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Abstract—This paper presents an online, robust, and model-
free motion planning framework for kinodynamic systems. In
particular, we employ a Q-learning algorithm for a two player
zero-sum dynamic game to account for worst-case disturbances
and kinodynamic constraints. We use one critic, and two actor
approximators to solve online the finite horizon minimax problem
with a form of integral reinforcement learning. We then leverage
a terminal state evaluation structure to facilitate the online
implementation. A static obstacle augmentation, and a local re-
planning framework is presented to guarantee safe kinodynamic
motion planning. Rigorous Lyapunov-based proofs are provided
to guarantee closed-loop stability, while maintaining robustness
and optimality. We finally evaluate the efficacy of the proposed
framework with simulations and we provide a qualitative com-
parison of kinodynamic motion planning techniques.

Index Terms—Motion Planning, Q-learning, Game Theory.

I. INTRODUCTION

Autonomous systems have experienced rapid advancements
with the use of machine learning in decision making and
supervision. Building fully autonomous systems that include
smart perception and advanced control systems for motion
planning is still in its infancy. Motion planning is a key
research topic in autonomy and robotics [1]-[4]. An efficient
motion planning algorithm is required to operate in uncer-
tain or even unstructured environments, while ensuring safe
autonomy. In realistic systems the kinodynamic constraints
compose a challenging problem, especially for a real-time
implementation [5], [6]. Indeed, optimality is not always guar-
anteed, and requires extensive offline computations that are not
always feasible. Moreover, the dynamics are often difficult to
derive and when obtained they are unreliable and inaccurate,
because disturbances and parameter uncertainties may affect
the physics of the system [7]. To deal with such problems, a
solution is to employ simplified dynamical models, but still
compute the optimal solution offline. Our focus in this work
is on providing an online, model-free, and robust kinodynamic
motion planning algorithm to autonomously perform optimal
and safe navigation in environments with obstacles and exter-
nal disturbances.

In high-dimensional systems, motion planning with incre-
mental sampling algorithms has been discussed in probabilistic
road-maps (PRM) [1] and rapidly-exploring random trees
(RRT) [2]. In [4], the authors proposed RRT*, an asymptoti-
cally optimal motion planning algorithm. The aforementioned
approaches are not sufficient for dynamical systems with
kinodynamic constraints. In [8], the authors introduced the
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kinodynamic RRT that accounts for the physical constraints
of the system, but the control action was randomly selected.
The work of [3] presented LQR-trees, a feedback motion
planning algorithm. This approach cannot be implemented
without complete information of the system dynamics and
needs significant computations offline. The authors in [9]
proposed the LQR-RRT* which requires complete information
of the model, yet this is not always possible in real engineered
systems. In [10], the authors proposed a kinodynamic RRT*
that deals with linear systems and performs asymptotically
optimal motion planning. Kinodynamic RRT* requires the
system dynamics, and provides a closed form solution of
an open-loop controller. A real-time kinodynamic motion
planning was proposed in [5]. The authors retrieve the global
path offline and compute also offline the optimal solution of
the two point boundary value problem (TPBVP), in order to
execute the motion planning online. Game theory can poten-
tially offer robustness guarantees for various motion planning
problems [11]. Connections between game theory and motion
planing were discussed in [12] for planning under sensing and
control uncertainties, under environmental uncertainties, and to
maintain the visibility of a target. The authors in [13] presented
a differential game framework to compute the reachable sets,
and perform motion planning under uncertainties.

Adaptive control [14] along with game theory [15] can be
efficiently connected by employing the principles of reinforce-
ment learning [16], and approximate dynamic programming,
e.g., actor/critic structures [17]-[21]. Specifically, the critic
evaluates the cost and the actor performs a policy improve-
ment. In [22], a discrete-time Q-learning formulation was
used to solve controlled Markovian systems. However, for
continuous time systems the problem is nontrivial. In [23], a
relation of Q-learning with nonlinear control was established,
based on the observation that the Q-function is related with
the Hamiltonian that appears in the minimum principle. In
[24], a Q-learning approach for solving the model-free, infinite
horizon, continuous time problem was presented.

The contributions of this paper is threefold. First, we
formulate a two player zero-sum game for a TPBVP with a
continuous Q-learning framework without requiring the solu-
tion of the game differential Riccati equation. Next, we provide
rigorous Lyapunov-based proofs for global asymptotic stability
of the equilibrium point. Finally, we develop a terminal state
evaluation framework, a static obstacle augmentation, and
a local re-planning technique to alleviate the computational
effort and to ensure safe kinodynamic motion planning.

Section II focuses on the problem formulation, Section III
discusses the game-theoretic structure, Section IV provides
a model-free formulation, Section V presents the motion
planning structure, Section VI shows the efficacy through
simulations and discusses a qualitative comparison, while
Section VII concludes the paper.
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II. PROBLEM FORMULATION
Consider the following continuous-time system,
z(t) = Az(t) + Bu(t) + Fd(t), x(0) =9, t>0,

where x(t) € X C R™ is a measurable kinodynamic state
vector, u(t) € R™ is the control input, d(¢t) € R? is the
disturbance input, A € R"*" is the unknown plant matrix,
B € R™ ™ is the unknown input matrix, and F' € R™*? is the
unknown disturbance matrix. The game has two players, the
control u(t) and the disturbance d(t) [25], [26]. The player 1
(P1) is the control u(t) that aims to minimize the performance,
while the player 2 (P3) is the disturbance d(t) that desires to
maximize the performance.

Since we want to drive the system from an initial state x to
a final state x(7") = x,, we define the difference between the
state (t) and the state x, as the new state Z(t) := x(t) — .
The final time is denoted by 7' € R™. Similarly, we define the
new control as, u(t) := u(t) — u,, with u, = u(T), and the
new disturbance as, d(t) = d(t) — d;, with d; = d(T). The
new system has now the form,

z(t) = Az(t) + Bu(t) + Fd(t), zo, t > 0. (1)

The finite horizon cost functional is given as,

T
J(Z; 4, d; to, T) =o(T) + % / ZTMz + a" Ru — ~°||d||*dr,
to
(2)

where ¢(T) := z7(T)P(T)Z(T) is the terminal cost with
P(T) € R™™™ » 0 the final Riccati matrix, M € R™*" »
0, R € R™*™ » ( user defined matrices that penalize the
state and the control input respectively, and v* < v € R*
is a disturbance rejection constant, where v* is the smallest
value that stabilizes the system (1), [27]. We assume that the
unknown pair (A,B) will be controllable and the unknown pair
(v/M, A) will be detectable.

We are thus interested in obtaining the saddle-point
equilibrium (@*,d*) such that, J(Z;u*,d;tg,T) <
J(z;a*,d*;to,T) < J(Z:a,d*;ty,T), VZ,u,d,
which can be described by the min-max problem
J(Z;u*,d*;to,T) = mingmax;J(Z;a,d;tg,T) subject
to (1). In other words, we want to determine the value
function V*, which is defined by the minimax optimization,

V*(Z;5t0,T) =
. J Y 2 712
min max (QS(T) + = / "Mz + u"Ru — ~7||d|| dr), 3)
“ d 2 to
but without any information of the system dynamics.
Consider the &y, C X as the obstacle closed space. The
free space is defined as, Xpoe = (Xops)® = A\ Xops. The
output of the RRT* will produce the global path w(xg ;, %) €
R2(kxn) for § = 1,...,k with 4 € N, that has k-sets of
i-TPBVPs. The global path 7(x;, ;) includes the initial
states Xo = o for all 4, with Xy € RF*"™ C Aje. and the
final states Xg = ,; for all i, with X5 € R¥*™ C Xjyee. The
algorithm also outputs an initial graph G = (V, E), where V
is the initial set of nodes and E the initial set of edges. As
a slight abuse of notation, we will refer to nodes v € V as

states * € X.

Since we are solving a finite horizon optimal control
problem with free final state, we can make the following
approximation lim; ,7 2(t) ~ z,. This means that the final
state 2(7") may not obtain the exact desired state z, value.

Yet, the i{ystem may be fast enough to aﬁproximate the desired
state, and stay there, until the end of the fixed finite horizon
T'. To address this problem we define the initial distance as
the n-norm of the initial state and the desired state as,

Do(i’o) = ||J_30||n, VTo € R™. @)

Then we measure the relative distance at time ¢t > 0 with the
n-norm of the current state and the desired states as,

D(z) == ||Z||n, VT € R". 5)
Lastly, we define the distance error of (4) and (5) as,
ea(To, ) = |Do(Zo) — D(Z)|- (6)

Our work will formulate, an online implementation frame-
work of robust kinodynamic motion planning given the global
path and the initially randomly-sampled graph, with com-
pletely unknown dynamics as provided in (1).

III. TWO-PLAYER ZERO-SUM GAME

We employ the continuous-time Hamilton-Jacobi-Isaacs (HJI)
[25] equation for the finite horizon optimal control problem
with respect to (1) and (3) that yields,

L OVE AV L L
W@, ds 5, =) =5 (FME + " R — 77| d"[|°)
ov T, _ A%
+ 9% (Ai’-FBu-FFd)-FW,

Considering the linear system (1), let us define a value
function that is quadratic in the state T as,

V*¥(z;t) = %iTP(t)E, vz, t >0, 7

where P(t) € R™*" > 0 is the time varying Riccati matrix,
—P(t) =P(t)A + ATP(t) + M 4+~ >P(t)FFTP(t)
— P(t)BR "BTP(t). 8)

Theorem 1: Assume that, there exists a positive definite
P(t), t > 0 that satisfies the game Riccati equation given in
(8) with a final condition P(T") = Pr. Then the state feedback
policies,

w*(z;t) = —R 'BTP(t)z, Vz,t, )

d*(z;t) = v 2FTP(t)z, V. t, (10)

form a saddle-point equilibrium with value V* = Z§ P(0).
Proof. The proof follows from [26]-(Corollary 17.1). [ ]

IV. MODEL-FREE FORMULATION
Let us define the advantage function as,

o v vt
Q(x,u,d,t) =V (.’L‘,t) +H($7uad7 81‘ ) 67’ )7
where Q(Z; u, d; t) is an action-dependent value that maps Q :
Rrtmta _ R+
Lemma 1: The solution of the problem Q*(Z;a*,d*;t) =
ming max; Q(7; u, d; t) has the same value with the function
V* in (7) of the min-max problem (3), where P > 0 is the
Riccati matrix found by solving (8), with a final condition
given as, P(T) = Pr.

(D)

Proof. Substitute (9) and (10), in (11). [
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Next, we define U := [#T @T dT]T to obtain the Q-function
(11) in a compact form,

_ 1 Qxx (t) qu (t) Qxd (t)
o(z;u,d;t) = ZUT [Qux(t) Quu Qu |U
2 Qux (1) Quu Qua
1.~ 1 i,

= SUTQNU = Svech(Q(1) U V),  (12)

where Qx(t) = P(t)+P(t)+M+P(t)A+ATP(t)+P(t)B,
Qu = P(t)B, Qxd(t) = P(t)F’ qu(t) = BTP(t)’ Qu = R,
Qui = Qau = 0, Qux(t) = FTP(t), and Qua — 7> We can
parametrize the control u* given in (9) and the disturbance d*
given in (10) with respect to the Q-function, by employing the
stationarity conditions % = 0, and 9QUzudit) _ 0,
that yield @*(Z;1) = argming Q(Z; %, d;t) = —Q'Que(1)T
and, d*(7;1) = argmax; Q7 a,dit) = —QuQue(t)z,
respectively.

A. Actor/Critic Structure

Let us define, v(t)TW. = Lvech(Q(t)), where v(t) is
a bounded radial basis function of proper dimensions that
depends explicitly on time ¢ > 0. Since the ideal weight
parameters are unknown, we will be motivated bﬁ adaptive
control techniq}l{es [14] to find tuning laws for the current
weight values. Therefore, the estimated Q-function yields,

O(z; 1, dyt) = WIv(t) (U @ U). (13)
Similarly, we define the actor that approximates the control
policy with W,Tu(t) == —Qp,! Qux(t), where pu(t) is a bounded
radial basis function of appropriate dimensions. Thus, the
control policy actor yields,

a(z;t) = Win(t)z, vz € R™. (14)
The actor to approximate the disturbance can be written as,

d(z;t) = WIE(t)z, ¥z € R, (15)

where WJE(t) = —Qu' Qux(t), where £(t) is a bounded radial
basis function of proper dimensions that depends explicitly on
time ¢ > 0. We leverage the integral Bellman equation from
[20], and the result of Lemma 1 to obtain,

Q" (a(t); W (£).d" (t); 1) =
O*(E(t — AbL); & (t — AL), d" (t — At);t — At)

(FTMT + 4T Rii — 42||d))) dr, (16)

zT(T)P(T)x(T), 17

where At € RT is a small time interval.

We define the critic estimation errors e, ,e., € R, that we
want to eventually drive to zero by tuning the parameters of
the critic in (13). Define the first critic error e., as,

ee, =WIu(t) ((U(t) QUt)) — (Ut — At © Ut — At))

't
41 / (57 Mz + &7 Rii — 2| d|?) dr,
2 t—At

and the second critic error as, e, = 3Z7(T)P(T)z(T) —
Wo(T)Tw(T)(U(T) ® U(T)). Next, we write the actor ap-
proximator error as, ¢, = Wi u(t)z + Q! Qux(t)Z, where
e, € R™, and the values of Quu, qu will be obtained from the
critic weights We. Similarly, we write the disturbance errors
as, eq ‘= W’J&(t)i + Q@lex(t):i’, where ¢4 € R, and the

values of Qdd, de will be obtained from the critic weights
W.. Then, we define the squared-norm of the errors,

P 1 1
Ky (We, We(T)) = 5 lec, P+ a2 (18)
o 1
Ka(W) = Seall?, (19)
R 1 5
Ks(W) = S leall”. 20)

B. Learning Framework

The learning framework consists of three “plug-n-play” tunin
laws. We apply a normalized gradient descent technique [14
in (18) for the critic estimation weights,

WC =— ac<( e, + Ufecz), 21

1
(1+0fo¢)?
where, o = v(t)(U(t)@U(t) — Ut — At) @U(t — At)),
o = v(T)(U(T)®U(T)), and o € RT is a constant gain
that determines the convergence rate. The critic tuning law
(21) guarantees that as e, — 0 and e., — 0, then W, — W..

We derive a tuning law for the weights of the actor W, by
applying a gradient descent algorithm in (19) that yields,

V;V = aaalfz
oW,

where o, € RT is a constant gain that specifies the conver-
gence rate. The actor tuning law (22) guarantees that as e, — 0
then W, — W,. The weights of the actor Wy for the worst-
case disturbance, by applying a gradient descent algorithm in
(20) yields, 5

P K3

Wi = —aq—
d dOWd

where oy € RT is a constant gain that specifies the conver-
gence rate. The actor tuning law (23) guarantees that as eq — 0
then Wy — Wy.

Theorem 2: Consider the system (1), with the critic, the
control actor, and the disturbance actor approximators given
by (13), (14), and (15) respectively. The weights of the critic,
the control actor, and the disturbance actor estimators are tuned
b%/ (21), (22), and (23) respectively. Then, the origin is a
globally uniformly asymptotically stable equilibrium point of
the closed-loop system with state ¢» = [zT WJ W] W[]T
and for all initial conditions (0), given that the critic constant
gain o is sufficiently larger than the actor gains «,, oy and
the following inequalities hold with d; anf 0o constants of
unity order,

1
1+070)?

= —ouTe], 22)

(23)

= —ozda?eg,

AM + QuR™'QL — v 2QuQl,) — MQuQ,
0<aa<_( + QuR™'Q; nglded) (QxQ%)

51)‘(Ill+u<t)w(t)\|7)

AQuQ,
— _(Q dQXd2 ;o Qe > Q.
52)\< )y~ )
I1+ETER)2

Proof. See the Appendix. O

0<ag <

V. MOTION PLANNING FRAMEWORK

In this section, we discuss the structure of the proposed model-
free, online kinodynamic motion planning with Q-learning,
game-theory, and optimal sampling-based path planners. The
motion planning structure is shown in Fig. 1. The structure
consists of an offline RRT* computation; an online actor/critic
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Fig. 1. The sequence operation is clockwise, starting from the global planning.
The structure blends five stages: 1) the offline global RRT* computation, 2)
the online actor/critic structure, 3) the online terminal state evaluation, 4) the
static obstacle augmentation, and 5) the online local RRT* re-planning.

structure; an online terminal state evaluation; an online static
obstacle augmentation; and an online local re-planning.

First, we compute offline the global optimal path
7(xo,;, xr,;), using the RRT* algorithm. Then, we continue
with the online model-free learning of the optimal policy
for the worst-case disturbance. More specifically, the critic’s
objective is to estimate the Q-function, which is obtained
from the Equations (16), and (17). The critic approximates
the Q using (13), where W are the critic parameters that can
be computed online by (21). The control actor computes the
action % according to (14), where W are the actor parameters
that can be estimated online by (22). The disturbance actor

computes the action d according to (15), where Wy are the
actor parameters that can be estimated online by (23).

A distance metric will be used to evaluate the final state.
The initial distance Dy is computed by (4). Next, the relative
distance D is obtained online at every iteration At by (5).
In the case that the distance error (6) decreases below an
admissible value of the initial distance eq < 8Dg, 8 € B ==
{# €R|0< B <1}, we continue to the next i-TPBVP,
by assigning the current state value as the new initial state
Zo.i+1 = x(t). It is to be noted that the -TPBVP is specified
by the i-set of the initial and the final states xg, x;, which
were initially provided by the global planner.

The RRT* algorithm is proved to compute the optimal path,
which most of the times passes very close to the obstacles.
Inherently, in kinodynamic motion planning straight lines
cannot be tracked, due to the constraints imposed by the
physics of the system. Therefore, when the robot navigates
closely to the obstacle and deviates from the given global
path, then a collision may occur with the obstacle. To address
this problem we propose a static augmentation of the obstacle
space and a local re-planning strategy.

For the static obstacle augmentation, we compute the maxi-
mum deviation of the robot motion from the straight line, that
we term as kinodynamic distance,

|Zo X Z|
Do(70)
Next, if the kinodynamic distance is greater than the

previously measured deviations in motion Dyg,; >
max{Drop,1, - . ., Drob,i—1 }» Wwe compute the augmented closed

Drob(-fm 3_9) = (24)

loc
free X start

Fig. 2. The construction of the local circular space Xjﬁﬁle and the local free
space X% The local free space X[% contains the local start state /%, and

free
1
the local goal state Tu%il

obstacle space, XopE = Xops B Xyop, Where Xyg, € R? is the
kinodynamic distance space that is constructed as a rectangle
with sides 4 = 2D,,. That is a conservative approach,
because we limit the navigation considering the maximum
kinodynamic distance. Although, since we tackle the model-
free problem, the system is unknown for offline computations.
Therefore, the agent may deviate from the optimal path, yet
we guarantee collision-free navigation.

We continue on the local re-planning stage that will provide
a safe path in the open diminished free space XM :=
(X5)C = X\ X, We start by evaluating whether the global
path collides with the augmented obstacle space. Then, if a
collision occurs, the graph G(V, E) is pruned by discarding
the nodes in the augmented obstacle space from the initial
list of nodes, View = V\Vaug, Vaug = V € Xis. Now since
it is required to perform online “the algonthm we cannot
computationally afford to perform the RRT* even in the
diminished free state space XM, Therefore, a significantly
reduced free state space needs to be specified.

The underlying idea for the local path planning problem
exploits the precomputed nodes and the global path, toward
defining a new local free state space X1%. First, we search
for the two closest states of the initial global path outside the
area of collision with the augmented obstacle space. These
two states will serve as the local start state 7', and the local
goal state z!°¢;, while the rest path will not be affected. If
any states of the global path are located in the augmented
obstacle space X ¥ we discard them from the updated list
of nodes V.. Next, we establish a circle with center point
at Ope = (w5 + x}g?al)/ 2 and radius i = [lo g5, — Zgoa -
that forms the local closed circular space XX = {z € X' |
|z — Oc||?< r2.} as shown in Fig. 2. Then, the local closed
free path planning space is defined as, X} := Xlo¢ \ X

Lemma 2: For a given set of states in the open diminished
free space X3, the local start state 2'%,, and the local goal

free °
state wl‘z)cal, if there exists a sufficient, connected, and closed

local free space A% that forms a ring, based on the fixed
incremental distance e of the RRT*, then we can obtain a
collision-free path with the local re-planning framework.

Proof. The proof follows from [28]. [}

Since we obtained a small local free space X[ that is
guaranteed to contain the local start state 2%, the local goal
state 2!, and sufficient space for the implementation of the
path plg anning with incremental distance ¢, we move on the
local re-planning step with RRT*. We equip the algorithm
with the local free nodes, Viee = View € Xflr"ece The output
is a local path 7' that connects the local start state 7%, with
the local goal state xkfal, which along with the global path 7
produces the new tree Tew-
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Fig. 3. The online kinodynamic motion planning framework with completely
unknown dynamics and worst-case disturbance in a complex environment.
The motion planning framework performs local re-planning at three areas.

VI. RESULTS AND DISCUSSION

In this section, we demonstrate the efficiency of the proposed
online and robust kinodynamic motion planning technique. We
also provide a qualitative comparison of our framework with
other kinodynamic motion planning techniques.

A. Simulations

Consider now the Maxwell-slip model [29], where the robot
slips on a frictioned flat surface. While the mass m is translat-
ing along the z-axis and the y-axis direction, a spring-damper
system models the friction with coefficients ky, cx, and ky, ¢y
respectively. The system is described by,

jZ‘l [T1 8 8 0
| _alwm f 0
Pl=alZi+|l [.fz]+ Old e
U2 L y2 0o L 1

-0 0 1 0

0 0 0 1

L0 B g o

where x1, y; are the translations (kinematic constraints), 1 =
Ta, 1 = Yy are the velocities (dynamic constraints), and £ =
Tg, 1 = Yo are the accelerations (dynamic constraints). The
vector [f1 f2]" is the input force.

We set the finite horizon 1" = 10 s for every run and the
admissible window 3 = 5%. The user-defined matrices are
M =1, and R = 0.11 with proper dimensions for the identity
matrix. The final Riccati matrix is P(T) = 0.5] and the final
control action is u(7T") = 0.001. We set a. = 50, a, = 4, and
a, = 2.5 by following Theorem 2. The small fixed value of
t}}e interngl dynamics is At = 0.05s. The initial values of W,
Wy, and W, are randomly selected. The initial and the final set
of states &, X are given by the offline computation of the
RRT*. The stiffness, and the damping coefficients are k, =
ky, = 20N/m, and ¢, = ¢, = 45kg/s respectively. The mass
is m = 40kg. The state space is described by the Cartesian
space X € [0,100] x [0, 100].

The proposed framework efficiently performs robust, kin-
odynamic motion planning in challenging obstacle environ-
ments and with external disturbances, as depicted in Figure 3.
The motion of the robot is illustrated with a blue solid line,
the start state with a green circle, the goal state with a red
circle, and the global path 7 with a dashed black line. The red
crosses represent the discarded nodes that are located in the
augmented obstacle space X ¥. The inflated space is drawn
with light purple. The local start state !5, and the local goal

state :L’fgffal are presented with red rectangles.

B. Qualitative Comparison

We consider four specifications, the optimality; the online
implementation; the robustness; and the system’s model.
The LQR-Trees, LQR-RRT*, and our approach solve the
minimum-energy problem as given in (2), while Kinodynamic
RRT* evaluates a minimum time-fuel performance. Online
implementation can be only achieved with the proposed frame-
work, as it requires the computation of three simple gradient
descent laws and the local re-planning at a relatively small free
space without any re-sampling. The other works need to solve
the Riccati equation that inherits extensive offline computation
and comprises the model of the system. We consider robust-
ness as a mean to reject disturbance. Our solution implements
closed-loop feedback, considers disturbance with a two-player
zero-sum game, and approximates the worst-case disturbance
with an actor. Note that LQR-Trees and LQR-RRT* exploit
closed-loop controllers, that provide some level of robustness,
yet they do not explicitly model disturbances in the system.
Kinodynamic RRT* does not reject disturbances and they
make use of open-loop control. The proposed framework is
model-free, while the other works require the system’s model.

VII. CONCLUSION

This paper proposed an online kinodynamic motion planning
framework. We discussed the mathematical formulation that
guarantees asymptotic stability and optimality of kinodynamic
motion planning for systems with completely unknown dy-
namics. We also proposed a terminal state evaluation, a static
obstacle augmentation, and a local re-planning framework
to facilitate the online implementation. Simulation examples
validated the efficiency of the proposed framework and a
qualitative comparison outlined the benefits of our approach.
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For the theoretical analysis we define the weight estimation
error for the critic W, = W, — Wc, for the control actor

Wa = W,— Wa, and for the disturbance actor Wd = Wy— Wd
The estimation error dynamics of the critic yields,

i 1 T
We __ac(1+OTU)200 We.

The estimation error dynamics of the control actor becomes,
/J(t)quR_l

14 p(t) ()|

The estimation error dynamics of the disturbance yields,

LTI

Wa = —ZZ p(t)TW, —

s s E(O)Ga(—)
W = mead SO~ BT e

Lemma 3: Considering any control input wu(t), then the
estimation error dynamics of the critic W, has an exponentially
stable equilibrium point at the origin that is bounded by,
[Well< [|[We(to)||rie~"2—t) where k1, k2 € RT. The
signal A(t) == % needs to be persistently exciting
(PE) at [t,t + Tpg], where Tpg € R the excitation period and

if there exists a 3 € RT such that 31 < ftt+TPE A(T)A(T)Tdr.
Proof. The proof follows from [24]. ]

Proof of Theorem 2. Consider the Lyapunov function,
L(;t) =V"
for all t > 0, where ¢ = [z7 WJ WJ W] is the

augmented state. The orbital derivative for the closed -loop
dynamics by using  yields, L =T + T, +Ts+ Ty where,

1~ 1 - 1
(@) + S IWell P+ Zu{ W Wa} + Zu{ W Wa} > 0,

T, = #"P(t)z + 2" P(t)(Az + Bi), (26)
T = —« wT ! oW,
cWe (1+0‘TJ)2 ¢
_ T~ T T——TM
T = aatr{ﬂ/ ZZT u(t) Wa — W, FEIOR (t)||2}
e a4 e SOQa1)
T = —aur{WIEaTe(0) W + Wiaa 0 e
It is easy to see that,
o< - I, @
064(51 :u’(t)R71 7|2
Ty < —=2 ) Wal P+ =X (s ’
< =GPV W+ SN (G <t>||2)||x||<és>

Et)(=)?

e GOl (e e I
(29

The estimated control action 4 and disturbance j result,
W u(t)z, (30)
d=d" — WJE(b)z. 31)

Using the Riccati equation (8), the estimated control and
disturbance (30), (31), and Young’s inequality, the (26) yields,

T < - (1A<M FQuRTQL ~ 77 Qual) ~ S NQuaL)

A
u=u —

— SNQLW) 7] (32)
Next, from (27), (28), (29), and (32) we obtain,
£0) < [ 2007+ QuRTQL ~ 20wl - X@uar)
B aa51—(||1+u(t)R_1 2) B ad52—( ) (=) 2 2)
w(O (O] I+ €@ TED]
— INQLQW) Il S WP~ S e () R
- S1EVEW WalP= Wa(us0). (33)

Considering the inequality in (2) then L£(1;t) is non-positive
for all ¢ and ¢ > tg. From W1(1l1, t)y = Wa(yst) =
V*(z,t) + LW, ||2+2tr{WaTW } 4+ e {WIWy} > 0, we get
Wi t) < L(;t) < Wa(h;t). In thls way, we can conclude
that the origin ¢ = 0 is uniformly stable according to the
Lyapunov stability theorem. Since L£(1);t) is lower-bounded
and non-increasing, inequality (33) is also bounded, which
implies that L£(¢;t) is uniformly continuous. According to
Barbalat’s lemma, £(v;t) — 0 as ¢ — oo. Since Ws();1)
is positive definite, so asymptotic stability holds from the
Lyapunov stability theorem. Next, Wy (¢;t) is radially un-
bounded with respect to ||Z]], ||We||, [[Wall ||Wal| and globally
properties also hold. Therefore, the equilibrium at the origin
e = 0 is globally uniformly asymptotically stable [30]. [ ]
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