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Abstract

The potential energy surface (PES) describes the energy of a chemical system as
a function of its geometry and is a fundamental concept in computational chemistry.
A PES provides much useful information about the system, including the structures
and energies of various stationary points, such as local minima, maxima, and tran-
sition states. Construction of full-dimensional PESs for molecules with more than
ten atoms is computationally expensive and often not feasible. Previous work in our
group used sparse interpolation with polynomial basis functions to construct a surro-
gate reduced-dimensional PESs along chemically significant reaction coordinates, such
as bond lengths, bond angles, and torsion angles. However, polynomial interpolation
does not preserve the periodicity of the PES gradient with respect to angular compo-
nents of geometry, such as torsion angles, which can lead to nonphysical phenomena.
In this work, we construct a surrogate PES using trigonometric basis functions, for
a system where the selected reaction coordinates all correspond to the torsion angles,
resulting in a periodically repeating PES. We find that a trigonometric interpolation
basis not only guarantees periodicity of the gradient, but also results in slightly lower

approximation error than polynomial interpolation.

Introduction

The potential energy surface (PES) of an electronic state of a chemical system is a function
that maps the molecular geometry to the electronic energy within the Born—Oppenheimer
approximation.'? Local structures of a PES, such as minima and saddle points, provide the

geometry and energy information for stable and transition-state structures of a system. In

4

addition, global features of PESs, which can be investigated by theoretical analyses3* and

5-10

via molecular-dynamics simulations, are useful for understanding chemical reactivity. In

order to construct a PES efficiently, different methods have been developed, such as modified

11-13

Shepard interpolation, permutationally invariant potential energy surface by linear least



511416 peyral network approaches, 719 Gaussian process,?*?! and the finite-

squares fitting,
element method.?>724 Most of these techniques focus on constructing a full-dimensional PES,
which treats the potential energy of an N-atom system as a function of 3N — 6 internal
coordinates. Because the computational cost for constructing a PES increases rapidly with
N, these full-dimensional methods are restricted to small molecules only (i.e., N < 10).
Fortunately, constructing a PES with all internal degrees of freedom (dofs) is not always
necessary for studying the chemical reactivity of large systems with tens to hundreds of
atoms. In many cases, only a small number of dofs, i.e., reaction coordinates (RCs), are
essential for describing the system’s chemical reactivity.?® As a result, reduced-dimensional
PESs with a small number of RCs have been widely employed to study various processes

26-28

in large systems, such as the folding of polypeptides and the intersystem crossing of

transition-metal complexes. 42%30

10,31 32,33 to

Previously, we implemented the Smolyak sparse-grid interpolation algorithm
build the reduced-dimensional PESs, where the interpolation basis functions are Lagrange
polynomials with the Clenshaw—Curtis points.343> This approach was shown to be efficient

1031 Tn addition, we devel-

for both PES constructions and single-point energy evaluations.
oped a new molecular dynamics (MD) simulation method for reduced-dimensional PESs.?
The new MD method relies on interpolated potential energy and coordinate functions, and
their derivatives (first-order for energy function and second-order for coordinate functions) to
solve the classical equations of motion in the Hamiltonian formalism. 3637 As a result, to gen-
erate smooth MD trajectories, the interpolated energy function must have continuous first
derivatives, and the coordinate functions must have continuous second derivatives. These
smoothness conditions apply to the whole domain, including the crossing of the periodic
boundary.

The requirement for smoothness can be easily achieved within the domain for interpo-

lation functions with polynomial basis. In one dimension, a polynomial of degree N on a

closed interval [a,b] is N times non-trivially continuously differentiable in the interior (a,b).



When RCs only contain non-periodic coordinates, such as bond lengths, bending angles and
normal coordinates, the MD trajectories are constrained within the interpolation domain
because of the high potential energy barrier at the boundary. In those cases, the polynomial
basis is capable of providing the desired smoothness.

On the other hand, internal rotations often play important roles in monomolecular reac-
tions, such as the photoisomerization of polymers and biomolecules,?® *° hydrocarbon peri-

1 and spin crossover of transition metal complexes.*?%® In many cases, one

cyclic reactions,*
or more torsion angles are the primary reaction coordinates for describing the reaction pro-
cess, while the remaining internal coordinates will only change slightly during the reaction
to assist the primary reaction coordinates.** 6 Reduced-dimensional PESs for these systems
have an additional requirement for continuity: periodicity at boundaries. Polynomial inter-
polation will preserve periodicity of the underlying function values but gives no guarantees
on the periodicity of the derivative. This causes the gradient of the surrogate PES to be
discontinuous when an internal rotation crosses the periodic boundary. The left and right
derivatives exist on either side, but they do not match. When a coordinate crosses the pe-
riodic boundary during an MD simulation, both kinetic energy and generalized forces will
change suddenly with the discontinuous gradient,? leading to an incorrect MD result. Thus,
an interpolation algorithm with other basis functions is necessary for modeling reactions
with periodic coordinates.

In this work, we present a new sparse-grid interpolation method with a trigonometric
basis. 344" Instead of constructing an interpolant with polynomial basis functions, we use
sines and cosines, which guarantee periodicity of the surrogate PES gradient with respect
to internal rotations. We employ the [W(Cp)(CO)s]2 molecule as a model to test our new
interpolation algorithm (see Figure 1). The energy barrier for gauche—anti interconversion of

the molecule is 15.2 keal /mol,! based on nuclear-resonance measurements. *® Two-dimensional

PESs were constructed with polynomial and trigonometric basis functions, where the RCs

11 keal = 4.184 kJ.



correspond to the rotation of [W(Cp)(CO)s] monomer (z;) and the rotation of a Cp ring
(x2). A comparison of the two PESs is presented to show the advantages of a trigonometric

basis for periodic coordinates.
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Figure 1: Model molecule used in this work, [W(Cp)(CO)s]s.

Computational Details

In this section, we describe how sparse grids can approximate a potential energy surface
(PES) for a molecule. The full PES &,(q) is a function of g € R3*V~6 redundant geometry
coordinates, where N is the number of atoms. We first partition q = (x, £), where z € R?
are the design variables and & are remainder variables. Then we minimize over £ to find the
relaxed PES:

E.(x) = msin En(x, &) (1)

A priori chemical considerations or knowledge of the system guides the selection of the design
and remainder variables.

Equation (1) requires an optimization over &, as well as solving (approximately) the
Schrodinger equation for each ¢ = (x, £) in the optimization iteration. Due to the computa-
tional expense involved, directly evaluating (1) in a dynamical simulation is impractical for
systems with N > 10, necessitating a surrogate model EZ(x). Moreover, when E, and VE,
are periodic, the surrogate model E; and VE; must also be periodic. Sparse polynomial

interpolation can approximate a PES for dynamical simulations.!® As noted previously in



the literature,!* sparse interpolation improves the ratio of approximation accuracy to the
number of nodes, leading to a more efficient approximate PES with respect to the number
of expensive ab initio calculations. When populating the nodes, each ab initio calculation
is independent of the others, so the expensive part of the surrogate model is parallelizable.
However, a polynomial interpolation basis can—and, in practice, does—fail to enforce peri-
odicity of VE? leading to nonphysical dynamics. We now describe a sparse interpolation

algorithm that uses a trigonometric interpolation basis, which enforces periodicity of VE?.

Sparse trigonometric interpolation

The sparse trigonometric interpolant of E,(x) is

Bila) = Gl = X (o (0 YuiEe 2)
lilh <L !

where G¢ is the sparse trigonometric interpolation operator, ¢ € N¢ is a multi-index, and * is
a tensor-product interpolation operator.344"4 The dimension is d, and L is the frequency of
exactness, where we interpret frequency analogously to polynomial total degree. To construct
the sparse interpolant, all we require is a set of model outputs f; at the sparse-grid nodes
x;j. Though this up-front cost of evaluating (1) at these nodes may be high, it is a one-time
computation, and each evaluation of (2) is negligible in comparison.

While this may appear superficially similar to the algorithm in previous work on sparse

10 our interpolation basis functions are tensor products of sines and

polynomial interpolation,
cosines with different frequencies, rather than Lagrange polynomials. We use the TASMA-
NIAN sparse-grid package in our computations.3°%?! The full mathematical details under-
lying (2) are in the Supporting Information for the interested reader. We now highlight five
important details.

First, trigonometric interpolation is sensible only when F, is periodic with respect to

every component of &. Otherwise, Gibbs effects will appear at the domain boundary for the



t.92 Continuity and piecewise differentiability are sufficient to ensure

nonperiodic componen
that trigonometric interpolation converges uniformly.®® Higher orders of differentiability will
increase the convergence rate.

Second, the choice of d and L uniquely determines the set of interpolation nodes H(d, L).
Figure 2 shows two such set of nodes, H(2,2) and #H(2,3). The canonical domain is [0, 1]¢,
but we map the nodes into an interval [a;, b;] that is suitable for the geometry coordinate
x;.3* For instance, with the dihedral rotation of a hexagonal group, a suitable domain would
be [0°,60°].

Third, the set of nodes is nested with respect to L. This is advantageous because if we
decide to increase L to get more accuracy, we only need to evaluate Equation (1) for the
additional nodes. Figure 2 displays the nestedness property.

Fourth, the number size of H(d, L) grows like O(d") for sufficiently large d.*” This is
in contrast with full-tensor interpolation having N nodes in each direction, which has N¢
nodes in total. Even for moderate dimensions (d ~ 5), this cost reduction can be highly
advantageous.

Fifth, we may want more points in certain dimensions than in others—for example, if a
function is significantly less smooth along a particular dimension. In these cases, we replace
2|l in Equation (2) with 2 - a, where a is the anisotropy vector. See the Supporting

Information for more details.

Electronic structure calculations

All electronic structure calculations were carried out in the Gaussian 16 software package®*
with the B3LYP functional.?>® The SDD pseudopotential and its associated basis set®’
were used for W, and the 3-21G basis set %09 was used for H, C, and O in all calculations.
The 3-21G basis set was chosen to reduce the computational cost of PES construction and
validation. The optimized geometry produced by this level of theory agrees well with the

crystal structure®® of the [W(Cp)(CO)3], molecule (see Supporting Information, Table S1).
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Previous computational studies with 3-21G basis set and B3LYP functional on transition
metal complexes and organic molecules also showed their ability to reproduce optimized
structures, frequencies and PESs with the accuracy comparable to calculations with larger
basis sets.%6% Most importantly, the performance of the interpolation algorithm presented
in this work is independent of the exact model chemistry utilized since the periodicity of
the constructed PES and its gradient will not depend on the level of theory employed in the
electronic structure calculations.

Frequency analysis was applied after each unconstrainted optimization to guarantee that
a stationary point of the correct type was found. The geometry of the molecule is defined in
Z-matrix format with four dummy atoms (see Figure 3 and Supporting Information Sec. 2).
Two dihedral angles, X1-W1-W2-X3 (x;) and C1-X1-W1-W2 (z,), were employed as the
design variables for the construction of the PES. The domains for interpolation are [0, 360)
for 21 and [0, 72) for 2. The following symmetry was employed to further reduce the number

of DFT calculations for the PES construction:

E(.Tl,l'g) = E(360 — X, 72 — Z‘Q) .

By exploiting this symmetry, we only need to run electronic structure calculations for nodes



with x1 € [0, 180] in order to populate the sparse-grid nodes.

\

Figure 3: Global minimum structure for [W(Cp)(CO)3]2. Atoms X1-X4 are dummy
atoms in the Z-matrix definition.

Results

We constructed two surrogate PESs for the ground state of the [W(Cp)(CO)s], molecule,
shown in Figure 1 with the design variables z; and x, labeled. One PES employs the
sparse polynomial interpolant used by Nance, Jakubikova, and Kelley.!® The other utilizes
the sparse trigonometric interpolant of E, (x), whose mathematical machinery is described
in the “Approximation of potential energy surfaces” section. The second approach has not
previously been deployed in surrogate PES modeling. We will test the following hypotheses:

that a sparse trigonometric interpolant
(a) yields a more accurate approximation than a polynomial interpolation basis, and

(b) enforces periodicity of VE?(x) to numerical accuracy.

Summary of main findings

Sparse grids for the trigonometric and polynomial interpolants are shown in Figure 4. In-
terpolation domains are x; € [0,360] and x5 € [0, 72] since xo corresponds to the rotation

of a pentagonal group. The trigonometric grid has 135 points; the polynomial grid has 145



points. After evaluating the true PES E, () at each node shown in Figure 4, we invoked
a simple call to TASMANIAN?3* to construct the surrogate potential energy surfaces shown
in Figure 5. Apart from the nodes (shown as black dots), the surfaces in Figure 5 look
similar to the eye along the z; direction. Furthermore, the shape of the PES and the dif-
ferent minimum-energy paths in Figure 5 suggest that the rotation of the Cp ring (z5) is
coupled with the rotation of the [W(Cp)(CO)3] monomer (z;). Non-differentiability of the
true PES at the ridges along x; = 120 and x; = 240 slows the theoretical convergence rate

of interpolation error but does not pose problems otherwise. 4’
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Figure 4: Left: Anisotropic sparse grid for trigonometric interpolant (d =2, L = 4,
a = (5,6)). Note that we have more points along z; than x. Right: Sparse grid
for polynomial interpolant using Clenshaw—Curtis nodes (d =2, L = 5).
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Figure 5: Surrogate ground state (n = 0) PES corresponding to the sparse grids in
Figure 4. Interpolation nodes shown as black dots.

To quantify the error of our two surrogates versus the true PES, we randomly sampled

200 values of (z1,z5) from a uniform distribution on [0, 360] x [0, 72] using MATLAB’s rand

10



command, displayed in Figure 6. For each validation point, we performed a constrained
optimization at the B3LYP/(SDD,3-21G) level of theory and compared the DFT-calculated
energy to a single-point evaluation of the surrogate PES. We display the root-mean-square
error (RMSE) and maximum absolute error (MAE) in Table 1. The 95% confidence interval
for RMSE is calculated by treating the mean-squared error as a x? random variable with

200 degrees of freedom.™

Error at validation points Trigonometric surrogate with DFT extrema 2
70} e 6 70
20
°
60 ° 60 18
. 5
16
50 = 50 Py
° g 1473
— 48 = £
%0 40 . = &40f 23
J £ 2 g
o o N3 & oo @ 102
5 30 4 ) 5 & 30 =
° ) LE 84
20 ® ° 20 6
[
10 * ® 1 10 4
2
0 | ol | | % e ot | :
0 50 100 150 200 250 300 350 0 50 100 150
zy (deg) 1 (deg)

Figure 6: Left: 200 validation points. The points are colored based on the trigono-
metric surrogate PES error relative to the DFT-calculated energies. Right: Lo-
cation of DFT extrema (minima are downward-pointing triangles, maxima are
upward-pointing triangles, and saddle points are dots).

Table 1: Error against true values of PES at 200 points drawn from
uniform distribution on [0,360] x [0,72]. Units are kcal/mol.

Trigonometric | Polynomial
RMSE 0.70 1.26
RMSE 95% conf. int. | (0.63,0.77) (1.15,1.40)
MAE 2.15 4.14

In addition, we compared the energy and geometry of minima, maxima and saddle points
on the two surrogate PESs with the fully optimized DFT structures. We display the DFT
extrema on top of a contour plot of the trigonometric surrogate in Figure 6. As described
in the methodology section, DFT-optimized structures are characterized by the number of
imaginary frequencies (i.e., zero for minima, one for saddle points, and two for maxima on a

two-dimensional PES). Details of the electronic structure calculations that produced these
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structures are described in Supporting Information Sec. 2. The optimized dihedral angles
and relative energies for those stationary points are summarized in Table 2. The error from

the trigonometric interpolant is smaller than the error of polynomial interpolant.

Table 2: Dihedral angles and relative energies of stationary points from
PESs and DFT optimizations. The energy in the table is relative to the
minimum-energy conformation with z; close to 180 degrees. Units of z;
and z, are degrees; units of £, are kcal/mol.

DFT Trigonometric Polynomial
T ) Erel T ) Erel a1 T2 Erel
max 0.2 6971207 29 |[64.9]20.7| 41 |66.3|20.8
saddle | 1.7 324199 | —2.0 | 355|199 | —1.9 | 39.0 | 19.9
min 61.1 | 71.9| 51 | 63.0 [ 70.1 | 5.2 | 66.6 | 72.7 | 4.6
saddle | 60.0 | 35.6 | 7.5 | 56.5 | 38.1 | 81 | 623 |35.7| 7.7
max | 118.1 | 64.8 | 23.4 | 119.3 | 60.6 | 23.1 | 121.7 | 82.2 | 20.8
saddle | 114.3 | 30.6 | 21.8 | 118.8 | 25.6 | 19.6 | 122.2 | 49.2 | 18.7
min | 181.3 | 68.9 | 0.0 | 180.0 | 71.8 | 0.0 | 177.6 | 68.4 | 0.0
saddle | 180.8 | 32.9 | 3.3 | 180.1 | 36.1 | 4.1 | 180.4 | 33.1 | 3.3
RMSE 27 |36 | 09| 44 | 94 | 14

Type

Next, we examined the mismatch of the surrogate PES gradient. We compute the maxi-

mum z;-gradient mismatch as

max | f, (0,72) — fa, (360, 22)|

z2€[0,72]

where f,, (0, z3) is understood to be a derivative from the right, and f,, (360, x2) is a derivative
from the left. The maximum x,-gradient mismatch is computed analogously. These results
are shown in Table 3. The numerical error of forward and backward differences is O(h), where
h is the step size. Therefore, since the maximum mismatches in the trigonometric case are
indeed O(h), they are numerically zero. In contrast, the mismatches in the polynomial case

are far larger than O(h).
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Table 3: Gradient mismatches for trigonometric and Clenshaw—Curtis
bases. Right/left derivatives approximated by forward/backward differ-
ences with step size h = 107°.

Trigonometric | Polynomial
Max z;-gradient mismatch | 9.02 x 107° | 2.05 x 107!
Max zo-gradient mismatch | 2.99 x 107° | 9.62 x 107!

Discussion

The visual results in Figure 5 look reasonable for the two choices of surrogate. There are
peaks when x; = 120 and x; = 240, and a global minimum occurs at x; = 180 as expected
from empirical studies.*® The real significance is in Tables 1 and 2, which demonstrate that
the error for the trigonometric interpolant is smaller (by ~0.5 kcal/mol on average) than
the error for the polynomial interpolant. The maximum absolute error is almost exactly
2 kcal/mol smaller for the trigonometric interpolant. Recall that the trigonometric sparse
grid has 135 nodes and the polynomial sparse grid has 145 nodes. Sparse trigonometric
interpolation results in a more accurate surrogate PES than sparse polynomial interpolation
at no increase in the number of evaluations of F, (x) (as measured by the number of nodes).

Additionally, the numerical results in Table 3 indicate that VE?(x) is periodic when
we use the trigonometric interpolation basis. The discretization error for forward /backward
differences is O(h), which is precisely what we observe for the trigonometric basis. For
the Clenshaw—Curtis polynomial basis, we observe a real-life example of VE? failing to be
periodic. Importantly, this failure occurs even though VE, is periodic (since z; and x5
are rotations). Thus, for applications where it is an absolute necessity that the surrogate
PES gradient be periodic, a polynomial interpolant should not be used. Furthermore, the
discussion in the previous paragraph indicates that, due to improved accuracy at no extra
cost, one should consider using a trigonometric interpolation basis even when periodicity of
the gradient is not a rigid requirement.

For each interpolation basis, we observed a significantly larger error for the two struc-

13



tures with x; close to 120 degrees. The larger errors occur because optimized geometries
in this region mix two possible conformations: the locked conformation and the unlocked
conformation (see Figure 7). When z; is smaller than 120 degrees, one CO group of one
[W(Cp)(CO)3] monomer is pointing at the center of two CO groups of the other monomer in
the lowest energy conformations, because such conformations minimize the steric effect for
conformations with small x; values. For the same reason, at large x; values, the unlocked
conformation is more favorable than the locked conformation. As a result, the optimized
geometries differ on opposite sides of 120 degrees. The cusp of the true PES makes this local
region poorly described by the PES approximation with x; and z5. Furthermore, due to the
global definition of the interpolation basis functions, the quality of the entire surrogate is

affected.

4
N

s
=
==
locked unlocked
x,=115.6, x,=0.0 x,=124.4, x,=0.0

Figure 7: Locked and unlocked structures near z; = 120 and x5 = 0.

As a caveat, the trigonometric interpolation algorithm we presented should only be used
in problems where the PES is periodic in all components of @ (i.e., all interesting geometry
features are bond angles or dihedral angles). Approximating a non-periodic function with
sines and cosines leads to poor accuracy at the edges of the domain, known as the Gibbs

phenomenon. %2
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Conclusion

Periodic coordinates, such as internal rotations, often play important roles in chemical reac-
tions. In order to construct a proper PES with those coordinates for MD simulations, the
interpolation algorithm must provide continuous function values and gradients, both within
the domain and crossing the boundaries. Conventional interpolation algorithms using poly-
nomial basis functions do not guarantee the continuity of the gradient.

In this paper, we have presented a sparse interpolation algorithm that preserves the peri-
odicity of the surrogate PES gradient. This algorithm uses sines and cosines as interpolation
basis functions. We tested the interpolation algorithm by constructing a two-dimensional
surface for a tungsten molecule, [W(Cp)(CO)3]e. Compared to sparse interpolation with a
polynomial basis, the trigonometric basis we have employed provides smaller errors for both
approximated energies and the stationary geometries from DFT calculations. Additionally,
the framework of sparse interpolation improves the ratio of approximation accuracy to the
number of nodes, leading to a more efficient approximate PES with respect to the number
of expensive ab initio calculations.

To extend the applicability of this approach, we are currently investigating ways to con-
struct a surrogate PES with both rotations and bond lengths as degrees of freedom. This
algorithm would use polynomial basis functions on bond lengths and trigonometric basis

functions on bond angles and dihedral angles.

Supporting Information

Mathematic details of sparse trigonometric interpolation, Gaussian 16 input, comparison of

calculated and crystal structures (pdf). Data for trigonometric and polynomial PESs (xlsx).
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