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We define and study spectral data associated to U (m,m)-Higgs bundles through the

GL(2m,C) Hitchin fibration. We give a new interpretation of the topological invariants

involved as well as a geometric description of the moduli space.

1 Introduction

Examples of G-Higgs bundles on a Riemann surface Σ of genus g≥ 2, for G a real form

of a complex Lie group Gc, were initially considered in [7, 9]. Whilst the particular case

of G-Higgs bundles for the unitary group with signature has received much attention

in the past decade (e.g., see [5] and references therein), the work found in the literature

is mostly on the counting of connected components via Morse theory, where the critical

points lie in the most singular fiber of the corresponding Hitchin fibration. In contrast,

this paper is dedicated to the study of the geometry of the moduli space of U (m,m)-

Higgs bundles via the most generic fibers of the GL(2m,C) Hitchin fibration.
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Spectral Data for U (m,m)-Higgs Bundles 3487

Definition 1.1. A U (m,m)-Higgs bundle over Σ is a pair (V,Φ), where V =W1 ⊕ W2 for

Wi rank m vector bundles over Σ , and the Higgs field Φ is given by

Φ =
(
0 β

γ 0

)

, (1)

where β :W2 → W1 ⊗ K and γ :W1 → W2 ⊗ K are holomorphic sections for K the canoni-

cal bundle of Σ . !

We define the spectral data for U (m,m)-Higgs bundles in Section 2, and in

Section 3 we describe the topological invariants (Proposition 3.1) and the Milnor–Wood

type inequalities they satisfy, leading to our main result:

Theorem 3.2. There is a 1-to-1 correspondence between isomorphism classes of

U (m,m)-Higgs bundles (W1 ⊕ W2,Φ) for which char(Φ) defines a smooth curve and

degW1 > degW2, and triples (S̄, E+, D) where

(1) π̄ : S̄→ Σ is a smooth m-fold cover of Σ in the total space of K2 defined by

ξm + a1ξm−1 + · · · + am−1ξ + am = 0,

for ai ∈ H0(Σ, K2i) and ξ the tautological section of the pullback of K2;
(2) E+ is a line bundle on S̄ whose degree is deg E+ = degW1 + (2m2 − 2m)

(g− 1);
(3) D is a positive subdivisor of the divisor of am of degree M= degW2 −

degW1 + 2m(g− 1). !

Interchanging W1 and W2, the above correspondence holds for any U (m,m)-

Higgs bundle for which degW1 ̸= degW2, and in the case of W1 =W2, we show that the

construction fails to be 1-to-1. For each choice of invariants deg E+,M, in Section 4 we

give a geometric description of a distinguished component of the moduli space MU (m,m)

ofU (m,m)-Higgs bundles that intersects a generic fiber of the classical Hitchin fibration

(Theorem 4.2), studying all the components which are known to exist (see [5, p. 116]).

Finally, we specialize the above results to study the stable locus of the moduli

space of SU(m,m)-Higgs bundles as sitting inside the smooth fibers of the SL(2m,C)
Hitchin fibration in Section 5.
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3488 L. P. Schaposnik

2 Spectral Data for U(m,m)-Higgs Bundles

As shown in [8], there is a natural fibration of the moduli space M of classical Higgs

bundles of rank 2m and fixed degree, the so-called Hitchin fibration, which maps iso-

morphism classes of Higgs bundles to the coefficients of the characteristic polynomial

of the Higgs field

h :M→A :=
2m⊕

i=1

H0(Σ, Ki). (2)

The regular fiber of the Hitchin fibration is isomorphic to the Jacobian of a curve S in

the total space of K defined by the characteristic polynomial of Φ. In particular, given

a line bundle E on π : S→ Σ , one can obtain a classical Higgs pair (V,Φ) by taking the

direct image V := π∗E, and letting the Higgs field Φ be the map obtained through the

direct image of the tautological section E
η−→ E ⊗ π∗K.

Remark 2.1. From Definition 1.1, it follows that U (m,m)-Higgs bundles can be seen as

fixed points in M of the involution Θ : (V,Φ) %→ (V,−Φ) on M corresponding to vector

bundles V, which have an automorphism sending Φ to −Φ conjugate to

Im,m =
(

−Im 0

0 Im

)

. !

The characteristic polynomial of a U (m,m)-Higgs field Φ, which from the above

remark is invariant under Φ %→ −Φ, defines the spectral curve π : S→ Σ in the total space

of K with equation

η2m + a1η2m−2 + · · · + am−1η
2 + am = 0, (3)

for ai ∈ H0(Σ, K2i). Throughout the paper, we shall assume the curve S to be smooth.

The 2m-fold cover S has a natural involution σ : η %→ −η, and so we may consider

the quotient curve π̄ : S̄= S/σ → Σ in the total space of K2. This is an m-fold cover of Σ

which is smooth since S is assumed to be smooth, and has equation

ξm + a1ξm−1 + · · · + am−1ξ + am = 0, (4)

for ξ = η2 the tautological section of π̄∗K2. Let gS and gS̄ be the genus of S and S̄, respec-

tively, and KS and KS̄ their canonical bundles. By the adjunction formula, we have

KS ∼= π∗K2m and KS̄
∼= π̄∗K2m ⊗ π̄∗K−1, hence gS = 4m2(g− 1)+ 1, and gS̄ = (2m2 − m)

(g− 1)+ 1.
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Spectral Data for U (m,m)-Higgs Bundles 3489

Under certain conditions, the line bundle E ∈ Jac(S) associated to a GL(2m,C)-
Higgs bundle defines a U (m,m)-Higgs bundle:

Proposition 2.2. Let S be a smooth curve in the total space of K as in (3) with a natural

involution σ : η "→ −η, and E a line bundle on it. Then, E defines a U (m,m)-Higgs bundle

if and only if σ ∗E ∼= E . !

Proof. For S, E as above, there are two possible lifts of the action of σ to E which differ

by±1. By abuse of notation, we shall denote the choice of lifted action on E also by σ . On

an invariant open set π−1(U)⊂ S, we may decompose the sections of E into the invariant

and anti-invariant parts, labeled by the upper indices ± as follows:

H0(π−1(U), E)= H0(π−1(U), E)+ ⊕ H0(π−1(U), E)−.

From the definition of direct image, there is an equivalent decomposition of the coho-

mology H0(U,π∗E) into H0(U,π∗E)= H0(U,π∗E)+ ⊕ H0(U,π∗E)−. Hence π∗E =W+ ⊕ W−,

where W± are vector bundles on Σ . At a point x such that am(x) ̸= 0, the involution σ

has no fixed points on π−1(x). Moreover, if x is not a branch point, π−1(x) consists of

2m points e1, . . . , em, σe1, . . . σem. The fiber of the direct image is then isomorphic to

Cm ⊕ Cm, and the involution is σ : (v,w) "→ (w, v). Then, the fiber of W+ is given by the

invariant points (v, v), and the one of W− is given by the anti-invariant points (v,−v),

and so rkW+ = rkW− =m.

The Higgs field associated to E is defined as in the case of classical Higgs bun-

dles through the multiplication map E
η−→ E ⊗ π∗K. Since σ (η)=−η, the Higgs field Φ

maps W+ "→ W− ⊗ K and W− "→ W+ ⊗ K and thus it may be written as in (1).

Conversely, as a classical Higgs bundle, a U (m,m)-Higgs bundle (V,Φ) with

smooth spectral curve S as in (3) has associated a line bundle E on S defined as

the cokernel of ηI − π∗Φ in π∗V ⊗ π∗K. The involution σ transforms the line bun-

dle E for eigenvalue η to σ ∗E for eigenvalue −η. Furthermore, as noted before the

isomorphism classes of U (m,m)-Higgs bundles are fixed by Θ : (V,Φ) "→ (V,−Φ) and

thus σ ∗E ∼= E . "

Following [5], we say that a U (m,m)-Higgs bundle (V,Φ) as in Definition 1.1

is stable if for every subbundle V ′ =W′
1 ⊕ W′

2 with W′
1 ⊂ W1 and W′

2 ⊂ W2, satisfying

Φ(V ′)⊂ V ′ ⊗ K, one has that degV ′/rkV ′ < degV/rkV . Since in Proposition 2.2, we have

considered an irreducible curve S, there is no proper subbundle of V which is preserved

by Φ, and hence the U (m,m)-Higgs pair constructed through E is stable.
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3490 L. P. Schaposnik

By means of the two-fold cover ρ : S→ S̄, the line bundle E associated to

a U (m,m)-Higgs bundle (W1 ⊕ W2,Φ) can be seen in terms of line bundles on S̄.

The invariant and anti-invariant sections of E give a decomposition H0(ρ−1(V), E)=
H0(ρ−1(V), E)+ ⊕ H0(ρ−1(V), E)−, for V ⊂ S̄ an open set. Then, by definition of direct

image, there are two line bundles E+ and E− on the quotient curve S̄ such that

H0(ρ−1(V), E)± ∼= H0(V, E±). Moreover, by similar arguments as above, one has ρ∗E =
E+ ⊕ E− on S̄ for which π̄∗E+ =W1 and π̄∗E− =W2.

Remark 2.3. Considering the maps βγ and γβ, one obtains K2-twisted Higgs bun-

dles whose associated spectral curve is S̄ (e.g., see [4]), with corresponding line

bundles E± on S̄. !

3 The Associated Invariant

The topological invariants associated to U (m,m)-Higgs bundles as in Definition 1.1 are

the degrees degW1 and degW2. These invariants arise in a natural way in terms of the

spectral data from the isomorphism σ ∗E ∼= E of the line bundle obtained through Propo-

sition 2.2 and the quotient curve S̄. At a fixed point a∈ S of the involution, there is a

linear action of σ on the fiber Ea given by scalar multiplication of ±1. We shall denote

by M the number of points at which the action of σ is −1 on E .

Proposition 3.1. The topological invariants of a U (m,m)-Higgs bundle (W1 ⊕ W2,Φ)

with corresponding line bundle E can be expressed in terms of the spectral data as

follows:

degW1 =
deg E − M

2
+ (2m − 2m2)(g− 1), (5)

degW2 =
deg E + M

2
− 2m2(g− 1). (6)

!

Proof. From Proposition 2.2, the involution σ preserves the line bundle E and over its

4m(g− 1) fixed points, which are the zeros of am in (3), it acts as ±1. Furthermore, over

the fixed points σ acts as +1 on ρ∗L, for any line bundle L on S̄. Hence, the involution

acts as −1 on E ⊗ ρ∗L over exactly M points. Choosing L of sufficiently large degree such

that H1(S, E ⊗ ρ∗L) vanishes, by Riemann–Roch and Serre duality, we have that

dim H0(S, E ⊗ ρ∗L)+ + dim H0(S, E ⊗ ρ∗L)− = deg E + deg L − 4m2(g− 1), (7)
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Spectral Data for U (m,m)-Higgs Bundles 3491

where, as before the ± upper script labels the ±1 eigenspaces of σ in H0(S, E ⊗ ρ∗L).

From [1, Theorem 4.12], the holomorphic Lefschetz theorem gives us

dim H0(S, E ⊗ ρ∗L)+ − dim H0(S, E ⊗ ρ∗L)− = (−M)+ (4m(g− 1) − M)

2
. (8)

Hence, from (7) we have

dim H0(S, E ⊗ ρ∗L)+ = deg E + deg L − M
2

+ (m − 2m2)(g− 1),

dim H0(S, E ⊗ ρ∗L)− = deg E + deg L + M
2

− (m+ 2m2)(g− 1).

Finally, recall that ρ∗E = E+ ⊕ E− satisfying π̄∗E+ =W1 and π̄∗E− =W2. Since by con-

struction dim H0(S, E ⊗ ρ∗L)± = dim H0(S̄, E± ⊗ L), applying Riemann–Roch and Serre

duality, we obtain (5) and (6) as required, and also note that M= degW2 − degW1 +
2m(g− 1). !

Remark 3.2. Throughout this section, we have assumed that W1 and W2 are obtained

via the invariant and anti-invariant sections of E , respectively. Interchanging the role of

W1 and W2 corresponds to considering the involution −σ acting on S, and the associated

invariants deg E and M̄= 4m(g− 1) − M. "

For m> 1, the degrees of the bundles E+ and E− are given by

deg E+ = degW1 + (2m2 − 2m)(g− 1)= deg E
2

− M
2
, (9)

deg E− = degW2 + (2m2 − 2m)(g− 1)= deg E
2

+ M
2

− 2m(g− 1). (10)

Remark 3.3. The parity of the deg E and M need to be the same. "

Given a stable U (m,m)-Higgs field Φ = (β, γ ) as in Definition 1.1, if degW1 ≥
degW2 (else one can interchange W1 and W2), then γ ̸= 0 because otherwise the invariant

subbundle W1 would contradict stability. Moreover, the section γ induces a nonzero

map c∈ H0(S̄, E∗
+ ⊗ E− ⊗ π̄∗K) obtained through the multiplication map H0(S, E)+

η−→
H0(S, E ⊗ π∗K)−. Hence, since c is odd, it must vanish at the fixed points over which

σ acts as −1 on E .
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3492 L. P. Schaposnik

Since π̄ is a degree m cover, from (9) and (10) we have that

deg(E∗
+ ⊗ E− ⊗ π̄∗K)= M. Therefore, the section c vanishes only at the M points

over which σ acts as −1 on E , and defines a positive subdivisor D of the divisor of

am = det(βγ ) giving the whole set of fixed points. For [D], the line bundle on S̄ associated

to the divisor D, it follows that

[D]= E∗
+ ⊗ E− ⊗ π̄∗K. (11)

Remark 3.4. For m= 1, the surface Σ and the curve S̄ coincide, and the spectral data

are studied in [7]. !

From the study of the spectral data for U (m,m)-Higgs bundles, we have the

following theorem.

Theorem 3.5. There is a 1-to-1 correspondence between isomorphism classes of

U (m,m)-Higgs bundles (W1 ⊕ W2,Φ) on Σ with nonsingular spectral curve for which

degW1 > degW2, and triples (S̄, E+, D) up to isomorphism, where

(1) π̄ : S̄→ Σ is a smooth m-fold cover of Σ in the total space of K2 defined by

ξm + a1ξm−1 + · · · + am−1ξ + am = 0, (12)

for ai ∈ H0(Σ, K2i) and ξ the tautological section of the pullback of K2;
(3) E+ is a line bundle on S̄ whose degree is deg E+ = degW1 + (2m2 − 2m)

(g− 1);
(4) D is a positive subdivisor of the divisor of am of degree M= degW2 −

degW1 + 2m(g− 1). !

Proof. Starting with a U (m,m)-Higgs bundle, consider the line bundle E as in Propo-

sition 2.2, and let D be the positive subdivisor of the divisor of am over which σ acts

as −1 on E as in Proposition 3.1. As seen previously, the direct image ρ∗E on S̄= S/σ

decomposes into ρ∗E = E+ ⊕ E−, for E± line bundles on S̄ satisfying [D]= E∗
+ ⊗ E− ⊗ ρ̄∗K.

Note that from Equations (9) and (10) since degW1 > degW2 one has that deg E+ > deg E−.

Hence, considering the line bundle E+ of biggest degree, and identifying Picdeg E+(S̄)with

Jac(S̄), one can construct the triple (S̄, E+, D).

Conversely, given a triple (S̄, E+, D), since the curve S̄ is smooth, the section

am has simple zeros [4], and we may write [am]= D + D̄, for D̄ a positive divisor on Σ .

Furthermore, following (11) we define the line bundle E− on S̄ by E− = [D] ⊗ E+ ⊗ π̄∗K∗.
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Spectral Data for U (m,m)-Higgs Bundles 3493

One should note that in the case of degW1 = degW2 the number of points in D and D̄ is

the same, and thus the line bundle E− could be constructed through either of the two

divisors, making the correspondence fail to be 1-to-1 in this case.

On the curve S̄, we may consider the sections associated to the divisors D and

D̄, which induce the natural maps β̄ : E− −→ [D̄] ⊗ E− = E+ ⊗ π̄∗K and γ̄ : E+ −→ [D] ⊗ E+ =
E− ⊗ π̄∗K. Then, there is a natural rank 2 Higgs bundle (E+ ⊕ E−, Φ̄)whose Higgs field Φ̄

has off diagonal entries β̄ and γ̄ . Moreover, β̄γ̄ is given by am up to scalar multiplication,

and the spectral curve of this π̄∗K-twisted Higgs bundle Φ̄ is a curve S whose quotient

under σ : η &→ −η gives S̄.

Following the methods for classical Higgs bundles, (E+ ⊕ E−, Φ̄) has an associ-

ated line bundle E on S which is preserved by the involution σ on S (e.g., [4]) and such

that ρ∗E = E+ ⊕ E− via the invariant and anti-invariant sections and by similar argu-

ments as the ones leading to (11), the involution σ acts as −1 on E over the divisor D,

hence proving the theorem. !

Remark 3.6. By interchanging the involutions σ and −σ , one can show that an

equivalent correspondence exists in the case of U (m,m)-Higgs bundles for which

degW1 < degW2. "

Following [5], the Toledo invariant τ (degW1,degW2) associated to U (m,m)-

Higgs bundles is defined as τ (degW1,degW2) := degW1 − degW2, and so from the pre-

vious calculations, this invariant may be expressed as τ (degW1,degW2)=−M + 2m

(g− 1). By definition, M satisfies 0≤ M ≤ 4m(g− 1), and thus

0≤ |τ (degW1,degW2)|≤ 2m(g− 1), (13)

which agrees with the bounds given in [5] for the Toledo invariant.

Remark 3.7. The maximal Toledo invariant corresponds to M= 0, and thus, from

Section 3 in this case, the nonzero map c∈ H0(S̄, E∗
+ ⊗ E− ⊗ π̄∗K) associated to a

U (m,m)-Higgs bundle is an isomorphism. Then, the section γ is nowhere vanishing, giv-

ing an isomorphism W1 ∼=W2 ⊗ K. For L0 a choice of square root of K one can construct a

Cayley pair (W̃2, θ̃), a K2-twisted Higgs bundle on Σ naturally associated to theU (m,m)-

Higgs bundle [5]. This is done by considering θ̃ = [(γ ⊗ IK) ◦ β] ⊗ IL0 : W2 ⊗ L0 → W2 ⊗
L0 ⊗ K2, for IK and IL0 , the identities on K and L0. Moreover, the spectral curve of the

Cayley pair is S̄, the corresponding line bundle is E− ⊗ π̄∗L0, and Theorem 3.5 provides

a realization of the Cayley correspondence. "
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3494 L. P. Schaposnik

Remark 3.8. The methods developed here to identify the topological invariants associ-

ated to U (m,m)-Higgs bundles in terms of an action on fixed points can be extended to

the study of Higgs bundles for other real forms, and we do this in [11, 13]. !

4 The Moduli Space of U(m,m)-Higgs Bundles

Through dimensional arguments, one can show that the space of isomorphism classes

of U (m,m)-Higgs bundles satisfying Theorem 3.5 is included in the moduli of stable

U (m,m)-Higgs bundles MU (m,m) as a Zariski open set. We shall denote by A′ ⊂A the

points in the Hitchin base of the classical Hitchin fibration over which MU (m,m) lies,

this is,

A′ =
m⊕

i=1

H0(Σ, K2i). (14)

Proposition 4.1. The dimension of the parameter space of the triples (S̄, E+, D) associ-

ated to U (m,m)-Higgs bundles as in Theorem 3.5 is, as expected, 4m2(g− 1)+ 1. !

Proof. Since by Bertini’s theorem a generic point in A′ gives a smooth curve S̄, the

parameter space of S̄ has dimension dimA′ = (2m2 +m)(g− 1). The choice of the divi-

sor D gives a partition of the zeros of am, and from Theorem 3.5, the choice of the

line bundle E+ on S̄ is given by an element in Jac(S̄), which has dimension gS̄ =
1+ (2m2 − m)(g− 1). Therefore, the parameter space of the triples (S̄, E+, D) has dimen-

sion (2m2 +m)(g− 1)+ 1+ (2m2 − m)(g− 1)= 4m2(g− 1)+ 1. Moreover, we have that

dimMGL(2m,C) = dimGL(2m,C)(g− 1)= 8m2(g− 1)+ 2, and the expected dimension of

the moduli space of U (m,m)-Higgs bundles is 4m2(g− 1)+ 1.

Finally, since the discriminant locus in the base A′ which guarantees a smooth

spectral curve is given by algebraic equations, the space of isomorphism classes of

U (m,m)-Higgs bundles satisfying Theorem 3.5 is included in the moduli space MU (m,m)

as a Zariski open set. "

From the construction of the spectral data in Theorem 3.5, we have the following

theorem.

Theorem 4.2. Each pair of invariants deg E , M as in Proposition 3.1 labels exactly one

connected component of the moduli space of U (m,m)-Higgs bundles which intersects

the nonsingular fibers of the Hitchin fibration MGL(2m,C) →AGL(2m,C). This component is
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Spectral Data for U (m,m)-Higgs Bundles 3495

given by a fibration of Jacobians over the total space of a vector bundle on the symmetric

product SMΣ . !

Proof. In order to describe the connected component of MU (m,m) which intersects the

regular fibers of the classical Hitchin fibration for fixed invariants deg E and M, we

shall analyze the parameter space for the choices of (S̄, D, E+). From its construction,

the choice of the curve S̄ is given by the space A′ as in (14). Then, since the degree deg E+

is fixed, the choice of E+ is given by a fibration J whose fibers are the Jacobians Jac(Sa)

of the smooth curves Sa defined by each a∈A′. We shall see now that the choice of the

divisor D of degree M is equivalent to replacing H0(Σ, K2m) in (14) by a vector bundle

over the symmetric product SMΣ .

Let am be a fixed differential corresponding to some a= (11, . . . ,am) ∈A′ for ai ∈
H0(Σ, K2i). In order to construct the divisor D, one has to select a subdivisor of am
consisting of M points, such that [am]= D + D̄ for a positive divisor D̄, and hence choose

x∈ SMΣ . In particular, since it is a ramification subdivisor, D and D̄ can be also thought

of as divisors on S and S̄.

Following the proof of Theorem 3.5 and the ideas in [7, Proposition 10.2], the

divisor D defines a natural map γ̄ : E+ −→ [D] ⊗ E+ up to scalar multiple. The fiber of this

point x∈ SMΣ is the choice of β̄ up to scalar multiple, which corresponds to D̄, and gives

us a point in a vector bundle B of rank (4m − 1)(g− 1) − M over SMΣ whose fibers are

H0(Σ, K2mO(−x)), for x∈ SMΣ .

Starting with an effective divisor D given by M points in the Riemann surface Σ ,

consider the exact sequence

0→ K2m(−D)→ K2m → K2m|D → 0,

and the corresponding sequence of cohomology groups

0→ H0(Σ, K2m(−D))→ H0(Σ, K2m)→ H0(D, K2m)→ H1(Σ, K2m(−D))→ · · · .

Note that since deg D = M< 2m(g− 1) and m> 1, by Riemann Roch, and Serre duality

dim H1(Σ, K2m(−D))= 0, leading to the short exact sequence

0→ H0(Σ, K2m(−D))
f1−→ H0(Σ, K2m)

f2−→ H0(D, K2m)→ 0.

Then, for a section s ∈ H0(Σ, K2m(−D)) in the (4m − 1)(g− 1) − M-dimensional fiber over

D, the injective map f1 defines a corresponding differential am := f1(s) ∈ H0(Σ, K2m).
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From the above analysis, the connected parameter space of the triples (S̄, D, E+)

for fixed topological invariants can be obtained by replacing H0(Σ, K2m) in the base (14)

by the vector bundle B over SMΣ , and looking at the Zariski open set there which gives

smooth curves S̄. !

5 Spectral Data for SU(m,m)

An SU(m,m)-Higgs bundle is given by a U (m,m)-Higgs bundle (W1 ⊕ W2,Φ) for which

ΛmW1 ∼=ΛmW∗
2 . In particular, since we have that degW1 =−degW2 and thus one

can adapt Theorem 3.5 to obtain the condition deg E = (4m2 − 2m)(g− 1), and M=
2degW2 + 2m(g− 1). Moreover, Λmπ̄∗E+ ∼=Λmπ̄∗E−. Considering the norm map Nm :

Pic(S̄)→ Pic(Σ), from [4, Section 4], we have that Λmπ̄∗E± =Nm(E±) ⊗ K−m(m−1), where

we are identifying divisors of Σ and their corresponding line bundles. Hence, one

has that the norms satisfy Nm(E+)=−Nm(E−)+ 2m(m − 1)K. In terms of divisors on

Σ , one has D =Nm E∗
+ +Nm E− +mK. Hence, the condition for the spectral data of

Theorem 3.5 to give an SU(m,m)-Higgs bundle can be expressed as

2Nm E+ =m(2m − 1)K − D, (15)

or equivalently Nm ([D] ⊗ E2
+ ⊗ ρ̄∗K1−2m)= 0. The choice of E+ is thus determined by the

choice of an element in ker(Nm), that is, in Prym(S̄,Σ). As in the case of U (m,m)-Higgs

bundles, in this case the choice of D is given by a point in a symmetric product of Σ ,

and the section am is given by the divisor D together with a section of K2m[−D] (whose

divisor is D̄).

Since for maximal Toledo invariant τ (degW1,degW2)= degW2 − degW1 =
2m(g− 1), in this case the divisor D is empty and thus (15) reduces to 2NmE+ =
m(2m − 1)K. Hence, for each choice of square root of m(2m − 1)K, the line bundle

E+ is determined by an element in the Prym variety Prym(S̄,Σ). From Section 4, in

this case the choice of S̄ and D is given by a point in a Zariski open subset of A′ as

in (14). Therefore, for each of the 22g choices, one has a copy of Prym(S̄,Σ), giving a

fibration over the Zariski open in A′ whose fibers are the disjoint union 22g Prym vari-

eties. Note that if m is even, there is a distinguished choice of square root. For m= 1,

the study of these components is done through the monodromy action in [14]. For a

review of the theory of Higgs bundles for groups of Hermitian type (which, in particular,

includes the case of SU(m,m)-Higgs bundles for arbitrary m), the reader should refer,

for example, to [13] or [6].
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