is apparent when comparing Figs. 4 and 6. Increasing
the step time duration has similar effects as decreasing the co-
efficient of friction as they both narrow the capture regions and
shift the regions backwards. The capture regions are identical on
both plots centered at -0.54 m from standing foot when identical
parameters ¢ = 0.15 and #; = 0.45 are considered. The width
of the capture region is easily influenced by the friction coeffi-
cient, whilst the location of the regions changes more with time
duration variation.

CONCLUSIONS

This paper presented a new inverted pendulum model that
allows for the horizontal as well as the vertical movement of
center of the mass. Such a model enabled a realistic gait study
under slip conditions. Given a set of initial conditions, slip re-
covery was computed with varying parameters for the duration
of a single step and the friction coefficient between the foot and
the floor. It was found that lowering the coefficient of friction or
increasing the time between steps has a similar two-fold effect.
First, the required step has to be taken further away from pre-
vious standing foot in a direction opposite to the slip. Second,
the leg has to be positioned more precisely. This implied that for
a person to recover from slip, low friction and a large reaction
time might present significant challenges. Those observations
coincided with previous empirical knowledge from clinical stud-
ies.
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