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Abstract—This paper proposes near-optimal decentralized allocation for traffic generated by real-time applications in communication

networks. The quality of experience perceived by users in practical applications cannot be accurately modeled using concave functions.

Therefore, we tackle the problem of optimizing general nonconcave network utilities. The approach for solving the resulting nonconvex

network utility maximization problem relies on designing a sequence of convex relaxations whose solutions converge to a point that

characterizes an optimal solution of the original problem. Three different algorithms are designed for solving the proposed convex

relaxation, and their theoretical convergence guarantees are studied. All proposed algorithms are distributed in nature, where each

user independently controls its traffic in a way that drives the overall network traffic allocation to an optimal operating point subject to

resource constraints. All computations required by the algorithms are performed independently and locally at each user using local

information available to that user. We highlight the tradeoff between the convergence speed and the network overhead required by each

algorithm. Furthermore, we demonstrate the robustness and scalability of these algorithms by showing that traffic is automatically

rerouted in case of a link failure or having new users joining the network. Numerical results are presented to validate our findings.

Index Terms—Distributed optimization, nonconcave utility maximization, traffic engineering

Ç

1 INTRODUCTION

THE growing popularity of IP video services puts an ever
increasing strain on the communication, computing, and

storage resources at global scale. According to Cisco Inc.
annual Visual Networking Index (VNI) forecast report [2], IP
video traffic will be 82 percent of all consumer Internet traffic
by 2021, up from 73 percent in 2016. Furthermore, [2] investi-
gates user preference on the type of video delivery services
and concludes that the Quality-of-Experience (QoE) plays a
dominating role in the user’s choice over other categories
such as content, timing, quality, ease-of-use, portability, inter-
activity and sharing. Consequently, the success of the video
service ecosystem largely depends on its ability to deal with
the ever growing resource demands for video services, while
being able to provide desired QoE to video users. However,
the existing end-to-end flow rate adaptation solutions (e.g.,
the window-based Transport Control Protocol (TCP) conges-
tion control mechanism [3]) and the in-network traffic engi-
neering solutions (e.g., the flow-based Equal-Cost-Multi-Path

(ECMP) load balancingmechanism [4]) are inadequate to pro-
vide such capacities for the following reasons. First, the QoE
perceived by video users, as a function of flow rate, generally
exhibits staircase behaviors [5]. In addition, the utility for
voice applications is better described as a sigmoidal function
with a convex part at low rate and a concave part at high rate
and a single inflection point separating the two parts [6]. Such
user utilities are nonconcave; hence, they are notoriously diffi-
cult to optimize. Most of the existing end-to-endmechanisms,
including TCP and optimization-based solutions, can only
deal with concave user utilities [7]. Second, the traditional
ECMP and its variations, which are not optimization-based,
are susceptible to unbalanced distribution of traffic due to
“elephant flows” [8]. Due to lack of sufficient theoretical
underpinnings, how such end-to-end and in-network mecha-
nisms impact the overall health of the Internet, in terms of sta-
bility and optimality, is still unknown.

In this paper, we aim to develop the much needed theoreti-
cal underpinning upon which distributed, user-utility-aware,
optimization-based, integrated end-to-end and in-network
traffic allocation mechanisms can be designed. Thus, we pro-
pose near-optimal decentralized allocation algorithms for traf-
fic generated by real-time applications in communication
networks. The contributions of this paper are two-fold. First,
we tackle the problemof optimizing a generalized class of non-
concave network utilities. The approach used to solve the
resulting nonconvex network utility maximization (NUM)
problem relies on designing a sequence of convex relaxations
whose solutions converge to a point that characterizes an opti-
mal solution of the original problem. Second, we design three
different algorithms for solving the proposed convex relaxa-
tion and derive their theoretical convergence guarantees. The
optimality of traffic allocations produced by these algorithms
is with respect to the convex relaxation. All proposed
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algorithms are distributed, where each user independently
controls its traffic in a way that drives the overall network to
an optimal operating point subject to resource constraints. All
computations required by the algorithms are performed inde-
pendently and locally at each user using local information and
some communication overhead. Numerical simulations dem-
onstrate the robustness and scalability of these algorithms.

1.1 Related Work

There are numerous results on the optimization-based traf-
fic control in the existing literature. Although some of them
design dynamic load balancing algorithms, the proposed
algorithms are no longer distributed by design and require
the knowledge of some global information on the network.
We review the literature with emphasis on references that
provide distributed, optimization-based solutions, which
are most relevant to the approach developed in this paper.

Generally, the optimization-based, distributed traffic con-
trol problem is formulated as a network utility maximization
problem by adopting a fluid-flow model and considering the
link capacity constraints. One approach (e.g., [9], [10]) to
address this problem is to incorporate link congestion costs
into the overall utility function so that the constrained prob-
lem can be approximated by an unconstrained problem. The
resulting optimization problem can then be solved by using a
gradient-based first-order algorithm. Another approach (e.g.,
[11], [12], [13]) considers a Lagrangian dual based problem.
Instead of directly solving the dual problem, the second
approach solves a relaxation of the dual problem after closely
approximating it through incorporating a price function into
the overall utility function. Using this approach, distributed
control laws proven to be locally stable in the presence of vari-
able feedback delays are proposed.

A third approach (e.g., [14], [15], [16], [17], [18], [19]) is to
solve the original problem directly. In [15], [16], [18], [19],
this problem is addressed by using a technique based on
the theory of Sliding Mode Control. Both end-to-end [15],
[16], [19] and hop-by-hop [18] optimal control laws are pro-
posed that allow multipath forwarding and enable multiple
classes of services, and require minimum feedback for
control.

However, all of the above algorithms are designed to
maximize concave utility functions. There have been only
few publications on centralized algorithms [20] and distrib-
uted algorithms [21], [22] for non-concave utility maximiza-
tion. Reference [20] proposes a centralized algorithm based
on sum-of-squares (SoS) relaxations and positivstellensatz
theorem in real algebraic geometry to calculate approxima-
tions of the optimal solution along with some performance
bounds to evaluate the approximation error. This efficient
but centralized numerical method is suitable for optimizing
utilities that can be transformed to polynomial utilities. In
[21], the authors propose distributed but suboptimal heuris-
tics for sigmoidal utilities. Reference [22] determines the
optimality conditions for the canonical price-based distrib-
uted algorithm to converge globally for nonlinear utilities.
These two approaches illustrate the choice between admis-
sion control and capacity planning to deal with non-convex-
ity. However, neither approach provides a theoretically
polynomial-time and practically efficient algorithm (central-
ized or distributed) for non-concave utility maximization.

Finally, our previous work [23] designs a distributed traf-
fic allocation algorithm that performs hop-by-hop data rate
adaptation and load balancing. While the work in [23] is
useful for providing sophisticated service quality features
at the inter-networking layer in a connectionless network,
the solution in this paper is particularly powerful as it
allows similar sophisticated service quality features to be
adopted at the transport or higher layers. A preliminary
version of this work has appeared in [1]. Indeed, the class of
utility functions considered in this manuscript contains that
considered in [1] as a special case. Moreover, in addition to
the algorithm proposed in [1], two related new distributed
algorithms with theoretical convergence guarantees are
derived in this work.

2 PRELIMINARIES

This section outlines the notation used throughout the
paper and presents some key background material.

2.1 Notation

We denote the n-dimensional real vector space by Rn, and
Rn
þ is the nonnegative orthant. The set of integers is Z, and

Zþ is the set of nonnegative integers. We represent scalars
by lowercase letters, e.g., x, vectors by boldface lowercase
letters, e.g., x, matrices with boldface uppercase letters, e.g.,
X, and sets with calligraphic letters, e.g., X . The cardinality
of the set X is denoted by jXj. Vectors are viewed as column
vectors and the transpose of x is x>. Given n 2 Zþ, define
In ¼ f1; . . . ; ng. Suppose for each i 2 In, xi 2 Rmi for some
mi 2 Zþ, then x ¼ ½xi�i2In is constructed through vertical
concatenation, i.e., x ¼ ½x>1 ; . . . ; x>n �>. Moreover, for each
i 2 In, the jth entry of xi ¼ ½xi;j�j2Imi

is denoted by xi;j. For
the case, mi ¼ 1 for all i 2 In, the i-th entry of
x ¼ ½xi�i2In 2 Rn is similarly denoted by xi for each i 2 In.
We use kxkp to denote the p-th norm of x, and omit the sub-
script p for the Euclidean norm. A vector of all ones is
denoted by 1. The binary function 1XðxÞ equals 1 if x 2 X
and is 0 otherwise. We use PYðxÞ to denote the Euclidean
projection of x onto Y, i.e., PYðxÞ ¼ argminfky� xk : y 2 Yg.
For x 2 Rn, PRnþðxÞ is denoted by xþ, i.e., xþ ¼ maxðx; 0Þ,
where themax operation is interpreted component-wise.

2.2 Background

We briefly introduce some results on the theory of polyno-
mial optimization, and provide a concise description of con-
vex optimization algorithms relevant to this work.

2.2.1 Theory of Moments

The following theorem can be used to convert polynomial
optimization problems into an equivalent infinite dimen-
sional convex semidefinite program (SDP) over the
moments of probability measures [24]; hence, by appropri-
ately truncating the moment sequences, one can obtain a
sequence of convex SDPs with increasing size.

Theorem 1. Let f be a real-valued polynomial, F � Rn be a
semialgebraic set, andMðFÞ be the set of finite positive Borel
measures supported on F . Then, the problems

min fðxÞ : x 2 Ff g; (1a)
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min

Z
F
fdm : m 2 MðFÞ; mðFÞ ¼ 1

� �
; (1b)

are equivalent in the following sense

a) the optimal values of (1a) and (1b) are the same;
b) if x� is an optimal solution to (1a), then the Dirac mea-

sure centered at x� is optimal to (1b);
c) if m� is an optimal solution to (1b), then any point in

the support of m� is optimal to (1a).

Proof. a) follows from [25, Theorem 5.1]. b) and c) easily fol-
low from a). tu
The problem of moments bridges the gap between the

optimization over a space of probability measures whose
support is contained in a certain set and the optimization
over the moments of such measures. More precisely, given a
sequence of scalars ftjgsj¼0, the problem of moments is to
determine whether there exists a representing Borel measure
that has ftjgsj¼0 as its first ðsþ 1Þ moments. The following
theorem provides necessary and sufficient conditions for the
existence of Borel measures whose support is included in
bounded symmetric intervals of the real line [25].

Theorem 2. Given t ¼ ½tj�j2f0;...;sg, there exists a Borel measure

mð:Þ with support contained in I ¼ ½a; b� such that
tj ¼

R
I y

jdm for j 2 f0; . . . ; sg if and only if
i) the following holds when s ¼ 2n for some n 2 Zþ:

HnðtÞ � 0; (2)

ðaþ bÞBn�1ðtÞ � abHn�1ðtÞ þ Cn�1ðtÞ; (3)

ii) the following holds when s ¼ 2nþ 1 for some n 2 Zþ:

bHnðtÞ � BnðtÞ; (4)

BnðtÞ � aHnðtÞ; (5)

where HnðtÞ, BnðtÞ, and CnðtÞ denote ðnþ 1Þ�ðnþ 1Þ
Hankel matrices defined as HnðtÞði; jÞ ¼ tiþj�2; BnðtÞði; jÞ ¼
tiþj�1; CnðtÞði; jÞ ¼ tiþj; for all i; j2Zþ such that 1 	 i;
j	nþ 1.

Proof. Theorems 3.3 and 3.4 in [25]. tu

2.2.2 Alternating Direction Method of

Multipliers (ADMM)

Consider the problem

p� ¼ min
x;z

fðxÞ þ gðzÞ
s:t: Axþ Bz ¼ c;

(6)

for some proper, closed, convex functions f and g, for some
matrices A and B, and a vector c with appropriate dimen-
sions. ADMM iterations [26], [27] are given as follows:

xkþ1 2 argmin
x

fðxÞ þ r

2
kAxþ Bzk�cþ ukk2 (7)

zkþ1 2 argmin
z

gðzÞ þ r

2
kAxkþ1 þ Bz� cþ ukk2 (8)

ukþ1¼uk þAxkþ1 þ Bzkþ1 � c; (9)

where r > 0 is a fixed algorithm parameter. Suppose
p� > �1, it is shown in [27] that under fairly general
assumptions, the ADMM algorithm is well-defined and
generates fxk; zkg such that fðxkÞ þ gðzkÞ ! p� and kAxkþ
Bzk � ck ! 0 as k!1. Furthermore, the algorithm is fairly
robust to minimization errors in (7) and (8), e.g., see [27],
[32]. It is also worth noting that ADMM based algorithms
are well suited for decentralized optimization, e.g., [30].

2.2.3 Primal-Dual Subgradient Method

Reference [28] proposes a subgradient method to compute
approximate saddle points for convex-concave functions.
Given closed convex sets X and Y, consider

L� ¼ min
x2X

max
y2Y

Lðx; yÞ; (10)

for a convex-concave function L : X � Y ! R. The method
consists of the following iterations [28]:

xkþ1  PXðxk � aLxðxk; ykÞÞ (11)

ykþ1  PYðyk þ aLyðxk; ykÞÞ; (12)

where a > 0 is a given stepsize parameter, and
Lxðxk; ykÞ; Lyðxk; ykÞ denote some subgradients of L and
�L with respect to x and y, respectively, at ðxk; ykÞ. Suppose
L� 2 R, under some assumptions, reference [28] provides
error bounds on the averaged function values, i.e.,
1
k

Pk�1
i¼0 Lðxi; yiÞ � L�, and error bounds for the ergodic iter-

ate sequence, i.e., Lðx̂k; ŷkÞ � L�, where x̂k ¼ 1
k

Pk�1
i¼0 x

i and
ŷk is defined similarly.

3 PROBLEM FORMULATION

This section introduces the network model for end-to-end
traffic allocation. Furthermore, it presents the NUM prob-
lem formulation, and highlights the challenges associated
with computing a solution to this problem.

3.1 Network Model

We consider a network with a set of sources sending data to
their corresponding destinations. The network is repre-
sented by a set L ¼ f1; . . . ; Lg of directed links with finite
positive capacities c ¼ ½cl�l2L, which are shared by a set of
sources S ¼ f1; . . . ; Ng. Each source i 2 S transmits data at
rate xi;p along a predetermined path p 2 Pi, where p � L is
a directed path consisting of a set of links that connect the
source to its destination, and Pi is the set of all paths that
can be used simultaneously by source i. Each source i 2 S
has a utility function Ui : Rþ ! Rþ. The utility of source i,
UiðriÞ, is a function of its aggregate data rate transmitted
over all possible paths, where ri ¼

P
p2Pi xi;p. For each

source i, let xi ¼ ½xi;p�p2Pi 2 R
jPijþ denote the vector of data

rates over all paths in Pi, and r ¼ ½ri�i2S 2 RN
þ . Define the

matrix Ai 2 RL�jPij such that its ðl; pÞth entry equals 1 if
path p 2 Pi uses link l 2 L, and is 0 otherwise. The l-th row
of Ai is denoted by ali and is viewed as jPij-dimensional col-
umn vector, i.e., Ai ¼ ½ðaliÞ>�l2L, and A ¼ ½A1 . . .AN �. Let
Pl

i ¼ fp 2 Pi : l 2 pg be the set of paths for the data of source
i that use link l 2 L, Li ¼ fl 2 L : 9p 2 Pi s:t: l 2 pg be the
set of links used by at least one path of source i, and
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Sl ¼ fi 2 S : 9p 2 Pi s:t: l 2 pg be the set of sources using
link l 2 L. Note for each i 2 S, Pl

i is empty for all l 62 Li.

3.2 Problem Statement

We consider communication networks in which possibly
multiple paths are available for the data of each source. The
objective is to perform decentralized distribution of the traf-
fic over all data paths available to sources in order to maxi-
mize the network utility function such that the traffic
allocation satisfies the network resource constraints. In this
work, the only network resources considered are the data
links with given finite link capacities.

This work is applicable to network utility functions
expressed as a sum of local user utilities. More precisely, we
consider maximizing utility functions of the form

UðrÞ ¼
X
i2S

UiðriÞ (13)

subject to network resource constraints and QoS guaran-
tees. The traffic is allocated so that no single link in the
network is congested. A link l 2 L is said to be congested
if the sum rate requested to be transmitted on that link
exceeds its capacity. The network capacity constraints
are X

i2S

X
p2Pl

i

xi;p 	 cl; l 2 L: (14)

Furthermore, minimum QoS guarantees are considered at
each source i 2 S in the form of a lower bound on its aggre-
gate data rate. Nevertheless, we also assume an upper
bound on the data rate of each source for practical reasons.
These lower and upper bounds on rates are enforced
through the constraints bi 	 ri 	 Bi, for some bi; Bi 
 0 and
all i 2 S. Thus, the optimal traffic allocation is obtained by
solving the following problem:

max
x;r

X
i2S

UiðriÞ

s.t.
X
i2S

Aixi � c

ðxi; riÞ 2 X i; i 2 S;

(15)

where the set X i is defined as

X i¼ ðxi; riÞ2 R
jPijþ �Rþ : ri ¼ 1>xi; bi 	 ri 	 Bi

n o
: (16)

Next, we list our assumptions on the NUM problem in (15).

Assumption 1. The NUM problem (15) is feasible. Moreover,
there exists at least one point ð�x;�rÞ such that

P
i2S Ai�xi � c

and ð�xi; �riÞ 2 X i for all i 2 S.
Assumption 2. Each source i 2 S has a possibly nonconcave

utility function of its aggregate transmission rate, UiðriÞ, and
it is monotonically nondecreasing.

Assumption 3. For each source i 2 S, a finite number of paths
to its destination is determined by a routing algorithm. How-
ever, source i 2 S is oblivious to the capacities of the links form-
ing those paths and does not know whether or not any other
source is sharing the same links with itself.

Assumption 4. Each source i 2 S has moderate computational
capabilities to solve SDPs. However, intermediate nodes need
not do computations beyond multiplication and addition.

Most of the techniques developed in the literature for
optimal decentralized traffic allocation allow only for con-
cave diminishing reward utility functions. However, this
work develops low-complexity distributed algorithms to
compute an approximate solution to (15) while allowing for
a generalized class of nonconcave user utility functions that
can model user satisfaction in various real-time applica-
tions, e.g., video streaming [29]. In such applications, the
solution of the resulting traffic allocation problem is an intri-
cate task. The challenge associated with solving the optimi-
zation problem (15) is two-fold. First, (15) is nonconvex
since we aim at maximizing a nonconcave objective func-
tion. Second, global network information is not assumed to
be available to a centralized entity; a fact that stimulates the
necessity of developing a decentralized algorithm.

4 CONVEX RELAXATION

In this section, we outline the approach used to overcome
the nonconvexity of the NUM problem (15). In this regard,
we design a sequence of convex relaxations whose solutions
converge to a point that characterizes an optimal solution of
the original problem.

4.1 Nonconcave Utility Functions

A primary purpose of this work is to provide a traffic engi-
neering method that works well under a wide variety of
user utility functions. Instead of designing an algorithm
that is finely tailored to a specific type of utility functions,
e.g., step functions, we consider a general class of functions
that can capture user utilities arising in diverse practical
applications. The proposed approach relies on the ability to
approximate general utility functions via a class of functions
that can be tractably optimized without losing structural
information encoded by those original utility functions. In
particular, we propose to optimize a general class of mono-
tonically nondecreasing, piecewise polynomial-like utility
functions of the form:

~UiðriÞ ¼
X�wi

w¼1

X‘
j¼0

pwi;jr
j=‘
i

 !
1Iw

i
ðriÞ; (17)

which can possibly be nonconcave. Recall that the range of
interest for the variable ri is the interval ½bi; Bi�. This interval
is partitioned into �wi 2 Zþ nonoverlapping subintervals,
where Iwi is a subinterval in that partition such that
[

w¼1
Iwi ¼ ½bi; Bi�

�wi

. For each w, a polynomial-like function is
defined over Iwi with coefficients pwi;j, where 0 	 j 	 ‘, for
some ‘ 2 Zþ. One can think of ‘ as resembling the degree of
a polynomial. In the following lines, we explain the motiva-
tion behind proposing to optimize this particular form of
utility functions. More precisely, we provide answers to the
following questions: i) why a piecewise function ? and ii)
why polynomial-like ?

Using piecewise functions opens room for a crafted
approximation of many utility functions. It is well-known
that any function can be approximated by a piecewise linear
function, e.g., [31]. Evidently, Ui can be approximated by a
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piecewise linear function that is monotonically nondecreas-
ing and this class of functions is a special case of (17). For
instance, for each i, if we set pwi;j ¼ 0 for all j 2 f0; . . . ; ‘gn
f0; ‘g and w 2 f1; . . . ; �wig, then the resulting function is
piecewise linear over ½bi; Bi�. Thus, removing the restriction
on pwi;j to be zero for 0 < j < ‘ and all w, i.e., considering a
piecewise polynomial-like function, provides an approxi-
mation that is at least as good as that obtained by piecewise
linear functions. Obviously, the higher the value of �wi, the
better the approximation. Nevertheless, as �wi increases, the
complexity of the proposed traffic allocation algorithms
increases. For a given utility function UiðriÞ, efficient
approximation techniques, e.g., SoS, can be used to calculate
the coefficients pwi;j that render (17) a close approximation to
the true utility function according to some defined metric.

4.2 Relaxed Problem Formulation

We propose a sequence of convex relaxations whose solu-
tions converge to a point that characterizes an optimal solu-
tion of (15) by leveraging results on the moment approach
to polynomial optimization. Given parameters s; �s 2 Zþ
such that �s 	 s, consider the following SDP:

max
m;x;r

X
i2S

X�wi

w¼1
ðpw

i Þ>mw
i

s:t:
X�wi

w¼1
mw

i;0 ¼ 1; i 2 S

Mðmw
i Þ � 0; �Mðmw

i Þ � 0; w ¼ 1; . . . ; �wi; i 2 SX�wi

w¼1
mw

i;j 	 r
j=‘
i ; j ¼ 1; . . . ; �s; i 2 S

X
i2S

Aixi � c

ðxi; riÞ 2 X i; i 2 S;

(18)

where the decision variables are r, x ¼ ½xi�i2S , and m ¼
½mi�i2S such that mi ¼ ½mw

i �w2f1;...; �wig for mw
i ¼ ½mw

i;j�j2f0;...;sg,
and the vector of coefficients of ~Ui, pw

i ¼ ½pwi;j�j2f0;...;sg, is

defined such that if s > ‘, then pwi;j ¼ 0 for ‘ < j 	 s. More-

over, let �Iwi be a scaled version of Iwi defined as follows: if

Iwi ¼ ½a; b� for some a; b 2 Rþ, then �Iwi ¼ ½a1=‘; b1=‘�. The
matrices Mðmw

i Þ and �Mðmw
i Þ are formed as in (2) and (3),

respectively, when s is even; otherwise, as in (4) and (5),

when s is odd; e.g., if �Iwi ¼ ½a1=‘; b1=‘� and s is odd, i.e.,

s ¼ 2nþ 1 for some n 2 Zþ, then

Mðmw
i Þ ¼ b1=‘Hnðmw

i Þ � Bnðmw
i Þ

�Mðmw
i Þ ¼ Bnðmw

i Þ � a1=‘Hnðmw
i Þ;

whereHn and Bn are constructed as shown in Theorem 2.
The following proposition states that near-optimal traffic

allocations which approximately maximize the sum of local
nonconcave user utility functions of the form (17), subject to
network capacity constraints and QoS guarantees, can be
obtained by solving (18) for sufficiently large �s 2 Zþ.

Proposition 1. Given ‘; s; �s 2 Zþ, let ðm�ðsÞ; x�ðsÞ; r�ðsÞÞ be an
optimal solution to (18). Then, ðx�ðsÞ; r�ðsÞÞ ! ðx�; r�Þ as
s; �s!1, where ðx�; r�Þ is an optimal solution to the

nonconvex NUM problem in (15) with user utility functions as
in (17), i.e., Ui ¼ ~Ui for i 2 S. Moreover, problem (18) is con-
vex for �s 	 ‘.

Proof. SeeAppendixA,which can be found on the Computer
Society Digital Library at http://doi.ieeecomputersociety.
org/10.1109/TNSE.2018.2851844. tu
Roughly speaking, for more general U ¼Pi2S Ui satisfy-

ing Assumption 2, by choosing ‘ ¼ �s ¼ s for sufficiently
large s 2 Zþ, we can approximate (15) with a convex prob-
lem in (18). Indeed, ~U ¼Pi2S ~Ui approximates U well, and

(18) approximates maxf ~UðrÞ :Pi2SAixi � c; ðxi; riÞ 2 X i; i

2 Sg. Therefore, Proposition 1 resolves the first challenge
associated with solving the optimal traffic allocation prob-
lem which is dealing with nonconcave utility functions. In
this setting, a sum of linear functions is maximized subject
to convex constraints including linear matrix inequalities,
i.e., (18) is a convex optimization problem. Therefore, (18)
can be readily solved by a standard convex optimization
algorithm if global network information is available. How-
ever, one of the main objectives of this work is to develop a
decentralized traffic allocation algorithm that leverages
local information available at each user and requires mini-
mal information exchange through the network.

5 CENTRALIZED TRAFFIC ALLOCATION

In this section, we develop an iterative algorithm that con-
verges to a solution of (18) with �s 	 ‘. ADMM is applied to
(18) resulting in a centralized traffic allocation algorithm,
where global network information is assumed known at a
central network entity. This algorithm represents a parent
to the distributed algorithms proposed later, and acts as a
benchmark against which we compare the performance of
decentralized counterparts.

We now introduce some notation. Let

Ki¼
�
ðmi; xi; riÞ :

X�wi

w¼1
mw

i;0¼1;
X�wi

w¼1
mw

i;j	r
j=‘
i ; j¼1; . . . ; �s;

Mðmw
i Þ � 0; �Mðmw

i Þ � 0; w¼1; . . . ; �wi; ðxi; riÞ2X i

� (19)

C ¼ x 2 R

P
i2S jPij :

X
i2S

Aixi � c

( )
: (20)

Then, (18) can be stated as

max
m;x;r

X
i2S

p>i mi

s:t: ðmi; xi; riÞ 2 Ki; i 2 S
x 2 C;

(21)

where pi ¼ ½pw
i �w2f1;...;�wig. Among the advantages of the pro-

posed convex relaxation (21) for the NUM problem is that it
is amenable to decentralized computation due to its separa-
ble structure. By examining (21), we notice that:

� The variablesmi and ri are local to the ith source and
need not be broadcast to any other node.

� The objective function is a sum of linear functions of
the local variables.
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� The structure of Ki implies that the constraint
ðmi; xi; riÞ 2 Ki is a local constraint to the ith source
that can be handled locally.

� The only constraint that forces interaction among the
sources is the network capacity constraints.

Next, we introduce a new variable z ¼ ½zi�i2S , where
zi 2 RjPij, to obtain an equivalent formulation to (21):

max
m;x;r;z

X
i2S

p>i mi

s:t: ðmi; xi; riÞ 2 Ki; i 2 S
zi ¼ xi; i 2 S
z 2 C;

(22)

which is suitable for applying ADMM. ADMM is a primal-
dual algorithm; hence, it requires updating both primal and
dual variables. Note that primal update can be distributed
among the source nodes in S. In particular, we consider two
ADMM blocks, namely, ðm; x; rÞ and z. Then, customizing
the ADMM update rules in (7), (8), and (9) leads to the cen-
tralized traffic allocation algorithm (CTAA) outlined in
Algorithm 1, where as shown in step 3 of Algorithm 1,
updating the primal variables requires solving N indepen-
dent optimization problems in parallel, with each source
node solving one locally. A detailed mathematical deriva-
tion of CTAA is presented in our earlier paper [1].

Algorithm 1. CTAA
(r > 0, z0, u0 ¼ ½u0

i �i2S)
1 Initialize z0, u0.
2 for k ¼ 0; 1; . . . do
3 For each source i 2 S:

ðmi; xi; riÞkþ1  argmax p>i mi�r
2 xi � zki þ uk

i

�� ��2
s.t. ðmi; xi; riÞ 2 Ki.

4 Central node computes actual transmission rates:
zkþ1  PCðxkþ1 þ ukÞ

5 For each source i 2 S:
ukþ1
i  uk

i þ xkþ1i � zkþ1i .

We now proceed with the description of the algorithm’s
operation. The algorithm parameter r can be any positive sca-
lar. The vectors z and u ¼ ½ui�i2S can be arbitrarily initialized,
where ui 2 RjPi j. The vector xi stores the desired transmission
rates of source i over Pi; on the other hand, zi denotes the
actual rate vector that source i transmits throughoutAlgorithm
1’s iterations. The constraint zi ¼ xi is not satisfied for every
iteration. Nevertheless, both zi and xi eventually converge to a
consensus as the algorithm keeps running. Each source i 2 S
keeps the vectors pi, mi, xi, zi, and ui as local information.
Moreover, the structure of the set Ki is known only at source i
for every i 2 S, i.e., (19) indicates that Ki is fully characterized
by local information available at source i such as the lower
and upper bounds imposed on its own data rate. The kth itera-
tion of CTAA consists of the following operations:

i) In step 3, each source i 2 S updates its desired rates
xi by solving an SDP using local information. This
step is carried out in parallel across all sources.

ii) Each source i 2 S transmits its local variables xi and
ui to a central network node.

iii) The actual transmission rates of all sources,
z ¼ ½zi�i2S , are updated in step 4 through a projection

operation onto the set C performed by the central net-
work node.

iv) The central node sends the updated z vector to the
source nodes, i.e., source i receives its updated zi.

v) Each source i 2 S updates the vector ui locally as in
step 5. This step is carried out in parallel and inde-
pendently across all sources.

Even though Algorithm 1 decomposes the large dimen-
sional SDP in (21) into separate moderate size SDPs that can
be locally handled by each source in parallel, its implemen-
tation requires the presence of a central network entity to
perform the z-update step. step 4 ensures that the actual
transmission rates of all sources conform to network capac-
ity constraints via solving the Euclidean projection problem
PCðxkþ1 þ ukÞ. Let �zki ¼ xkþ1i þ uk

i and �zk ¼ ½�zki �i2S , then
PCð�zkÞ entails solving the quadratic program (QP):

zk� ¼ argmin
z

1

2

X
i2S
kzi � �zki k2 :

X
i2S
ðaliÞ>zi 	 cl; l 2 L

( )
:

(23)

Solving (23) requires the central node to know all the routes
source i uses, i.e., matrix Ai, for each i 2 S and the capacity
of every link l 2 L, i.e., c. Given this information, (23) is a
simple convex quadratic problem, which can be solved by a
standard convex optimization algorithm for convex QPs.
We conclude that a direct implementation of ADMM exem-
plifies a centralized solution method to the NUM problem
with considerable communication overhead. Next, we pro-
pose decentralized traffic allocation algorithms based on
inexact versions of ADMM.

6 DISTRIBUTED TRAFFIC ALLOCATION

We propose three different distributed traffic allocation algo-
rithms (DTAA) based on ADMM, namely DTAA-RFA,
DTAA-RFC, and DTAA-BFC. Eckstein and Yao show in [32]
that it is possible to obtain a variant ofADMM inwhich at least
one of the subproblems in (7) or (8) requires an iterative solu-
tion method. In other words, under some conditions, comput-
ing inexact solutions to ADMM subproblems suffices to retain
the overall convergence of the algorithm. It is evident that step
4 of CTAA is precisely the reasonwhy a central network entity
is needed. Inspired by the insight in [32], we propose iterative
solutions for (23) that opens room for a distributed implemen-
tation of a nearly-optimal traffic allocation algorithm. Here,
we highlight the implementation characteristics of the pro-
posed algorithms without dense mathematical details that
might affect the clarity of exposition. Nevertheless, the deriva-
tion of DTAA-RFA, DTAA-RFC, and DTAA-BFC are pre-
sented in Appendix C, D, and E, respectively, available in the
online supplemental material. In Appendix B, available in the
online supplemental material, we derive theoretical conver-
gence guarantees for DTAA-RFA andDTAA-RFC.

6.1 DTAA-RFA

DTAA-RFA combines CTAA with an iterative solution for
(23) based on the dual ascent method [33], where RFA
stands for real-valued feedback from all links. Algorithm 2
outlines how DTAA-RFA solves (22). The parameters r and
a are positive scalars, and the sequence ftkgk2Zþ � Zþ is an
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increasing sequence of positive integers, i.e., tkþ1 
 tk for all
k 2 Zþ. The scalar �l is a variable stored at link node l, and
� ¼ ½�l�l2L. By link node l, we mean either one of the end-
points of the link l, i.e., if a link l connects nodes u and v,
either u or v is called the link node l. Source nodes, S, do not
share their local information with any other network entity.
Steps 3 and 10 in DTAA-RFA are similar to steps 3 and 5 in
CTAA. On the other hand, in contrast to step 4 in CTAA, for
every outer iteration k in DTAA-RFA, there exist tk inner
iterations indexed by n intended for updating the actual
transmission rates z. In particular, at outer iteration k, the
nth inner iteration of DTAA-RFA consists of the following:

i) Each link node l 2 L sends its local variable �k;n
l to

the set of sources using link l, i.e., Sl.
ii) Each source i 2 S updates its transmission rate vec-

tor as in step 7 using the feedback information it
receives from the links used by its paths.

iii) Each link node l 2 L updates its stored variable �k;n
l

as in step 8.
It is important to note that the inner iterations are executed

in parallel across source and link nodes. A source node updates
its transmission rate zk;ni;p along path p 2 Pi using its updated
desired transmission rate xkþ1

i;p , its local variable uk
i;p, and the

quantity
P

l2p �
k;n
l , i.e., the sum of �k;n

l over the links l used by
the path p. Thus, only the sum for each path p 2 Pi is expected
to be fed back to the source i. On the other hand, a link node l
updates its stored variable �k;n

l using the difference between
the sum data rate transmitted by all sources over that link and
the link’s capacity. Evidently, the link node knows the sum
rate over the link that it is connected to, and needs to know
this link’s capacity. These observations along with steps 3 and
10 imply that DTAA-RFA provides distributed optimal traffic
allocation, where all the computations are performed in paral-
lel independently at network nodes using local information
and real-valued feedback from link nodes.

Algorithm 2. DTAA-RFA
(r, a, ftkgk2Zþ , z0, u0, �0 ¼ ½�0

l �l2L)
1 Initialize z0, u0, �0.
2 for k ¼ 0; 1; . . . do
3 For each source i 2 S:

ðmi; xi; riÞkþ1  argmax p>i mi�r
2 xi � zki þ uk

i

�� ��2
s.t. ðmi; xi; riÞ 2 Ki.

4 Initialize �k;1  �0.
5 for n ¼ 1; . . . ; tk do
6 Each link l 2 L sends �k;n

l to all i 2 Sl.
7 Each source i 2 S transmits with rate vector

zk;ni  xkþ1i þ uk
i �

P
l2Li �

k;n
l ali.

8 For each link l 2 L:
�k;nþ1
l  �k;n

l þ a
P

i2SðaliÞ>zk;ni � cl

h i� �þ
.

9 zkþ1i  zk;t
k

i for all i 2 S.
10 ukþ1

i  uk
i þ xkþ1i � zkþ1i for all i 2 S.

6.2 DTAA-RFC

DTAA-RFC combines CTAA with an iterative solution for
(23) based on the primal dual subgradient method [28],
where RFC stands for real-valued feedback from congested
links. Algorithm 3 outlines how DTAA-RFC solves (22). The
parameters of the algorithm are similar to those of DTAA-

RFA – DTAA-RFC uses a diminishing sequence of positive
scalars fakg as opposed to a constant a > 0 in DTAA-RFA.

Algorithm 3. DTAA-RFC
(r, fakgk2Zþ , ftkgk2Zþ , z0, u0, �0)

1 Initialize z0, u0, �0.
2 for k ¼ 0; 1; . . . do
3 For each source i 2 S:

ðmi; xi; riÞkþ1  argmax p>i mi�r
2 xi � zki þ uk

i

�� ��2
s.t. ðmi; xi; riÞ 2 Ki.

4 Set �k;0  �0, zk;0  zk, �zk  xkþ1 þ uk.
5 for n ¼ 0; . . . ; tk � 1 do
6 Each source i 2 S transmits data at rate zk;ni;p

along path p 2 Pi.
7 Each link l 2 Lk;n

c sends �k;n
l to all i 2 Sl.

8 Each source i 2 S updates its rate vector

zk;nþ1i  PZkðð1� akÞzk;ni þ akð�zki �
P

l2Lk;nc
�k;n
l aliÞÞ.

9 For each link l 2 Lk;n
c :

�k;nþ1
l  PDkð�k;n

l þ akðPi2SðaliÞ>zk;ni � clÞþÞ.
10 zkþ1i  1

tk

Ptk�1
n¼0 zk;ni for all i 2 S.

11 ukþ1
i  �zki � zkþ1i for all i 2 S.

Let Zk ¼ fz : kz� xkþ1 � ukk1 	 hkg, and Dk ¼ f� : 0 �
� � zkg for some hk and zk given in Appendix D, available
in the online supplemental material. Steps 3 and 11 in
DTAA-RFC are similar to steps 3 and 5 in CTAA. At outer
iteration k, the nth inner iteration of DTAA-RFC consists of
the following:

i) Each i 2 S transmits at rate zk;ni;p along path p 2 Pi.
ii) A link l that belongs to the set of congested links

Lk;nc ¼ fl :
P

i2SðaliÞ>zk;ni 
 clg sends its local vari-
able �k;n

l to all i 2 Sl.
iii) Each source i 2 S uses the feedback information it

receives from the congested links used by its paths
to update its rate vector zi as in step 8.

iv) Each link l 2 Lk;n
c updates its variable �k;n

l using the
sum rate on the link and its capacity as in step 9.

The inner iterations are executed in parallel across all source
and link nodes. The variable updates done at link nodes
require local information, specifically, the sumdata rate trans-
mitted on the link and its capacity which are assumed known
to the node connected to this link. In contrast to DTAA-RFA
that requires feedback from all links, DTAA-RFC only
requires congested links to update their variables and feed
them back to the sources using these links. Source nodes
update their transmission rates locally and independently
and need not broadcast any of their local information or share
it with any network entity. Hence, DTAA-RFC indeed pro-
vides distributed traffic allocation.

6.3 DTAA-BFC

DTAA-BFC combines CTAA with an iterative solution for
(23) based on a dual subgradient method applied to a pen-
alty formulation of the projection problem, where BFC
stands for binary feedback from congested links. Algorithm
4 outlines how DTAA-BFC solves (22). The parameters r

and ftkgk2Zþ are similar to those of DTAA-RFA. fangn2Zþ
and fukgk2Zþ � Rþþ are some positive scalar sequences.
Steps 3 and 11 in DTAA-BFC are similar to steps 3 and 5 in
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CTAA. At outer iteration k, the nth inner iteration of DTAA-
BFC consists of the following operations:

i) Each source i 2 S transmits data over its paths Pi

according to a rate vector zk;ni .
ii) Any congested link l 2 L sends bk;nl to the set of sour-

ces using that link, i.e., Sl. The binary feedback bit
bk;nl determines the status of link l2L, and is sent by
one or both of the nodes connected by l.

iii) Each source i 2 S updates its actual data rate vector
zi using its local information and the received binary
feedback as in step 9.

DTAA-BFC provides a near-optimal traffic allocation using
binary feedback only, and such that no computations are
required at link nodes and that all source computations are
performed in parallel independently at each source node
and need not be broadcast or shared with any network
entity. Furthermore, each source node uses local informa-
tion and the only non-local information needed is binary
feedback from congested links.

Algorithm 4. DTAA-BFC
(r, fangn2Zþ , ftkgk2Zþ , fukgk2Zþ , z0, u0)

1 Initialize z0, u0.
2 for k ¼ 0; 1; . . . do
3 For each source i 2 S:

ðmi; xi; riÞkþ1  argmax p>i mi�r
2 xi � zki þ uk

i

�� ��2
s.t. ðmi; xi; riÞ 2 Ki.

4 Set zk;1  zk, �zk  xkþ1 þ uk.
5 for n ¼ 1; . . . ; tk � 1 do
6 For each source i 2 S and for each p 2 Pi:

Source i transmits at rate zk;ni;p along path p.
7 For each link l 2 L:

if link l is congested, then bk;nl  1;
else bk;nl  0.

8 Each link l 2 L sends one bit bk;nl to all i 2 Sl.
9 For each source i 2 S:

gk;ni  zk;ni � �zki þ uk
P

l2L b
k;n
l ali.

zk;nþ1i  ðzk;ni � angk;ni Þþ.
10 zkþ1i  zk;t

k

i for all i 2 S.
11 ukþ1

i  �zki � zkþ1i for all i 2 S.

7 NUMERICAL SIMULATIONS

This section presents an application of the distributed algo-
rithms developed in this paper. Numerical simulations are
conducted on a large-scale network to validate our findings.
In particular, the main objectives of this section are summa-
rized as follows.

� We show that in practice DTAA-RFA, DTAA-RFC,
and DTAA-BFC rate allocations converge to traffic
allocations that yield the same utility function value
obtained by CTAA.

� We demonstrate the robustness of the proposed
algorithms to sudden link failures, and emphasize
their scalability by showing their ability to automati-
cally accommodate new users joining the network.

We generate a random connected graph consisting of 500
intermediate nodes, where the probability of having an
edge connecting any pair of nodes is 0.04. We then add 500

source/destination pairs, i.e., the total number of vertices in
the network is 1500. Each source node’s degree is 1 and its
single neighbor is randomly chosen from the intermediate
nodes. Each pair of sources is connected to one intermediate
node. A similar setup holds for the destinations. No direct
connections are allowed between any two sources, any two
destinations, or between a source and a destination. More
precisely, the set of sources and destinations form an inde-
pendent set, i.e., they are pairwise non-adjacent. The net-
work model considered allows for multiple paths to be
available for the data of each source. For each i 2 S, we pick
10 unique paths between source i and its destination, i.e.,
jPij ¼ 10 for all i 2 S. Path p 2 Pi is generated by running a
randomized depth-first search (DFS) algorithm on the graph
starting at source i and terminating when destination i is
discovered. A unique identifier is given to each link in the
network, and the generated path p 2 Pi is mapped to a col-
umn of binary entries in the matrix Ai. The capacity of each
link is randomly assigned a value drawn from a uniform
distribution on the interval ½2; 4�Mbps. We show simulation
results for utility functions given by

UiðriÞ ¼
0:4ri; if 0 	 ri < 0:5
ri � 0:3; if 0:5 	 ri < 1:5
0:5ri þ 0:45; if 1:5 	 ri 	 3

8<
: (24)

for all i 2 S. Specifically, for the utility function given by
(24), we have bi ¼ 0, and Bi ¼ 3 Mbps, and ½0; 3� is parti-
tioned to �wi ¼ 3 segments: I 1i ¼ ½0; 0:5Þ, I 2i ¼ ½0:5; 1:5Þ, and
I3i ¼ ½1:5; 3�. We choose �s ¼ ‘ ¼ 2 and s ¼ 8; hence,
p1
i ¼ ½0 0 0:4�>, p2

i ¼ ½�0:3 0 1�>, and p3
i ¼ ½0:45 0 0:5�>. We

now proceed with outlining the choice of the parameters of
the proposed distributed algorithms. For DTAA-RFA, we
set r ¼ 1, a ¼ 1=kAk2, and tk ¼ 100 for all k 2 Zþ. On the
other hand, DTAA-RFC uses r ¼ 1, ak ¼ 0:02, and tk ¼ 500
for all k 2 Zþ. Finally, for DTAA-BFC, r ¼ 1, tk ¼ 250 and
uk ¼ 1 for k 2 Zþ, and an ¼ 1=n.

The convex relaxation (18) is solved using CTAAassuming
the availability of global network information. CTAA serves
as a benchmark with which we compare the performance of
the proposed distributed algorithms. However, we empha-
size that CTAA is a centralized solution that is not practical
for implementation on large-scale networks. Fig. 1 shows that
all proposed distributed algorithms yield traffic allocations
which attain network utility function values that are almost
indistinguishable from the one obtained by the centralized
algorithm, CTAA. Although no global network information is
used by the distributed algorithms, they converge to the same
utility function value obtained by CTAA that uses global net-
work information. As a side comment, at the initialization, the
utility function value may exceed the optimal one due to
infeasible traffic allocations caused by the arbitrary initializa-
tion of the algorithms. In general, as also pointed out in the
appendices, the consensus constraint x ¼ z in (22) need not be
satisfied for every iteration of the algorithm, furthermore, the
capacity constraints enforced in CTAA through the projection
problem onto the set C need not be resolved exactly in the dis-
tributed algorithms; hence, infeasible rate allocations can
occur before the convergence. Nonetheless, the distributed
algorithms eventually converge to feasible allocations that
yield the optimal utility function value obtained by CTAA as
shown in Fig. 1.
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Finally, Figs. 2 and 3 show that the proposed distributed
algorithms are robust to sudden link failures and they auto-
matically scale out to accommodate new users joining the
network. This feature is attributed to the adaptive nature of
updating the data rates. When a link failure is detected, the
algorithms reroute the traffic such that routes using that
link are avoided. The distributed algorithms handle a link
failure by treating it as congestion, i.e., the source nodes are
oblivious to the failure and require no additional informa-
tion other than the usual required feedback. Figs. 2 and 3
show the trajectories of the aggregate data rate allocations
obtained by all distributed algorithms for sources 1 and 5,
respectively. The two links connecting destinations 1 and 5
to their respective unique neighbors fail after 25 outer itera-
tions of running the algorithm and recover after 50 outer
iterations. These particular links are chosen to fail since their
failure implies that sources 1 and 5 are disconnected from
their destinations. Thus, their failure results in a consider-
able performance degradation for sources 1 and 5, and their
recovery opens room for checking if the algorithm is capa-
ble of accommodating new users joining the network. The
figures show that the distributed algorithms quickly react to
both the failure and recovery of the links. When the links
fail, the data of sources 1 and 5 cannot reach their respective
destinations and hence, the algorithms are shown to auto-
matically shut down transmission from these sources, i.e.,
r1 and r5 approach zero. On the other hand, when the links

recover, rates converge to their optimal values. It is worth
mentioning that there might be multiple optimal rate alloca-
tions and hence, all the algorithms need not converge to the
same traffic allocation.

8 DISCUSSION

This paper addresses the optimization of network utility
functions that can be expressed as a sum of local user utili-
ties. In practical applications, a nonconcave utility function
is a better model of the user-perceived QoE. Hence, unlike
most of the work in related literature, we focus on the case
in which the utility of each user is a nonconcave function of
its aggregate data rate. The two main contributions of this
paper are: i) designing a sequence of convex relaxations
whose solutions converge to a point that characterizes an
optimal solution of the original nonconvex NUM problem,
and ii) developing decentralized algorithms that attain an
optimal solution of such convex relaxations.

8.1 Approach

The approach adopted in this paper relies mainly on two
kind of approximations. First, the approximation of general
utility functions Ui by piecewise polynomial-like functions
~Ui. Second, the approximation of the solution of the original
nonconvex problem (15) by the solution of the convex relax-
ation (18). Pertaining to the accuracy of these approxima-
tions, one chooses four design parameters, namely, �wi for
each i 2 S, ‘, s, and �s.

The parameters �wi and ‘ influence the accuracy of the
utility function approximation, i.e., how closely ~Ui approxi-
mates Ui. More precisely, larger values of �wi leads to finer
partitioning of the interval ½bi; Bi�, and larger values of ‘
introduce more monomial-like terms rj=‘ and hence, allow
for optimizing over a larger space of coefficients pwi;j in the
utility function approximation process. On the other hand,
the parameters s and �s affect how close the solution of (18)
is to that of (15). Indeed, �s pertains to the accuracy of linear-
izing ~Ui in (17) via the change of variables yi ¼ r

1=‘
i , for

details see Appendix A, available in the online supplemen-
tal material. In summary, for arbitrary approximation accu-
racy, one needs �wi, ‘, s, and �s to go to infinity. However, one
practically chooses finite values for these parameters that
provide satisfactory performance, as shown in Section 7.Fig. 2. Data rate allocation for source 1.

Fig. 3. Data rate allocation for source 5.
Fig. 1. Performance comparison of the proposed distributed algorithms
to CTAA.
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8.2 Complexity of the Algorithms

There are two aspects regarding the complexity of the
proposed algorithms: i) the per-node computational com-
plexity, and ii) the network communication overhead. In
terms of the computational complexity, we note the
following:

� All the computational burden is moved to the sour-
ces, whereas intermediate nodes are only required to
forward link variables’ feedback without doing any
computations, except for summation and simple
thresholding.

� All algorithms require each source i to solve an SDP.
Remarkably, the dimension of such SDP does not
directly depend on the scale of the network, yet it
depends on the number of paths between a source
and its destination and on �s, s and �wi.

� As shown in [34], most interior point methods
designed to solve linear programs have been general-
ized to SDPswith polynomial worst-case complexity.

It is clear that all the proposed algorithms share the
same ADMM parent algorithm and only differ in their
inner loops executed per ADMM iteration. These loops
aim at providing a distributed approximate solution to the
projection problem in Step 4 of CTAA. In all algorithms,
messages are passed from intermediate nodes to the sour-
ces in each inner iteration resulting in a communication
overhead. There are two factors affecting the amount of
overhead generated by each algorithm: i) the number of
messages passed per inner iteration, and ii) the number of
inner iterations required by each algorithm to retain the
overall convergence of the inexact ADMM algorithm. A
unified bound on the number of messages to be fed back
from link nodes to the sources per inner iteration is
OðjVj2Þ, where V is the set of vertices in the network. This
is attributed to the fact that the worst case scenario dictates
that all links feed back their stored � variables to the sour-
ces, and the number of edges in a graph with a set of verti-
ces V is OðjVj2Þ. However, the amount of overhead
generated by each algorithm significantly differs from one
another as shown in the following comparisons.

8.2.1 DTAA-RFA versus DTAA-RFC

DTAA-RFA requires all links l 2 L to feed their stored varia-
bles �l back to the set of sources using them in every inner iter-
aton. In contrast, DTAA-RFC requires such feedback from
congested links only, where the number of congested links is
expected to be significantly less than jLj. Thus, the overhead
generated byDTAA-RFA per inner iteration is larger than that
produced by DTAA-RFC. That said, Theorem 5 in Appendix
C, available in the online supplemental material shows that
the inner loop iterates of DTAA-RFA, fzk;ngn, satisfies
kzk;n � zk�k2 ¼ Oð1=nÞ, where zk� is the solution to Step 4 in
CTAA, and n is the number of inner iterations. In contrast,
Theorem 7 in Appendix D, available in the online supplemen-
tal material indicates that DTAA-RFC iterates satisfy
kzk;n � zk�k2 ¼ Oð 1

akn
þ akÞ for any stepsize ak > 0; hence, to

compute an �k-optimal solution, DTAA-RFC requires
ak ¼ Qð�kÞ which implies n ¼ Oð1=ð�kÞ2Þ inner iterations in
contrast to Oð1=�kÞ needed for DTAA-RFA to compute an
�k-optimal solution.

8.2.2 DTAA-RFA versus DTAA-BFC

In each inner iteration, DTAA-RFA requires a real-valued
feedback from all links to the set of sources using them,
whereas DTAA-BFC only requires congested links to send
binary feedback to their sources. Thus, the overhead gener-
ated by DTAA-BFC per inner iteration is significantly less
than that produced by DTAA-RFA. On the other hand, as
discussed in Appendix E, available in the online supple-
mental material, for each k, uk should be sufficiently large
for DTAA-BFC to converge—though there is no specific
guidance on how to choose it. Over estimation of uk leads to
the degradation of the convergence speed of DTAA-BFC;
hence, the number of inner iterations required by DTAA-
BFC can be larger than that needed by DTAA-RFA.

8.2.3 DTAA-RFC versus DTAA-BFC

Both DTAA-RFC and DTAA-BFC require feedback from
congested links to the sources using them in every inner
iteration. However, such feedback is binary for DTAA-BFC
as opposed to real-valued for DTAA-RFC. Thus, the over-
head generated by DTAA-BFC per inner iteration is signifi-
cantly less than that produced by DTAA-RFC.
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