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Abstract 

The shear resistance of 3D printed periodic auxetic chiral mechanical metamaterial was quantified 

via a picture-frame apparatus. The experimental set-up allowed the accurate measurement of the 

effective shear modulus of the material. Also, a rigid-rod-rotational spring model shows that the 

effective shear modulus of the material is directly related to the chiral geometry and the rotational 

rigidity of the center joints and the corner joints in the chiral cell. To facilitate practical design, 

design guidelines were developed through an integrated analytical, numerical and experimental 

approach. The influences of the chiral geometry and the joint rigidity on the shear resistance of the 

periodic auxetic chiral mechanical metamaterial were quantified. The design guidelines were 

verified by systematic finite element (FE) simulations.   
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1. Introduction 

   The shear modulus, also called modulus of rigidity, is an important material property to describe 

the resistance of materials to the change of shape under shearing load. While the bulk modulus is 

to quantify the material resistance to the volume change under pressure. It is known that for 

homogenous isotropic materials, the Poisson’s ratio is related to the material rigidity corresponding 

to shape change and volume change. For example, for rubbery materials with Poisson’s ratio close 

to 0.5, it is easy to change the shape while hard to change the volume; thus, these materials have 

high bulk modulus and low shear modulus. As an opposite version of rubbery materials, materials 

with negative Poisson’s ratio (auxetic materials) can easily change the volume but are hard to 

change the shape; therefore, low bulk modulus and high shear modulus is expected for auxetic 

materials (Evans and Alderson, 2000; Carneiro et al., 2013; Novak et al., 2016;).  
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   As a fast-developing new category of materials, different types of artificial auxetic mechanical 

metamaterials have emerged, including auxetic open cell solids (Lakes, 1987; Friis et al., 1988; 

Yeganeh-Haeri et al., 1992), two-phase composites (Evans et al., 1992; Alderson et al., 2005; Li 

et al., 2018). Among all of them, auxetic cellular solids are one important category due to their 

light weight, excellent indentation resistance , energy absorption capability, and unique acoustic 

and optical properties (Scarpa et al., 2003; Tee et al., 2010; Bückmann et al., 2012). Recently, 

numerous innovative designs of auxetic mechanical metamaterials have appeared, with a focus on 

exploring new mechanisms for auxeticity. For example, instability-induced auxetic effects were 

identified for both 2D and 3D porous material (Bertoldi et al., 2010; Babaee et al., 2013) ; chirality-

induced auxetic effects were quantified via mechanical experiments on 3D printed specimens 

(Jiang and Li, 2017); more recently, by utilizing the chirality-induced rotation, auxetic chiral 

mechanical metamaterials with a new sequential cell-opening mechanism were developed and 

proved via 3D printing (Jiang and Li, 2018a; Jiang and Li, 2018b).  

   In previous studies, the effective mechanical properties of auxetic foams were characterized via 

analytical, numerical and experimental approaches. Some of them focus on the Poisson’s ratio 

and/or effective stiffness under uniaxial loading only (Chung and Wass, 1999; Bertoldi et al., 2010; 

Babaee et al., 2013; Hou et al., 2014; Li et al., 2018). Some of them also explored the shear 

resistance. For example, the transverse shear modulus of in-plane re-entrant honeycombs is 

determined via numerical simulations (Scarpa and Tomlin, 2000); the out-of-plane linear elastic 

mechanical properties of trichiral, tetrachiral and hexachiral honeycombs were explored via 

analytical, finite element simulations and experiments on samples produced with FDM and SLS 

rapid prototyping machines (Lorato et al., 2010); the mechanical properties including Young’s 

and shear moduli and the Poisson’s ratio of both conventional and re-entrant copper foams were 

examined by resonant ultrasound spectroscopy (RUS) (Li et al., 2013); and recently, the shear 

modulus of open cell polyurethane thermoformed auxetic foams was identified from three- and 

four-point bending tests on sandwich beams with the foams as the cores (Cheng et al., 2019). 

    Through a discrete asymptotic homogenization method, Reis and Ganghoffer (2012) derived 

closed form solutions for the effective properties of auxetic lattices. However, in that paper, the 

auxetic lattices were modeled as structures composed of Bernoulli beams. Therefore, when the 

ribs of the lattices have low slenderness, the bending effects can not be predicted accurately. Also, 

it is expected that the mechanical behavior of the physical joints between neighboring ribs in the 
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real lattices can not be accurately quantified through the joints between Bernoulli beams. To 

facilitate practical design, more sophisticated analytical and numerical models are needed. 

   In this investigation, an integrated experimental, numerical and analytical modeling approach 

was developed to evaluate the mechanical behaviors of auxetic cellular solids under shear. To 

facilitate practical design of the material, sophisticated analytical and numerical models were 

developed. In the analytical model, the joints between two neighboring ribs were modeled as 

rotational springs. In this way, the mechanical behavior of the joints in the real material can be 

predicted more accurately. In the finite element model, two dimensional plane stress elements were 

used; therefore, compared with the beam element model, the bending effects of the ribs can be 

captured well. Also, to generate an overall pure shear deformation under small deformation, a 

picture-frame apparatus was designed and fabricated via 3D printing. A 3D printed auxetic chiral 

mechanical metamaterial was employed as an example material system for the methodology 

developed.   

   In the literature, the auxetic chiral mechanical metamaterial explored in this paper was called 

missing rib structure (Smith et al., 2000; Gaspar et al., 2005; Jiang and Li, 2017) or cross chiral 

structure (Reis and Ganghoffer, 2012, Magalhaes et al., 2016; Lu et al., 2017). It is known that for 

this type of design, the auxetic effect is due to the rotation of the cell (Smith et al., 2000; Reis and 

Ganghoffer, 2012; Jiang and Li, 2017). Recently, through a hybrid design strategy of adding soft 

corners and/or stiffer cores to the original missing rib/cross chiral design, the internal rotation 

efficiency of the cells can be elevated and therefore the auxetic effects can be amplified (Jiang and 

Li, 2017; Jiang and Li, 2018a; Jiang and Li, 2018b). Based on the micropolar elasticity, a closed-

form solution for the effective properties of missing-rib/cross-chiral structure was derived 

(Bahaloo and Li, 2019). 

   Tracing back to 1960s, picture-frame shear test was developed as a biaxial testing approach to 

determine the in-plane shear stiffness and strength of plywood panels (Bryan, 1960). Via a picture 

frame shear apparatus, a uniform pure shear stress state can be generated within the tested 

specimen at small deformation (Ogden, 1984). Thus, when loading the specimen in a picture frame 

apparatus, the intrinsic shear modulus of the material can be measured from the load-displacement 

relation (Mohammed et al., 2000; Zhang et al., 2000; Cao et al., 2004; Liu et al., 2005; Cao et al., 

2008). Due to easy implementation and great accuracy, the picture frame test has been widely used 
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in the mechanical characterization of the in-plane shear resistance of textile materials such as 

woven fabrics (Cao et al., 2004; Cao et al., 2008; Liu et al., 2005; Mohammed et al., 2000; Zhang 

et al., 2013), fiber reinforced composites (Wittenberg et al., 2001; Nostrat-Nezami et al., 2004), 

and foam-like materials (Diel et al., 2014), under both small and large deformations. For example, 

Cao et al. (2008), characterized the material property of woven fabric composite through picture 

frame shear test through a collaborative effort . Chen et al. (2011), used the picture frame test to 

explore the in-plane shear behavior of fiber reinforced composites (Carbon/Polyphenylene Sulfide) 

at different processing temperatures . Diel et al. designed and fabricated a shear fixture to 

determine both shear strength and stiffness of a cellular foam (2014). Their testing results validated 

the accuracy of the fixture and proved the pure shear stress state within the specimen loaded with 

the fixture under small deformation (Diel et al., 2014). 

   However, so far, little efforts were made on conducting shear tests on auxetic cellular solids via 

the picture-frame test. Due to the auxetic effect, potential detaching between specimen and the 

apparatus is expected. The picture-frame test needs to be appropriately adjusted to accommodate 

this unique mechanical behavior of the auxetic material. In this investigation, the shearing 

resistance of 3D printed chiral auxetic cellular solids will be measured via a customized 3D printed 

picture frame apparatus for auxetic materials.  

2. Mechanical experiments  

2.1. The design and fabrication of a chiral specimen 

   A periodic chiral auxetic cellular solid with four-fold symmetry was designed, as shown in Fig. 

1a. The dimensions of the representative volume element (RVE) of the periodic solid are also 

shown in Fig.1a. The specimen consists of 5x5 RVEs. In order to connect the specimen to a picture 

frame apparatus (details are provided in Section 3), thin frames with buttons were added at the 

boundaries of the specimen. The specimen was then fabricated under room temperature via a multi-

material 3D printer (Objet Connex 260). To minimize the printing time, the specimen was printed 

layer by layer through the depth direction. Model material DM9760 (a digital material with 

Young’s modulus ~2.75MPa) was used for the major part of the specimen, and TangoBlack (a soft 

rubbery material with Young’s modulus ~0.78MPa) was used for the thin edge frames and buttons. 

The specimen was cured in room temperature for 48 hours before mechanical experiments. 

2.2. Picture-frame experiments 
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   A picture frame apparatus was designed via the computer aided engineering (CAE) software 

SolidWorks and then it was fabricated in a 3D printer (Dimension SST 1200es). The apparatus 

was printed as ABS+ material (a hard-plastic material, with Young’s modulus ~2.5GPa). The 

apparatus is shown in Fig. 2. The major parts of the apparatus are four loading plates connected 

via lubricated pins at the corners. The top and bottom connecters were also designed to link the 

picture frame apparatus to a Zwick/Roell material testing machine (zwickiLine).   

   During the experiments, the bottom connector was fixed on the testing machine and the top 

connector was moved up to load the specimen. To rule out the influence of friction and the weight 

of the apparatus, the force-displacement relation of the picture frame apparatus only (without the 

specimen) was subtracted from the curve with the specimen. A 100N load cell was used. Then, 

quasi-static experiments were performed by controlling the vertical displacement rate of the top 

connecter to be ~ 0.015𝑚𝑚/𝑠 . The overall shear strain was calculated from the uni-axial 

displacement measured (Eq. A4 in the Appendix A). A high-resolution camera was used to record 

the deformed configuration of the specimen (1image/2500ms). The effective shear modulus can 

be calculated from the load-displacement curve (details are provided in Appendix A). 

3. Finite element simulations 

   Different from the beam element model of the cross chiral structure developed by Reis and 

Ganghoffer (2012), a two-dimensional FE model with multiple parts was developed in 

ABAQUS/CAE. As shown in Fig. 3, the three parts include the major portion of the specimen 

(grey), the thin frame and buttons (red), and the four loading plates of the apparatus (green). The 

thin frame and buttons were perfectly bonded with the major portion of the specimen, while hard 

contact with a friction coefficient of 0.01 was defined between the boundaries of thin frame and 

buttons and the loading frames. Two-dimensional four node plane stress elements (CPS4) were 

used in all parts. To determine the mesh size, a mesh refinement study was performed. 

   In all FE simulations, two types of boundary conditions were used and compared: (1) to simulate 

the experiment, the neighboring pieces of loading frames were kinematically-coupled at points T, 

B, L and R, as shown in Fig.3b. A prescribed vertical displacement 𝛿 was applied at point T, while 

the bottom B was constrained vertically. To avoid rigid body movement of the specimen in the 

horizontal direction, the horizontal displacement of the center node of the chiral specimen was 

constrained. In the parametric study, periodic boundary conditions (PBC) were used to get the 
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intrinsic material properties of the chiral cellular solid. The FE results from the two types of 

boundary conditions were compared.    

   FE simulations were conducted in the implicit finite element software ABAQUS/STANDARD 

v6.13. The hyperelastic Mooney-Rivlin model was used to simulate materials DM9760 and 

TangoBlack. The strain energy density function of the Mooney-Rivlin model is: 

𝑊 = 𝐶10(𝐼1 − 3) + 𝐶01(𝐼2 − 3) ,                                                                                                              (1) 

where 𝐼1 and 𝐼2 are the first and second invariants of stretch tensor. For DM9760, 𝐶10 = 0 MPa 

and 𝐶01 = 0.46 MPa and for TangoBlack, 𝐶10 = 0.031 MPa and 𝐶01 = 0.099 MPa. Thus, the 

shear modulus of DM9760 is 0.92 MPa and that of TangoBlack is 0.26 MPa.  

4. Analytical model 

4.1. A rigid-rod-rotational-spring model 

   The representative volume element (RVE) of the chiral cellular solid can be modeled as a system 

of rigid rods and rotational springs. The geometry of the RVE is shown in Fig. 4a. The overall 

dimensions of the RVE are L1 and L2. The chiral cell in the RVE is composed of six rigid ribs, 

including two long ribs, HD and BF (Fig. 4a), in the middle with length 2l, forming a cross at 

center O, and four short ribs with length l, AB, CD, EF and GH, connecting to the middle two. The 

long ribs and the neighboring short ribs form an angle 𝛼𝑜 in the initial configuration. The two long 

ribs are connected at O via a center rotational spring with stiffness 𝐾𝜑. The four short ribs are 

connected to the long ribs through four corner rotational springs with stiffness 𝐾𝛼 , as shown 

schematically in Fig. 4b.  

4.2 Pure shear deformation 

  Pure shear is an irrotational strain with body elongation in one direction and shortening 

orthogonally. Simple shear is an isochoric plane deformation in which parallel planes translate 

relative to each other with a constant distance. Both require no area changes, but pure shear 

involves no rigid body rotation, while simple shear does.  In real world, most of the shear 

deformation is a combination of both. For picture frame tests, under small deformation, it is very 

close to pure shear. 
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   As shown in Fig. 4a, shearing traction is applied at the top, bottom, left and right boundaries of 

the RVE. During the deformation, the angles at B and F will change by 𝑑𝛼, and the angles at H 

and D will change by 𝑑𝛽. The center spring with stiffness 𝐾𝜑 will deform by 𝑑𝜑.  

Thus, the virtual strain energy of the rigid-rod-rotational-spring system can be expressed as 

𝛿𝑈 = 2(
1

2
𝐾𝛼𝑑𝛼2) + 2 (

1

2
𝐾𝛼𝑑𝛽2) +

1

2
𝐾𝜑(2𝑑𝜑)2 =

1

2
𝐺̅𝛾2𝐿1𝐿2 ,                                                  (2) 

where  𝛼 = 𝛼0 + 𝑑𝛼, 𝛽 = 𝛼0 + 𝑑𝛽 and 𝛾 and 𝐺̅ are the shear strain and effective shear modulus 

of the RVE, respectively. 

   At small deformation, it is assumed that, 𝑑𝛼 = −𝑑𝛽, and the magnitudes of both 𝑑𝛼 and 𝑑𝛽 are 

smaller than 𝑑𝜑. Thus, Eq. (2) becomes 

  𝛿𝑈 = 2𝐾𝛼𝑑𝛼2 + 2𝐾𝜑𝑑𝜑2 .                                                                                                                      (3) 

   The virtual work of the system is  

𝛿𝑊 = 2𝑃1𝛿𝑢 + 2𝑃2𝛿𝑢 ,                                                                                                                              (4) 

where 𝑃1 and 𝑃2 are the applied forces at A, E, G and C, and as shown in Fig. 4a, 𝛿𝑢 is the virtual 

horizontal displacement at points A, E, and virtual vertical displacements at G and C. Through 

kinematics, 𝛿𝑢 is related to the overall shear strain γ as 

𝛿𝑢 ≅ sin (
𝛾

2
) (2𝑙𝑠𝑖𝑛

𝛼0

2
)                                                                                                                            (5) 

The principle of virtual work requires 𝛿𝑈 =  𝛿𝑊 .  According to Eqs. (2)-(5) and the detailed 

derivation in Appendix A, the effective shear modulus 𝐺̅ can be derived as: 

𝐺̅ =
𝐾𝛼 (

𝑑𝛼
𝑑𝜑

)
2

+ 𝐾𝜑

(
𝛾

𝑑𝜑
)
2

(8𝑙2𝑠𝑖𝑛2 𝛼0

2 )

 .                                                                                                                         (6) 

   Force equilibrium and kinematics (detailed derivations are provided in Appendix B) of the ribs 

yield:  
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𝑅𝐾 =
𝐾𝜑

𝐾𝛼
,
𝑑𝛼

𝑑𝜑
=

𝑅𝐾

4
, and 

𝛾

2

= 𝑑𝜑,                                                                                                               (7) 

where 𝑅𝐾 is defined as the stiffness ratio between the center spring and the corner spring. The 

effective shear modulus can be normalized by the center spring stiffness 𝐾𝜑 as: 

𝐺̅

𝐾𝜑
=

𝑅𝐾

16 + 1

32𝑙2𝑠𝑖𝑛2 (
𝛼𝑜

2 )
.                                                                                                                                  (8) 

Through the rigid-rod-rotational spring model, the effective stiffness 𝐸̅ was derived as: 

𝐸̅

𝐾𝜑
=

(
1
𝑅𝐾

+
1

𝑅𝐾 + 8)

2𝑙2𝑐𝑜𝑠2 (
𝛼𝑜

2 )
.                                                                                                                                 (9) 

Thus, the ratio between the effective shear modulus and the effective stiffness is derived as a 

function of the stiffness ratio 𝑅𝐾 of the center and corner springs and the corner angle 𝛼𝑜: 

𝐺̅

𝐸̅
=

𝑅𝐾

8 + 2

(
1
𝑅𝐾

+
1

𝑅𝐾 + 8) [32𝑡𝑎𝑛2 (
𝛼𝑜

2 )]
 .                                                                                                   (10) 

   According to Eq. (10), the ratio 𝐺/𝐸 between the effective shear modulus and the effective 

stiffness is plotted in Fig. 5. It can be seen that generally, when the spring stiffness ratio 𝑅𝐾 

increases, 𝐺 /𝐸  increases, and when the corner angle 𝛼𝑜  decreases, 𝐺 /𝐸  increases. The results 

indicate that when 𝑅𝐾 increases, and/or 𝛼𝑜 decreases, the chiral cell becomes more resistant to 

shear than to uni-axial loading. 

5. Results and discussion 

5.1. Experimental and FE results 

   Experimental snapshots of the deformed specimen at overall shear strains of 5o (0.087 rad.), 10o 

(0.18 rad.) and 15o (0.26 rad.) are shown in Fig. 6. The corresponding FE contours of the maximum 

principal strain for two different types of boundary conditions are shown in Fig. 6b and 6c, 

respectively. It can be seen that the FE results from the two types of boundary conditions are 
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consistent. Also, when the overall shear strain increases, the deformation becomes more and more 

concentrated in the center joint. 

   The curves of shear stress vs. shear strain from the experiments and FE simulations are compared 

in Fig. 7. It can be seen that at small overall shear strain 𝛾 ≤ 3° (0.052 𝑟𝑎𝑑. ) the curves are almost 

identical. This confirms the fact that under small deformation, the picture frame apparatus creates 

a stress state very close to pure shear for this periodic cellular solid. When strain increases, the FE 

curve with the experimental boundary conditions becomes slightly higher than the experimental 

one. While the FE curve with periodic boundary conditions becomes slightly lower than the 

experimental one. These differences are due to the boundary effects and the generation of micro 

damages in the specimen during deformation. Also, in experiments, under deformation beyond 

𝛾 ≈ 15° (0.26 𝑟𝑎𝑑. ) due to the auxetic effect, the buttons and channels start to separate. This 

indicates that the designed buttons are necessary to hold the specimen and the loading frames 

together during the deformation.    

   To further evaluate the influences of the added thin frame and buttons around the specimen on 

experimental measurements, the strain energy associated within each part in the FE model is shown 

in Fig. 8. It can be seen that during the deformation, about 90% of the strain energy developed in 

the major part of the specimen, the loading plates barely absorb energy, and the thin frame and 

buttons absorb about 10% of the total strain energy.  

   The effective shear modulus obtained from the experiments and FE simulations are compared in 

Table 1. The FE and experimental results are consistent.  

5.2 Geometry effects 

   Based on Eq. (10), the effective shear modulus to effective Young’s modulus ratio is determined 

by the spring stiffness ratio 𝐾𝜑  and the corner angle 𝛼𝑜 . To facilitate practical design, the 

relationship between the model parameter 𝑅𝐾 and the design parameters of the RVE needs to be 

explored. Thus, by varying the rib thickness t, the rib length l, the corner angle 𝛼𝑜, a systematic 

set of FE simulations were performed. For FE models, two-dimensional, plane stress elements 

were used. Incompressible hyperelastic Mooney-Rivlin model was used for the digital material 

(DM9760) from the 3D printer. Both the effective shear modulus and the Young’s modulus for 

chiral cells with different geometries can be obtained from these FE simulations. When the 
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geometric parameters of a RVE are 𝑙 = 5𝑚𝑚, 𝑡 = 0.2𝑚𝑚 𝑎𝑛𝑑 𝛼𝑜 = 90°, from the model, the 

spring stiffness ratio of this RVE is determined as 𝑅𝐾𝑜
= 3.6. By taking the RVE with 𝑅𝐾𝑜

 as a 

reference, the influences of the rib thickness t, the rib length l, and the corner angle 𝛼𝑜 on the 

model parameter 𝑅𝐾 can be evaluated via the relative difference between 𝑅𝐾 and 𝑅𝐾𝑜
 , as shown 

in Figs. 9a, 9b and 9c, respectively.  

   Figure 9a shows that when l and 𝛼𝑜 are fixed (𝑙 = 5 mm and 𝛼𝑜 = 90°) and the rib thickness t 

increases from 0.1mm to 3mm, the stiffness ratio 𝑅𝐾 slightly increases (<4.69%). Figure 9b shows 

that when t and 𝛼𝑜 are fixed (𝑡 = 0.2 mm and 𝛼𝑜 = 90°) and the rib length l increases from 1mm 

to 10mm, 𝑅𝐾  slightly decreases. And the difference ranges from -1.70% to 2.25%. Similarly, 

Figure 9c demonstrates that the stiffness ratio 𝑅𝐾 increases slightly when 𝛼𝑜 increases from 60° 

to 120° and t and l are fixed (𝑡 = 0.2 mm and 𝑙 = 5 mm). The difference is within 4.80% range. 

Therefore, in the design space explored, the model spring stiffness ratio 𝑅𝐾 is barely influenced 

by the rib thickness t, the rib length l and the corner angle 𝛼𝑜. 

5.3 Soft hinge effects 

   Although the stiffness ratio 𝑅𝐾 is not sensitive to geometry of the chiral cell, in practical design, 

it can be tuned in a large range by adding soft materials at the corners or a harder core in the center 

(Jiang and Li, 2017). It is known that for chiral auxetic cells, by adding the soft hinges at the 

corners and/or harder core at the center, both the auxeticity and the effective stiffness of the chiral 

cell can be tailored in a very wide range (Jiang and Li, 2017). This soft hinge effect on the shear 

resistance of the auxetic chiral cell can be quantified via the current model and systematic FE 

simulations. To evaluate this effect, two-dimensional FE models with soft corners were developed. 

The geometry of the model is 𝑙 = 5 mm, 𝑡 = 0.2 mm, 𝛼𝑜 = 90°. The rib material was modeled by 

the hyperelastic Mooney-Rivlin model (model parameters are the same as those for DM9760) and 

the stiffness ratio between the rib material and material at the corner was varied from 1 to 1000,  

both the effective shear modulus and effective stiffness were obtained from the FE simulations 

under small deformation (𝛾 < 0.0018 𝑟𝑎𝑑. [0.1°] and 𝜀 < 0.001).  According to Eq. (10) and the 

FE results, the stiffness ratio 𝑅𝐾 of the rotational springs is positively related to the stiffness ratio 

𝐸𝑟/𝐸ℎ between the rib material and the material at the soft corners, as shown in Fig. 10a.  

   According to Fig. 10a, empirically, 𝑅𝐾 can be related to 𝐸𝑟/𝐸ℎ via a power law  
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𝑅𝐾 = 𝐶1 (
𝐸𝑟

𝐸ℎ
− 1)

𝑚

+ 𝐶2 ,                                                                                                                       (11) 

where 𝐶1 = 0.237,𝑚 = 0.703. It can be seen that when 𝐸𝑟

𝐸ℎ
= 1, 𝑅𝐾 = 𝐶2 = 3.6. 

   Equations (10) and (11) provide a design guideline to tailor the 𝐺̅/𝐸̅ ratio of the auxetic chiral 

cellular solid. To further support this guideline, FE models with five different corner angles (𝛼 =

60°, 75°, 90°, 105°  and 120° ) and different stiffness ratios 𝐸𝑟 /𝐸ℎ were developed. The model 

prediction (Eqs. (10) and (11)), shown as solid lines, and the FE results, shown as solid circles, are 

compared in Fig. 10b. It can be seen that in a large design space, the model results match with the 

FE results very well. 

6. Conclusions 

   In this investigation, the shear resistance of 3D printed periodic auxetic chiral mechanical 

metamaterial was quantified via a customized picture-frame apparatus. To avoid potential 

detachment between the auxetic specimen and the apparatus, it was found necessary to design soft 

interlockings at the boundaries of the specimen. Finite element simulations with periodic boundary 

conditions verified that the new experimental set up can accurately measure the intrinsic shear 

modulus of the material.  

   Also, a rigid-rod-rotational spring model was used to derive an analytical solution to predict the 

influences of the chiral geometry and the rotational rigidity of the center and corner joints on the 

shear resistance of the chiral cell. It was found that the ratio between the effective shear modulus 

and the effective stiffness of the auxetic chiral mechanical metamaterial is determined by the 

corner angle 𝛼𝑜 and the stiffness ratio 𝑅𝐾 of the center and corner springs. Generally, when 𝑅𝐾 

increases, and/or 𝛼0 decreases, the ratio between the effective shear modulus and the effective 

stiffness of the auxetic chiral mechanical metamaterial can be increased significantly. 

   In addition, to facilitate practical design, systematic FE simulations were performed to explore 

the relationships between the physical design parameters and the key model parameters 𝑅𝐾. It was 

found that the model parameter 𝑅𝐾 is barely influenced by the geometric parameters of the chiral 

cell, including the rib thickness, rib length, and the corner angle 𝛼𝑜. However, 𝑅𝐾 is very sensitive 

to the stiffness ratio between the rib material and the material at the corner joints.  Based on the 
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FE results and model prediction, an empirical power law relation was identified to quantify the 

relation between the model parameter 𝑅𝐾 and the stiffness ratio between the rib material and the 

material at the corner joints.  
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Appendix A. Measuring effective shear modulus via the picture-frame apparatus 

 

Fig. A1: The schematic drawing of the picture frame apparatus (black square represents the 

undeformed configuration and blue diamond is the deformed configuration). 

      The schematic drawing of the picture-frame shear is shown in Fig. A1. The initial configuration 

of the picture frame with edge length a is shown in Fig. A1 as a square. The four edges of the 

picture frame are linked via friction-free pins at the four corners. The diagonal line of the square 

is along the vertical direction in the global coordinate x-y. Due to the tensile load at the top corner, 

the picture-frame will deform from a square with initial angle 𝜃0 = 45° into a diamond with angles 

2𝜃 and 𝜋 − 2𝜃 in the current configuration, as shown in Fig. A1. Thus, the shearing strain is equal 

to the change in angle. 𝐿0 (𝐿0 = √𝑎) and L (𝐿 = 2𝑎𝑐𝑜𝑠𝜃) are the vertical diagonal length of the 

apparatus in the undeformed and deformed configurations, respectively. In experiments, the 

bottom corner is fixed, and 𝛿 and F are the vertical displacement and uniaxial force applied at the 

top corner of the apparatus, respectively. Thus, the shear stress on the specimen can be determined 

from the applied force F and the geometry of the apparatus in the deformed configuration as:   

𝜏 =
𝐹

(2𝑎𝑡)𝑐𝑜𝑠𝜃
 ,                                                                                                                                         (𝐴1) 

where t is the out-of-plane depth of the apparatus. The measured displacement 𝛿 is related to the 

current angle 𝜃 as:  

𝛿

𝐿𝑜

𝜃𝑜

𝜃

y

x

𝐿

𝐹

 𝜃

𝑎
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𝛿 = 𝐿 − 𝐿0 = 𝑎(2𝑐𝑜𝑠𝜃 − √2) .                                                                                                              (𝐴2) 

Hence, 

 𝜃 = 𝑎𝑟𝑐𝑐𝑜𝑠 (
𝛿

2𝑎  
+

√2

2
).                                                                                                                       (𝐴3) 

The overall shear strain is related to 𝜃 as: 

𝛾 = 2(𝜃0 − 𝜃) = 90° − 2𝑎𝑟𝑐𝑐𝑜𝑠 (
𝛿

2𝑎  
+

√2

2
) .                                                                                (𝐴4) 

According to Eqs. A2 and A4, the effective shear modulus 𝐺̅ of the specimen can be obtained from 

the measured F and δ as: 

𝐺̅ =
 𝜏

𝛾
=

𝐹

2𝑎𝑡𝑐𝑜𝑠𝜃 [90° − 2𝑎𝑟𝑐𝑐𝑜𝑠 (
𝛿

2𝑎  +
√2
2 )]

 .                                                                          (𝐴5) 

 

Appendix B. Derive the effective shear modulus of a chiral cell via a rigid-rod-rotational-

spring model  

To derive Eq. (6), due to four-fold symmetry of the chiral cell,    

𝑃1 = 𝑃2 = 𝑃 .                                                                                                                                              (𝐵1) 

Also, 

𝐿1  = 𝐿2 = 𝐿 = 4𝑙𝑠𝑖𝑛 (
𝛼𝑜

2
) .                                                                                                                  (𝐵2) 

The effective shear modulus 𝐺̅ is calculated as the ratio between the shear stress and shear strain 

𝐺̅ =
𝜏

𝛾
 .                                                                                                                                                         (𝐵3) 

The effective shear stress 𝜏 of the RVE can be calculated as 

𝜏 =
𝑃

𝐿
 .                                                                                                                                                          (𝐵4) 
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B1. Kinematics 

  

Fig. B1: Kinematics of the: (a) vertical ribs; (b) horizontal ribs. Initial configuration (black), and 

after shearing deformation (blue). 

From the geometry shown in Fig. B1a, at small deformation  

𝛿𝑢 = sin (
𝛾

2
) (2𝑙𝑠𝑖𝑛

𝛼

2
) ≅ sin (

𝛾

2
) (2𝑙𝑠𝑖𝑛

𝛼𝑜

2
),                                                                                  (𝐵5) 

Similarly, Fig. B2b shows that after infinitesimal shearing deformation, 

𝛿𝑢 = sin (
𝛾

2
) (2𝑙𝑠𝑖𝑛

𝛽

2
) ≅ sin (

𝛾

2
) (2𝑙𝑠𝑖𝑛

𝛼𝑜

2
),                                                                                  (𝐵6) 

Thus, 

2𝐾𝛼𝑑𝛼2 + 2𝐾𝜑𝑑𝜑2 = [4(𝐺̅𝛾𝐿)][𝑠𝑖𝑛 (
𝛾

2
) (2𝑙𝑠𝑖𝑛

𝛼𝑜

2
)].                                                                    (𝐵7) 

By rearranging equation B7, the effective shear modulus 𝐺̅ becomes 

𝐺̅ =
𝐾𝛼𝑑𝛼2 + 𝐾𝜑𝑑𝜑2

16𝛾 𝑠𝑖𝑛 (
𝛾
2) (𝑙𝑠𝑖𝑛

𝛼𝑜

2 )
2 .                                                                                                                  (𝐵8) 

The small angle approximation gives, 

2𝑙 𝑠𝑖𝑛
𝛼

2

𝛼𝑜

𝑙

𝛿𝑢

𝛾

2

𝑃1

𝑃1

𝛼

𝑙

𝐴

𝐵

 

𝐹

𝐸
𝐸 

𝐹 

𝐴 

𝐵 

𝛼

𝛿𝑢

(a)

𝛼𝑜

𝑑𝜑

𝛾

2

2𝑙 𝑠𝑖𝑛
𝛽 

2
𝑃2

𝑃2

𝛿𝑢

 

𝐺 

𝐶 

  

  

𝐺

 

 

𝐶

𝑙

𝑙𝛽

𝛿𝑢

(b)

𝛽

𝛼𝑜

𝛼𝑜

𝑑𝜑
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lim
𝛾
2
→0

𝑠𝑖𝑛(
𝛾

2
) ≈

𝛾

2
 .                                                                                                                                        (𝐵9) 

Incorporating equation B9, equation B8 becomes, 

𝐺̅ =
𝐾𝛼(

𝑑𝛼
𝑑𝜑

)2 + 𝐾𝜑

(
𝛾

𝑑𝜑
)2(8𝑙2𝑠𝑖𝑛2 𝛼𝑜

2 )
 .                                                                                                                      (𝐵10) 

In equation 10, the only unknown parameters are 𝑑𝛼

𝑑𝜑
 and 𝛾

𝑑𝜑
. Force equilibrium and kinematic 

relation of the ribs were invoked to solve for these unknowns. 

B2. Force equilibrium  

  

Fig. B2: Force equilibrium of the vertical ribs. 

The free body diagram of the vertical ribs is shown in Fig. B2. The equilibrium of ribs AB and FE 

yields, 

𝑀𝛼 = 𝐾𝛼(𝑑𝛼) = 𝑃1 [𝑙 𝑠𝑖𝑛 (
𝛼𝑜

2
)] .                                                                                                       (𝐵11) 

The equilibrium of rib BF yields, 

𝑀𝜑 = 𝐾𝜑𝑑𝜑 = 2𝑀𝛼 + 2𝑃1 [𝑙 𝑠𝑖𝑛 (
𝛼𝑜

2
)] = 4𝐾𝛼(𝑑𝛼) .                                                                   (𝐵12) 

𝑃1

𝑃1

𝑀𝛼

𝑀𝛼

𝑃1

𝑀𝛼

𝑃1

𝑃1

𝑀𝛼

𝑀𝜑

𝐴

𝐸

𝐹

𝐵

 

𝛼𝑜

𝑙

𝑃1

𝑃1

𝑃1

𝛼𝑜



17 
 

Hence 

 
𝑑𝛼

𝑑𝜑
=

𝑅𝐾

4
.                                                                                                                                                 (𝐵13) 

B3. Kinematic relation  

 

Fig. B3: Kinematic relations of: (a) vertical ribs AB and BO; (b) horizontal ribs GH and HO. 

Initial configuration (black) and after shearing deformation (blue). 

As shown in Fig. B3 in triangle BMO of the initial configuration, it is shown that  

𝜔 = 90° −
𝛾

2
−

𝛼𝑜

2
 .                                                                                                                                (𝐵14) 

In the triangle 𝐵′𝑀′  of the deformed geometry,  

𝜔 = 90° − 𝑑𝜑 −
𝛼

2
 .                                                                                                                               (𝐵15) 

After combining Eqs B14 and B15, it yields 

𝛾

2
= 𝑑𝜑 +

𝑑𝛼

2
 .                                                                                                                                         (𝐵16) 

Based on the empirical simulation results, an important assumption is made here when comparing 

the magnitude between 𝑑𝛼 and 𝑑𝜑 as 

𝐴

𝜔

𝐵
𝑀

𝐴 

 
𝐺

𝐺 

 

  

 

  

𝑀 

 
𝛾/2

𝛾

2 𝑑𝜑

𝐵  𝛼𝑜/2
𝛼/2

𝛽/2

𝛼𝑜/2
𝑑𝜑
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𝑑𝛼

2
≪ 𝑑𝜑 .                                                                                                                                                 (𝐵17) 

Then equation B17 becomes  

𝛾

2
= 𝑑𝜑.                                                                                                                                                      (𝐵18) 

Likewise, the same conclusion (equation B18) can be obtained for the triangle  ′ ′  and     

after combining equation B19 and B20. 

 = 90° −
𝛾

2
−

𝛽

2
,                                                                                                                                    (𝐵19) 

 = 90° − 𝑑𝜑 −
𝛼𝑜

2
.                                                                                                                               (𝐵20) 
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Figure Captions: 

Fig. 1: Dimensions of the (a) specimen in a 2D view, (b) in a 3D view and (c) channels of the 

fixtures: 𝐿 = 50𝑚𝑚.  

Fig. 2: The picture-frame apparatus: (a) solid model; (b) the 3D printed assembly. 
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Fig. 3: The FE model: (a) assembly and the mesh, and (b) boundary conditions and the prescribed 

displacement.  

Fig. 4: The schematic drawing of the model RVE under pure shear: (a) the undeformed 

configuration (black lines) and the deformed configuration (blue lines); (b) the rigid-rod-rotational 

spring model of an RVE. 

Fig. 5: The ratio between the effective shear modulus and the effective stiffness vs. 𝑅𝐾 for various 

corner angle 𝛼𝑜, predicted by Eq. (10). 

Fig. 6: (a) Snapshots of the deformed specimen from the experiments at the overall shear strain of 

𝛾 ≈ 5°, 10°, and  15°; and the corresponding FE contours of the maximum principal strain with 

the boundary conditions the same as the experiment (b), and those with periodic boundary 

conditions (c). 

Fig. 7:  Shear stress-shear strain curves. The lines refer to the FE results (solid lines represent the 

FE results with picture-frame boundary conditions, and the dash line represent the FE results with 

periodic boundary conditions); the symbols represent the experimental results. 

Fig. 8: The FE results of energy absorption of each component in the specimen and the loading 

plates of the fixture from the FE simulation. 

Fig. 9: Parametric study of parameters of a chiral RVE including rib thickness t, rib length l, and 

rib angle 𝛼𝑜, and the stiffness ratio between the ribs and added hinges. Solid blue circles represent 

the FE simulation results. (a) Varying t while l and 𝛼𝑜 are kept the same; (b) varying l while t and 

𝛼 are kept the same; (c) varying 𝛼𝑜 while t and l are kept the same; (d) varying the stiffness of the 

added hinges while 𝛼𝑜, t and l are kept the same. 

Fig. 10: (a) 𝑅𝐾 vs. 𝐸𝑟/𝐸ℎ (𝑙 = 5𝑚𝑚, 𝑡 = 0.2𝑚𝑚, 𝛼𝑜 = 90°); (b) The ratio between the effective 

shear modulus and effective stiffness vs. corner angle (solid lines represent the analytical 

prediction; symbols represent the FE results, and different colors represent different values of 

𝐸𝑟/𝐸ℎ). 

Table Captions: 

Table 1: Shear modulus from the experiments and FE simulations (𝛾 < 0.1°[1.8(10−3) 𝑟𝑎𝑑.]) 
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Fig. 1: Dimensions of the (a) specimen in a 2D view, (b) in a 3D view and (c) channels of the 

fixtures: 𝐿 = 50𝑚𝑚.  

 

 

 

                     
Fig. 2: The picture-frame apparatus: (a) solid model; (b) the 3D printed assembly. 
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Fig. 3: The FE model: (a) assembly and the mesh, and (b) boundary conditions and the 

prescribed displacement.  
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Fig. 4: The schematic drawing of the model RVE under pure shear: (a) the undeformed 

configuration (black lines) and the deformed configuration (blue lines); (b) the rigid-rod-

rotational spring model of an RVE. 
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Fig. 5: The ratio between the effective shear modulus and the effective stiffness vs. 𝑅𝐾 for 

various corner angle 𝛼𝑜, predicted by Eq. (10). 
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Fig. 6: (a) Snapshots of the deformed specimen from the experiments at the overall shear strain 

of 𝛾 ≈ 5°, 10°, and  15°; and the corresponding FE contours of the maximum principal strain 

with the boundary conditions the same as the experiment (b), and those with periodic boundary 

conditions (c). 
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Fig. 7: Shear stress-shear strain curves. The lines refer to the FE results (solid lines represent the 

FE results with picture-frame boundary conditions, and the dash line represent the FE results 

with periodic boundary conditions); the  symbols represent the experimental results. 
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Fig. 8: The FE results of energy absorption of each component in the specimen and the loading 

plates of the fixture from the FE simulation. 
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Fig. 9: Parametric study of parameters of a chiral RVE including rib thickness t, rib length l, and 

rib angle 𝛼𝑜, and the stiffness ratio between the ribs and added hinges. Solid blue circles 

represent the FE simulation results. (a) Varying t while l and 𝛼𝑜 are kept the same; (b) varying l 

while t and 𝛼 are kept the same; (c) varying 𝛼𝑜 while t and l are kept the same; (d) varying the 

stiffness of the added hinges while 𝛼𝑜, t and l are kept the same. 
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Fig. 10: (a) 𝑅𝐾 vs. 𝐸𝑟/𝐸ℎ (𝑙 = 5𝑚𝑚, 𝑡 = 0.2𝑚𝑚, 𝛼𝑜 = 90°); (b) The ratio between the effective 

shear modulus and effective stiffness vs. corner angle (solid lines represent the analytical 

prediction; symbols represent the FE results, and different colors represent different values of 

𝐸𝑟/𝐸ℎ). 
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Table 1: Shear modulus from the experiments and FE simulations (𝛾 < 0.1°[1.8(10−3) 𝑟𝑎𝑑.]) 

 Experiment 
FE simulation 

(PBC) 

FE simulation 

(Picture frame) 

Theoretical  

Prediction 

Shear Modulus (kPa) 
 

4.71 

 

4.85 

 

5.10 

 

4.25 

 

Percent difference (%) 

 

/ 

 

3.0 

 

8.3 

 

9.8 

 

 

 


