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The focus of this paper is on the global sensitivity analysis (GSA) of linear systems with
time-invariant model parameter uncertainties and driven by stochastic inputs. The Sobol’
indices of the evolving mean and variance estimates of states are used to assess the
impact of the time-invariant uncertain model parameters and the statistics of the stochas-
tic input on the uncertainty of the output. Numerical results on two benchmark problems
help illustrate that it is conceivable that parameters, which are not so significant in con-
tributing to the uncertainty of the mean, can be extremely significant in contributing to
the uncertainty of the variances. The paper uses a polynomial chaos (PC) approach to
synthesize a surrogate probabilistic model of the stochastic system after using Lagrange
interpolation polynomials (LIPs) as PC bases. The Sobol’ indices are then directly eval-
uated from the PC coefficients. Although this concept is not new, a novel interpretation of
stochastic collocation-based PC and intrusive PC is presented where they are shown to
represent identical probabilistic models when the system under consideration is linear.
This result now permits treating linear models as black boxes to develop intrusive PC
surrogates. [DOI: 10.1115/1.4041622]

1 Introduction

Integral to the task of forecasting is the uncertainty in initial con-
ditions, model parameters, unmodeled dynamics, and stochastic
disturbances. The Kalman filter [1] and its numerous derivatives
such as the unscented transform filter [2], conjugate unscented
transform filter [3], and ensemble Kalman filter [4,5] use the mean
and covariance to quantify the uncertainty in the evolving states of
a dynamic process. The typical source of uncertainty in a Kalman
filter is process noise, which can represent unmodeled dynamics or
stochastic input, and the uncertainty in the states is a function of
the initial state uncertainty and the statistics of the stochastic input.
Model parameter uncertainties are not typically included in charac-
terizing the uncertainty in the forecast variables under the frame-
work of the Kalman paradigm. In the presence of model parameter
uncertainties, one is confronted with the question: how confident
can one be in the estimate of the variance of the output resulting
from the propagation of Kalman filters.

Whether the goal is evacuation in the face of an impending hur-
ricane, grounding a high value asset for preventative maintenance,
fault detection and isolation or avoiding expensive maneuvering
of the space station to avoid the potential of collision with space
debris, uncertainty in the state estimates is the bane of any deci-
sion maker. It is, therefore, not difficult to motivate the need to
comprehend the impact of various sources of uncertainties on the
uncertainty of the output of interest. This formal apportionment of
uncertainty in the output to the various causal uncertain sources
can permit identification of the subset of the uncertain sources
that predominantly contribute to the uncertainty in the output.
This is the purview of global sensitivity analysis (GSA), which
has garnered increasing attention over the past two decades [6].

Global sensitivity analysis has been exploited by Cho et al. [7]
where they submit that parameter sensitivity analysis can be used
to provide guidance on which measurement to consider for better
estimation of model parameters. This in essence is an efficient

(optimal) design of experiments to maximize the accuracy of the
estimation of model parameters [8].

Global sensitivity analysis can be used to exercise the spirit of
Occam’s Razor, which is an articulation of endorsing the simplest
model. GSA can help identify variables, which have minimal to
no impact on the output and can consequently be eliminated (or
fixed) from the set of variables used to parameterize the model,
i.e., help in model reduction [6].

Global sensitivity analysis has also been used to characterize con-
tribution of uncertainty to outputs of interest, which vary over time
[9–13]. Since this division of contribution keeps changing dynami-
cally, it is often desired to know when the influence of an uncertain
parameter is significant. For example, it is possible that a parameter
is seen to be most significant during transients while its influence is
minimal elsewhere in time. For applications where the steady-state
operation is of interest, it might be then prudent to not invest resour-
ces in better estimating those parameters since their influence is
minimal at the time of interest. McRae et al. [12] (where the popular
Fourier amplitude sensitivity test method for doing GSA was devel-
oped) talked about the dynamic nature of sensitivities. A simple
chemical reaction was considered and the time-varying influence of
the input uncertain parameters on it was presented. In another
example, McCarthy et al. [11] studied the temporal dynamics of
parameter sensitivities for gene expression in Drosophila embryos
where they showed that influence of certain parameters like
mRNA decay rate increased significantly over time while other
parameters such as those related to transcription and translation
decreased. These observations aligned with experimental results
and allowed them to corroborate existing theories on the dynamic
nature of gene expression in developing Drosophila embryos.

Cao et al. [14] looked at Sobol’ Indices-based GSA for linear
systems with parametric uncertainties and process noise for the
first time. Analytical expressions for the evolution of only the
first-order Sobol indices were derived and numerical examples
where their analytical solutions aligned with Monte Carlo results
were presented. However, the analytical expressions required
indefinite symbolic integrals of impulse responses. This approach
requires detailed knowledge of the linear model and its structure,
which may not be discernible for all practical applications. The
work in this paper, in contrast, presents a way to determine the
Sobol’ indices (first-order effects as well as higher order effects)
while treating the stochastic linear model as a black box, thus
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eliminating the need for exploiting the structure of the model in
evaluating symbolic integrals.

This paper uses polynomial chaos (PC) to develop a surrogate
probabilistic model for the stochastic linear system. PC is an
uncertainty quantification tool, which has been used extensively
in the literature to characterize the propagation of uncertainty
through odes and pdes. It is shown in this work that an intrusive
approach to determining PC coefficients is equivalent to differen-
tially weighing several realizations of the stochastic system (simi-
lar to the stochastic collocation approach) when the system under
analysis is linear and the uncertainties individually appear linearly
in the model. This is done by assuming a novel set of bases, i.e.,
the Lagrange interpolation polynomials (LIPs) for the intrusive
PC expansion, which has not been considered in the literature
before. It allows one to develop an intrusive PC model nonintru-
sively for linear systems and makes evaluation of PC coefficients
computationally cheaper.

After determining the PC probabilistic model, the pioneering
work of Sudret [15] and Crestaux et al. [16] is used to derive the
Sobol’ indices at a negligible computational cost. Although PC
has been used for GSA of linear dynamic systems before in Ref.
[10], process noise as a disturbance to the model has never been
considered. In this work, process noise is included while develop-
ing the PC model. Hence, when the Sobol’ indices are derived,
they reflect the contribution of the input parameters in the pres-
ence of process noise since the statistical information about the
process noise is already embedded in them.

The outputs of interest in this paper are considered to be the
first two moments of the stochastic system under the influence of
Gaussian disturbance (or white process noise). The Sobol’ indices
associated with the mean represent the influence input model
parameters have on the system when there is no disturbance. The
indices associated with the second moment on the other hand rep-
resent how much the parameters influence our estimate of the var-
iance of the states, i.e., we seek to characterize the source of
uncertainty in the estimate of the variance (here, variance refers to
variance due to process noise alone). The readers are encouraged
to think in terms of figuring out how globally sensitive the var-
iance estimate is to the uncertainty ranges of the model input
parameters. Such an analysis is novel (to the authors’ best knowl-
edge) and forms the second major contribution of this paper.

The paper has been structured in the following way: Section 2
describes the systems of interest and the desired objective of the
work. Section 3 provides an overview of Sobol’ Indices. Section 4
presents the quantification of uncertainty propagation through
time due to process noise and uncertain model parameters. This
section also presents the equivalence of nonintrusive stochastic
collocation-based polynomial chaos and the intrusive Galerkin
projection approach. Section 5 presents results from literature on
the determination of Sobol’ indices from Polynomial Chaos coef-
ficients. Section 6 applies the methods of the paper on two numer-
ical examples for illustration. The paper finally terminates with
concluding remarks in Sec. 7.

2 Problem Statement

Consider the continuous-time linear stochastic system of the
form

_x ¼ A nð Þxþ B nð Þuþ G nð Þw (1)

with initial conditions x 0ð Þ ¼ x0 nð Þ, where x 2 Rn is the state
vector of the system, u 2 Rm is the input vector, w 2 Rq is an
additive noise term, and n 2 Rp is a vector of uncertain parame-
ters. The uncertain parameter vector n is modeled as a time invari-
ant random variable with a known probability distribution
function (pdf). In this work, it is assumed that the pdf of n is uni-
form. It is also assumed that w tð Þ evolves according to a continu-
ous white noise process with a probability measure given by

Ew w tð Þ½ � ¼ 0 (2)

Ew w t1ð Þw t2ð ÞT
h i

¼ Q nð Þ
ð1

0

d t1 � t2ð Þdt1 (3)

where Q nð Þ denotes the parameter-dependent co-variance, d tð Þ
represents the Dirac delta function, and Ew �½ � is the expectation
operator evaluated over the w space.

The objective of this work is to determine and quantify the
influence of the parameter vector n on the first two moments of
the states (l and R) from a GSA perspective. The GSA is accom-
plished by calculating the popular variance-based measures called
the Sobol’ indices [17].

3 Sobol’ Indices

The main objective of variance-based GSA techniques is to
decompose the output variance of interest into a sum of variances
contributed either by individual input parameters or by a combina-
tion of the input parameters.

For example, consider the scalar function

y ¼ f nð Þ (4)

where n ¼ n1;…; np

� �T
is the input parameter vector defined on

the p�dimensional unit hypercube (i.e., n 2 Xp ¼ 0; 1½ �p) and
f nð Þ is integrable over Xp.

The function in Eq. (4) can be decomposed (also known as the
Sobol’ decomposition) as

f n1;…; np

� �
¼ f0 þ

Xp

i¼1

fi nið Þ þ
X

1�i<j�p

fij ni; nj

� �
þ � � � þ f1;2;…;p n1;…; np

� �
(5)

where f0 is a constant and the integral of any of its summand
fi1 ;…;is ni1

;…; nis

� �
over each of its independent variables is zero

[15], i.e., ð1

0

fi1;…;is ni1 ;…; nis

� �
dnik ¼ 0 for 1 � k � s (6)

Other properties of this decomposition (such as the number of
terms in Eq. (5) or the orthogonality of fi1;…;is

ni1 ;…; nis

� �
) can be

found in Refs. [15] and [18], and have therefore not been included
in this document.

It can be shown that, with the assumption of the properties
listed in Ref. [15], the Sobol’ decomposition is unique. In fact, the
decomposition terms can be evaluated using the expressions

f0 ¼
ð

Xp
f nð Þdn (7)

fi nið Þ ¼
ð

Xp�1

f nð Þdn�i � f0 (8)

fij ni; nj

� �
¼
ð

Xp�2

f nð Þdn�fijg � f0 � fi nið Þ � fj nj

� �
(9)

�

where any summand can be expressed as the difference between a
multidimensional integral and the previously evaluated sum-
mands. The operators

Ð
Xp�1 dn�i and

Ð
Xp�2 dn�fijg in Eqs. (8) and (9)

represent integrals over all variables except for nið Þ and ni; nj

� �
,

respectively. The notation used is identical to Ref. [15] and should
be referred for more details.

Now, consider a stochastic variable Y ¼ f nð Þ, which is depend-
ent on an input random vector n where each element of n is uni-
formly distributed with a distribution ni 2 U 0; 1½ �. The total
variance of Y can be then written as
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D ¼ var f nð Þ½ � ¼
ð

Xp
f nð Þ2dn� f 2

0 (10)

Using the Sobol’ decomposition of the function f nð Þ and the
orthogonal property of its summands, it can be shown that the
total variance D can be decomposed into

D ¼
Xp

i¼1

Di þ
X

1�i<j�p

Dij þ � � � (11)

where the partial variances Di1;…;is are defined as

Di1 ;…;is ¼
ð

Xs
fi1 ;…;is ni1 ;…; nis

� �2
dni1 ;…; dnis

for

1 � i1 � � � � � is � p and s ¼ 1;…; p (12)

The Sobol’ indices are eventually defined in terms of the partial
variances as

Si1;…;is
¼ Di1 ;…;is=D (13)

Also, from Eq. (11), it easily follows that:

Xp

i¼1

Si þ
X

1�i<j�p

Sij þ � � � þ S1;2;…;p ¼ 1 (14)

Hence, each index Si1;…;is
represents the fraction of the total var-

iance that is contributed by the combination of the uncertain
parameters in the set n1;…; nsð Þ. For example, S1 would represent
the fraction of the total variance contributed by the uncertainty in
n1 and S12 would represent the fraction of the total variance con-
tributed by the combined effects of the uncertainties in the random
variables (n1 and n2).

In this work, the aim is to observe the time evolution of the
Sobol’ indices when the mean (l) and the variance (R) of the
states of a linear stochastic system with process noise are outputs
of interest. That way, the global dependence of the l and R on the
uncertain parameters of the model n can be studied.

4 Propagation of Uncertainty Through Time

This section presents details on the development of a probabil-
istic model for the time evolution of the statistics (mean and var-
iance) of the stochastic states of the system described in Eq. (1).
The first step in the process is to quantify the propagation of
uncertainty solely due to the process noise. This has been done
extensively in the literature before and the necessary differential
equations have been quoted in Sec. 4.1. The second step of the
process is to quantify the propagation of uncertainty due to the
uncertain parameters of the model. This is done by adopting a
popular probabilistic modeling tool called polynomial chaos. The
details of this step have been presented in Sec. 4.2.

4.1 Propagation of Uncertainty Due to Process Noise. It is
well known that when white noise passes through a time invariant
linear system, the pdf of the evolving state vector remains Gaus-
sian and can hence be characterized completely by its first two
moments. The differential equations that characterize this evolu-
tion are given by

_l ¼ A nð Þlþ B nð Þu (15)

_R ¼ A nð ÞRþ RA nð ÞT þ G nð ÞQ nð ÞG nð ÞT (16)

where l tð Þ and R tð Þ represent the evolving mean and covariance
of x tð Þ. The initial condition for these equations is correspond-
ingly given by

l 0ð Þ ¼ l0 ¼ En x0 nð Þ½ � (17)

R 0ð Þ ¼ R0 ¼ En x0 nð Þ � l0

� �
x0 nð Þ � l0

� �T
h i

(18)

where En �½ � is the expectation operator evaluated over the uncer-
tain parameter n space.

Equations (15) and (16) are linear differential equations and
can be grouped into the following linear system as:

_z t; nð Þ ¼ Az nð Þzþ Bz nð Þuz (19)

where z 2 R~n is defined by

z ¼ lT;RT
v

� �T
; Rv ¼ vec R½ �; uz ¼ uT; 1

� �T
(20)

and ~n ¼ nþ n2. The operator vec[�] in the above equation assem-
bles columns of a matrix and stacks them vertically to make a vec-
tor of size equal to the number of elements in the matrix. A
formal definition of vec[�] can be found in Ref. [19].

The matrices Az and Bz in Eq. (19) are defined as

Az ¼
A 0

0 Am

� �
; Am ¼ A 1ð Þ

m þ A 2ð Þ
m ; A 1ð Þ

m ¼ In � A; (21)

A 2ð Þ
m ¼

In � A 1; :ð Þ
In � A 2; :ð Þ

�

In � A n; :ð Þ

2
6664

3
7775 and Bz ¼

B 0

0 vec GQGT
� �� �

(22)

where A i; :ð Þ refers to the ith row of A and the operator � denotes
the Kronecker product. Hence, Eq. (19) defines a stochastic linear
system devoid of process noise, which is now only a function of
the uncertain parameters, where the states represent the mean and
the variance of x tð Þ due to process noise.

At this stage, although the uncertainty due to process noise has
been quantified, the propagation of uncertainty due to the uncer-
tain model parameters still needs to be worked out. Section 4.2 is
directed at catering to model parameter uncertainties.

4.2 Propagation of Uncertainty Due to Uncertain Model
Parameters Using Polynomial Chaos. Polynomial chaos has
been an extremely popular tool in the literature for developing
polynomial probabilistic models. It was first investigated by Nor-
bert Wiener in his article [20] where he approximated states of a
Gaussian process with an infinite series expansion with Hermite
polynomials as bases. Subsequently, pioneering works by
Cameron and Martin [21], Ghanem and Spanos [22] and Xiu and
Karniadakis [23] have resulted in significant progress of PC con-
cepts. It has allowed for the development of surrogate models,
which can emulate the original stochastic system inexpensively
and has been used to determine statistics (for example mean and
variance) of states accurately. In this work, PC is used to develop
a probabilistic model for stochastic linear systems as a stepping
stone toward an efficient GSA.

From PC theory, the states of the system in Eq. (19) can be
expressed as [24]

z t; nð Þ ¼
X1
i¼1

z:;i tð ÞWi nð Þ (23)

where Wi nð Þ is a complete set of multivariate orthogonal (with
respect to the pdf of n) polynomials and z:;i 2 R~n is the time-
varying coefficient vector (i.e., z:;i ¼ z1;i � � � z~n;i½ �T) of Wi nð Þ.

Depending on the desired level of accuracy, typically, the infi-
nite series is truncated as an approximation
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z t; nð Þ �
XN

i¼1

z:;i tð ÞWi nð Þ (24)

The objective here in this modeling technique is to evaluate the unknown vectors z:;i tð Þ over time. They can be determined by either
intrusive methods or by nonintrusive methods [25]. Intrusive methods require an analytical knowledge of the system model while nonin-
trusive methods can treat models as black boxes. In this work, since the models of interest are linear, the intrusive Galerkin projection is
considered and investigated.

On substituting Eq. (24) in Eq. (19), we get

XN

i¼1

_z:;i tð ÞWi nð Þ ¼ Az nð Þ
XN

i¼1

z:;i tð ÞWi nð Þ
" #

þ Bz nð Þuz tð Þ (25)

Taking the Galerkin Projection of Eq. (25) over the basis function space, a deterministic system of equations is derived

MPC
_ZPC ¼ APCZPC þ BPCuz tð Þ (26)

where ZPC ¼ zT
:;1; zT

:;2;…; zT
:;N

h iT

; MPC is given by Eq. (28)

BPC ¼

hBz 11ð Þ;W1i � � � hBz 1pð Þ;W1i

� . .
.

�

hBz ~n1ð Þ;W1i; � � � hBz ~nmð Þ;W1i

� . .
.

�

hBz 11ð Þ;WNi; � � � ; hBz 1pð Þ;WNi

� . .
.

�

hBz ~n1ð Þ;WNi; � � � ; hBz ~nmð Þ;WNi

2
6666666666664

3
7777777777775

; (27)

MPC ¼

hW1;W1i 0T
~n�2 0 hW2;W1i 0T

~n�2 0 � � � hWN ;W1i 0T
~n�2 0

0 hW1;W1i 0T
~n�2 0 hW2;W1i 0T

~n�2 � � � 0 hWN ;W1i 0T
~n�1

� � � � � � . .
.

� � �

0 0T
~n�2 hW1;W1i 0 0T

~n�2 hW2;W1i � � � 0 0T
~n�1 hWN ;W1i

� � � � � � . .
.

� � �

hW1;WNi 0T
~n�2 0 hW2;WNi 0T

~n�2 0 � � � hWN ;WNi 0T
~n�2 0

0 hW1;WNi 0T
~n�2 0 hW2;WNi 0T

~n�2 � � � 0 hWN ;WNi 0T
~n�1

� � � � � � . .
.

� � �

0 0T
~n�2 hW1;WNi 0 0T

~n�2 hW2;WNi � � � 0 0T
~n�1 hWN ;WNi

2
66666666666666666666664

3
77777777777777777777775

(28)

APC ¼

hAz 11ð ÞW1;W1i; � � � hAz 1~nð ÞW1;W1i; hAz 11ð ÞW2;W1i; � � � hAz 1~nð ÞW2;W1i; � � � ; hAz 11ð ÞWN ;W1i; � � � hAz 1~nð ÞWN ;W1i
hAz 21ð ÞW1;W1i; � � � hAz 2~nð ÞW1;W1i; hAz 21ð ÞW2;W1i; � � � hAz 2~nð ÞW2;W1i; � � � ; hAz 21ð ÞWN ;W1i; � � � hAz 2~nð ÞWN ;W1i

�

� � � � �

hAz ~n1ð ÞW1;W1i; � � � hAz ~n ~nð ÞW1;W1i; hAz ~n1ð ÞW2;W1i; � � � hAz ~n ~nð ÞW2;W1i; � � � ; hAz ~n1ð ÞWN ;W1i; � � � hAz ~n~nð ÞWN ;W1i
hAz 11ð ÞW1;W2i; � � � hAz 1~nð ÞW1;W2i; hAz 11ð ÞW2;W2i; � � � hAz 1~nð ÞW2;W2i; � � � ; hAz 11ð ÞWN ;W2i; � � � hAz 1~nð ÞWN ;W2i

� � � � � �

hAz ~n1ð ÞW1;W2i; � � � hAz ~n ~nð ÞW1;W2i; hAz ~n1ð ÞW2;W2i; � � � hAz ~n~nð ÞW2;W2i; � � � ; hAz ~n1ð ÞWN ;W2i; � � � hAz ~n ~nð ÞWN ;W2i
� � � � � �

hAz 11ð ÞW1;WNi; � � � hAz 1~nð ÞW1;WNi; hAz 11ð ÞW2;WNi; � � � hAz 1~nð ÞW2;WNi; � � � ; hAz 11ð ÞWN ;WNi; � � � hAz 1~nð ÞWN ;WNi
� � � � � �

hAz ~n1ð ÞW1;WNi; � � � hAz ~n~nð ÞW1;WNi; hAz ~n1ð ÞW2;WNi; � � � hAz ~n ~nð ÞW2;WNi; � � � ; hAz ~n1ð ÞWN ;WNi; � � � hAz ~n ~nð ÞWN ;WNi

2
666666666666666666666666664

3
777777777777777777777777775

(29)

and APC is given by Eq. (29).
Mz ijð Þ refers to the ith row jth column element of matrix Mz and the operator hg; hi refers to the inner product operation
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hg; hi ¼
ð

Xp
g nð Þh nð Þpdf nð Þdn (30)

where Xp is the support of pdf nð Þ and is defined in Sec. 3. Solu-
tion to Eq. (26) yields the desired coefficients.

In existing literature, the traditional choice for the PC bases
Wi nð Þ has been to select orthogonal polynomials according to the
Wiener Askey scheme [23]. However, the authors explore an
alternate set of bases in this work called the Lagrange interpola-
tion polynomials. This unique selection of bases leads to signifi-
cant advantages to intrusive PC modeling and form an integral
part of this paper’s contribution.

Lagrange interpolation polynomials have been extensively used
in the approximation theory literature to develop surrogate poly-
nomial models of systems or functions where a finite set of dis-
crete observations are available [26]. The bases are constructed
such that the surrogate model inherently replicates the value of
the system at the observation points. This strategy ensures that the
error in modeling at those points is zero, which may be a desired
property in some applications.

In fact, LIP has also been used to develop PC models under the
stochastic collocation framework of nonintrusive PC [27]. How-
ever, to the authors’ best knowledge, the possibility of using LIPs
as bases while doing intrusive PC has never been investigated. In
this paper, such an arrangement is explored for the first time. It is
seen that when LIPs are employed as the choice of bases, a
decoupled PC system is obtained, which eventually leads to
extremely efficient computation of intrusive Galerkin projection-
based PC coefficients by eliminating the need to evaluate multi-
variate integrals in Eqs. (27)–(29).

The choice of collocation points for the LIP is made in a man-
ner identical to [27] (see Gaussian abscissas in the Tensor product
quadrature rules section of Ref. [27]). These points are derived
after taking tensor products of sets of univariate Gauss quadrature
points where each set of points depend on the pdf of the uncertain
variable. For example, if in the problem of interest there are two
independent uncertain variables n1 and n2 and they are both uni-
formly distributed as n1; n2 2 U �1; 1ð Þ: the collocation points are
simply the grid nodes obtained from the tensor product of Gauss-
Legendre quadrature points.

Using the above strategy to select the collocation points make
the LIP bases orthogonal to each other with respect to the pdf of
the uncertain variables. For example, consider a case where n1

and n2 are two independent random variables. If Lij are the LIPs
defined via

Lij n1; n2ð Þ ¼
Yn1

p¼1;i6¼p

n1 � n
pð Þ

1

� 	
n ið Þ

1 � n
pð Þ

1

� 	
0
B@

1
CA Yn2

q¼1;j6¼q

n2 � n
qð Þ

2

� 	
n jð Þ

2 � n
qð Þ

2

� 	
0
B@

1
CA
(31)

then it can be shown that they are orthogonal to each other with
respect to the joint pdf of n1 and n2, i.e.,

hLpq;Lrsi ¼
cpq p ¼ r and q ¼ s
0 otherwise



(32)

where cpq are constants, n
:ð Þ

1 and n
:ð Þ

2 are the quadrature points in
the n1 and n2 directions, respectively, and n1 and n2 are the num-
ber of quadrature points in the n1 and n2 directions, respectively.

When p¼ r and q¼ s

hLpq;Lpqi ¼ 0:25

ð1

�1

ð1

�1

Lpq n1; n2ð Þ2dn1dn2 (33)

Note that L2
pq is a polynomial function in n1 and n2 having highest

orders of 2n1 � 2 and 2n2 � 2, respectively. Gaussian quadrature
rules allow the perfect evaluation of the aforementioned integral
via a weighted sum of function evaluations. A tensor product of

n1 and n2 quadrature points is sufficient to do so as they allow a
polynomial of order up to 2n1 � 1 and 2n2 � 1 to be integrated
without error. As the polynomial order of interest (L2

pq) is less, we
can write

hLpq;Lpqi ¼
Xn1

i¼1

Xn2

j¼1

wijLpq n ið Þ
1 ; n

jð Þ
2

� 	2

(34)

where wij are the Gaussian quadrature weights. Recognizing that

Lpq n ið Þ
1 ; n

jð Þ
2

� 	
¼ 1 i ¼ p and j ¼ q

0 otherwise



(35)

we get

hLpq; Lpqi ¼ wpq (36)

This inherent property of LIP bases to have a value of 1 at only
one of the grid points (Eq. (35)) is henceforth referred to as the
zero error property. The zero error property is why LIPs are so
popular in the approximation theory community.

With a development similar to the one above, it can be shown
that when p 6¼ r or q 6¼ s we have

hLpq; Lrsi ¼ 0 (37)

Although this property of orthogonality has been shown only for a
two-dimensional case, it can be easily extended to higher dimen-
sions of uncertainties.

The zero error and the orthogonality property can be used to
now show that if LIPs are used as basis functions in a PC expan-
sion for an uncertain linear system where the uncertain variables
also occur linearly individually (i.e., the partial derivative with
respect to a variable of the multilinear term is independent of that
variable), then the desired PC coefficients determined via the
intrusive Galerkin Projection are specific realizations of the origi-
nal system.

Once again, an illustration on a linear system with two uncer-
tain independent variables has been presented, although the devel-
opment can easily be extended to any dimensions of uncertainties.

Similar to Eq. (19), let a linear system be of the form

_z ¼ Az n1; n2ð Þzþ Bz n1; n2ð Þuz (38)

where the basis functions are chosen to be the LIP (defined in Eq.
(31)). A finite PC expansion leads to

z �
Xn1

i¼1

Xn2

j¼1

Zij tð ÞLij n1; n2ð Þ (39)

Equation (39) is then substituted in Eq. (38) to get

Xn1

i¼1

Xn2

j¼1

_ZijLij n1; n2ð Þ ¼ Az n1; n2ð Þ
Xn1

i¼1

Xn2

j¼1

ZijLij n1; n2ð Þ
 !

þ Bz n1; n2ð Þuz (40)

Taking the Galerkin Projection of Eq. (40) on the basis function
space yields a series of deterministic equations, which can be
solved to yield the coefficients Zij tð Þ. In the interest of brevity, the
derivation of the deterministic system pertinent to the Galerkin
projection of Eq. (40) only on the first basis function is shown.
The other systems can be derived in an identical fashion.

The inner product of Eq. (40) with L11 leads to

Xn1

i¼1

Xn2

j¼1

_ZijhLij;L11i ¼
Xn1

i¼1

Xn2

j¼1

h Az n1; n2ð ÞZij

� �
Lij n1; n2ð Þ;L11i

" #

þ hBz n1; n2ð Þ; L11iuz (41)
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The orthogonality property can be used to determine that the left-
hand side of Eq. (41) is

w11
_Z11 (42)

If the system matrix Az n1; n2ð Þ is linear or bilinear in n1 and n2,
the integrand in the first inner product integral (on the right-hand
side of Eq. (41)) is a polynomial with highest order 2n1 � 1 and
2n2 � 1 with respect to n1 and n2, respectively. Hence, a n1 n2

point quadrature rule can be used to perfectly evaluate those inte-
grals. Since those quadrature points are the same as the ones
selected to generate the LIP bases, the zero error property of LIP
can be used to show that the right-hand side of Eq. (41) is given
by

w11Az n 1ð Þ
1 ; n 1ð Þ

2

� 	
Z11 þ w11Bz n 1ð Þ

1 ; n 1ð Þ
2

� 	
uz (43)

leading to the deterministic system

w11
_Z11 ¼ w11Az n 1ð Þ

1 ; n 1ð Þ
2

� 	
Z11 þ w11Bz n 1ð Þ

1 ; n 1ð Þ
2

� 	
uz (44)

) _Z11 ¼ Az n 1ð Þ
1 ; n 1ð Þ

2

� 	
Z11 þ Bz n 1ð Þ

1 ; n 1ð Þ
2

� 	
uz (45)

Hence, it is evident that the PC coefficients (Z11 tð Þ) of the basis
function L11 are simply given by a system realization of the origi-

nal system at the quadrature point n 1ð Þ
1 ; n 1ð Þ

2

� 	
. This result also

extends to the other deterministic systems derived from the Galer-
kin projections. To remain consistent with the notation in Eq.
(24), the double indexing strategy (Eq. (39)) is now relinquished
to adopt a single index addressing. This can be done as follows:

Let a matrix ML be defined comprising all the bases

ML ¼
L11 � � � L1n2

� . .
.

�

Ln11 � � � Ln1n2

2
64

3
75 (46)

The single indexing can be then defined such that the elements of
ML are assimilated row wise into a single indexed vector as
follows:

W ¼ L11;…;L1n2
;…;Ln11;…;Ln1n2½ �T (47)

where Wi represents the ith element basis function of W. The cor-
responding coefficient vectors (Zij tð Þ) are addressed in a similar
manner such that z:;i tð Þ refers to the coefficient vector of Wi. It
should be pointed out that the surrogate models obtained via tradi-
tional PC—Galerkin and LIP blending of system realizations are
identical, i.e., they lead to the same exact surrogate model.

The result obtained in Eq. (45) leads to a remarkably simple
composition of matrices MPC, APC, and BPC as illustrated in the
following equations:

MPC ¼

w11I~n 0~n � � � 0~n

0~n w12I~n � � � 0~n

� � . .
.

�

0~n 0~n � � � wn1n2
I~n

2
6664

3
7775 (48)

BPC ¼

w11Bz n 1ð Þ
1 ; n 1ð Þ

2

� 	
w12Bz n 1ð Þ

1 ; n 2ð Þ
2

� 	
�

wn1n2
Bz n

n1ð Þ
1 ; n

n2ð Þ
2

� 	

2
666666664

3
777777775

(49)

APC¼

w11Az n 1ð Þ
1 ;n 1ð Þ

2

� 	
0~n ��� 0~n

0~n w12Az n 1ð Þ
1 ;n 2ð Þ

2

� 	
��� 0~n

� � . .
.

�

0~n 0~n ��� wn1n2
Az n

n1ð Þ
1 ;n

n2ð Þ
2

� 	

2
6666666664

3
7777777775

(50)

Although the impact of this result may remain unclear at the out-
set, it actually has profound implications from a computational
perspective. Previously, to obtain a PC surrogate model using
intrusive Galerkin projection methods, several definite integrals
needed evaluation (over the compact uncertain domain) to obtain
the set of deterministic odes for the coefficients. This task of eval-
uating symbolic integrations often makes it extremely difficult or
in some cases impossible to derive the PC system. This develop-
ment shows that since the intrusive Galerkin method is equivalent
to Lagrange interpolation blending, the definite integrals over the
uncertain space need not be carried out at all to obtain the equiva-
lent surrogate model. Instead, the true system just needs to be
evaluated at a certain specific set of points and the PC approxi-
mate model is simply a differential weighing of these realizations:
providing a cook book formula to obtain intrusive PC surrogate
models easily without the need of exercising Galerkin Projections.

To keep a consistency in notation and make the previous devel-
opment more generic, the following sets are now defined:

S ¼ fnjn ¼ n i1ð Þ
1 ;…; n ipð Þ

p

h iT

; 1 � ij � nj; 1 � j � pg (51)

where S represents the set of all quadrature node points. Every ele-
ment of the S is 2 Rp holding the co-ordinates of the quadrature
points. i1 through ip are indices to count through all the grid node
points and nj represents the number of grid points in the nj direc-
tion. Since the total number of grid points is the tensor product of
the quadrature points in each direction, the number of elements in
the set S is

N ¼
Yp

i¼1

ni (52)

The generic multivariate LIP can be defined as

Li1;…;ip nð Þ ¼
Yp

k¼1

Ynk

j¼1;ik 6¼j

nk � n jð Þ
k

� 	
n ikð Þ

k � n jð Þ
k

� 	
0
B@

1
CA

0
B@

1
CA (53)

such that

Li1;…;ip
nð Þ ¼

1 for n ¼ n i1ð Þ
1 ;…; n ipð Þ

p

h iT

0 for n1 6¼ n i1ð Þ
1 or n2 6¼ n i2ð Þ

2

or � � � nm 6¼ n ipð Þ
p

8>>>><
>>>>:

(54)

Equation (54) represents the zero error property.
We define another set Lb to hold all the basis functions

Lb ¼ fWjW ¼ Li1 ;…;ip nð Þ; 1 � ij � nj; 1 � j � pg (55)

The cardinality of Lb is the same as the cardinality of S. In fact,
each basis function in Lb is equal to 1 when evaluated at one par-
ticular element in S and is equal to 0 when evaluated at all other
grid points in set S. Therefore, each grid point in S has a corre-
sponding basis function in Lb.
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Elements in S and Lb are arranged in a matrix (N) and a vector
(W), respectively, for convenience of communication, i.e.,

N ¼ n 1ð Þ; n 2ð Þ;…; n Nð Þ
h i

(56)

where N 2 Rp	N ; n ið Þ 2 S and

W ¼ W1;W2;…;WN½ �T (57)

where Wi 2 Lb and

Wi n jð Þ
� �

¼ 1 for i ¼ j
0 for i 6¼ j



(58)

Using the notation above, and recalling once again that the coeffi-
cients of a model where the bases are LIPs are simply the model
realizations at the grid points, we get the final surrogate model
expression as

z t; nð Þ �
XN

i¼1

z t; nðiÞ
� �

Wi (59)

4.3 Numerical Example. To illustrate how the methods pre-
sented above can be implemented, an application on a simple
spring mass damper linear system is shown. The governing differ-
ential equation is given by

m€x þ c _x þ kx ¼ du (60)

where m is the mass, k is the spring constant, c is the damping
constant, d is the control influence gain, and x is the displacement
of the mass.

The state space realization of the system is given by

_x1

_x2

� �
¼ 0 1

�k=m �c=m

� �
x1

x2

� �
þ 0

1=m

� �
u (61)

We assume, for illustrative purposes, that k and c are uncertain,
independent, and have uniform distributions

k 2 U 12; 28½ � and c 2 U 0:7; 1:3½ � (62)

If two standard uniformly distributed random variables are defined
as n ¼ n1; n2½ �T where

n1 2 U �1; 1½ � and n2 2 U �1; 1½ � (63)

then the system parameters can be expressed as

k ¼ k0 þ k1n1 and c ¼ c0 þ c1n2 (64)

where k0 ¼ 20; k1 ¼ 8; c0 ¼ 1, and c1 ¼ 0:3. Note that for this
example, ~n ¼ 2 and p¼ 2.

The first step in deriving the surrogate model is to assume a
degree of approximation. The degree of approximation is depend-
ent on the number of quadrature points that are selected in each
direction of uncertainty. Considering there are two uncertain vari-
ables, two sets of quadrature points are selected in their corre-
sponding directions. For illustration, we select an equal number of
points for n1 as well as n2 (although this is not a necessity) i.e.,
n1 ¼ 3 and n2 ¼ 3. The points in each direction are given by

n 1ð Þ
1 ¼

�151=2

5
; n 2ð Þ

1 ¼ 0; n 3ð Þ
1 ¼

151=2

5
(65)

and

n 1ð Þ
2 ¼

�151=2

5
; n 2ð Þ

2 ¼ 0; n 3ð Þ
2 ¼

151=2

5
(66)

These points are actually the roots of an n1 þ 1ð Þth order Legen-
dre polynomial and hence, are also the univariate
Gauss–Legendre points. Both sets of points have the same magni-
tudes since both uncertain variables have identical distributions.

A tensor product of the univariate quadrature points now yields
the desired comprehensive set of collocation points or grid points.
The total number of grid points is given by N ¼ n1 	 n2 ¼ 9 (see
Eq. (52)). Similar to Eq. (56), the points are assembled in a single
matrix N shown in Eq. (67) where the ith column (n ið Þ) represents
the ith grid point. These points are also presented as circles in the
n1, n2 uncertain space in Fig. 1

N¼

�151=2

5

�151=2

5

�151=2

5
0 0 0

151=2

5

151=2

5

151=2

5

�151=2

5
0

151=2

5

�151=2

5
0

151=2

5

�151=2

5
0

151=2

5

2
666664

3
777775

(67)

The final step of developing the surrogate model is to assimilate
the matrix W, which holds the LIP bases. These bases can be gen-
erated using Eq. (53). N¼ 9 basis functions are generated using
the relation

Li1 ;i2 nð Þ ¼
Ym¼2

k¼1

Ynk

j¼1;ik 6¼j

nk � n jð Þ
k

� 	
n ikð Þ

k � n jð Þ
k

� 	
0
B@

1
CA

0
B@

1
CA (68)

The bases are assimilated into the vector W where

W ¼ L1;1; L1;2;L1;3;L2;1;L2;2;L2;3; L3;1; L3;2;L3;3½ �T (69)

Note that the ith element basis function of W is referenced as Wi.
The final surrogate model can be written as Eq. (59) where

z t; nð Þ ¼ x1 t; nð Þ; x2 t; nð Þ½ �T.

5 Evaluation of Sobol’ Indices From Polynomial

Chaos

Sudret [15] and Crestaux et al. [16] showed that once a proba-
bilistic model is available for a stochastic output of interest via
PC, the Sobol’ indices could be evaluated from the PC coefficients
for a negligible computational cost. In fact, the information of the
fractional variance contribution by each individual uncertain input
parameter is already embedded and evaluated while calculating
the PC coefficients. Hence, simple algebraic expressions of the
PC coefficients can be derived to map them to the Sobol’ indices.Fig. 1 PC realization nodes for n1 5 n2 5 3
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In contrast to Refs. [15] and [16] where the polynomial bases
used was the traditional family of orthogonal polynomials given
by the Wiener–Askey scheme, in this work, results from these
articles are used to derive the Sobol’ indices directly from the
LIP-based PC coefficients. In order to use their results, it is neces-
sary to transform the probabilistic model derived in Eq. (59)
(where the bases are LIPs) to another model such that the bases
are given by an orthogonal family of polynomials aligned with the
Wiener–Askey schematic.

This two-step process has been elaborated in this section.

5.1 Transformation of Bases. Let the new set of orthogonal
polynomial bases be denoted by H nð Þ ¼
h0 nð Þ; h1 nð Þ;…; hN�1 nð Þ½ �T where hi represents the iþ 1ð Þth ele-

ment of H. We seek a transformation, i.e., a set of coefficients
r:;i tð Þ such that

z t; nð Þ �
XN

i¼1

z:;i tð ÞWi nð Þ ¼
XN�1

i¼0

r:;i tð Þhi nð Þ (70)

Since the order of the polynomials in both the expansions remains
the same, the transformation is unique and linear. It can be repre-
sented using the following relation:

r:;0 tð ÞT

r:;1 tð ÞT

�

r:;N�1 tð ÞT

2
666664

3
777775 ¼ Mb

z:;1 tð ÞT

z:;2 tð ÞT

�

z:;N tð ÞT

2
666664

3
777775 (71)

where Mb 2 RN	N is a mapping matrix, which depends on the
selection of H and is given by

Mb ¼

H n 1ð Þ
� 	T

H n 2ð Þ
� 	T

�

H n Nð Þ
� 	T

2
666666664

3
777777775

�1

W n 1ð Þ
� 	T

W n 2ð Þ
� 	T

�

W n Nð Þ
� 	T

2
66664

3
77775

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
Mc

(72)

However, recognizing the property of LIP bases where they have
a value of 1 at their corresponding collocation point and a value
of 0 at the other collocation points, we get Mc¼ IN and Eq. (72)
reduces to

Mb ¼

H n 1ð Þ
� 	T

H n 2ð Þ
� 	T

�

H n Nð Þ
� 	T

2
666666664

3
777777775

�1

(73)

Once the PC coefficients r:;i tð Þ corresponding to the Wiener
Askey family of orthogonal polynomials is available, the Sobol’
indices can be directly calculated using results in Ref. [15].

5.2 Calculation of Sobol’ Indices. For ease of communica-
tion to the reader, let us consider that only the first element of
z t; nð Þ is the output of interest. It should be noted that this consid-
eration is in no way a limitation since the development on the first
state can be easily extended to the other states in an identical fash-
ion. Hence, in this subsection, we interest ourselves with the PC
expansion of the scalar quantity z1 t; nð Þ, which is given by

z1 t; nð Þ ¼
XN�1

i¼0

r1;i tð Þhi nð Þ (74)

where r1;i tð Þ represents the first element of r:;i tð Þ.
Due to the orthogonality of hi nð Þ, it can be shown that the mean

and the total variance of z1 t; nð Þ are given by

�z1 ¼ En z1 t; nð Þ½ � ¼ r1;0 tð Þ (75)

D 1ð Þ
PC ¼ var

XN�1

i¼0

r1;i tð Þhi nð Þ
" #

¼
XN�1

i¼1

r2
1;i tð ÞEn hi nð Þ2

h i
(76)

The superscript 1ð Þ in D 1ð Þ
PC has been introduced to identify that

D 1ð Þ
PC corresponds to the total variance of the first state z1 t; nð Þ.

Similarly, the total variance of the ith state zi t; nð Þ would be repre-

sented by D ið Þ
PC.

Following the development in Ref. [15], the Sobol’ indices for
z1 t; nð Þ are given by:

S 1ð Þ
PC i1 ;…;isð Þ ¼

X
a2Pi1 ;…;is

r2
1;a tð ÞEn ha nð Þ2

h i
=D 1ð Þ

PC (77)

where a ¼ a1;…; ap½ �, a tuple, is used to represent a particular
basis function and

Pi1;…;is
¼ a :

ak > 0 8k ¼ 1;…; p; k 2 i1;…; isð Þ
aj ¼ 0 8k ¼ 1;…; p; k 62 i1;…; isð Þ


 �
(78)

In summary, Pi1 ;…;is represents a set with indices (or a), which
correspond only to polynomials, which are functions of
ni1 ;…; nis

� �
. For example, P2 would represent a set of indices,

which correspond to a subset of H where hi is only a function of
n2 and not any other ni. Similarly, P1;2;3 would represent a set of
indices, which correspond to a subset of H where hi is only a func-
tion of n1; n2; n3ð Þ and not any other ni.

Hence, in Eq. (77), depending on the desired Sobol’ index (or
the joint fractional contribution to total variance by a combination
of inputs), the value of the index is evaluated by first assimilating
all the PC coefficients corresponding to a subset of all the bases,
which are only a function of those inputs. These selected coeffi-

cients are then squared, summed, and divided by D 1ð Þ
PC.

The Sobol’ indices for all the other states (S 2ð Þ
PC i1 ;…;isð Þ;

S 3ð Þ
PC i1;…;isð Þ,…) of z t; nð Þ can be determined in an identical way by

defining appropriate variables (D 2ð Þ
PC, D 3ð Þ

PC, …). These values repre-
sent the fractional contribution to the total variance of z t; nð Þ.
Since z t; nð Þ holds the elements of l and R, we can now easily
observe which model parameter uncertainties have the most influ-
ence on the evolution of l and R.

The Sobol’ indices corresponding to l represent the fractional
contribution of variance in x t; nð Þ by the model parameters if pro-
cess noise was absent, since the dynamic equations of l are identi-

cal to the noise free system. These indices are S
jð Þ

PC i1;…;isð Þ for

j ¼ 1;…; n½ �.
The Sobol’ indices corresponding to R represent the fractional

contribution of variance in the variance estimate of x t; nð Þ due to
process noise. To simplify, the proposed amalgamation of techni-
ques allows us to evaluate and quantify the uncertainty (and its
source of contribution) in the variance of a linear system with pro-

cess noise. These indices are S
jð Þ

PC i1;…;isð Þ for j ¼ nþ 1;…;½ nþ n2�.

6 Numerical Examples

In order to illustrate the proposed methodology, two numerical
examples have been presented in this section. The first example
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involves regulating the position of a hovering helicopter under
wind disturbances and the second example studies the motion of
the sprung mass of a quarter car model under uncertain road
disturbances.

6.1 Regulation of a Hovering Helicopter. The example of a
hovering helicopter under wind disturbance as well as model
parameter uncertainties [24,28] is considered. The dynamics of
the system are given by

_x ¼ Axþ Bdþ Bwuw (79)

where x ¼ uh; qh; hh; y½ �T

A ¼

p1 p2 �g 0

p3 p4 0 0

0 1 0 0

1 0 0 0

2
664

3
775; B ¼

p5

p6

0

0

2
664

3
775 and Bw ¼

�p1

�p3

0

0

2
664

3
775 (80)

uh ft=sð Þ represents the horizontal velocity of the helicopter,
hh 	10�2 radð Þ represents the pitch angle, qh 	10�2 rad=s

� �
repre-

sents the pitch angular velocity, and y(ft) represents the horizontal
perturbation from a ground point reference. g corresponds to the
acceleration due to gravity and is equal to 0.322. d represents the
control input to the system. uw represents the wind disturbance on
the helicopter and is modeled as a zero mean Gaussian white noise
with variance r2

w ¼ 18.
The model comprises of six model parameters (p1–p6). p1–p4

represent the aerodynamic stability derivatives while the parame-
ters p5 and p6 represent the aerodynamic control derivatives.

Initial conditions to the system are assumed to be deterministic
and are adopted from [24]

x0 ¼ 0:7929;�0:0466;�0:1871; 0:5780½ �T (81)

The control law implemented is that of a full state feedback [24]
where

d ¼ �Kx (82)

and K ¼ 1:9890;�0:2560;�0:7589; 1½ �. On substituting the con-
trol law in the original system, we get the closed-loop stochastic
system

_x ¼ Acxþ Bwuw (83)

where Ac ¼ A� BK. Similar to Ref. [24], it is assumed that
parameters p ¼ p1; p2; p3; p4½ �T are uncertain and are modeled
as uniform distributions within the bounds

plb ¼ �0:0488; 0:0013; 0:126;�3:3535½ �T (84)

pub ¼ �0:0026; 0:0247; 2:394;�0:1765½ �T (85)

The first step in the analysis is to determine the order of PC expan-
sion desired. The order determines the fidelity of the probabilistic
model: higher the order, higher is the fidelity. Considering there
are four uncertain parameters, we can choose a distinct order of
expansion in each direction of the uncertain space. The order of
expansion in each direction also determines the number of collo-
cation points that are needed in each direction. For illustrative
purposes, we assume an equal order of expansion in each direction
(i.e., nPC¼ 3) leading to an equal number of collocation points in
each direction: n1 ¼ n2 ¼ n3 ¼ n4 ¼ no ¼ 4 where ni represents
the number of collocation in the direction of pi. The co-ordinates
of the collocation points can be evaluated according to Sec. 4.2.

Since the total number of collocation points are given by a ten-
sor product of the collocation points in each direction, we get (for
this problem), N ¼ 44 ¼ 256. Therefore, we have 256 correspond-
ing LIP basis functions. After realizing the moment equations at
the 256 collocation points, we develop the probabilistic model
with LIPs as bases. Using an appropriate transformation matrix
Mb, the model is transformed to one where the bases are now mul-
tivariate Legendre polynomials. The coefficients of these Legen-
dre polynomials are assimilated, squared, and summed to
determine the Sobol’ indices for each element in l tð Þ and R tð Þ.

Since there are four uncertain parameters, the total number of
indices are 2p � 1 ¼ 15. They are arranged in the following order:

S tð Þ ¼ S1; S2; S3; S4; S12; S13; S14; S23; S24; S34; S123;½
S124; S134; S234; S1234�T (86)

where the subscript indices of S correspond to the index of the
parameters in p.

Figures 2 and 3 present the time evolution of the indices.
Figure 2 caters to l while Fig. 3 caters to the diagonal elements of
R. The diagonal elements of R were chosen to be presented since
they represent the variance of each element of x. Similar results
for the cross-covariance terms can also be derived. However, they
have not been included in this document.

The indices have been plotted as bands in the figures. From Eq.
(14), we already know that the sum of all the indices should add
up to one and this is evident when all the bands are stacked on top
of each other. Although there are a total of 15 indices under analy-
sis, only a prominent few bands are visibly distinguishable which
have the most influence. For example, in Fig. 2(a), which repre-
sents the Sobol’ indices for the mean horizontal velocity of the
helicopter, S1; S2; S3; S4; S14; S24, and S34 indices are most promi-
nent. This indicates that the total variance of the mean value of
the horizontal velocity of the helicopter is mainly contributed by
parameters p1; p2; p3; p4 individually and coupled influences from
p1; p4ð Þ; p2; p4ð Þ and (p3, p4). Similar results are also seen for the

other elements of l in Figs. 2(b)–2(d). However, on observing the
width of the band for S4, it is quite evident that the uncertainty in
p4 contributes the most toward the total variance of l.

It is also interesting to note that S4 is no longer the dominant
contributor to the total variance when we look at R. We see that
for R, the uncertainty in p3 is most significant. Not only is p3 sig-
nificant alone, its contribution in conjunction with p4 (for R2;2 and
R3;3) as well as p1 (for R4;4) is significant.

Hence, we can conclude from Figs. 2 and 3 that it will serve the
manufacturer to invest more resources in determining the values
of p3 and p4 more accurately, i.e., reduce the uncertainty associ-
ated with them to reduce the uncertainty in the total variance.

6.2 Quarter Car Model. The second example considered is
that of a quarter car [29,30]. A schematic figure of the quarter car
model is shown in Fig. 4.

The model dynamics are given by

_x ¼ Aqxþ Bqh (87)

where x ¼ x1; x2; _x1; _x2½ �T,

Aq ¼

0 0 1 0

0 0 0 1

� k1

m1

� k2

m1

k2

m1

� c

m1

c

m1

k2

m2

� k2

m2

c

m2

� c

m2

2
6666666664

3
7777777775

and Bq ¼

0

0

k1

m1

0

2
66666664

3
77777775
(88)
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m1 represents the unsprung mass, m2 is the sprung mass, k1 is the
stiffness of the tire, k2 is the stiffness of the suspension, and c is
the damping constant of the suspension.

The model above is used to represent the vertical motion of the
quarter car. It is assumed in this work that the car moves in
the horizontal direction with a constant velocity V ¼ 10 m=s. The

road dynamics h(t) is derived from Ref. [31] and is modeled as
colored noise. The governing equation is given by

_h ¼ �aVhþ w tð Þ (89)

where a is a parameter, which determines road quality, V is the
velocity of the car, and w(t) is a white noise process with the co-

Fig. 3 Evolution of Sobol’ indices corresponding to the diagonal elements of R over time: (a)
R(1;1), (b) R(2;2), (c) R(3;3), and (d) R(4;4)

Fig. 2 Evolution of Sobol’ indices corresponding to the diagonal elements of l over time: (a)
l1, (b) l2, (c) l3, and (d) l4
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variance function r2
w ¼ 2r2aV. The value of r2 is fixed at 9	

10�6m2 and is taken from literature [31].
On augmenting the road dynamics, the stochastic system

becomes

_x ¼ Axþ Bw tð Þ (90)

where

A ¼

0 0 1 0 0

0 0 0 1 0

� k1

m1

� k2

m1

k2

m1

� c

m1

c

m1

k1

m1
k2

m2

� k2

m2

c

m2

� c

m2

0

0 0 0 0 �aV

2
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3
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and B ¼

0

0

0

0

1

2
66664
3
77775

(91)

In this work, it is assumed that the spring constants, damping
constant, and the road condition are uncertain (i.e.,

p ¼ p1; p2; p3; p4½ �T ¼ k1; k2; c; a½ �T). The nominal values of

these uncertain parameters are taken from literature [30,31]. They
are then assumed to be uniformly distributed within a 630% vari-
ation about their nominal values. This leads to a lower and an
upper bound of

plb ¼ 84000; 17500; 700; 0:105½ �T (92)

pub ¼ 156000; 32500; 1300; 0:195½ �T (93)

The masses have values m1 ¼ 31 kg and m2 ¼ 229 kg [30]. It is
assumed for all simulations that the unsprung mass (m1) has an
initial displacement of 5 mm and all other states are at their mean
position, i.e., the system is simulated with initial conditions given
by

x0 ¼ 0:005; 0; 0; 0; 0½ �T (94)

Note that, in this problem, the variance of the white noise is a lin-
ear function of an uncertain model parameter (a) and hence is also
a random variable. However, this does not pose an issue in the
analysis and the problem is approached in a manner similar to the
previous one.

Once again, the number of collocation points chosen in each
direction of uncertainty is kept the same at a value of
n1 ¼ n2 ¼ n3 ¼ n4 ¼ no ¼ 4. Considering there are four uncer-
tainties, we get N¼ 256 LIP bases and their corresponding 256
collocation points. On running the stochastic linear model at these
collocation points, the LIP bases coefficients are determined. Mb

is then used to transform them to a probabilistic model with multi-
variate Legendre polynomials as bases (since the distribution of
the uncertain parameters are all uniform). Similar to the previous
problem, the coefficients from the new model are then used to
evaluate the desired Sobol’ indices for l tð Þ and R tð Þ. The arrange-
ment of the indices is done as per Eq. (86).

Since the major concern in this problem is to monitor the verti-
cal displacement of the car chassis, we are only interested in the
state x2 tð Þ. Hence, Sobol’ indices corresponding to only l2 and
R 2;2ð Þ are presented.

Figures 5 and 6 are used to present the Sobol’ indices for the
variables of interest. Figure 5 shows the indices for the mean of
the chassis displacement while Fig. 6 shows the indices for the
variance of the chassis displacement. It is once again evident from
the figures that different parameters have influence over the total
variance when different outputs of interest are considered. We see
that for l2, the total variance is initially largely dependent on the
uncertainty of p2. However, with time, this influence wanes and
the uncertainty due to the combination of p1; p2; p3ð Þ starts
dominating.

For R 2;2ð Þ, we see that at initial stages, p4 has most influence but
its dominance is overwhelmed by p1 and p2 with time. It is also
interesting to see that the individual influences of all the parame-
ters p1 through p4 count for most part of the total variance and
joint contribution for the parameters is only minimal as seen from
the indices (S12,S13,S14,S23 and S24).

Fig. 4 Schematic diagram of the quarter car model

Fig. 6 Sobol’ indices for R(2;2)Fig. 5 Sobol’ indices for l2
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7 Conclusions

This paper has presented an approach to develop Polynomial
Chaos models of linear stochastic systems without the necessity to
evaluate any indefinite integrals, which has been a drawback of
intrusive polynomial chaos. It is shown that intrusive polynomial
chaos is identical to stochastic collocation (provided the uncertain
variables appear multilinearly) as long as Lagrange interpolation
polynomials are used as bases. The coefficients from these models
are then used to determine Sobol indices for the outputs of interest.

The paper also investigates the case when the outputs of interest
are the mean and the co-variance of linear systems under the influ-
ence of process noise. It is observed that for a system, it is not
necessary that the predominant contributor to the uncertainty in
the mean and the variance be due to the same model input param-
eters. Hence, investing appropriate resources in lowering uncer-
tainties in appropriate parameters are contingent on the choice of
the output. It is often necessary in the forecasting frameworks to
have a good estimate of the variance in the presence of process
noise. If the same system is plagued with model parameter uncer-
tainties, it then becomes important to know what factors contrib-
ute most to the uncertainty in the estimate of those variances. The
methodology presented in this paper allows one to do that.

It should be noted, however, that the method is subjected to the
curse of dimensionality where the number of collocation points
exponentially increases with the number of uncertain variables
(similar to basic multivariate stochastic collocation). This requires
increasing computational efforts to compute the said coefficients
and could be prohibitive for large-scale uncertainties. However, a
future scope of work could entail looking into sparse grid colloca-
tion points (as opposed to tensor product LIP based) to reduce
computational burden with increasing uncertainties.
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