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Abstract

Duetoits manyapplications,curvesimplificationisalong-studiedproblemincomputational

geometryandadjacentdisciplines,suchasgraphics,geographicalinformationscience,etc.Givena

polygonalcurvePwithnvertices,thegoalistofindanotherpolygonalcurveP withasmaller

numberofverticessuchthatP issufficientlysimilartoP.Qualityguaranteesofasimplification

areusuallygiveninalocalsense,boundingthedistancebetweenashortcutanditscorresponding

sectionofthecurve.Inthisworkweaimtoprovideasystematicoverviewofcurvesimplification

problemsunderglobaldistancemeasuresthatboundthedistancebetweenPandP. Weconsider

sixdifferentcurvedistancemeasures:threevariantsoftheHausdorffdistanceandthreevariantsof

theFréchetdistance.AndwestudydifferentrestrictionsonthechoiceofverticesforP. Weprovide

polynomial-timealgorithmsforsomevariantsoftheglobalcurvesimplificationproblem,andshow

NP-hardnessforothervariants.Throughthissystematicstudyweobserve,forthefirsttime,some

surprisingpatterns,andsuggestdirectionsforfutureresearchinthisimportantarea.
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1 Introduction

Duetoitsmanyapplications,curvesimplification(alsoknownaslinesimplification)isa

long-studiedproblemincomputationalgeometryandadjacentdisciplines,suchasgraphics,

geographicalinformationscience,etc.GivenapolygonalcurvePwithnvertices,thegoal

istofindanotherpolygonalcurveP withasmallernumberofverticessuchthatP is
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Figure1Foratargetdistanceδ,theredcurve(middle)isaglobalsimplificationoftheinput

curve(left),butitisnotalocalsimplification,sincethefirstshortcutdoesnotcloselyrepresentits

correspondingcurvesection(right).TheexampleworksforbothHausdorffandFréchetdistance.

sufficientlysimilartoP.Classicalalgorithmsforthisproblemfamouslyincludeasimple

recursiveschemebyDouglasandPeucker[16],andamoreinvolveddynamicprogramming

approachbyImaiandIri[21];botharefrequentlyimplementedandcited.Sincethen,

numerousfurtherresultsoncurvesimplification,ofteninspecificsettingsorunderadditional

constraints,havebeenobtained[1,2,6,11,12,14,8,18,20].

Despiteitspopularity,theDouglas-Peuckeralgorithmcomeswithnoprovablequality

guarantees.ThemethodbyImaiandIri,thoughslower,wasintroducedasanalternative

whichdoessupplyguarantees:itfindsanoptimalshortestpathinagraphinwhichpotential

shortcutsaremarkedaseithervalidorinvalid,basedontheirdistancetothecorresponding

sectionsoftheinputcurve. However,Agarwaletal.[2]notethattheImai-Irialgorithm

doesnotactuallygloballyoptimizeanydistancemeasurebetweentheoriginalcurvePand

thesimplificationP.Thisworkinitiatedamoreformalstudyofcurvesimplification;van

Kreveldetal.[24]systematicallyshowthatbothDouglas-PeuckerandImai-Irimayindeed

producefar-from-optimalresults.

Thisraisesaquestionofwhatitmeansforasimplificationtobeoptimal. Wemayview

itasadual-optimizationproblem:wewishtominimizethenumberofverticesofP given

aconstraintonitssimilaritytoP.Thisdependsonthedistancemeasureused;popular

curvedistancemeasuresincludetheHausdorffandFréchetdistances(variantsandformal

definitionsarediscussedinSection2.1).However,thedifferenceininterpretationbetween

Agarwaletal.andImaiandIriliesnotsomuchinthechoiceofdistancemeasure,butrather

whatexactlyitisappliedto.Infact,theImai-Irialgorithmisoptimalinalocalsense:it

outputsasubsequenceoftheverticesofPsuchthattheHausdorffdistancebetweeneach

shortcutanditscorrespondingsectionoftheinputisbounded:eachshortcutapproximates

thesectionofPbetweentheverticesoftheshortcut.

Inthiswork,weunderlinethisdifferencebyusingthetermglobalsimplificationwhen

aboundonadistancemeasuremustbesatisfiedbetweenPandP (formaldefinitionin

Section2.3),andlocalsimplificationwhenaboundonadistancemeasuremustbesatisfied

betweeneachedgeofP anditscorrespondingsectionofP.Clearly,alocalsimplification

isalsoaglobalsimplification,butthereverseisnotnecessarilytrue,seeFigure1.Both

localandglobalsimplificationshavetheirmerits:onecanimaginesituationswhereitis

importantthateachsegmentofasimplifiedcurveisagoodrepresentationofthecurve

sectionitreplaces,butinotherapplications(e.g.,visualization)itisreallythesimilarityof

theoverallresulttotheoriginalthatmatters. Mostexistingworkoncurvesimplification

fallsinthelocalcategory.Inthiswork,wefocusonglobalcurvesimplification.

1.1 Existing WorkonGlobalCurveSimplification

Surprisingly,onlyafewresultsonsimplificationunderglobaldistancemeasuresareknown[2,

7,10,24];consequently,whatmakestheproblemdifficultisnotwellunderstood.
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Agarwaletal.[2]firstconsidertheideaofglobalsimplification.Theyintroducewhat

theycallaweaksimplification:amodelinwhichtheverticesofthesimplificationarenot

restrictedtobeasubsetoftheinputvertices,butcanlieanywhereintheambientspace.1

Interestingly,theycomparethistoalocalsimplificationwhereverticesarerestrictedtobe

asubsetoftheinput. Wemayinterpretacombinationoftwooftheirresults(Theorem

1.2andTheorem4.1)asanapproximationalgorithmforglobalcurvesimplificationwith

unrestrictedverticesundertheFréchetdistance:foragivencurvePandthresholdδonecan

compute,inO(nlogn)time,asimplificationP whichhasatmostthenumberofverticesof

anoptimalsimplificationwiththresholdδ/8.

Beregetal.[7]firstexplicitlyconsiderglobalsimplificationinthesettingwherevertices

arerestrictedtobeasubsequenceofinputvertices,butusingthediscreteFréchetdistance:

avariantoftheFréchetdistancewhichonlymeasuresdistancesbetweenvertices(refer

toSection2.1).Theyshowhowtocomputeanoptimalsimplificationwhereverticesare

restrictedtobeasubsequenceinO(n2)time,andtheygiveanO(nlogn)timealgorithmfor

thesettingwhereverticesmaybeplacedfreely.

VanKreveldetal.[24]considerthesame(globaldistance,butverticesshouldbea

subsequence)setting,butforthecontinuousFréchetandHausdorffdistances.Theygive

polynomial-timealgorithmsfortheFréchetdistanceanddirectedHausdorffdistance(from

simplificationcurvetoinputcurve),buttheyshowtheproblemisNP-hardforthedirected

HausdorffdistanceintheoppositedirectionandfortheundirectedHausdorffdistance.

Recently,BringmannandChaudhury[10]improvedtheirresultfortheFréchetdistanceto

O(n3),andalsogiveaconditionalcubiclowerbound.

Finally,wementionthereisearlierworkwhichdoesnotexplicitlystudysimplification

underglobaldistancemeasures,butcontainsresultsthatmaybereinterpretedassuch.

Guibasetal.[19]providealgorithmsforcomputingminimum-linkpathsthatstabasequence

ofregionsinorder.Oneofthevariants,presentedinTheorems10and14of[19],computes

whatmaybeseenasanoptimalsimplificationundertheFréchetdistancewithnovertex

restrictions,i.e.,thesamesettingthatwasstudiedbyAgarwaletal.,inO(n2log2n)time.

2 Classification

Weaimtoprovideasystematicoverviewofcurvesimplificationproblemsunderglobal

distancemeasures.Tothisend,wehavecollectedknownresultsandarrangedtheminatable

(Table1),andprovideseveralnewresultstocomplementthese(refertoSection2.4).This

allowsusforthefirsttimetoobservesomesurprisingpatterns,anditsuggestsdirectionsfor

futureresearchinthisimportantarea. Wefirstdiscussthedimensionsofthetable.

2.1 Distance Measures

Forourstudy,weconsidersixdifferentcurvedistancemeasures:threevariantsofthe

HausdorffdistanceandthreevariantsoftheFréchetdistance.Theseareamongthemost

popularcurvedistancemeasuresinthealgorithmsliterature.TheHausdorffdistancecaptures

themaximumdistancefromapointononecurvetoapointontheothercurve.Thevariants

oftheHausdorffdistanceweconsiderarethedirectedHausdorffdistancefromtheinputto

theoutput,thedirectedHausdorffdistancefromtheoutputtotheinput,andtheundirected

1 Wechoosenottoadopttheterms weakandstronginthiscontextbecausewewillalsodistinguishan
intermediatemodel,andtoavoidconfusionwiththeweakFréchetdistance;refertoSection2.2.
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Figure2GloballysimplifiedcurvesunderFréchetdistance(left)andHausdorffdistance(right).

Thevertex-restrictedcase(inred)requires5verticesforFréchetdistanceand8verticesforthe

Hausdorffdistance.Thecurve-restrictedcase(inblue)requires4verticesforFréchetdistanceand6

verticesfortheHausdorffdistance.Thenon-restrictedcase(ingreen)requiresonly3verticesfor

Fréchetdistanceandonly5verticesfortheHausdorffdistance.Theδ-neighborhoodsfortheoriginal

curvesareshowninyellow.

(orbidirectional)Hausdorffdistance.TheFréchetdistancecapturesthemaximumdistance

betweenapairofpointstravelingalongthetwocurvessimultaneously. Wenowformally

defineallsixdistancemeasures.

LetP= p1,p2,···,pn betheinputpolygonalcurve. WetreatPasacontinuousmap

P:[1,n]→Rd,whereP(i)=piforintegeri,andthei-thedgeislinearlyparametrizedas

P(i+λ)=(1−λ)pi+λpi+1. WewriteP[s,t]forthesubcurvebetweenP(s)andP(t)and

denotetheshortcut,i.e.,thestraightlineconnectingthem,byP(s)P(t).

TheFréchetdistancebetweentwopolygonalcurvesPandQ,withnandmvertices,

respectively,isF(P,Q)=inf(σ,θ)maxt P(σ(t))−Q(θ(t)),whereσandθarecontinuous

non-decreasingfunctionsfrom[0,1]to[1,n]and[1,m],respectively.Ifσandθarecontinuous

butnotnecessarilymonotone,theresultinginfimumiscalledtheweakFréchetdistance.

Finally,thediscreteFréchetdistanceisavariantwhereσandθarediscretefunctionsfrom

{1,...,k}to{1,...,n}and{1,...,m}withthepropertythat|σ(i)−σ(i+1)|≤1.

ThedirectedHausdorffdistancebetweentwopolygonalcurves(ormoregenerally,compact

sets)PandQisdefinedas
−→
H(P,Q)=max

p∈P
min
q∈Q

p−q.TheundirectedHausdorffdistance

isthensimplythemaximumoverthetwodirections:H(P,Q)=max{
−→
H(P,Q),

−→
H(Q,P)}.

2.2 VertexRestrictions

Oncewehavefixedthedistancemeasureandagreedthatwewishtoapplyitglobally,

oneimportantdesigndecisionstillremainstobemade. Traditionalcurvesimplification

algorithmsconsiderthe(polygonal)inputcurvePtobeasequenceofpoints,andproduce
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Table1Knownandnewresults(inblue)fortheGCSproblemunderglobaldistancemeasures.

Distance Vertex-restricted(V) Curve-restricted(C) Non-restricted(N)

←−
H(P,δ)stronglyNP-hard[24] weaklyNP-hard(Thm5) ?

−→
H(P,δ)

O(n4)[24]

O(n3logn)(Thm3)
weaklyNP-hard(Thm5) poly(n)[23]

H(P,δ) stronglyNP-hard[24] stronglyNP-hard(Cor14)
stronglyNP-hard(Thm13)

F(P,δ)
O(mn5)[24]

O(n3)[22]

O(n3)[10]

O(n)inR1(Thm7)

weaklyNP-hardinR2(Thm5)

O(n2log2n)inR2[19]

O(nlogn)(1,8)-approx[2]

O∗(n2lognloglogn)

(2,1+ε)-approx(Thm11)

dF(P,δ) O(n2)[7] O(n3)(Thm6) O(nlogn)[7]

wF(P,δ) O(n3)(Thm2) weaklyNP-hard(Thm5) (2,1+ε)-approx(Cor12)

asoutputP asubsequenceofthissequence.However,ifwemeasurethedistanceglobally,

theremaybenostrongreasontorestrictthefamilyofacceptableoutputcurvessomuch:

thedistancemeasurealreadyensuresthesimilaritybetweeninputandoutputcurves,so

perhapswemayallowamorefreechoiceofvertexplacement.Indeed,severalresultsunder

thismorerelaxedviewpointexist,asdiscussedinSection1.1.Here,wechoosetoinvestigate

threeincreasinglevelsoffreedom:(1)vertex-restricted(V),whereverticesofP havetobea

subsequenceofverticesofP;(2)curve-restricted(C),whereverticesofP canlieanywhere

onPbuthavetorespecttheorderalongP;and(3)non-restricted(N),whereverticesofP

canbeanywhereintheambientspace.Figure2illustratesthedifferencebetweenthethree

models.Thethirdcategorydoesnotmakesenseforlocalcurvesimplification,butisvery

naturalforglobalcurvesimplification.Observethatwhentheverticesofasimplifiedcurve

havemorefreedom,theoptimalsimplifiedcurveneverhasmore,butmayhavefewer,vertices.

2.3 GlobalCurveSimplificationOverview

Wearenowreadytoformallydefineaclassofglobalcurvesimplificationproblems. When

D(·,·)denotesadistancemeasurebetweencurves(e.g.,theHausdorfforFréchetdistance),

theglobalcurvesimplification(GCS)problemaskswhatisthesmallestnumberksuch

thatthereexistsacurveP withatmostkvertices,choseneitherasasubsequenceofthe

verticesofP(variantV),asasequenceofpointsontheedgesofPinthecorrectorder

alongP(variantC),orchosenanywhereinRd(variantN)andsuchthatD(P,P)≤δ,for

agiventhresholdδ.Inallcases,werequirethatPandP startatthesamepointandend

atthesamepoint.

Table1summarizesresultsforthedifferentvariantsoftheGCSproblemobtainedby

instantiatingDwiththeHausdorfforFréchetdistancemeasuresandbyapplyingavertex

restrictionR.HereR∈{V,C,N},andDiseithertheundirectedHausdorffdistanceH,the

directedHausdorffdistance
←−
H(P,δ)fromPtoP,thedirectedHausdorffdistance

−→
H(P,δ)

fromP toP,theFréchetdistanceF,thediscreteFréchetdistancedF,ortheweakFréchet

distancewF.ThroughoutthepaperweuseDR(P,δ)todenoteacurveP thatistheoptimal

R-restrictedsimplificationofPwithD(P,P)≤δ.

ESA2019
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SinceGCSisadual-optimizationproblem,wecallanalgorithman(α,β)-approximation

ifitcomputesasolutionwithdistanceatmostβδandusesatmostαtimesmoreshortcuts

thantheoptimalsolutionfordistanceδ.

2.4 NewResults

InordertoprovideathoroughunderstandingofthedifferentvariantsoftheGCSproblem

weprovideseveralnewresults.Insomecasesthesearestraightforwardadaptationsofknown

results,inothercasestheyrequiredeeperideas.Additionallemmas,theorems,andproofs

areavailableinthefullversionofthispaper[22]. Wegivepolynomialtimealgorithmsfor

findingwFV(P,δ),thevertex-restrictedGCSundertheweakFréchetdistance(Section3,

Theorem2),andwFV(P,δ),thevertex-restrictedGCSunderthestrongFréchetdistance(see

[22]).InSection4weconsiderthevertex-restrictedproblemunderthedirectedHausdorff

distancefromP toP(thatis,tofind
−→
HV(P,δ)),originallyconsideredbyvanKreveldet

al.[24],andweprovideanalgorithmwithanimprovedruntimeofO(n3logn)(Theorem3).

InSection5weprovethatsolvingthecurve-restrictedGCSisNP-hardforalmostalldistance

measuresconsideredinthispaperexceptforthediscreteFréchetdistance(Theorem6)and

strongFréchetdistanceinR1(Theorem7)forwhichwepresentpolynomialtimealgorithms.

Tothebestofourknowledge,thesearethefirstresultsinthecurve-restrictedsetting

underglobaldistancemeasures.Finally,inSection8,wegivea(2,1+ε)-approximation

algorithmforFN(P,δ),thenon-restrictedGCSundertheFréchetdistance,whichrunsin

O∗(n2lognloglogn)time,whereO∗hidesfactorspolynomialin1/ε(Theorem11).Thesame

resultalsoholdsforwFN(P,δ)(Corollary12).InSection9weshowthatthenon-restricted

GCSproblembecomesNP-hardwhenweconsidertheHausdorffdistance(Theorem13).

2.5 Discussion

Withboththeexistingworkandournewresultsinplace,wenowhaveagoodoverviewof

thecomplexityofthedifferentvariantsoftheGCSproblem,seeTable1.

Observethatthecurve-restrictedvariantsseemtogenerallybeharderthanboththevertex-

restrictedandthenon-restrictedvariants.Thatmeansthat,ontheonehand,broadening

thesearchspacefromthevertex-restrictedtothecurve-restrictedcasemakestheproblem

harder.Butontheotherhanditdoesnotgiveunrestrictedfreedomofchoice,whichinturn

enablesthedevelopmentofefficientalgorithmsfortheunrestrictedcase.

AnotherinterestingpatterncanbeobservedfortheHausdorffdistancemeasures.The

directionoftheHausdorffdistancemakesasignificantdifferenceinwhetherthecorresponding

GCSproblemisNP-hardorpolynomiallysolvable.TheGCSproblemfortheundirected

HausdorffdistanceisatleastashardasforthedirectedHausdorffdistancefromtheinput

curvetothesimplification.

Drawingupontheaboveobservationswemakethefollowingconjecture:

Conjecture1.Thecurve-restrictedandnon-restrictedGCSproblemsfor
←−
H(P,δ)are

stronglyNP-hard.

3 Freespace-BasedAlgorithmsforFréchetSimplification

Weusethefreespacediagrambetween PanditsshortcutgraphGtosolvethevertex-

restrictedGCSproblemundertheweakandstrongFréchetdistancesinO(n3)timeand

space. Thisisrelatedtomap-matching[4,9],howeverinourcaseweneedtocompute

shortestpathsinthefreespacethatcorrespondtosimplepathsinG. Whilemap-matching

forclosedsimplepathsisNP-complete[25],weexploittheDAGpropertyofGtodevelop

efficientalgorithms.TheproofforthestrongFréchetdistancecanbefoundin[22].
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Figure3AfreespacediagramFSDδ(P,G)withstripsandspines.

3.1 ShortcutDAGandFreeSpaceDiagram

LetG=(V,E)betheshortcutDAGofP,whereV={1,...,n}andE={(u,v)|1≤

u<v≤n}.Eachv∈Visembeddedatpvandeachedgee=(u,v)∈Easastraightline

shortcutislinearlyparameterizedase(t)=(1−t)pu+tpvfort∈[0,1]. Weconsiderthe

parameterspaceofGtobeE×[0,1].

Now,letδ>0,andconsiderthejointparameterspace[1,n]×E×[0,1]ofPandG.

Any(s,e,t)∈[1,n]×E×[0,1]iscalledfreeifP(s)−e(t)≤δ,andtheunionofallfree

pointsisreferredtoasthefreespace.Forbrevity,wewrite(s,e(t))insteadof(s,e,t),and

ife(t)=v∈Vwewrite(s,v).ThefreespacediagramFSDδ(P,G)consistsofallpointsin

[1,n]×E×[0,1]togetherwithanannotationforeachpointwhetheritisfreeornot.In

thespecialcasethatthegraphisapolygonalcurveQwithmvertices,thenFSDδ(P,Q)

consistsof(n−1)×(m−1)cellsinthedomain[1,n]×[1,m]. Amonotonepathfrom

(1,1)to(n,m)thatliesentirelywithinthefreespacecorrespondstoapairofmonotone

reparameterizations(σ,θ)thatwitnessF(P,Q)≤δ.Suchareachablepathcanbecomputed

usingdynamicprogramminginO(mn)time[5].Ifonedropsthemonotonicityrequirement

forthepath,oneobtainsawitnessforwF(P,Q)≤δ.

ThefreespacediagramFSDδ(P,G)consistsofonecellforeachedgeinPandeach

edgeinG.Thefreespaceinsuchacellisconvex.Theboundaryofacellcomprisesfour

linesegmentsthateachcontainatmostonefreespaceinterval.FSDδ(P,G)iscomposed

ofspinesandstrips. Foranyv∈Vande∈EwecallSP(v)=[1,n]×vaspineand

ST(e)=[1,n]×e×[0,1]astrip. Wedenotethefreespacewithinspinesandstripsas

SPδ(v)={(s,v)|1≤s≤n,||P(s)−pv||≤δ}andSTδ(e)={(s,e(t))|1≤s≤n,0≤t≤

1,||P(s)−e(t)||≤δ}.For(u,v)∈E,bothspinescenteredattheverticesoftheedgeare

subsetsofthestrip:SP(u),SP(v)⊆ST(u,v),andSP(u)isasubsetofallstripswithrespect

toedgesincidentonu.SeeFigure3foranillustration.

3.2 WeakFréchetDistancewFV(P,δ)inPolynomialTime

LetP =wFV(P,δ)andletn=#P bethenumberofverticesinP.ThenP isapath

inG,andP visitsanincreasingsubsequenceofverticesinP(orV).Fromthefactthat

wF(P,P)≤δweknowthatthereisapathP=(σ,θ)from(1,1)to(n,n)inFSDδ(P,P)

thatliesentirelywithinfreespace.AndsinceFSDδ(P,P)isasubsetofFSDδ(P,G),the

pathP=(σ,θ)isalsoapathinFSDδ(P,G).Here,σisareparameterizationofP,andθis

areparameterizationofP,andP issimple. Wecall(s,d)inFSDδ(P,G)weaklyreachableif

ESA2019
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thereexistsapathP=(σ,θ)from(1,1)to(s,d)inFSDδ(P,G)thatliesinfreespacesuch

thatθisareparameterizationofasimplepathfromp1tosomepointonanedgeinG. We

denotethenumberofverticesonthissimplepathby#P,andwecallPweaklyreachable.

Wedefinethecostfunction φ:[1,n]×V→Nasφ(z,v)=minP#P,wheretheminimum

rangesoverallweaklyreachablepathsto(z,v)inthefreespacediagram.Ifnosuchpath

existsthenφ(z,v)=∞.Notethatallpointsinafreespaceinterval(ontheboundaryofa

freespacecell)havethesameφ-value.

Observation1. ThereisaweaklyreachablepathPinFSDδ(P,G)from(1,1)to(n,n)

with#P=#wFV(P,δ)ifandonlyifφ(n,n)=#wFV(P,δ).

Sinceφisthelengthofashortestpath,itseemsasifonecouldcomputeitbysimply

usingabreadth-firstpropagation.However,onehastobecarefulbecauseaweaklyreachable

pathPisonlyallowedtobacktrackalongthepathinGthatithasalreadytraversed. We

thereforecarefullycombinetwobreadth-firstpropagationstocomputetheφvaluesforall

I∈I,whereIisthesetofall(non-empty)freespaceintervalsonallspinesSP(v)forall

v∈V.Fortheprimarybreadth-firstpropagation,weinitializeaqueueQbyenqueuingthe

intervalI⊆SPδ(1)thatcontains(1,1).Onceanintervalhasbeenenqueueditisconsidered

visited,anditcanneverbecomeunvisitedagain.Thenwerepeatedlyextractthenextinterval

IfromQ. AssumeI⊆SPδ(u).Foreachvfromu+1tonweconsiderST(u,v)andwe

computeallunvisitedintervalsJ⊆SPδ(u)∪SPδ(v)thatarereachablefromIwithapathin

STδ(u,v).TheseJcanbereachedusingonemorevertex,thereforewesetφ(J)=φ(I)+1,

weinsertJintoQ,andwestorethepredecessorπ(J)=I.ForeachJ∈SPδ(u)wethen

launchasecondarybreadth-firsttraversaltopropagateφ(J)toallunvisitedintervalsJ∈I

thatarereachablefromJwithinthefreespaceofFSDδ(P,G(π(J))).Here,G(π(J))denotes

theprojectionofthepredecessorDAGrootedatπ(J)ontoG,i.e.,eachintervalIinthe

predecessorDAGisprojectedtouifI⊆SPδ(u).ThisallowsPtobacktrackalongthepathin

Gthatithasalreadytraversed,withoutincreasingφ.Thissecondarybreadth-firsttraversal

usesaseparatequeueQ,andsetsφ(J)=φ(J)andπ(J)=J. Whenthissecondary

traversalisfinished,Q isprependedtoQ,andthentheprimarybreadth-firstpropagation

continues.OnceQisempty,i.e.,allintervalshavebeenvisited,φ(I)=#wFV(P,δ),where

I⊆SPδ(n)istheintervalthatcontains(n,n).BacktrackingapathPfromnto1inthe

predecessorDAGrootedatπ(I),andprojectingPontoG,yieldsthesimplifiedcurveP.

ThisalgorithmvisitseachintervalinIonceusingnestedbreadth-firsttraversals.Sincethere

areO(n3)freespaceintervalsthistakesO(n3)timeandspace.

Theorem2.GivenapolygonalcurvePwithnverticesandδ>0,anoptimalsolutionto

thevertex-restrictedGCSproblemundertheweakFréchetdistancecanbecomputedinO(n3)

timeandspace.

4 Vertex-RestrictedGCSunderDirectedHausdorfffromP toP

InthissectionwerevisittheGCSproblemfor
−→
HV(P,δ)consideredbyKreveldetal.[24].

Weimproveontherunningtimeoftheir O(n4)timealgorithm.Firstwethickentheinput

curvePbywidthδ.ThisinducesapolygonPwithh=O(n2)holes.Nowallweneedis

todecidewhethereachshortcutpipj forall1≤i<j≤nliesentirelywithinPornot.

Tothisend,wepreprocessPintoadatastructuresuchthatforanystraightlinequery

rayρoriginatingfromapointinsidePonecanefficientlycomputethefirstpointonthe

boundaryofPhitbyρ. Weusethedatastructureproposedby[13]ofsizeO(N)which

canbeconstructedintimeO(N
√
h+h3/2logh+NlogN)andwhichanswersqueriesin
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Figure4

π1,6

π2,4

π3,5δ

δ

Sketchofthetemplatecurve.

π1
π2

π3

π4

π5
π6 δ

δ

4δ

Figure5PinholegadgetsπforFC(P,δ)

(left)and
←−
HC(P,δ)(right).Thepinholeis

showninred.

O(
√
hlogN)time. WehaveΘ(n2)shortcutspipj toprocessandneedtoexaminewhether

eachshortcutliesinsidePornot.IfashortcutliesinsidePthenweincludeitintheedge

setoftheshortcutgraphproposedbyImaiandIri[20].Otherwiseweeliminatetheshortcut.

Weoriginatearayat piandcomputethefirstpointxontheboundaryofPhitbytheray

inO(
√
hlogN)time.Ifpi−x ≥ pi−pj thentheshortcutliesinsideP,otherwiseit

doesnot.Oncetheedgesetoftheshortcutgraphisconstructed,wecomputetheshortest

pathinit.Asaresultwehavethefollowingtheorem:

Theorem3.GivenapolygonalcurvePwithnverticesandδ>0,anoptimalsolutionto

thecurve-restrictedGCSproblemfor
−→
HV(P,δ)canbecomputedinO(n

3logn)timeusing

O(n2)space.

5 NP-HardnessofSeveralCurve-RestrictedVariants

InthissectionweconstructatemplatethatweusetoproveNP-hardnessofthecurve-

restrictedGCSproblemsformostofthedistancemeasuresdiscussedinthispaper.The

templatetakesinspirationfromtheNP-hardnessproofsofminimum-linkpathproblems[23].

Webelievethatthistemplatecanbeadaptedtoshowhardnessofothersimilarproblems.

ThetemplatereducesfromtheSubsetSumproblem. Givenasetofm integers

A={a1,a2,...,am}andanintegerM,wewillconstructaninstanceofthecurve-restricted

GCSproblemsuchthatthereexistsasubsetB⊂Awiththetotalsumofitsintegersequal

toM ifandonlyifthereexistsasimplifiedpolygonalcurvewithatmost2m+1vertices.

TheinputcurvePweconstructhasazig-zagpattern.Ithasmsplitgadgetsatevery

otherbendofthepattern,m+1enumerationgadgetsattheotherbends,and2mpinhole

gadgetshalfwaythrougheachzig-zagsegment(refertoFigure4).

TheconstructionforcesanyoptimalsimplificationP tofollowazig-zagpatternwitha

vertexoneachsplitandenumerationgadgetandnoothervertices.Thepinholegadgetis

namedassuchbecauseanysegmentofP thatgoesthroughitisforcedtopassthrougha

specificpoint,calledthepinhole.ThislimitstheplacementsofP’svertices.Thechoiceof

wheretoplacethevertexoneachsplitgadgetthencorrespondstothechoiceofincluding

orexcludingagivenintegerinthesubsetBandthex-coordinateofthevertexoneach

enumerationgadgetencodesthesumofintegersinBuptothatpoint. Weensurethatthe

endpointofPisreachablewithatmost2m+1verticesonlyifBsumstoexactlyM.

Thesplitandenumerationgadgetsalwayshavethesameshape,buttheshapeofthe

pinholegadgetdependsonthedistancemeasure.Pinholegadgetsmustbechosensothat

thefollowingpropertieshold:
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1.AnysegmentofP startingbeforeapinholegadgetandendingafterthepinholegadget

mustpassthroughthepinholegadget’spinhole.

2.ItmustbeimpossibletohaveasegmentofP traversemultiplepinholegadgetsatonce.

3.AnysegmentofP wherethestartingvertexuisonasplitorenumerationgadget,the

segmentgoesthroughapinhole,andtheendingvertexvisonthenextenumerationor

splitgadget,musthavedistance≤δtoP[u,v].

4.Pmustbepolynomialinsize.Specifically,onlyapolynomialnumberofpolylinesegments

canbeusedandallverticesmusthaverationalcoordinates.

InFigure5weshowpinholegadgetsforFréchetdistanceanddirectedHausdorffdistance

directedfromP toP.ThegadgetforFréchetdistancealsoworksforweakFréchetdistance,

undirectedHausdorffdistanceanddirectedHausdorffdistanceintheotherdirection.For

theselatterthreedistancemeasures,wenotethatthepinholegadgetheredoesnotforceP

togothroughthepinholebuttopasscloseenoughbyitinstead.Thisresultsintherebeing

reachableintervalsonthesplitandenumerationgadgetsratherthanreachablepoints.This

leadstoanexpandedversionofthefirstproperty:

1.TheendpointofanysegmentofP startingbeforeapinholegadgetandendingafterthe

pinholegadgetmusthavedistancelessthan0.52m totheendpointofthesegmentwith

thesamestartingpointthatpassesexactlythroughthepinholeandendsonthesame

segmentofP.

Ifthispropertyholds(asitdoesforthegadgetinFigure5(left)underweakFréchetand

Hausdorffdistance)thereachableintervalsonthegadgetsaresosmalltheyneveroverlap,so

thereductionstillholds.Thisleadstothefollowingtheorems:

Theorem4.Givenacurvedistancemeasure,ifthereexistsapinholegadgetthatcanbe

insertedinthedescribedtemplatesuchthatthelistedpropertieshold,thecurve-restricted

GCSproblemforthatdistancemeasureisNP-hard.

Theorem5. TheGCSproblemfor
←−
HC(P,δ),

−→
HC(P,δ),HC(P,δ),FC(P,δ),wFC(P,δ)is

NP-hard.

Theorem4impliesthistemplatemaybeusedtoprovecurve-restrictedsimplificationunder

otherdistancemeasuresNP-hardaswellinthefuture.Sincethetemplatereducesfrom

SubsetSumitprovestheaboveproblemsweaklytobeNP-hard.ForundirectedHausdorff

distance,wealsoprovestrongNP-hardnessinCorollary14.

6 Curve-RestrictedGCSunderDiscreteFréchetDistance

NextwepresentanO(n3)-timealgorithmfortheGCSproblemfordFC(P,δ).Observethat,

givenaninputcurveP,thereisonlyadiscretesetofcandidatepointsweneedtoconsider

forverticesoftheoutputcurve.LetAbethearrangementofndisksofradiusδcenteredon

theverticesofP,andletC= c1,...,cm ,withm∈O(n
2),bethesequenceofintersections

betweenPandA,inorderalongP.ObservethatunderthediscreteFréchetdistance,ifthere

existsacurve-restrictedsimplificationP = q1,...,qk ofP,thenthereexistsasubsequence

ofCoflengthkwhichisasimplificationofP.

AlthoughtheapproachofBeregetal.[7]tocomputetheminimalvertex-restricted

simplificationofAdoesnotapplyinourcase,wecandesignadynamicprogramming

algorithminasimilarfashion.DefineK(i,j)tobetheminimumvalueksuchthatthere

existsasubsequencec1,...,cj oflengthkthathasdiscreteFréchetdistanceatmostδ

tothesequencep1,...,pi. Wewilldesignadynamicprogramtocalculateallnmvalues
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Figure6Thetime-stampedtraversalsmadebythemanmandthedogd.Theredlinesindicate

thedog’sjumps.

K(i,j).Specifically,ifpi−1andcjarewithindistanceδ,then

K(i,j)=minK(i−1,j),min
1≤j<j

(K(i−1,j)+1) ,

andK(i,j)=∞ otherwise. ThisdefinitionimmediatelygivesanO(n4)algorithmto

computeK(n,m). Wecanimproveonthisbymaintainingasecondtablewithprefixminima

M(i,j)=min
1≤j≤j

K(i,j),whichcanbecalculatedinconstanttimepertableentryandoverall

savesalinearfactor.Thefullproofofthefollowingtheoremcanbefoundin[22].

Theorem6.GivenapolygonalcurvePwithnverticesandδ>0,anoptimalsolutionto

thedFC(P,δ)canbecomputedinO(n
3)timeandO(n2)space.

7 GCSFréchetDistanceinOneDimension

Inthissectionweprovideagreedyalgorithmforthecurve-restrictedGCSprobleminR1

undertheFréchetdistance. Wedescribeouralgorithmusingtheman-dogterminologythatis

oftenusedintheliteratureonFréchetdistance:Initiallyamanandhisdogstartatp1.The

manwalksalongPuntilhisdistancetothedogexceedsδ.Nowifthereisaturnbetween

themanandthedog,thedogmarksitscurrentpositionandjumpsovertheturnandstays

atdistanceexactlyδawayfromtheman.Ifthereisnoturninbetween,thedogjustfollows

themanatdistanceexactlyδandstopswhenthemanarrivesatthenextturnortheend.

OncetheybothendthewalkatpnwereportthepositionsmarkedbythedogasP.See

Figure6. Moredetailsaregivenin[22].

Theorem7.GivenapolygonalcurvePinR1withnverticesandδ>0,anoptimal

solutiontothecurve-restrictedGCSproblemundertheFréchetdistancecanbecomputedin

lineartime.

8 ApproximationofNon-RestrictedGCSunderFréchetDistance

Inthissectionwepresentanapproximationalgorithmforthenon-restrictedGCSproblem

thatdiscretizesthefeasiblespacefortheverticesofthesimplifiedcurve. Theideaisto

computeapolynomialnumberofshortcutsinthediscretizedspace,and(approximately)

validateforeachshortcutwhetheritiswithinFréchetdistanceδtoasubcurveofP.Forevery

subcurveofPweincrementallyaddthevalidshortcutstotheedgesetofagraphGuntilall

theshortcutshavebeenprocessed.OnceGisbuilt,wecomputetheshortestpathinGand
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Algorithm1 Non-restrictedGCSproblemfortheFréchetdistance.

1foralli∈{1,···,n}do ComputeCi(δ,εδ/(4
√
d)andGi;

2E←∅,V←∅,C1←p1∪C1,Cn←pn∪Cn;

3forallCiandCj,with1≤i≤j≤ndo

4 forallc1∈Ciandc2∈Cjdo

5 ifValidate(c1c2,P[i,j])=truethenE←E∪c1c2,V←V∪{c1,c2};

6returntheshortestpathbetweenp1andpninG=(V,E).

returnP.Tospeedupthevalidationforeachshortcut,weuseadatastructuretodecide

whethertheFréchetdistancebetweenashortcutandasubcurveofPisatmostδ.Forabetter

understandingofouralgorithm,weintroducesomenotation.ConsideraballB(o,r)ofradius

r>0centeredato∈Rd.LetPrt(Rd,l)beapartitioningofRdintoasetofdisjointcells

(hypercubes)ofsidelengthlthatisinducedbyaxisparallelhyperplanesplacedconsecutively

atdistancel.Forany1≤i≤nwecallCi=Ci(r,l)={c∈Prt(R
d,l)|c∩B(pi,r)=∅}a

discretizationofB(pi,r).LetGibethesetofcornersofallcellsinCi.

Aswecansee,Algorithm1isastraightforwardcomputationofvalidshortcutsandshortest

pathinthegraphG.TheValidateproceduretakesashortcutc1c2 andasubcurveP[i,j]

asargumentsanddecides(approximately)ifF(c1c2,P[i,j])≤δ.Inparticular,itreturns

trueifF(c1c2,P[i,j])≤(1+ε/2)δandfalseifF(c1c2,P[i,j])>(1+ε)δ. Weimplement

theValidateprocedure(line5)usingthedatastructurein[17].Let#P denotethenumber

ofverticesofthepolygonalcurveP.ThefollowinglemmasimplyTheorem11. Moredetails

andproofsareprovidedin[22].

Lemma8.TheshortestpathPalgreturnedbyAlgorithm1existsandF(P,Palg)≤(1+ε)δ.

Lemma9.LetP =FN(P,δ)andletPalgbethecurvereturnedbyAlgorithm1.Then

#Palg≤2(#P−1).

Lemma10.Algorithm1runsinO ε−dnlognlog2(1/ε)logn+ε−(d+2)nloglogn time

andusesO(ε−dlog2(1/ε))n space.

Theorem11.LetPbeapolygonalcurvewithnverticesinRd,δ>0,andP =FN(P,δ).

Forany0<ε≤1,onecancomputeinO∗(n2lognloglogn)timeandO∗(n)spaceanon-

restrictedsimplificationP∗ofPsuchthat#P∗≤2(#P−1)andF(P,P∗)≤(1+ε)δ.Here,

O∗hidesfactorspolynomialin1/ε.

Corollary12.Theorem11alsoholdsforthenon-restrictedGCSundertheweakFréchet

distance.

9 StrongNP-HardnessforNon-RestrictedGCSunderUndirected
HausdorffDistance

VanKreveldetal.[24]showedthatthevertex-restrictedGCSproblemisNP-hardfor

undirectedHausdorffdistancebyareductionfromHamiltoniancycleinsegmentintersection

graphs.Theirproofcanbeextendedtothecurve-restrictedandnon-restrictedcase;however,

becauseoftheincreasedfreedominvertexplacementwemusttakecarewhenexactembedding

thesegmentgraph:e.g.,segmentsthatintersectatarbitrarilysmallanglescouldpotentially

causecoordinateswithunboundedbitcomplexity.Forthisreason,weherereducefroma
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morerestrictedclassofgraphs:orthogonalsegmentintersectionsgraphs.Czyzowiczetal.[15]

showthatHamiltoniancycleremainsNP-completein2-connectedcubicbipartiteplanar

graphs,andAkiyamaetal.[3]provethateverybipartiteplanargraphhasarepresentation

asanintersectiongraphoforthogonallinesegments.Hence,Hamiltoniancycleinorthogonal

segmentintersectiongraphsisNP-complete.

Wesketchtheadaptedproof;thefullproofcanbefoundin[22].LetSbeasetofn

horizontalorverticallinesegmentsintheplanewithinteger-coordinateendpointssuchthat

Sformsoneconnectedcomponent.Furthermore,assumethatallintersectionsofsegments

inSareproper,thatisnoendpointsofsegmentsinScoincide.Lettheinputpolygonal

curvePconsistofthesubsegmentsofS,andletPcoverallthesegmentsofS(possibly

multipletimes). Thatis,theverticesofParechosenfromthesetofendpointsandthe

intersectionpointsofsegmentsinS,andtheunionofallthelinksofPequalstotheunionof

thesegmentsinS.Setδ=1
8,andletD⊂R

2betheMinkowskisumofSandaclosedball

ofradiusδ.AsimplificationP withHausdorffdistanceatmostδtoPmustvisittheδ-disks

aroundallendpointsofS,whilestayinginsideD.AHamiltonianpathintheintersection

graphofScorrespondstoasimplificationP with3n−1vertices.Indeed,sincenotwo

δ-disksaroundtheendpointsofthesegmentsinSarevisibletoeachotherwithinD(unless

theyareendpointsofthesamesegment),anoptimalsolutionvisitsthetwoendpointsofeach

segmentconsecutivelyandhasoneextrabendtoswitchtothenextsegment.Thisresultsin

threelinksofP persegment,exceptforthefirstandthelastsegmenttobecovered,for

whichonlytwolinkseachareneeded.

Theorem13.Thenon-restrictedGCSproblemunderundirectedHausdorffdistanceis

stronglyNP-hard.

SinceasolutiontothereductionneverbenefitsfromplacingverticesnotonP,wealso

immediatelyobtainanimprovementoverTheorem5forthecaseofHC(P,δ).

Corollary14.Thecurve-restrictedGCSproblemunderundirectedHausdorffdistanceis

stronglyNP-hard.
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