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ABSTRACT

A detailed analysis of the evaporating ocean spray effect on the vertical latent and sensible heat fluxes in a

marine atmospheric boundary layer (MABL) for different droplet sizes, vertical distributions of air tem-

perature, humidity, and turbulent intensity is presented. For our analysis we have employed a two-

temperature nonequilibrium MABL model developed in our previous work. The obtained analytical and

numerical solutions show that the latent and total heat fluxes are significantly enhanced by large droplets

because these droplets produce steep vertical gradients of moisture and air temperature in a MABL. Small

droplets, however, do not noticeably change the total heat flux but rather redistribute the energy between its

sensible and latent components. It has been shown that evaporating spray affects the turbulent kinetic energy

(thus the intensity of the vertical turbulent transport) mostly mechanically by altering the vertical distribution

of the mass density of the air–spray mixture rather than thermodynamically by changing vertical profiles of

the air temperature and moisture. Furthermore, we have found that the vertical profiles of heat fluxes are

approximately self-similar for a wide range of defining parameters, that is, can be approximately scaled to a

reference heat profile for a wide range of vertical distributions of the temperature, humidity, and turbulence

intensity. The obtained analytical expressions for the vertical heat fluxes affected by the spray presence enable

their quick and efficient calculations. This will allow for the future construction of a computationally efficient

spray and accurate parameterization to be used in global weather prediction models.

1. Introduction

Forecasting tropical cyclones (TCs) includes twomain

tasks—predicting their track and intensity. Even though

TC track forecasting has been noticeably improving

over past decades, the progress in forecasting of cyclone

intensity remains limited, particularly due to the lack of

understanding of the air–sea turbulent exchange of

sensible and latent heat andmomentum in a spray-laden

marine atmospheric boundary layer (MABL). The TC

intensity depends on these fluxes because a tropical

storm gains its energy primarily via a flux of heat derived

from the ocean and loses it via momentum transport

to the ocean. This idea has been used by Emanuel and

his coauthors (Emanuel 1986, 1995, 1997; Bister and

Emanuel 1998) to conclude that higher heat exchange

and lower drag are essential to intensify and sustain a

hurricane.

There is a significant evidence based on measurements

and theoretical modeling that ocean spray plays an im-

portant role in the air–sea interaction affecting a hurricane

bothmechanically and thermodynamically (Lighthill 1999;

Bao et al. 2000; Andreas and Decosmo 2002; Drennan

et al. 2007; Gall et al. 2008; Zhang and Perrie 2008; Bianco

et al. 2011; Jeong et al. 2012; Shpund et al. 2012; Rastigejev

et al. 2011; Rastigejev and Suslov 2014; Wu et al. 2015;

Chen and Yu 2016; Zhang et al. 2016; Rastigejev and

Suslov 2016; Tang et al. 2017; Peng and Richter 2017).

However, the influence of spray on hurricane dynamics is

still not fully understood or properly quantified largely due

to the difficulties associated with a mathematical de-

scription of a spray-laden turbulent MABL in high-wind

conditions. Furthermore, it is very difficult to carry out

reliable measurements in these conditions (Black et al.

2007; Powell et al. 2003; Jarosz et al. 2007).

In this paper we focus on the effect of evaporating

ocean spray on heat fluxes in aMABL.Even though it has

been intensively studied (Ling andKao 1976; BortkovskiiCorresponding author: Yevgenii Rastigejev, yarastig@ncat.edu
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1987; Rouault et al. 1991; Edson et al. 1996; Makin 1998;

Toffoli et al. 2011; Bao et al. 2011; Bianco et al. 2011;

Shpund et al. 2011, 2012, 2014; Mueller and Veron 2014;

Rastigejev and Suslov 2016; He et al. 2018) over the past

five decades, its understanding and quantification are still

limited. As a result of that, numerical experiments with

spray parameterizations integrated into bigger numerical

weather prediction (NWP) codes (Fairall et al. 1994;

Andreas and Decosmo 1999; Bao et al. 2000; Perrie et al.

2005; Gall et al. 2008) have produced several interesting

but sometimes contradictory and disputable outcomes.

For example, computational experiments with a high-

resolution TC model (Wang et al. 2001) have demon-

strated that parameterizations suggested by Fairall et al.

(1994) and Andreas and Decosmo (1999) yield signifi-

cantly different results for the vertical fluxes of heat and

momentum. Bao et al. (2000) reported that sea spray

evaporation can increase the intensity of a TConlywhen a

small fraction of the total spraymass evaporates, but when

the evaporating fraction of sea spray increases, its impact

on hurricane intensity is reduced. Contrary to this result,

Gall et al. (2008) concluded that sea spray can affect the

hurricane structure and dynamics strongly only if its

concentration is high. Therefore, even though there is a

general consensus in the literature that spray has a strong

effect on heat and momentum transport in hurricanes, a

clear understanding of the dynamics of a MABL laden

with evaporating spray is still lacking and further sys-

tematic studies of this subject are needed.

Recently, the authors have developed a two-temperature

nonequilibrium model of a MABL laden with evaporating

spray (further referred to as RS16) to describe the spray

effect on hurricane dynamics (Rastigejev and Suslov 2016).

Mathematically, the model is formulated as a boundary

value problem for a system of conservation equations of

mass, momentum, and thermal and turbulent kinetic en-

ergies for both gas and liquid phases. The model uses an

Eulerian–Eulerian multi-fluid-type formulation that con-

siders both liquid and gas phases as continuous inter-

penetrating media. It consistently describes a two-way

coupling between mechanical and thermodynamic in-

fluences of the ocean spray and accounts for various other

factors (e.g., the size of the evaporating droplets, their

concentration, vertical variation of temperature and mois-

ture). Recently, computational models taking into account

various physical factors have been also developed by other

authors, for example, Pinsky et al. (2008), Magaritz et al.

(2009), and Shpund et al. (2011, 2012, 2014). Specifically,

these authors focused on the influence on aMABL exerted

by the presence of large convective structures that can

create an updraft strong enough to carry a significant

amount of sea spray to heights corresponding to the lower

edge of clouds forming in a hurricane. While including

many microphysics effects such a model has an obvious

shortcoming: apparently its mathematical formulation is

too complicated so that only a qualitative verbal description

of its elements could be given in the referenced articles,

which naturally limits the use and verification of this model

by other researchers.

In developing our model we chose a different ap-

proach. Mathematically, our model is represented by a

system of explicitly given ordinary differential equations

(ODE) describing the vertical distribution of horizon-

tally averaged quantities characterizing a hurricane

treating the atmospheric boundary layer as a two-phase

system. This enables us to consider separate heat flux

components associated with moist air and liquid spray

and thus clearly distinguish between them without nu-

merical complications typically associated with a dis-

crete (spectral) treatment of spray droplets. While the

derived equations may still look somewhat involved,

they are presented in full and they only require on the

order of a minute or less time to be solved numerically

with a single CPU unit using standard routines avail-

able in many widely used software packages such as

MATLAB. The ODE formulation also enables us to

develop analytic self-similar and asymptotic solutions in

important limiting cases such as the small spray concen-

tration limit.Numerical evaluation of such solutions takes

just a fraction of a second on a desktop computer making

them very attractive for the use in MABL parameteri-

zation in global weather prediction codes, the feature that

could not be feasible for computationally heavy multidi-

mensional numerical simulations of a MABL such as

reported, for example, in Shpund et al. (2011, 2012, 2014).

Several other approaches to modeling spray influence

on the marine boundary layer have been suggested in

literature to date. They generally fall into two categories

of Lagrangian and Eulerian descriptions. A good con-

cise summary of these can be found, for example, in

Shpund et al. (2011). Due to the complexity and the

large number of interacting physical processes taking

place in aMABL, invariably, all existing models include

various empirical correlations and simplifying assump-

tions. Both assumptions and correlations vary from

model to model and the current lack of comprehensive

field observation data for tropical storms and hurricanes

makes it difficult to objectively validate the used sim-

plifications. This in turn makes an attempt of judging the

superiority of one model over the other a rather hypo-

thetical and subjective exercise. To make the situation

worse, the used assumptions are frequently hard-wired

in a particular heavy computational code and thus can-

not be replaced or removed without destroying the

complete model should it become known that they are

not sufficiently accurate to represent a physical reality.
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Being aware of these difficulties, when developing our

model we consistently adhered to two main principles.

The first is that the major model blocks that we develop

are derived from the fundamental principles of conser-

vation of mass, momentum, and energy written in their

exact correlation-free mathematical form. We avoid

‘‘black boxes’’ and ad hoc correlations and aim to report

sufficient amount of algebraic details for an interested

reader to be able to follow through and verify the deri-

vations. Whenever the current state of knowledge does

not allow us to introduce a rigorous mathematical de-

scription of a particular physical feature or process, we

ensure that any empirical formulations are introduced in

our model in a modular or parametric form that can be

easily replaced if and when the more accurate de-

scription of such features or processes becomes available

without the need of redeveloping the complete model. In

particular, currently we use the standard E–« turbulence

closure because at the time of writing this was one of the

most well-tested turbulence models available for multi-

phase flow modeling (Jakobsen 2008) that is also widely

used for atmospheric boundary layer simulation (Stull

1988). However, it would be very straightforward to re-

place it with a more accurate or suitable closure should it

become available in the future. The other example of a

robust structure of the model suggested here is the

parametric introduction of the spray concentration s0
at the wave-crest level. Its exact value and its depen-

dence on the wind speed in realistic hurricane conditions

is currently unknown even though several correlation

functions have been suggested, see the review of available

data in Rastigejev and Suslov (2014) and the description

of assumed correlations in Shpund et al. (2014) and

Fairall et al. (2009). The current treatment of s0 as a free

parameter will enable one to incorporate any reliable

dependency of the spray production rate on the particular

hurricane conditions determined in the future field ob-

servations or obtained theoretically/numerically without

breaking the integrity of the present model.

The modular structure of the current model has a fur-

ther advantage. The modules describing various physical

processes can be added incrementally. This enables one to

distinguish the influences of individual physical factors.

Using this feature in the current work, we have extended

the RS16model to account for the sensible heat flux in the

reference spray-free atmosphere and carried out an ex-

tensive numerical study of the effect of evaporating ocean

spray on the vertical latent and sensible heat fluxes in a

spray-laden MABL. Namely, in our previous paper we

analyzed only the atmosphere laden with evaporating

spray where the vertical sensible heat flux was caused

solely by the presence of spray. In the current work we

have extended our consideration to the atmosphere, where

the sensible heat flux is a sum of the two components—the

nonzero sensible heat flux in the corresponding reference

spray-free atmosphere and the spray-induced sensible

heat flux. Furthermore, we have derived a reduced

mathematical model, which is valid for low-to-moderate

spray concentrations. The relative simplicity of this

model enables us to carry out its asymptotic analysis

(Bender and Orszag 1999; Paulsen 2013) and obtain

analytic expressions for the vertical distributions of

flow characteristics and heat fluxes. The obtained an-

alytical expressions serve several purposes. First, they

enable us to validate our numerical code by comparing

the analytical and numerical results. Second, a study of

the obtained analytical functions in conjunction with

numerically generated data provides a much deeper in-

sight into the physics of the problem than numerical data

alone. In particular, we have demonstrated that the ver-

tical profiles of heat fluxes are approximately self-similar,

that is, they can be scaled to a reference heat flux profile

for a wide range of defining parameters. Third, the ob-

tained analytical expressions for heat fluxes affected

by the spray presence enable their quick and efficient

calculation. This will allow us to construct accurate

and computationally efficient spray parameterization

schemes employed in large-scale NWP models in the

future.

We have found that coupling between the thermo-

dynamic and mechanical effects of spray is not sym-

metric. For example, suppression of turbulence caused

by the mechanical influence of spray does affect heat

fluxes. On the other hand, changes in thermodynamic

characteristics of a MABL due to spray have only a

weak effect on the turbulence intensity and wind ve-

locity. Therefore, the mechanical effect of spray can be

studied separately from the thermodynamic one as in-

deed has been done in our previous reports (see

Rastigejev et al. 2011; Rastigejev and Suslov 2014, 2016).

In the present work we consider both effects but when

analyzing the spray impact on heat fluxes we focus only

on the most important physical factors. Specifically, we

investigate the influences of the spray concentration and

the size of evaporating droplets under various atmo-

spheric (different vertical distributions of temperature,

moisture, and turbulence intensity) and ocean surface

(surface temperature and pressure) conditions.

We have shown that the specific humidity and the air

temperature are more strongly affected by small drop-

lets because of their intensive evaporation and heat

exchange with the ambient air throughout the complete

domain. At the same time their effect on the total heat

flux is not as profound: fine spray primarily redistributes

thermal energy between its latent and sensible heat

components. The effect of large droplets is felt mostly
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in a thin layer near the ocean surface where most of

them reside. Their evaporation, the associated sensible

heat exchange and the suppression of turbulent in-

tensity there leads to steep gradients in the vertical

distributions of the moisture and the air temperature.

As a result, large droplets noticeably enhance the total

and latent heat fluxes. This enhancement of the total

heat flux by large droplets has also been argued quali-

tatively by Peng and Richter (2017) even though it was

not strong for the cases considered in their paper. In the

present work we have carried out a detailed numerical

study of the total heat flux for a range of droplet sizes.

We have shown that the enhancement of the total heat

flux due to spray is significant even for a moderate

amount of spray and it reaches its maximum for very

large droplets with radius of ;0.5mm.

We have compared the results of calculation for the

vertical heat flux produced by the present spray model

with those derived from observations (Bell et al. 2012)

for wind speeds greater than 50ms21. In particular, Bell

et al. (2012) showed that the total vertical enthalpy flux

growsmuch faster with the wind speed than predicted by

the theory of a turbulent boundary layer. Our spray

model calculations agree very well with the data re-

ported by Bell et al. (2012). Therefore, the presence of

spray in a MABL may explain the fast growth of the

vertical heat flux with the wind speed.

The rest of this paper is organized as follows. Section 2

presents the governing equations. Section 3 describes

semi-self-similar vertical profiles of latent and sensible

heat fluxes. Section 4 describes the reduced mathemat-

ical model. Section 5 discusses numerical and analytical

results. Section 6 summarizes the main conclusions of

the paper. The definition of boundary parameters, der-

ivation of semi-self-similar distributions of heat fluxes,

and asymptotic solutions for the reduced model are

presented in appendixes A–C.

2. Full mathematical model

a. Governing equations

Below we briefly describe the two-temperature non-

equilibrium model of a MABL laden with evaporating

spray introduced in Rastigejev and Suslov (2016). The

governing equations of the model describe the variation

of the nondimensional mean values of sea spray volume

fraction s, the specific humidity q, the potential u and

standard Ta temperatures of air, the spray water tem-

perature Tw, the turbulent kinetic energy e, its dissipa-

tion rate «, the wind speed u, and the atmospheric

pressure P with the vertical coordinate zmeasured from

the mean sea surface level, respectively. The equations

are written in the nondimensional form as

d
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The governing equations are analyzed subject to the

following boundary conditions:
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at the upper boundary of the physical domain of interest

z5 z‘/zw. Thederivationanddiscussionof these conditions

is given in Rastigejev and Suslov (2016). Here kp ’ 0:43 is

the von Kármán constant. The roughness length z0 and

the friction velocity u+ are defined (Fairall et al. 2003;

Rastigejev et al. 2011; Rastigejev and Suslov 2014) as

z
0
5 0:015

u2
+

g
, u

+
5

ffiffiffiffiffiffiffi

t
0

r
d0

r

, (13)

where t0 is a given constant turbulent shear stress and

rd0 is the density of dry air at the reference conditions.

The quantity S0 is the reference value for the water va-

por saturation S5 ~py/~py,sat, where py is the water vapor

pressure and py,sat is its saturated value; dz21 is the ver-

tical distribution function of spray production with a

sharp maximum at the nondimensional wave crest level

z5 1; qsat is the specific humidity at saturation; zq,u and

z0, zw, and z‘ � zw are heat and momentum roughness

lengths, wave crest level, and the altitude corresponding

to the upper edge of the computational domain; Ts is the

sea surface temperature; q0 is the reference specific

humidity; u‘ and q‘ are the potential temperature and

specific humidity at the upper edge z‘ of the computa-

tional domain, respectively. Their values are given in

appendix A. Other model parameters not defined ex-

plicitly in the text are listed in Table 1.

Equations (1) and (2) represent mass conservation of

sea spray andwater vapor, respectively. Equations (3) and

(4) describe a nonequilibrium heat exchange between the

air and evaporating spray with the diffusion of heat be-

tween droplets and surrounding air represented by terms

containing the temperature difference (Ta 2Tw)s. While

other authors attempted to account for the air–spray

sensible and latent heat fluxes by using various empirical

assumptions [e.g., the introduction of ad hoc heat source

terms in Bianco et al. (2011)], in the current model this is

done directly without any approximation of the heat ex-

change process between the two phases. Equations (5)

and (6) represent a mixture-type E–« (also known as the

k–« model) turbulence production/dissipation model

widely used for practical calculations of various disperse

two-phase flows. Finally, Eqs. (7) and (8) describe the

vertical momentumflux and the hydrostatic balance in the

atmosphere. Prior to proceeding with the further discus-

sion of this model, we note that predictions based on its

mechanical (isothermal) part were discussed and com-

pared with the available field data in our previous publi-

cation Rastigejev and Suslov (2014) and here we focus

mostly on its thermodynamic extension.

The definitions and physical meaning of nondi-

mensional parameters (independent nondimensional

groups) pi, i5 1, . . . , 14, and their typical values are

given in Table 1 in Rastigejev and Suslov (2016).1 In

writing the model equations (1)–(12) here we introduce

several simplifications comparedwith the originalmodel

TABLE 1. Parameters appearing in the model.

Parameter Meaning Parameter Meaning

Fd Thermal resistance due

to water vapor diffusion

kd 5 2/7 Isentropic constant

Fk Thermal resistance due

to conduction

ra, rd, r Moist and dry air density and

density of the air–spray mixture

k Turbulent eddy viscosity uy Virtual temperature

k1 5 5:09,

k2 5 19:36

Constants entering the

experimental expression describing

the dependence of water vapor

pressure on temperature

a5 0:3, ae 5 1, a« 5 0:77,

C«,1 5 1:44, C«,2 5 1:92

Coefficients entering the

E–« turbulence model

p Production rate of turbulent

kinetic energy

« Dissipation rate of turbulent

kinetic energy

1Note a typographical error in Rastigejev and Suslov

(2016): the definition of p3 should read p3 5 3D0zwss0(12 S0)/

(ayu+r
2Fk0q0)5 53 1024.
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suggested inRastigejev and Suslov (2016).Weneglect the

variation of the nondimensional coefficients of water

vapor diffusion D and thermal conductivity of air K and

of the specific latent heat of evaporation l with air tem-

perature by setting them to D5K5 l5 1 given a rela-

tively small range of temperature variation &10 K in the

considered physical domain;1km. We also neglect air–

droplet heat transfer due to the water vapor diffusion

from a cold droplet to warm surrounding air as it is much

smaller than that due to thermal conductivity of air. This

is achieved by formally setting p4 5 0 in the governing

equations given in Rastigejev and Suslov (2016).

The dimensional latent ~ql and sensible heat fluxes in

air ~qsa and spray ~qsw above the wave crest level are de-

fined as

~q
l
52a
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+
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s
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where ay, aT , and as are reciprocals of Schmidt numbers

associated with turbulent diffusivity of water vapor, heat

and spray, respectively; cpd and cw are specific heat capac-

ities of dry air at constant pressure and liquid water, re-

spectively; u+, l0, and rd0 and rw are the friction velocity,

specific heat of water evaporation at air temperature Ts

(usedas the characteristic valueof specific enthalpyofwater

evaporation), and densities of dry air at the sea surface level

(which is used as characteristic value of air density) and

liquid water, respectively. The nondimensional heat fluxes

ql, qsa, and qsw appearing in Eq. (14) are defined as
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We also introduce the relative latent heat flux q̂l and

sensible heat fluxes q̂sa and q̂sw defined as the ratios of

the corresponding heat fluxes to their absolute values in

the spray-free reference atmosphere
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b. Defining parameters

In model (1)–(12) all p coefficients depend on the

values of the sea surface temperature Ts and pressure Ps

as well as on the potential temperature u‘ and the specific

humidity q‘ at the upper edge of a MABL, the friction

velocity u+, and the wave height zw. The definitions of

nondimensional model parameters also involve sea spray

characteristics: the average spray droplet radius r and the

rate of spray production that is proportional to the spray

concentration s0 at the wave crest level. Since there is a

one-to-one correspondence between the values of u‘ and

u+ and q‘ and q+ (see appendix A) for fixed values ofTs,

Ps, and u+ and it is convenient to operate with q+ and u+
rather than with q‘ and u‘, we will use the former pair of

parameters to describe the system. Therefore, the spray-

laden atmosphere is described by parameters (Ts, Ps, u+,

u+, q+, s0, r, zw). Since it is often assumed that the spray

production, the droplet size distribution, and signifi-

cant wave height are determined by u+ (Pierson and

Moskowitz 1964; Donelan et al. 1985; Monahan 1986; Wu

1993), the number of independent nondimensional pa-

rameters can be reduced by three to p[ (Ts, Ps, u+,

u+, q+). This represents a minimal set of governing pa-

rameters that describe main features of MABL in hurri-

cane conditions. Such a parametric reduction is a result

of a dimensional analysis of the model equations repre-

senting fundamental physical conservation principles. It

enables us to conduct a detailed sensitivity study using

only modest computational resources. To do that we

choose ranges of these parameters to be between some

limiting values

T l
s #T

s
#Tu

s , Pl
s #P

s
#Pu

s , ul
+
# u

+
# uu

+
,

ul
+
# u

+
# uu

+
, ql

+
# q

+
# qu

+
, (17)

so that they include the typical values for hurricanes:

T l
s 5 290K,Tu

s 5 308K; Pl
s 5 83 104 Pa, Pu

s 5 105 Pa;

ul
+
5 1m s21, uu

+
5 6m s21 ; ul

+
520:2K, uu

+
5 0:2K,

ql
+
5 1024, qu

+
5 43 1024 .

(18)

3. Approximate self-similar solutions

Model (1)–(12) offers an opportunity to further

reduce a computational effort required for a systematic

sensitivity study of spray parameterization via the use of

the so-called approximate self-similarity of its solutions.

This means that with a good accuracy the solution for the

parameter set of interest p can be obtained by an alge-

braic rescaling of a known reference solution corre-

sponding to some parametric set p0 without the need for

obtaining a numerical solution of the complete problem

for each individual set p. This enables one to produce

comprehensive physical results for a wide range of

physical parameters at a fraction of a computational cost.

The main observation prompting such a powerful con-

clusion is that the latent and total sensible (~qs 5 ~qsa 1 ~qsw)

heat fluxes above thewave crest level can be approximated
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by stretching and shifting some universal function F (see

appendix B for technical details)

~q
l
(z; p)’ c

l
(p)1 a(p)F[b(p)z] , (19)

~q
s
(z; p)’ c

s
(p)2 a(p)F[b(p)z] , (20)

where a(p), b(p), cl(p), and cs(p) are scaling factors, and

z5 ~z/zw. Therefore, the distributions of these heat fluxes

can be scaled to the reference profiles obtained for some

parametric values p5 p0 with accuracy « so that

max
1#bz#z

‘
/zw

"

j~q
l
(z; p

0
)2a~q

l
(bz; p)2 g

l
j

jq
l
(z; p

0
)j

#
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‘
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j~q
s
(z; p

0
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s
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s
j
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(z;p

0
)j

#

, « , (22)

where

a5
a(p

0
)

a(p)
, b5

b(p
0
)

b(p)
, g

l
5 c

l
(p

0
)2ac

l
(p) ,

g
s
5 c

s
(p

0
)2ac

s
(p)

and z‘ ; 100 m for some ranges Ri of parameters pi

jp
i,0
2 p

i
j,R

i
, i5 1, . . . , dim(p) .

It is convenient to choose the reference parametric set

p0 so that b(p0) defined in Eq. (B14) attains its minimum

over the parametric ranges of interest and the scaling

coefficient b remains smaller than 1. Expressions (19)–

(22) then lead to practical representations

~q
l
(z; p)’

1

a
~q
l

�

z

b
;p

0

�

2
g
l

a
, ~q

s
(z;p)’

1

a
~q
s

�

z

b
;p

0

�

2
g
s

a
.

(23)

The accuracy of these expressions will be demonstrated

in section 5a.

4. The reduced model

The model described by Eqs. (1)–(8) is rather compli-

cated algebraically. It generally requires a fully numerical

treatment. Numerical solutions to the problem can be

routinely obtained using standardODE solvers available,

for example, in MATLAB. However, such solutions,

while accurate, can only be obtained for one parametric

set at a time. Identifying the major physical trends using

solutions obtained only for a discrete set of parameters

can be not so obvious. Alternatively, approximate ana-

lytic expressions explicitly demonstrating the dependence

of solutions on various parameters in selected limiting

cases can be obtained using the so-called asymptotic ex-

pansions. For example, in Rastigejev and Suslov (2016)

such an approach was used to determine the barometric

variation of quantities characterizing the dry spray-free

atmosphere. Here we will investigate the effects brought

about by the evaporation of spray droplets. To do that we

adopt a number of simplifying assumptions that we list

and justify next.

We assume that the spray concentration is sufficiently

small (see appendix C for quantitative estimations) so

that we can disregard the effect of buoyancy of a spray-

laden air on turbulence and the variation of the density of

spray-laden layer in the lower part of aMABL ~z& 100 m.

Such effects indeed are weak when the amount of spray

injected into the atmosphere does not exceed s0 & 1024

(Rastigejev and Suslov 2014, 2016). Thus, we can take

advantage of the known distributions of the turbulent

energy e, its dissipation rate «, and the eddy viscosity k

for a spray-free atmosphere (Rastigejev and Suslov 2014):

e5
1

a
, «5

1

k
p
z
, k5 k

p
z (24)

and focus solely on the thermodynamic influence of

spray on heat fluxes. After adding Eq. (4) multiplied by

p5/p6 and Eq. (3) and moving the source d term into the

left-hand side we obtain

d

dz

�
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d
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the solution of which can be written in the form

u(z)5 11
p

5
p

7

p
6

u
1
(z), T

w
(z)5 11

p
5
p

7

p
6

T
w1
(z) (26)

so that Eq. (25) becomes

d
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Equation (27) shows that the second term in the left-

hand side of Eq. (25) can be disregarded since it is small

compared to the first one given that p5/p6 5ascws0s/

(aTcpd) � 1 for ss0 � 1, where ascw/(aTcpd); 1 and the

water/air density ratio s; 103. As a result the following

reduced energy balance equation is obtained:

d

dz

�

kr
d

du

dz

�

52
p

5
p

7

p
6

q
w
s . (28)

The asymptotic solutions for the reduced model are

given in appendix C.
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5. Results

a. Numerical results for approximate self-similar

solutions

We have confirmed approximate self-similarity of the

vertical profiles of the latent and sensible heat fluxes in a

series of numerical experiments for different values of p

that are varied over their complete ranges [Eq. (18)].

Examples of these numerical experiments are presented

in Figs. 1–3 for low and moderate spray concentrations

s0 5 1025 and s0 5 1024, respectively. Figure 1 shows the

vertical distributions of the latent and sensible heat

fluxes for different values of parameters q+ and u+.

Figure 2 demonstrates the same for different values of

the parameters Ts, Ps, and u+. Similarly, Fig. 3 shows

vertical profiles of the heat fluxes for different values of

defining parameters p. For both values of spray con-

centrations the curves are mapped to the reference flux

distributions for Ts 5 300 K, Ps 5 1025 Pa, u+ 5 4 ms21,

u+ 5 0 K, and q+ 5 23 1024 using transformations (19)

and (20).

Wehave found that the accuracies ofmapping are «& 1%

and «& 5% for s0 ; 1025 and s0 ; 1024, respectively. The

discovered approximate self-similarity of heat flux profiles

enables a significant speed-up of numerical estimations of

heat fluxes via performing a simple mapping instead of

solving the full problem for every set of defining parameters.

This in turn can be used to construct an accurate and com-

putationally efficient spray parameterization built into a

larger NWP code.

b. Reduced model

To validate a numerical code, we have compared the

analytical results for the reduced model and the corre-

sponding numerical simulations using the full model. In

particular, we examined the vertical profiles of the sen-

sible and latent heat fluxes for both cases, see the left

and right panels in Fig. 4, respectively. The lines (solid,

dashed, and dotted) and markers (circles, squares, and

triangles) correspond to the analytical and numerical

solutions, respectively. The difference between the two

sets of results was found not to exceed 1%. Such a good

agreement confirms high accuracy of the numerical code

developed for computational simulation using the full

model.

The asymptotic analysis shows that the spray and

atmospheric boundary layer strongly affect each

other’s characteristics. It is known that the vertical

FIG. 1. Distributions of the (a),(c) latent ~ql and (b),(d) sensible ~qs heat fluxes for s0 5 13 1025, r 5 200mm,

u+ 5 4 m s21, and various values of q+ and u+. Panels (c) and (d) show the sensible and latent flux distribu-

tions, respectively, that are mapped onto the reference flux distributions corresponding to q+ 5 23 1024 and

u+ 5 0 K (shown by the thin solid lines in the figure) using transformations (19) and (20).
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distribution of the concentration of nonevaporating

spray above the wave-crest level is given by s(z)5 z2l

(Barenblatt and Golitsyn 1974; Rastigejev and Suslov

2014), while the air temperature Ta(z) and the specific

humidity q(z) in a spray-free atmosphere vary loga-

rithmically with the altitude. Here l5 a/(kpasu+),

where a and as are the terminal speed of a droplet and

the reciprocal of the Schmidt number based on the

diffusivity of spray velocity, respectively. The asymp-

totic solutions in Eqs. (C7)–(C10) demonstrate that

evaporating spray injected into a MABL modifies the

vertical distributions Ta(z) and q(z): additional terms

containing z2l appear in the corresponding expres-

sions. In turn, the vertical moisture and air temperature

profiles influence the distribution of the evaporating

spray and cause the appearance of additional loga-

rithmic terms, in particular, Cs4 z
12l lnz. Note that this

expression reduces to ;Cs4 lnz for l; 1. This term

grows in magnitude with the rate of spray evapora-

tion and can dominate the solution if evaporation is

strong. This may explain the logarithmic profiles for

spray concentration observed experimentally in Ortiz-

Suslow et al. (2016).

c. Spray influence on various atmospheric

characteristics

Figures 5 and 6 show the vertical distributions of

quantities that influence heat transport in the spray-

laden MABL for positive (u+ 5 0:2K) and negative

(u+ 520:2K) sensible heat fluxes, respectively, for

droplet sizes ranging between 60 and 300mm. Other

parameters are fixed at s0 5 33 1025, Ts 5 300K,

Ps 5 105 Pa, u+ 5 4m s21, and q+ 5 43 1024 in both

cases. The data for the reference no-spray cases are

shown by the thin solid lines.

As intuitively expected, the specific humidity q de-

creases with the average droplet radius r for the fixed value

of the spray concentration s0 since the combined surface

area of droplets per unit volume of air defining the in-

tensity of the droplet evaporation reduces for large drop-

lets. The vertical profiles of the specific humidity are

similar for both cases of the reference atmosphere, but

FIG. 2. Distributions of the (a),(c) latent ~ql and (b),(d) sensible heat fluxes ~qs for s0 5 1025, r 5 200mm, and

q+ 5 23 1024. The curves correspond to the following values of parameters: 1) Ts 5 300K, Ps 5 105 Pa,

u+ 5 4 m s21, u+ 520:2 K; 2) Ts 5 308 K, Ps 5 105 Pa, u+ 5 4 m s21, u+ 5 0 K; 3) Ts 5 308 K, Ps 5 83 104 Pa,

u+ 5 2m s21, u+ 520:2K; 4) Ts 5 308K, Ps 5 83 104 Pa, u+ 5 4m s21, u+ 520:2K; and 5) Ts 5 290K,

Ps 5 83 104 Pa, u+ 5 4 m s21, u+ 5 0 K. Panels (c) and (d) show the sensible and latent flux distributions, re-

spectively, that are mapped onto the reference flux (case 1 shown by the thin solid lines in the figure) using

transformations (19) and (20).
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their values are somewhat higher for the reference atmo-

sphere with the negative value of u+ due to the higher air

temperature for a fixed sea surface temperature Ts (and

thus higher evaporation rate of droplets) in this case.

The vertical distributions of the air temperature Ta,

the potential temperature u, and the virtual potential

temperature uy are shown in Figs. 5a, 5d, 5g, and 6a, 6d,

and 6g, respectively. The values of all temperatures

decrease relative to their reference values in a spray-free

atmosphere due to the evaporative cooling. The tem-

perature differences between the spray-free and spray-

affected cases decrease with the droplet radius r and are

greater for the reference atmosphere with negative u+
reaching;10K at the altitudes of;100m for fine spray

due to a more intensive evaporation of small droplets

in a warm air. For spray containing medium-to-large

droplets the distributions of all temperatures with

the altitude z generally follow the trends observed in

the corresponding reference spray-free atmosphere: the

temperatures decrease (increase) for the reference at-

mosphere with negative (positive) u+. However, these

trends are altered by the presence of fine spray. For

example, for u+ 520:2 K and droplets with r& 100mm

the air temperatures decrease with the altitude in the

lower atmosphere z& 10 (see Figs. 6b,d,g). Such a

temperature decrease is caused by the air cooling due to

intensively evaporating small droplets. Note that if

u+ , 0 K the air above the sea level is warmer than

seawater when spray is present even though it is cooled

by the spray at the sea level stronger relative to the

reference spray-free atmosphere. The degree of ther-

modynamic nonequilibrium characterized by the dif-

ference Ta 2Tw between the air and spray temperatures

increases with the droplet size (see Figs. 5h and 6h). This

is because large droplets have a weaker cooling effect on

the surrounding air since their heat exchange with the

ambient is hindered by a small surface-to-volume ratio.

The rate of TKE generation in the spray-free atmo-

sphere is somewhat higher for the reference atmosphere

with u+ 520:2 K than that for u+ 5 0:2 K (compare

Figs. 5c and 6c). At first glance this may appear coun-

terintuitive since a positive air buoyancy in the atmosphere

FIG. 3. Distributions of the (a),(c) latent heat fluxes ~ql and (b),(d) sensible heat fluxes ~qs for s0 5 1024 and r 5

200mm. Here curves correspond to the following values of parameters: 1) Ts 5 300 K, Ps 5 105 Pa, u+ 5 4 m s21,

u+ 5 0 K, q+ 5 23 1024; 2) Ts 5 308K, Ps 5 105 Pa, u+ 5 4m s21, u+ 5 0K, q+ 5 43 1024; 3) Ts 5 290K,

Ps 5 83 104 Pa, u+ 5 2 m s21, u+ 5 0 K, q+ 5 23 1024; 4) Ts 5 308 K, Ps 5 83 104 Pa, u+ 5 4 m s21, u+ 520:2 K,

q+ 5 23 1024; and 5) Ts 5 290 K, Ps 5 83 104 Pa, u+ 5 6 m s21, u+ 5 0 K, q+ 5 23 1024. Panels (c) and (d) show

the sensible and latent flux distributions, respectively, that are mapped onto the reference flux distributions (case 1

shown by the thin solid lines in the figure) using transformations (19) and (20).
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with u+ 520:2 K suppresses TKE, while a negative air

buoyancy at u5 0:2 K encourages its production.

However, these seemingly contradictory results are

explained by the fact that the TKE production due to a

vertical shear (which is ;r22
a ;T2

a ) is higher in the

latter case. When a large amount of ocean spray is

present, it strongly affects the vertical profile of TKE

by modifying the buoyancy of the air–spray mixture in

two different ways: thermodynamically by trans-

forming the vertical distribution of the virtual potential

temperature via the air–droplet heat and moisture ex-

change, and mechanically by changing the vertical air–

spray mixture density distribution (due to the decrease

of the spray volume fraction in the vertical direction).

As seen from Figs. 5b and 6b spray does not change the

sign of the thermal stratification for any of the con-

sidered droplet sizes with the exception of small

droplets at u+ 520:2 K. In this case fine spray does

alter the stable thermal stratification existing in the

reference atmosphere in the bottom 25–50m of the

atmospheric boundary layer, see the dashed and dash–

dotted lines in Fig. 6b.

It has been shown in Rastigejev and Suslov (2016) that

the mechanical influence of spray on the TKE distribu-

tion is noticeably stronger than the thermodynamic one

for droplets with r ; 100mm and the reference atmo-

sphere with u+ 5 0 K. Our present results shown in

Figs. 5c and 6c demonstrate that this conclusion holds

for the reference atmosphere in the complete range of

parameter values typical for hurricanes. However, this

finding does not fully corroborate with the assessment of

the effect of large droplets on the vertical TKE distri-

bution given in Bianco et al. (2011). There the authors

concluded that large droplets increase turbulent mixing

in the lower atmospheric layer by heating the air, which

means that the thermodynamic influence of spray on the

TKE distribution overpowers the mechanical one for

such droplets. It is likely that this seemingly inaccurate

conclusion was caused by the use of a turbulence model

that does not fully account for the suppression of the

turbulent energy by the ocean spray. Numerical com-

putations show that the degree of TKE suppression due

to themechanical influence of spray strongly depends on

the size of the droplets and the amount of spray: Figs. 5c

and 6c demonstrate that the presence of even a small

amount of fine spray has a significant turbulence sup-

pression effect regardless of the values of u+ or q+.

The vertical distributions of spray volume fraction

shown in Figs. 5e and 6e depend strongly on the droplet

radius. This is because small droplets are transported by

turbulent eddies to much higher altitudes than large

ones and evaporate quicker due to a larger surface-to-

volume ratio. The vertical profiles of spray temperature

Tw are presented in Figs. 5f and 6f. The comparison of

these plots shows that Tw decreases slower with the al-

titude if u+ is small. In this case spray droplets are heated

by a surrounding warm air at altitudes of ;100m.

d. Spray effect on vertical heat fluxes

The vertical distributions of sensible heat fluxes in air

~qsa and spray ~qsw and latent ~ql and total ~Q heat fluxes

from the ocean to atmosphere are shown in Figs. 7 and 8

for the reference spray-free atmosphere with positive

(u+ 5 0:2 K) and negative (u+ 520:2 K) sensible heat

fluxes, respectively, for the same values of parameters as

in Figs. 5 and 6. As seen from Figs. 7a and 8a, the sen-

sible heat flux in the liquid phase is greater for the at-

mosphere with a positive reference heat flux for droplets

of the same sizes. This is due to the fact that the tem-

perature Tw of spray droplets decreases faster with the

FIG. 4. Distributions of the (a) sensible ~qs and (b) latent ~ql heat fluxes for s0 5 33 1025, u+ 5 3m s21,Ts 5 300 K, and

Ps 5 105 Pa. The curves correspond to the following parameters: 1) q+ 5 23 1024, u+ 520:1 K, r 5 500mm; 2)

q+ 5 2:53 1024, u+ 520:15K, r5 500mm; and 3)q+ 5 1:53 1024, u+ 520:1K, r5 400mm.The lines (solid, dashed,

and dotted) and symbols (circles, squares, and triangles) depict asymptotic and numerical solutions, respectively.
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altitude in this case (see Figs. 5f and 6f). Note that the

ratio of the sensible heat fluxes in the liquid phase

~q
sw
(~z; u

+
. 0, r)

~q
sw
(~z; u

+
, 0, r)

decreases with the droplet radius r because heat ex-

change betweenwarm air and cold spray droplets at high

altitudes is less intensive for heavy droplets. As ex-

pected, ~qsw(~z) decreases slower with the vertical co-

ordinate ~z for small droplets since they are carried by

turbulent eddies to higher altitudes. The overall obser-

vation is that the sensible heat flux qsw through the liquid

phase comprises a nonnegligible fraction of the total

heat flux especially near the ocean surface and omitting

it from a model as often done may lead to a significant

underprediction of the total heat flux values.

Droplets of all sizes noticeably redistribute the verti-

cal heat flux in the air between its sensible and latent

components. The vertical distribution of the air tem-

perature Ta is altered by spray so that the sensible heat

flux in the air decreases with altitude for all values of

FIG. 5. Nondimensional (a) specific humidity q, (b) virtual potential temperature uy , (c) turbulent kinetic energy

e, (d) potential temperature u, (e) spray volume fraction s, (f) spray temperature Tw, (g) air temperature Ta, and

(h) the difference Ta 2Tw between the air and spray temperatures computed for Ts 5 300 K, Ps 5 105 Pa,

u+ 5 4 m s21, u+ 5 0:2 K, q+ 5 43 1024, and various droplet sizes r.
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parameters p, spray concentration s0, and droplet radius

r. Since the total flux ~Q(~z) remains constant above the

wave crest level while the sensible heat ~qs(~z) decreases

with the distance ~z from the ocean surface, the latent

heat flux ~ql(~z)5
~Q(~z)2 ~qs(~z) increases with ~z (see Figs. 7c

and 8c).

The ocean spray has two opposing effects on the latent

heat flux. On one hand, spray evaporates in the vicinity

of the ocean surface effectively blocking the moisture

transport from the ocean to the atmosphere and, as a

result, reducing the latent heat flux. On the other hand,

the evaporating spray increases the moisture gradient

above wave crests and thus enhances the latent heat flux.

The enhancing effect of spray dominates throughout the

domain for large droplets with r $ 200mm. It is also

evident above a certain height that depends on r (e.g.,

40–60m for r 5 100mm) for small droplets with r ,

200mm (see Figs. 7c and 8c). This enhancing effect is

stronger for heavy droplets (reaching its maximum

strength for droplets with radii between 400 and 600mm)

because they are suspended and evaporate in a relatively

thin layer above wave crests producing a large vertical

moisture gradient (see Figs. 5a and 6a). Light droplets

that are carried further away from the sea surface

evaporate in a much thicker layer making the vertical

moisture distribution more uniform and, thus, produce a

weaker enhancing effect. Our finding that the vertical

flux of water vapor near the ocean surface increases due

FIG. 6. As in Fig. 5, but for u+ 520:2 K.
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to the spray presence only for large droplets does not

fully support the assumption made in Andreas et al.

(2015) that droplets of all sizes enhance this flux. This

inaccurate premise is likely due to the fact that the

empirical model presented in Andreas et al. (2015) does

not consider the described above blocking effect of

spray on the vertical water vapor transport.

The increase in water vapor production requires an

additional supply of thermal energy that cannot be

provided by the sensible heat flux from the water surface

alone. Thus, the sensible heat flux in the air decreases

with the vertical coordinate ~z eventually becoming

smaller than the reference one. Therefore, the energy

required for droplet evaporation is received from the

upper atmosphere. As seen from Figs. 7d and 8d, the

total heat flux ~Q increases with the droplet radius ~r. This

is the result of an intricate interplay between different

spray influences on the MABL dynamics and structure.

Figures 9 and 10 show the vertical distributions of the

relative sensible, latent and total heat fluxes defined by

Eq. (16) for u+ 5 0:1 K and u+ 520:1 K, respectively.

Numerical calculations show that spray redistributes

heat flux between its sensible and latent components and

enhances the total heat flux more efficiently for smaller

values of the surface pressure and temperature. The

total relative heat flux in the spray-laden MABL re-

mains greater than 1 but its value is larger for an at-

mosphere with positive u+.

Figure 11 shows the total heat flux ~Q versus the

droplet radius r. The total heat flux also increases with

the amount of spray suspended in the air (cf. the dashed

and solid lines) and with the size of spray droplets. To

understand why the total heat flux increases with

droplet radius we need to consider the behavior of each

of its components (the latent heat flux and the sensible

heat fluxes in the gas and liquid phases) separately. As

explained above, the latent heat flux increases in the

presence of large droplets (see Figs. 7c and 8c) since the

enhancing effect overpowers the blocking effect for

such droplets. The thermal energy that leads to stron-

ger water vapor production comes from the sea and the

upper atmosphere. Transporting heat from the upper

atmosphere is equivalent to the reduction of the ver-

tical sensible heat flux in the air. Even though the re-

duction is stronger for large droplets (since they lead

to a greater latent heat flux), it is also offset to a greater

degree by the sensible heat transport from the ocean

for such droplets. In other words, large droplets extract

FIG. 7. Distributions of the sensible heat fluxes (a) ~qsw and (b) ~qsa, (c) the latent heat flux ~ql , and (d) the total heat

flux ~Q above wave crests for s0 5 33 1025, Ts 5 300 K, Ps 5 105 Pa, u+ 5 4 m s21, q+ 5 43 1024, u+ 5 0:2 K, and

various droplet sizes r.
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sensible heat from the ocean more efficiently by

creating a steeper air temperature gradient at the wave

crest level. For example, the difference between the

latent and sensible heat fluxes at the wave crest level

for droplets with radii r 5 200mm and r 5 100mm

are D~ql [ ~ql(r5200mm) 2 ~ql(r5100mm) ; 1000 Jm22 s21 and

D~qsa [ ~qsa(r5200mm) 2 ~qsa(r5100mm) ;2300 Jm22 s21, re-

spectively, for calculations presented in Fig. 7. This

difference contributes D~ql 1D~qsa ; 700 Jm22 s21 to-

ward the total heat flux for the larger droplets (r 5

200mm in this case). Another factor that contributes to

the total heat flux increase with the droplet size, though

to a lesser degree, is the sensible heat flux in the liquid

phase that is greater for large droplets at the wave crest

level due to somewhat larger concentration and larger

spray temperature gradient in this area (see Figs. 7a

and 8a).

e. Comparison with observations

In this section we compare the dependence of the

total vertical heat flux ~Q on the 10-m wind speed ~u10

produced by the current model with the data pre-

sented in Bell et al. (2012) for wind speeds greater

than 50m s21. It has been demonstrated in Bell et al.

(2012) that the total vertical heat flux grows with the

surface velocity as a power function ;~u3:7
10 . Further,

Richter and Stern (2014) noticed that this growth rate

is much greater than a standard heat transfer scaling

with wind speed ;~u10 in a turbulent boundary layer.

The authors suggested that this seemingly anomalous

growth rate of the vertical heat flux with the wind

speed may be due to the presence of ocean spray

in MABL.

The influence of spray on the vertical heat flux de-

pends strongly on its concentration (Rastigejev and

Suslov 2016) and the average radius of its droplets (see

Fig. 11). Unfortunately, neither of these two charac-

teristics is known to an acceptable degree of certainty

even for low wind speeds (Monahan 1986; Wu 1993;

Andreas 1998; Anguelova et al. 1999; Fairall et al. 2009;

Ortiz-Suslow et al. 2016). The spray production func-

tion for the high wind speeds ~u10 . 50m s21 that are of

interest here is not known either. Nonetheless, the

dependence of the spray production f0 5 arws0 on the

friction velocity u+ can be obtained from the wind

energy balance considerations. It can be given by a

power function

f
0
5A

n
ar

w
un
+
, (29)

where the power coefficient n varies between 3 and 5

depending on the mechanism of spray production

FIG. 8. As in Fig. 7, but for u+ 520:2 K.
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(Fairall et al. 2009). The average droplet radius is

typically assumed to be r5 200mm (Fairall et al. 2009).

Figure 12 shows the dependence of the total vertical

heat flux on the friction velocity for the observational

data (Bell et al. 2012) (squares) and that obtained with

the present spray model for two cases: 1) n5 3,

q+ 5 53 1025 and 2) n5 5, q+ 5 8:53 1025. The values

of other parameters are the same for both cases:

u+ 5 0, Ts 5 300K, and Ps 5 105 Pa. The solid and

dashed lines depict results for spray-laden MABLs.

The values of parameter An (A3 5 3:93 1026 s3m23

and A5 5 3:03 1028 s5m25) in Eq. (29) are chosen to

match the numerically calculated heat fluxes with that

derived from observations at the lowest wind velocity

~u10 5 52m s21. For comparison, heat fluxes in the ref-

erence spray-free boundary layer computed for the

same values of q+ and identical boundary conditions

are shown by the dash–dotted and dotted lines. The

spray model results agree with the observational data

for both spray production rates very well while heat

fluxes are noticeably underestimated when spray is not

present. This suggests that a fast growth of the vertical

heat flux with the surface wind velocity is due to the

strong influence of sea spray on MABL (Richter and

Stern 2014).

6. Conclusions

In this work, we have studied the effect of sea spray on

the vertical latent and sensible heat fluxes in a marine

boundary layer for different droplet sizes, vertical dis-

tributions of air temperature, humidity, and turbulent

intensity. We have performed numerical simulation

and asymptotic analysis of the two-temperature non-

equilibrium mathematical model of a marine boundary

layer laden with evaporating spray taking into account

the nonzero sensible heat flux in the reference spray-free

atmosphere.

Consistent with previous studies of spray influence,

notably of two-dimensional Lagrange-type numerical

simulations reported, for example, in Shpund et al.

(2014), the results of our analysis show that droplets of

all sizes strongly affect the heat fluxes by redistributing

the thermal energy between the latent and sensible

components and enhancing the total and latent heat

fluxes even when the spray concentration is relatively

FIG. 9. Distributions of the relative sensible heat fluxes (a) q̂sw and (b) q̂sa, (c) the relative latent heat flux q̂l ,

and (d) the relative total heat flux Q̂ above wave crests for s0 5 33 1025, u+ 5 4 m s21, q+ 5 43 1024, u+ 5 0:1 K,

r 5 200mm, and various values of the sea surface temperature Ts and pressure Ps.
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low. The strength of the enhancing effect increases with

the droplet radius reaching maximum at about 0.5mm.

Qualitatively, this behavior does not depend on the

vertical distribution of the air temperature or moisture.

Furthermore, we have found that the spray affects the

air buoyancy (thus the intensity of turbulent transport)

primarily by causing nonuniform vertical density distri-

bution rather than by modifying vertical profiles of the

air temperature and humidity. Therefore, the coupling

between thermodynamic and mechanical influences of

FIG. 10. As in Fig. 9, but for u+ 520:1 K.

FIG. 11. Dependence of the total heat flux on the average droplet radius for (a) u+ 5 0:2 K and (b) u+ 520:2

K. The values of parameters Ts, Ps, and u+ are the same as in Figs. 7 and 8. The horizontal dotted lines cor-

respond to the total heat flux values of 5480 J m22 s21 in (a) and 3620 J m22 s21 in (b) in the reference spray-free

atmosphere.
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spray is not symmetric: the spray-caused vertical density

stratification reduces the vertical heat and momentum

fluxes but the spray-caused thermal stratification does

not noticeably affect these fluxes. The comparison of

results produced using the present spray model with

the available observation data indicates that the fast

growth of the vertical heat flux with the surface wind

speed could be explained by the presence of ocean

spray.

We have also demonstrated that the vertical profiles of

sensible and latent heat fluxes are approximately self-

similar for a specified spray production intensity. This im-

plies that the vertical heat profiles can be approximately

calculated for a large range of vertical distributions of the

air temperatures and humidity, and values of turbulent in-

tensity by properly scaling a reference shape. The analytical

solutions obtained via asymptotic analysis of the gov-

erning equations and/or scaling of the reference profiles

will serve as a basis for accurate and efficient spray

parameterization.
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APPENDIX A

Calculation of u‘ and q‘

From equations for the nondimensional vertical fluxes

of moisture and latent heat in the reference spray-free

atmosphere, which are

du

dz
52

u
+

a
T
kr

d
T

s

and
dq

dz
52

q
+

a
v
kr

a
q
0

, (A1)

we obtain the following expressions for u‘ and q‘

u
‘
5T

s
2

u
+

a
T

ðz
‘
/zw

zq,u/zw

dz

kr
d

and

q
‘
5 q(T

s
)2

q
+

a
v

ðz
‘
/zw

zq,u/zw

dz

kr
a

. (A2)

The integrals and the values of u‘ and q‘ in Eq. (A2)

are calculated by numerical integration of Eqs. (1)–(8)

for the spray-free atmosphere (s0 5 0) with Eq. (A1) as

the boundary conditions for u and q at some reference

point z5 z‘ far above the sea surface. Relationships

(A2) show that there is a one-to-one correspondence

between values u+ and u‘ and q+ and q‘ when other

FIG. 12. Dependence of the total vertical heat flux on the surface wind velocity. The squares

show results derived from the observational data (Bell et al. 2012). The lines correspond to

results obtained using the present model for the spray-laden MABLs for 1) n5 3,

q+ 5 53 1025 and 2) n5 5, q+ 5 8:53 1025 [see Eq. (29)] and the corresponding reference

spray-free boundary layers.
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parameters are fixed. Therefore, either pair of param-

eters (u‘, q‘) or (u+, q+) can be utilized to describe the

system dynamics. However, we found it more conve-

nient to use the latter pair.

APPENDIX B

Derivation of Approximate Self-Similar Vertical

Distributions of Heat Fluxes

Here we demonstrate that the vertical distribu-

tions of heat fluxes are approximately self-similar for

zw , ~z, z‘ & 100 m. To do that we employ the reduced

model described in section 4 that uses the water vapor

conservation equation (2) in the form

d

dz

�

z
dq

dz

�

5h
S2 1

12S
0

s , (B1)

where

h5
p

3

k
p
r
a
(F

k
1F

d
)

(B2)

is a function of the air temperature Ta. Equation (B1)

is a subject to the boundary conditions

q(z
q,u
)5 q

sat
(T

s
,P

s
)5

1

12p
9

’ 1, q(z
‘
)5

q
‘

q
0

. (B3)

Here we neglect the dependence of h, and ra on the air

temperature Ta by assuming that they are equal to some

reference values that are taken at the wave crest level,

h5h(zw) and ra 5 ra(zw). This assumption is justified

by the observation that the values of h and r vary by

relatively small amounts (;3%–4%) in the considered

domain. Furthermore we use a simplified expression

for the saturation ratio S’ q/qsat. This simplification

introduces a relatively small error ;2%. For spray vol-

ume fraction s, the asymptotic expression (Rastigejev

and Suslov 2014; Rastigejev et al. 2011) valid for small

spray concentrations in Eq. (B1) is used

s(z)5

�

z2l , z. 1,

1, z# 1,
(B4)

Since h � 1 for s0 & 1024, we take it as a small pa-

rameter and write the asymptotic solution of Eq. (B1) in

the form

q(z)5 q0(z)1hq1(z)1O (h2) . (B5)

The corresponding nondimensional latent heat flux is

obtained by substituting Eq. (B5) into Eq. (15)

q
l
(z)5 q

l,0
(z)1hq

l,1
(z)1O (h2)’ q

l,0
(z)1hq

l,1
(z) ,

(B6)

where ql,0 and ql,1 are latent heat fluxes in the spray-free

reference atmosphere and the main part of the addi-

tional latent flux due to spray is defined as

q
l,i
(z)5 k

p
z
dqi

dz
, i5 1, 2. (B7)

After substituting Eq. (B5) into Eq. (B1), applying

boundary conditions in Eq. (B3), and equating the

powers of h we obtain the following problems:

O(1):
d

dz

�

z
dq0

dz

�

5 0 ; q0(z
q,u
)5 1, q0(z

‘
)5 q

‘
/q

0
;

(B8)

O(h):
d

dz

�

z
dq1

dz

�

5
S0

2 1

12 S
0

s ; q1(z
q,u
)5 0, q1(z

‘
)5 0 ,

(B9)

where S0
5 q0/q0

sat. The solution for the spray-free O(1)

problem reads

q0
5 11 c

q0
ln

 

zz
w

z
q,u

!

, c
q0
52

q
+

a
y
k
p
q
0

, q
l,0
52

q
+

a
y
q
0

.

(B10)

The leading order expression

S0
5 11C

S
ln

 

zz
w

z
q,u

!

, C
S
5 (k

1
2k

2
)c

T0
1 c

q0
, (B11)

is obtained using the air temperature distribution T0
a 5

11 cT0 ln(zzw/zq,u) in a spray-free atmosphere, where

cT0 52u+/aTkpT0, the dependence of partial pressure of

the saturated vapor on the air temperature in Eq. (10), and

taking into account that jcq0j � 1, jcT0(k1 2 k2)j � 1, and

p8 � jcq0j. After substituting Eqs. (B4) and (B11) into

Eq. (B9) and integrating the equation we obtain the ex-

pression for the nondimensional latent heat flux above the

wave crest level:

q
l,1
(z)5 q

l,1
(1)1

k
p
C

S

12 S
0

ðz

1

ln

 

zz
w

z
q,u

!

z2l dz . (B12)

Next, we present expression (B12) in the form

q
l,1
(z)5 q

l,1
(1)1 a

1
F(bz)2 a

1
F(b) , (B13)

where
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b5
z
w

z
q,u

, a
1
5

k
p
C

S
bl21

12 S
0

, (B14)

and

F(bz)5

8

>

>

>

<

>

>

>

:

ln(bz)(bz)12l

12l
2

(bz)12l

(12 l)2
, l 6¼ 1,

1

2
ln2(bz) , l5 1:

(B15)

After substitutingEqs. (B10) and (B13) intoEq. (B6) and

accounting for Eq. (14) we obtain Eq. (19), where

a5alha1 and cl 5alf2q+/(ayq0)1h[ql,1(1)2 a1F(b)]g,

al 52ayu+rd0l0q0. It follows from Eqs. (14), (15), and

(2)–(4) that

d

dz
(~q

l
1 ~q

s
)5 0, (B16)

which implies Eqs. (19) and (20).

APPENDIX C

Asymptotic Solutions

We note that

p
3
5 l

3
p

2
, p

7
5 l

7
p

2
, (C1)

where

l
3
5

ss
0

q
0

, l
7
5

l
0

c
w
T

s

’ 1:9 . (C2)

Since p2 ; 1023–1022 for typical spray droplet radii of

the order of 100mmand saturation S5 0:5–0:9 above the

wave crest level, parameters p3 and p7 are also small

provided l3 & 10. This condition is satisfied if

s
0
& 10

q
0

s
; 23 1024 , (C3)

where the reference air humidity q0 ; 23 1022. Given

thatp9 ; q0, it can also be considered to be small.We also

assume that barometric variations are small compared to

variations caused by other physical effects. These obser-

vations enable us to develop an approximate asymptotic

solution of Eqs. (1), (2), (8), and (25) by assuming that

(p2, p3, p5, p7, p8, p9)5O («), where « is a formal

small parameter, and by writing all quantities entering

the equations in the form f (z)5 f0(z)1 «f1(z)1O («2).

Substituting such formal expansions into the model

equations we obtain a hierarchy of equations at different

orders of « with the following leading order solutions

below and above the wave crest level:

s(z, 1)5 11 c
s1
1 c

s2
z2l

1 c
s3
z1 c

s4
z lnz1O («2) ,

(C4)
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lnz1C
T3

z

1C
T4

z12l lnz1C
T5

z12l
1O («2), and

(C9)

P(z)5 12p
8
(z2 z

u
)1O («2) , (C10)

where

c
T0
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u*
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T
k
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T
s

, c
q0
52

q*
a
y
k
p
q
0

. (C11)

The above approximate expressions are expected to be

valid only in the lower atmosphere. The approximate val-

idity range is determined as follows. Function (C7) de-

scribing the spray distribution above the wave crest level

typically has a minimum at some large z5 zmin � 1. For

z. zmin this function starts increasing, which is physically

impossible. This is just an artifact of the low-order trunca-

tion of the approximate solution. Therefore, the above

expressions can only be physically relevant for z, zmin.

Then the value of constant Cs1 is set by requiring that

s(zmin)5 0. Physically this means that we assume that see

spray fully evaporates at z5 zmin so that above this level the

atmosphere remains spray-free. Subsequently, we require

that solutions (C4)–(C10) have values corresponding to the

reference spray-free atmosphere at z5 zmin. Along with

the boundary conditions at z5 zu andmatching (continuity

of solutions) conditions at z5 1 this defines all remaining

constants inEqs. (C4)–(C10). The expressions for constants

appearing in the above solutions are too lengthy to be given
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here explicitly, but they are available on request in the form

of a computer algebra (Wolfram Mathematica) code.
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