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In this paper, we derive a new algebraic property of two scales estimation in high frequency
data, under which the effect of sampling times is canceled to high order. This is a particular
robustness property of the two scales construction. In general, irregular, asynchronous, or
endogenous times can cause problems in estimators based on equidistant observation of
(trade or quote) times.

The new algebraic property can be combined with pre-averaging, giving rise to the
smoothed two-scales realized volatility (S-TSRV). We derive a finite sample solution to
controlling edge effects and for handling irregular and endogenous observation times and
asynchronously observed multivariate data. In connection with this development, we use
the algebraic approach to define a version of the S-TSRV which has particularly small
edge effect in microstructure noise. The main result of the paper is a representation of
the statistical error of the estimator in terms of simple components. As an application of
this representation, the paper develops a central limit theory for multivariate volatility
estimators. The approach can also handle leads and lags in the signal process.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

High frequency financial data is an increasingly important source of knowledge about financial markets, originally focused
on the concept of realized volatility (RV) (Andersen and Bollerslev, 1998a,b; Barndorff-Nielsen and Shephard, 2002), and later
branching out to covariance, regression, leverage effect, etc.

Microstructure noise, however, is a main barrier to inference in such data. The purpose of this paper is to develop a family
of volatility estimators that have a finite sample algebraic representation in terms of classical (de-noised, but unobserved)

™ We would like to thank the editor and referees for suggestions that substantially improved the paper. Financial support from the National Science
Foundation, United States under grants DMS 14-07812 and DMS 17-13129 (Mykland), and DMS 14-07820 and DMS 17-13118 (Zhang) is also gratefully

acknowledged.
*  Corresponding author.

E-mail address: mykland@pascal.uchicago.edu (P.A. Mykland).

https://doi.org/10.1016/j.jeconom.2018.09.007
0304-4076/© 2018 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.jeconom.2018.09.007
http://www.elsevier.com/locate/jeconom
http://www.elsevier.com/locate/jeconom
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jeconom.2018.09.007&domain=pdf
mailto:mykland@pascal.uchicago.edu
https://doi.org/10.1016/j.jeconom.2018.09.007

102 P.A. Mykland et al. / Journal of Econometrics 208 (2019) 101-119

realized volatility. This will provide small sample guidance on the properties of the estimator, and also an easy link to
asymptotic results developed for the no-noise case. It will, for example, permit the handling of endogenous times in the
case where there is microstructure noise. The approach extends to estimators of realized covariance.

The early development of this area was based on the assumption that log prices follow a semimartingale process X; of
the form

dX[ = M[dt + Utth + d][, (1)

where J; is a pure jump process and W; is Brownian motion; u; and o; are random processes that can be dependent
with W. This semimartingale model for prices is required by the no-arbitrage principle in finance theory (Delbaen and
Schachermayer, 1994, 1995, 1998). The data, however, had an unexpected feedback to the theory: log prices are not
semimartingales after all. This was clarified by the so-called signature plot (introduced by Andersen et al. (2000). See also
the discussion in Mykland and Zhang (2005)).

Among several researchers, Zhang et al. (2005) investigated a model where the efficient price X; is latent, and one actually
observes

The distortion ¢; is called either “microstructure noise" or “measurement error”, depending on one’s academic field (O’Hara,
1995; Hasbrouck, 1996). The t; can be transaction times, or quote times.

Zhang et al. (2005) proposed a Two Scales Realized Volatility (TSRV), which we shall revisit in this paper. The approach
consists of combining two RVs that are formed from different sampling scales. A more general approach consists in
averaging several scales (Zhang, 2006). There are by now a number of different angles on the estimation of volatility under
microstructure, and another method which will be central to our development is called Pre-Averaging: take weighted local
averages of the data (log prices) before taking squares (Jacod et al., 2009a; Podolskij and Vetter, 2009a,b; Jacod et al., 2009b).
There is a symmetry to these two approaches: two- and multi-scale estimation could also be described as “post-averaging".'
The point of departure in the present paper is the following. The cited papers show results when the latent process X; is
continuous and the noise is iid The observation times are variously taken to be non-endogenous (two- and multiscale) or
simply equidistant (in the case of pre-averaging). It has subsequently been quite difficult to figure out how sensitive these
estimators are to such assumptions, and also to find asymptotic laws under more general conditions. Despite the years that
have passed since 2005, there is still no comprehensive solution to these questions.

For example, Kalnina and Linton (2008) find that a strong diurnal pattern in the noise may severely affect estimators. On
the other hand, Ait-Sahalia et al. (2011) find that two- and multiscale estimators are robust to noise that is stationary and
sufficiently fast mixing. Second, in the matter of observation times, Li et al. (2014) find that endogenous times will introduce
asymptotic bias in the case where there is no noise. However, this result is hard to adapt to the case with microstructure
and still preserve a convergence rate that is close to efficient (Li et al., 2013). Third, the case with jumps is less well explored
when there is microstructure; compare, for example, Theorem 5.4.2 (p. 162) and Theorem 16.6.1 (p. 554) in Jacod and Protter
(2012).

The problem comes up with a vengeance when the process (1)-(2) is multidimensional. Here data can be observed at
times which are asynchronous. There are available solutions to this issue in the two- and multi-scale (Zhang, 2011; Bibinger
and Mykland, 2016), and Fourier (Park, 2011; Park et al., 2016; Mancino et al., 2017) approaches. For pre-averaging, however,
the approach makes assumptions about the irregularity of times being benign, in the sense that observation times are a fixed
transformation of an equidistant grid (Christensen et al. (2013), cf. their Assumption T1 p. 4-5, this is “mildly irregular” in
the typology of Mykland and Zhang (2016, Section 2.6, pp. 248-249)). See the further discussion in Section 2 in the current
paper. The cited papers also assume continuity of X;.

In summary, volatility estimators have mostly been defined and studied to cope with one specific deviation from the
continuous version of model (1), and it has turned out to be hard to study microstructure together with either jumps, and/or
with various forms of irregular, asynchronous and/or endogenous observation times.

We here present a way out. This is to use a combination of the two-scales and pre-averaging constructions. We call it
smoothed two-scales realized volatility (S-TSRV). We shall show in Section 3 that the S-TSRV to high order approximates an
(unobserved) RV that is only based on X.

The quality of the S-TSRV is not an accidental phenomenon. In fact, it is due to an algebraic cancellation of terms in finite
samples. We shall see this in Theorems 1-2 in Section 3. Conceptually, this is the main finding of the paper.

Meanwhile, there does not seem to be a trade-off with efficiency. We shall investigate a procedure which combines
pre-averaging and two-scales estimation, as follows. First pre-average the data in small time intervals, say, 15 s, then use a
two-scales estimator. The algebraic cancellation property is still valid, and thus, in particular, an efficient rate of convergence
can be achieved.

1 Three other main approaches to this estimation problem are the Realized Kernel approach, which uses weighted autocovariances (Barndorff-Nielsen
et al., 2008), Quasi-likelihood (Xiu, 2010), and the spectral approach of Bibinger and ReiR (2014) and Altmeyer and Bibinger (2015). These will not be central
to our current narrative. These approaches do, however, have similar problems to the ones discussed here concerning the use of observation times when
these times are irregular and/or asynchronous. A further main approach is the Fourier method (Park, 2011; Park et al., 2016; Mancino et al.,, 2017), which
is more well posed in its handling of times.
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For multi-dimensional data, the proposed procedure also serves as a synchronization device. One can pre-average each
series over the same 15 s, and they then become synchronous. The two scales algebraic cancellation then takes care of
residual asynchronicity. Further development of the S-TSRV in the high-dimensional case, along with related literature, can
be found in Chen et al. (2018).

For the purposes of asymptotics, our algebraic results serve as a strong representation of the S-TSRV in terms of the RV of
X. Asymptotic results can therefore be obtained more easily through this path. We do not pursue this in the most general
case, but show among other results that endogenous times can be tackled under microstructure noise with the efficient n'/4
rate of convergence. This is also discussed in Item 2 in Section 4.3.

The strong representation property raises the question of whether the entire estimation error also can be given a strong
representation, along the lines of Wu (2007). This would require an extension of Wu'’s theory to the stable convergence case.

We emphasize that our results cover the original TSRV estimator. As micro-structure declines in increasingly efficient
markets, loss of efficiency of TSRV is often a non-problem, and the transparency of the estimator recommends it in many
situations.

In the following, we shall see in Section 2 that observation times impact pre-averaging. Section 3 presents the main
algebraic results, and also studies a modification of the two scales construction that completely eliminates edge effects due
to “squared-noise". We finally show that a J- and K-scales estimator has a representation as a single K-] scale estimator in
the signal process X. Section 4.1 gives asymptotic bounds for the edge effect (the error in the finite sample representation).
Section 4.2 gives an asymptotic representation for the estimator in terms of average realized volatilities and noise U-
statistics. This is for the case where the sparse scale K — oo, and it yields an uncluttered form with which to analyze the
S-TSRV. Section 5 provides asymptotic theory for smoothed two scales realized covariances. Section 6 establishes robustness
for finite K and for estimates of spot volatility. In Section 7, we show how the setup extends to other schemes for dealing
with irregularity and asynchronicity. We also discuss how to implement a rolling windows approach.

2. Pre-averaging does not work on its own

We here recall the concept of pre-averaging (Section 2.1), and then analyze the variance of the return on the pre-averaged
signal (Section 2.2) when observation times are irregular. We finally show (in Section 2.3) that pre-averaging by itself does
not assure consistency of estimators when times are irregular.

2.1. Pre-averaging

Our general theory starts with approximating the efficient price in small neighborhoods. Specifically, we assume that
observations on the form (1)-(2) are made at times 0 = t; < --- < t; < --- < t, = T. The index n represents the
total number of observations, and our arguments will be based on asymptotics as n — oo while T is fixed. Meanwhile,
neighborhoods or blocks are defined by a much less dense grid of 7;, also spanning [0, T], so that block #i = {7i_1 < {; < 7}
(the first block, however, includes 0). We define the block size by M,; = M; = #{j : 71 < tj < 7;}, We then seek an
estimate of the value of the efficient price in the time period (7;_1, ;] by pre-averaging, which is defined as follows. Define
block averages for block i, (ti_1, 7;]:

Y'i=% Z Yy
1

Ti-1<G=T7

and let X; be defined similarly based on X. The averaging yields a reduction of the size of microstructure noise (see, for
example, Mykland and Zhang (2016, Example 1, p. 244)). This is obtained if M, ; — oo with n, but sufficiently slowly that
the actual time interval (7;_1, t;] stays small.2 The number of blocks will be called N,,.

2.2. The return on the pre-averaged signal

We here give a first order analysis of pre-averaging when observation times are not assumed to be equidistant or
otherwise regular. At this time, assume that the times are exogenous (times are allowed to be endogenous in subsequent
sections).

To find a compact characterization of the effect of such times, define (as in Section 2.6 of Mykland and Zhang (2016)) the
random variable I; = I, ; inside each block i as follows. Let t;, be the first t; € (ti_1, 7;], and set

M; —j At 4
i —J \yith probability =20+
AT,'
ti, — Ti—
I; = 4 1with probability jOTI]

Ti

1

T — ¢ -
0 with probability 2 oMol
Ti

2 When reference to the total number n of observations is needed, we write t,j instead of tj, 7, ; instead of 7;, M, ; instead of M, ;, and so on.
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wherej=1,2,...,M;_y and Atj,,j = tj,4j — tj,+j—1. In particular, definition (3) means that for each block i,
. .\ 2
Mi —j Atjp4j | G — Tim1 2 Mi—j\" Aty | Ly — Ti-1
E(l) = + and E(If) = =4+ 2 .
( 1) Z M,‘ AT,‘ Af,‘ ( ! ) Z M,' A‘E,‘ A‘L’,‘
Gie(ti—1,7l tie(ti—1,7]

Denote V; = X; — X,_,, and V/ = X;, — X;. Decompose
Vi=Vi+ E()AX, and V] = AX,, — V; = —Vi+(1— E(I;))AX,, (4)
where the first equation in (4) serves as definition of Vi. Obviously, V; is uncorrelated with AX,,.. We have
AXy =Vi+ V] (5)
while
AXipq = Vi1 + V. (6)

Assume for the rest of Section 2 that X, is continuous. Because of (6), if we approximate o2 by afi_l over the interval
(ti—1, Ti+1], the squared-return of a pre-averaged observation becomes

E[(AXi1) | Fo ) = ELV{Y | Fo 1+ E[(Vir ) | Fopy)
= (1 — E()PE((AX Y | Fo ) + E((Vi)? | 7oy
+ (E(1i+1)) E[(AXg | Fo 1+ EL(Vigr ) | Foy )
ol [AT((1— E())® + Var(l)) + Atica(E(Tie1)* + Var(li))]
=0l [AGE( — L))+ At E((Tia)?)], 7)

where F, , is the sigma-field representing the information at time 7;_,, cf. Condition 1. This is a standard approximation in
this setting. One way of seeing the validity is to use the contiguity results in Mykland and Zhang (2016).

y?
)

2.3. The pre-averaged RV

We shall here see that pre-averaging by itself does not estimate volatility. To clarify the implications of (7) above, define
that a sequence of times t;, ; is regular provided, for any sequence iy, n — 00, I;, = I, ;, converges in law to a uniform (0, 1)
random variable. For regular times,

1 2
, EI? )~ 3 and EQIY; — 2l + 1)~ 3

n,in

E(lni,) ~ (8)

in the sense of limit in probability as n — oo. Regular times include equidistant observations, and times distributed by a

Poisson process, for which (8) holds exactly. (More generally, see Mykland and Zhang (2016, Section 2.6, pp. 248-249).)
The RV of the pre-averaged signal then behaves as follows as n — oo (ibid, Theorem 5, p. 249):

N =

> (AXipr)? Za AGEQI? = 2L+ 1) (9)
i
p 2 !
(good news for regular times:) — 3 / atzdt (10)
0
(bad news for general times:) L limit depends on spacings, or may not even exist (11)

The pre-averaged RV (the sum of squared pre-averaged returns) Z,.(AYM) therefore depends on E(I;) and E(Iz) and
cannot obviously be parlayed into an estimator of the volatility of X. For example, if the ¢; are iid and with mean zero, and
if the M, ; = M, one obtains > ,(AYi+1)* = Y_,(AXi+1)? + Var(e)/M,, which will only converge appropriately if the times
are regular. In the case of equidistant times, the factor 2/3 goes back to Jacod et al. (2009a). For a discussion of the intuition,
see Mykland and Zhang (2017, Corollary 1 (p. 204) and Remark 3 (p. 204-205)).

Trading times are, however, typically irregular. We illustrate this with Table 1 and Fig. 1. One therefore needs more than
pre-averaging to estimate volatility.

3. Two-scales estimation to the rescue: finite sample representations

In the following, we shall see that the problem from Eq. (11) can be avoided by using a two scales construction. This
relies on algebraic strong representation, and is robust to virtually all scenarios of things that can go wrong. We consider
two cases: an original smoothed TSRV (S-TSRV) (Section 3.1, and in particular Fact 2), and a tapered version of the S-TSRV
(Section 3.2, and in particular Theorem 1). The rest of the paper is mainly concerned with the latter (modified) estimator, but
most of the results carry over to the original estimator from Section 3.1. The two estimators differ only in their edge effects,
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Table 1
Irregularity of trading times. The fluctuation of E(I;), E(Iiz), and E(ZI,.2 — 2I; + 1) for the S&P E-mini future as traded on the Chicago Mercantile Exchange,
over 1620 bins of 15 s each during the day of May 1, 2007. Note in particular that for E(2[? — 2I; + 1), the value 2/3 (from (8)) is only about the first quantile.

Min. 1st Qu. Median Mean 3rd Qu. Max.
E(I;) 0.0000 0.3621 0.4511 0.4476 0.5364 0.8685
E(I?) 0.0000 0.2159 0.2984 0.3066 0.3865 0.7958
EQI? — 25+ 1) 0.5293 0.6715 07114 0.7184 0.7583 1.0000
Histogram of E(l) across bins Histogram of E(I1*2) across bins
= I
87 [=) !
0 |
8 mEL
S = |
[aV)
> o >
[&] _ [&]
s 3 s 34 l
z >
o 2 (0]
£ S £ 8 |
o
21 21 |
o ’—17 o =

\ \ \ \ \ \ \ \ \ \
0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8

E(l) E(1"2)

(a) (b)

Fig. 1. Irregularity of trading times. The fluctuation of E(I;) and E (I,.Z) for the S&P E-mini future as traded on the Chicago Mercantile Exchange, over 1620
bins of 15 s each during the day of May 1, 2007. The red dashed vertical lines represent the values for regular times.

and these effects are quantified for both estimators in Proposition 1in Section 4.1. Note that by choosing block size M, ; = 1,
our finding also covers the original TSRV as a special case.
We assume the following.

Condition 1. There are n observations, of the form Yo, = Xoj + €ngyr where X, is a square integrable martingale (which
is right continuous and with left limits), adapted to a hlstory of events ( flltratlon) (F¢). The observation times t, ; and the block
separation times t, ; are (F;)-stopping times. For each (n, j), the noise €n,ty; IS observed at time t,j (i.e., is Ftoj™ -measurable), and
Supy j Eéitn,j < oo, and Eepne,; =0.In the preceding, the signal X; may not depend on n.

The martingale condition on the signal is purely a notational convenience. In almost all circumstances, one can start
with a semi-martingale X; under an original data generating probability distribution Q, and pass to an equivalent (mutually
absolutely continuous) probability P under which X; is a martingale. The only further condition needed is then that Q and
P may not depend on n.? The equivalent measure device is standard (not only in finance but also in econometrics), and it
facilitates many inference arguments. This is because measure change commutes with stable convergence, cf. Mykland and
Zhang (2009, Section 2.2). Stable convergence is defined in Footnote 4 of the current paper. In the simple setup where the
noise €n,g; is independent of the efficient signal X;, the distributions Q and P are the same for the noise, and the measure
change only happens for the X; process. At the cost of further notation, our assumptions can be generalized to processes that
can be localized to have the behavior in Condition 1, cf. Jacod and Protter (2012, Ch. 4.4.1, pp. 114-121) and Mykland and
Zhang (2012, Ch. 2.4.4-2.4.5, pp. 156-161).

We shall also use the following concept.

Definition 1. A martingale U-statistic is a sum of the form Y\ -+ H(Lm L 1) )(LEZ)m - LEZ)(m +
1 1+my
are zero mean local square integrable martingales under P, and for positive mtegers my and m,.

), where LEU and LEZ)

The significance of this concept is that a martingale U-statistic is a term of mean zero which is typically of small order
compared to the constituent local martingales. A term of this form usually does not affect consistency, but will often enter
the asymptotically mixed normal limit term. This phenomenon will find concrete embodiment in the results in Sections 4-5.

3 The history of events may also depend on n and take the form (F, ). In this case, however, X; needs to be adapted to “core" history of events () given
by 7+ = NpFn, and the (if required) likelihood ratio dQ /dP must be Fr measurable.
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3.1. Algebraic cancellation and strong representation

We first study the standard two scales construction based on averages. Define as usual
N—K

_ - 1 _ _
v, 1% = z(m — Yy (12)
i=
Set
1
ni=Vi+&andn, =V, — &, where§ = 7 > & (13)
i Ti—1 <=7
and where V; and V; are defined in (4). Observe that
Yiek — Vi = nivk + Koo, — Xg) +11] (14)
Hence,
N—-K
KOV, Y190 =3 ™ [(Xe ey — X))+ nc + ()] + Ce (15)

i=1
where Ci are the sum of the cross terms from dissolving the square of (14), given by (A.1) in Appendix A.1. We now get two
important facts.

Fact 1. Assume that €, ; is a martingale difference. Then the cross terms in Cx are martingale U-statistics. O

Fact 1 follows since E[nix|Fr,,_;]1 = 0, and since n; is F,,-measurable. For consistency, it is the non-martingale terms
in (15) that cause trouble. The first order effect of the two scales construction is to remove these terms, up to edge effect.
We are also able to relax the conditions on the noise:

Fact 2. Assume that E(ép; | Fr ;) =0.ForK > ],

N—K N—J
KUY, VI = g1, V10 =) (KXo = XV = ) Keyyy — Xa ) + Gy + s (16)
i=1 i=1
where Ci j are cross terms that are martingale U-statistics, given by (A.2), and where e ; is an edge effect, given by (A.3), which
is normally (but not always) negligible; see Section 4.1 for a precise discussion. O

In other words, the two scales construction has removed the effect of the observation times from the main effect in (16),
and this effect has been relegated to the asymptotic variance and the edge effect. The construction also allows noise averages
€; to be an m-dependent sequence, with m < J — 1. If instead ¢; is ¢-mixing, related results can be established with suitable
modification (an o, term), as in Ait-Sahalia et al. (2011) and Zhang (2011).

As discussed in Appendix A.2, the edge effect can be partially offset (in expectation only, and under strong assumptions)
by normalizing as follows

1
(1 - ““N;) ()

In particular, when ] = 1and K = 2, up to martingale U-statistics and edge effect,

X, X) =

{K[Y/, 1% — 1y, 1?](”} . (17)

N-2
—

(X,X) &~ the realized volatility of the signal : Z(X

Tit1 _XT,')2~ (18)
i=1
We shall in the following work with a modified estimator, but most of the results carry over to the estimator above. The
two estimators differ in their edge effects, but not in the respective asymptotic behavior of their martingale U-statistics. We
shall refer to both estimators as smoothed two-scales realized volatility (S-TSRV).

3.2. Getting rid of the edge effect from noise: an estimator for the very cautious

The estimator (17) retains a small amount of edge effect, as described in Appendix A. There are two components to this
effect, one relating to o2, and one to é,.z. There does not seem to be a way of eliminating both these components, but one can
be eliminated at the expense of the other.

We here take the view that the edge effect of noise Eiz is the most concerning. While both types of edge effect are
asymptotically negligible in most models for the data generating process, it is possible to construct scenarios where the
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noise effect matters asymptotically, see Kalnina and Linton (2008), and also the discussion in Section 4.1. On the other hand,
while the spot volatility o can evolve fast, it has higher persistence, and one can thus live with some edge effect so long as
it is understood and controlled.

In other words, we propose to eliminate the edge effect in Ef, and pay the price that there may be a slightly higher such
effect in the volatility. In Appendix B, we show that the following estimator is completely free of terms of type Eiz. For a pair
(J, K), set

—w 1 . N=b . 1 Nk _
KIV YL =50 ik =¥+ D (i =¥ 45 30 (Fe = W2, (19)
i=1 i=J+1 i=N—b+1
where
b=K+]. (20)

We define J[Y, Y] similarly by switching | and K. (This is the same as Eq. (B.13) in case this is unclear. An alternative

representation is given by (B.17).)
——(K) ———()

We obtain in Appendix B that K[Y, Y] — J[Y,Y] has no edge effect in & terms. Also, the times do not affect the
estimator to first order. Following (B.20), the exact result is:

Theorem 1 (Algebraic Representation of Two Scales Combination). Assume K > | > 1, and that E(é,; | J-‘TH) = 0. Then

——(K) ——U)

K[Y,Y] —J[Y.Y]

1 J N—b 1 N—K
= 5 Z(XZHK—l - Xfx‘ )2 + Z (XfiH(—l - XTi )2 + 5 Z (Xfi+K—1 - XTi )2
i=1 i=[+1 i=N—b+1

N-J

K N—b
1
- {2 (XIHJ,] - er )2 + Z (Xt,ur]q - Xri)z + Z (XriH,1 - Xr; )2}

i=1 i=K+1 i=N—b+1

N | —

+ cross terms + edge term, (21)

where the cross terms are martingale U-statistics and are given as 6,(. 7 in (B.18)-(B.19), and the edge term is given by

K N—J
~ 1
k)= | — E + E (5(77: - n:)AXII + ni(X‘E,;1 _X‘r,',] )) . (22)
i=J+1 i=N—K+1

Following further derivation in Appendix B, we propose a normalization so that the final estimator is

S 1 ——(K) ——() (23)
XX) = — {K[Y, Y1 —JIY, Y1 } 23
(1—=Db/N)K —])

From (22), we shall see in Section 4.1 that the edge effect is negligible except under highly unusual combinations of K and

smoothing parameters My ;. This substantially limits the effect of mis-recording of the observation times on the estimator.
A version of this estimator (with ] = 1 and no pre-averaging) was proposed in Kalnina and Linton (2008) as a remedy for

non-stationary noise. They carried out an asymptotic analysis. The current results show that the estimator is robust to very

general forms of noise, and also that the desirable properties hold in a small sample setting.

3.3. The estimator is close to a K — ] single scale estimator in X
One can go one step further, as shown in Appendix C:

Theorem 2. The squared terms (the first two terms on the r.h.s.) in (21) are equal to
N—K-1 1 1
Z Koy — Xy 2+ E(XT’( — Xy Y+ E(XT’H — Xey )2 + cross terms, (24)
i=/+1
where the cross terms are martingale U-statistics. The cross terms are explicitly given in Egs. (C.23) and (C.26).
One can alternatively write the squared terms in (24) as

N-K 1 1

D Ky =Xl = 5 Ko = Xq)* = 5 KXoy = Xy - (25)
i=/
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The whole estimator (23) now gets the form

N—K-1
XX} = ———— Xy = X Pt 2 (X — X Pt 2 (X, — Xy )
( ) (1—-Db/N)K —]) i—]Zl—:l( kS ) +2( K J) +2( N—J k)

+ the edge term from (22) + the cross terms from (B.19), (C.23), and (C.26). } (26)

4. Asymptotic representation of the two scales estimator

The preceding has been concerned with exact properties. We here show how the various edge terms and martingale
U-statistics vanish asymptotically.

Condition 2 (Structure of the Efficient Price). Assume that X; = X[m + Xt(z), where Xt(z) is a pure jump martingale with finitely
many jumps, all at predictable times, and where Xt(l) is a square integrable martingale whose predictable quadratic variation
(XM, Xy, is continuously differentiable.

This condition covers most cases that are studied, and for Xt“) see Jacod and Protter (2012, Definition 2.1.1. and Eqs.
(2.1.15) and (2.1.31), pp. 35-39). For a continuous process, d(X'V, XV}, /dt = o2.

To put asymptotic orders in context, we note that a slight extension of Theorems 2 and 3 (p. 1401) of Zhang et al. (2005)
yields that

N-K

1
Kepy — Xe V= [X. Xt = 0p((AT, (K —]))'7?), (27)

K=J i=[+1
where [X, X]7 is the quadratic variation of X;. If X is continuous, then [X, X]; = fOT afdt. Quantities of smaller order are thus
negligible.

We now look at the block and noise structure. We note that the blocks are fixed by the econometrician.

Condition 3 (Structure of Blocks). We assume that for each n, there are nonrandom Az, and M, > 1,sothat At;" > max; Aty
and M, < min; My ;. Also assume that K,At;” — 0asn — oo, and thatK > | > 1.

The nonrandomness condition is for notational convenience. If the Az, ;'s and M, ;’s are nonrandom, we can set At =
max; At,; and M, = min; M, ;. Note that under this condition,

<N, =

— ) 28
Aty M, (28)

Also, it will normally be the case that Az, o M, /n, in which case the number of blocks N = Nj is of exact order O(n/M,,).
4.1. Negligibility of edge effects

Proposition 1. Assume Condition 1-3, and also that Var(e, ;) = O(M,:,.] ), uniformly in (n, i). Then

1<eK_J] =0, (*(4ar] +(M;)™) and
1<§K_JJ = 0p (1A + (M) (Ar))?) -

The result is shown at the end of Appendix A.1. When comparing (29) to the order in (27), we note that &g is
asymptotically negligible unless M, and K are both chosen to be asymptotically finite, which does not yield a consistent
estimator of volatility. (Both the block sizes and K are under the control of the econometrician).

Meanwhile, e ; is asymptotically negligible if (Arrjf)‘l(Mn‘)‘2 = o((K — J)/J). This condition can fail to be satisfied,
which is consistent with the results of Kalnina and Linton (2008). Observe, however, that e ; will be negligible with only
moderate pre-averaging. When Az;\ o M, /n, e is asymptotically negligible if M, = 0(n'?*)when K — oo with n, and if
n~V 3M — oo with n when K is asymptotically finite. Also, this is a worst case scenario, and the edge effect will disappear
if the noise is homoscedastic and independent of the latent process X;.

The condition Var(€, ;) = O(M, 1.1) is a CLT style requirement which is assured under martingale, Markov, or mixing
assumptions (Hall and Heyde, 1980; Nummelin, 1984).
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4.2. Asymptotic representation

We here work with the assumption that K — ] — 00, to be able to give a sense of what are main terms. This clarifies that
to first order, there is no effect of the observation times, either on the quantity being estimated, or on the asymptotic variance.

The development also clarifies what are the main terms to handle to characterize the estimation error of the S-TSRV
estimator: the two terms on the first line in (30). We resume this discussion in Section 4.3.

The implications of requiring K — ] — oo are discussed at the end of Section 5.2. Robustness to finite K is considered in
Section 6. Also, ] may or may not go to infinity with N.

To state the asymptotic representation, we also need more assumptions on the noise:

Condition 4 (Structure of the Noise). Assume that Eenr,; = 0 and supn,jEei[nj < oo (as in Condition 1). Also assume that
E(éni | Fr_,) = 0(asin Fact 2 and Theorem 1), and that E sup; E(€] ; | Fr_,) = 0p( Az, (K —J)'/?).

An important feature of Condition 4 is that the noise and the process may be dependent on each other. As an extreme
example, one can have the noise reflect short term leads and lags. For instance, the condition permits €, = th,j — X, it
m-dependent independent noise, where p and m may vary from dimension to dimension (for the case where X is multi-
dimensional).

In order to capture the dependent noise possibility without too much notation, we have not sought to optimize
Condition 4 in other respects. If one assumes that the €n,y; are independent of X and the times t; and t;, then Condition 4
may be replaced by the assumption that the €, ; are exponentially «-mixing, with uniformly bounded fourth moment. See,
e.g., McLeish (1975) and Hall and Heyde (1980), cf. also Ait-Sahalia et al. (2011) and Zhang (2011) in connection with noise
in high frequency observations. Extra conditions on the X process may also be required, cf. Jacod and Protter (2012, Chapter
2.1.5, pp. 39-44).

Theorem 3 (Asymptotic Representation of the Two Scales Estimator). Assume Condition 1-4. Also suppose that K — J, M, and
N, all tend to infinity with n, and that N, Az;” = O(1). Then

N—-K
— 1
XX)=— (Xqx, — Xz)* + noise U-statistics
(1= b/N)K =) izjzﬂ e
+ 0p((ATH(K = J)?) + 0, ((ATT)2 /(K2 4 J'/2) x noise U-statistics) (30)
where
1 b—K N—b 1 N—K
noise U-statistics = 2 (2 Z +' Z +5 4 Z ) €itK€i
i=1 i=b—K+1 i=N—b+1
1 b—J N—b 1 N—J
_9 5t > +5 > | ey (31)
i=1 i=b—J+1 i=N—-b+1

We have here seen that the estimator main[by depends on the two terms on the first line in (30): the average subsampled
(at the 7;’s) realized variance (RV) (K —J)~! Zi:;JIi](XT,. kg — Xy )2, and the noise U-statistic. The latter is easily handled with
the help of Condition 4.

4.3. The final piece: discretization error

From Theorem 3, it remains to analyze the average subsampled RV, i.e., the discretization error

1 N—K
e Y (X — X ) — (X X). (32)
(1—b/N)K —]J) i:]ZH !

It is not the purpose of this paper to provide a most general Central Limit Theorem (CLT) for this piece, since at the time of
writing it is difficult to foresee all contingencies. In a certain sense, the representation in Theorem 3 is the general result,
from which CLTs for (X, X) can be harvested for a range of situations. Theorem 3 clarifies that controlling (32) is the only
remaining piece in the CLT problem, and that this does not involve the microstructure noise.

The analysis of (32) can be done with a variety of existing approaches.

1. Under continuity of X and exogenous t;, asymptotics follow from Theorems 2 and 3 (p. 1401) of Zhang et al. (2005).
As proof of concept, we have generalized this theory to covariance matrices in Sections 5.2 and 6, including the spot
case in Section 6.2.
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2. If the 7; are endogenous, one can use the approach from Li et al. (2014). For the purposes of this paper, it is the ;s that
would then be endogenous. This would not occur if At; is constant in clock time, but may be the case is the block size
M, ; is constant.

3. When there are jumps, one can go to Chapter 16.6 of Jacod and Protter (2012). If there are jumps and endogeneity of
times, one may be able to combine the two latter directions of study.

The clear separation of noise and signal also points to situations where the central limit theory for the signal does not yet
exist (as far as we know). For example, if jump times are infinitely many, and endogenous, the X process may not follow the
It6 semimartingale form which underlies many of the CLTs that currently exist (see, e.g., Jacod and Protter (2012, Assumption
(H), p. 126).) This is because stopping times due to jumps in Itd6 semimartingales are totally inaccessible (Jacod and Shiryaev,
2003, Definition 2.20, p. 29), which may collide with endogeneity.

In view of the spot volatility discussion in Section 6.2, the results in this section also have bearing on, for example, the
estimation of functionals of volatility (Jacod and Rosenbaum, 2013, 2015).

5. Application: estimation of realized covariances, and a central limit theorem
5.1. Definitions and asymptotic representation

As an application of the above, we consider the multivariate case. We here assume that the ;s are synchronous, which is
plausible in many cases, since they are under the control of the econometrician.
By much the same analysis as above, we obtain the estimator

— (K

o~ —
KIY™, YO — Y0, YO } (33)

KOXE) = — {
(1—=Db/N)K —])
Here, X is component # r in vector X. The rest of the nomenclature extends similarly. The J; variable defined in Section
2 also becomes a vector, and the probability distribution is then defined in obvious fashion on a hyper-cube of the same
dimension as X.

The finite representation results from the scalar case continue to hold, but the discussion would be tedious. For clarity,
however, we provide a multivariate extension of Theorem 3. The proof is similar.

Theorem 4 (Asymptotic Representation of the Two Scales Estimator). Under the same conditions as Theorem 3, but extended to
the multivariate case (X; is a vector, etc.), the following is valid.

N—-K
— 1
X0, XO) = —————— 3N (x0  —xOWXE, = X9) + noise U-statistics
— — i —J T T K—J T
(1=b/NXK=]) | 57, ™ +
+ 0,((ATH(K = J)'?) + 0, ((AT)? /(K" 4 J/2) x noise U-statistics) (34)
where
] b—K N—b 1 N—K
noise U-statistics = <2 >+ +5 > ) en ez
i=1 i=b—K+1 i=N—b+1
1 b—J N—b 1 N—J
S EP +5 &l e . (35)
i=1 i=b—J+1 i=N—b+1

z(r)

=(r) =(s) =(r)
x+1<6

The notation & €”[2] means ke + 61+K€1 , see, for example McCullagh (1987).

5.2. Central limit theory

To provide a simple application, we here state and show a CLT in the multivariate case under (by now) classical conditions.
In particular, the € are independent of X and the times ¢; and 7;, and the latter are exogenous.

The two main terms in (34) are then asymptotically independent. For the signal term, the univariate central limit theorem
reduces to Theorem 3 (p. 1401) of Zhang et al. (2005). In the multivariate case, we obtain as follows. First the signal term,
which works the same way as in the earlier paper.

Theorem 5 (CLT for Signal Term). Assume the conditions of Theorem 4. Also assume that X, is a continuous martingale, with locally
bounded spot volatility o;. Assume that the t’s are exogenous. Define the matrix
N—K

1
D™ = K =) 2 Ky ~ XK, = X) = X0 X o)
i=J+1
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Ifthe t’s are equidistant, define G(t) = 4t /3, and otherwise defne it using Eq. (44) (p. 1401) and (A.33)-(A.34) (p. 1411) of Zhang
et al. (2005). Then (N /(K — J))/2D"%) converges stably in law* to a normal distribution with mean zero and covariance tensor

1 T
Acov(D"v), D)) = T / (X0, X)L (XCD, X)) dG(e)2]12], (37)
0

where the “[2][2]” means summation over four terms where r; and r, can change place with s; and s,. In other words,
atr2)glsr2)[2][2] = al2)gb152) 4 gbs12)glrs2) 4 grs2)glstr) 4 glsis2)glrira),

The n01se term in (34) is more complex since we have allowed for the possibility of pre-averaging. There is an averaging
across M ; observations of interval #i. This alters variance calculations and convergence rates. Normality as such is
stralghtforward given the short run dependence of the €’s.

Denote
1 M=K
(r.s) =( )
CKrs _ a b/N & ( Z—i— Z +£ Z ) Hi[( ,5 [2]
i=1 i=b—K+1 i=N—b+1
1 Nobo N
(= Z+ DR I it vl (38)
] _ €ig i
(1 b/N k-1 \2 =1 i=b—J+1 2i:N—b+l

and assume that J,M, is large enough to make € e S and e it independent under Condition 4. In this case (which is simplified),
(r1,51) ~(r2,82)y _
Cov(Cy C ) =10, and

COV(C (r1.51) C(rz 52))

) 2 /1bK  Nob L NK
= (c=amw=n) (4Z+ > 4y 2 )C“( ey, e

i=1 i=b—K+1 i=N—b+
1 2 1 b—K N—b 1 N—K
=) - ) —( )
:<m> (4Z+ > 7 2 )Cov( (0, EDcou(E™, e2121, (39)
i=1 i=b—K+1 i=N—b+1

where “[2][2]” has the same meaning as in Theorem 5.
To get a handle on rates, let us suppose that M only depends on 1, = M. Then Cov(e; (51) (52)) = O(Mn‘1 ). If we suppose

further that there is stationarity enough to assure Cov( (5” FSZ)) =M, 'c Tcbs152) then

2
COV(C (r1.51) C(fz Sz)) (m) (N _K— §]> Mn—zc(n,rz)c(s1,sz)[2][2]

N
(r1.12) ~(51.52)
~—— c 2][2]. 40
T [2112] (40)
Similar expressions hold for Cov(C](”‘sl) C(TZ’SZ))
In other words, the noise term has order O, <(K T
between these two orders is achieved by setting

K —J =0, ((N/M)*?). (41)

) Meanwhile, the signal term has order O, ((N/(K — J))~'/2).Equality

The order of convergence of the estimator thus becomes O, N”/GM;]B) =0, (n’l/GM;]/G), since N = n/M, in this case.

We can thus get arbitrarily close to the optimal O,(n~'/4) rate. We can also achieve this rate, by setting M, = 0(n'/?), but
asymptotic expressions become more complicated as, in this case, K —J stays finite. Our finite sample calculations, however,
remain valid also for this case. We shall see this in the next section.

6. Asymptotic representation and normality: robustness to finite K and shrinking T
6.1. Estimation of integrated volatility

As we have seen at the end of the previous section, it can be optimal to choose K to be finite. Also, over recent years,
as trading becomes more frequent and markets become more liquid, the size of the microstructure noise appears to be

4 et Z, be a sequence of Fr-measurable random variables. We say that Z, converges stably in law to Z as n — oo if Z is measurable with respect to an
extension of Fr so that for all A € Fr and for all bounded continuous g, Elxg(Z,) — Elxg(Z) as n — oc. I, denotes the indicator function of A, and = 1 if
A and = 0 otherwise. The same definition applies to triangular arrays. In the context of inference, Z, = n'/2(6, — ), for example, and Z = N(b, a?). For
further discussion of stable convergence, and for the relationship to measure change, see Section 2.2 of Mykland and Zhang (2009), which draws on Rootzén
(1980).
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declining. This also points to choosing K to be finite in the two scales estimator. In addition, when estimating instantaneous
volatility, or if time periods are small, one may wish to consider the possibility that T — 0 with increasing data.

The expressions for variance terms in the finite K case are quite complicated. Standard errors are conjectured to be most
easily set using observed asymptotic variances (Mykland and Zhang, 2017).

First, however, a result to provide the representation and limit properties in this case. Note that (27) remains valid, but
with the modification

1 N—K T K — 1/2
ray Keipey — Xg)? — /0 oldt =0, (T <Tj> ) (42)
i=J+1

—

Itis straightforward, by the same methods as above, to see that the other signal terms in (X("), X*)) are of at most this order.
Meanwhile, the main noise U-statistic (normalized by K — J) is of order Op(N”2 /My(K —])), where M, is the average value
of My ;. Observe that by definition, M,N = n (the total number of observations in [0, T]). Equating these two orders,” we
obtain K — J = 0, ((N/TM,)*?) in generalization of (41), or

K —J=0((n/TM2y") = 0 ((AtM})~*"), (43)

where the average sampling frequency At = T/n is used to represent the number of observations. This provides more
transparency since n will normally depend on T, which we here do not assume to be fixed.

Theorem 6 (Asymptotic Representation of the Two Scales Estimator). Assume the conditions of Theorem 5, except that now K
may be finite. Also, T = O(1) or smaller. Assume that max; My, ; = Op(M,), as well as (43). Finally, assume that the Elm process is
stationary. Then

N—-K

(X, X6) = m iZJZH(XglK_I —XE:))(XSL(_] —Xﬁf)) + cross terms
+ 0p(((K —])AT™)'/?) (44)
where the cross terms are martingale U-statistics of order Op(c,), where ¢; = T1/2Tt1/ GM[ /8 Also the cross terms are
asymptotically stably normal when normalized by ¢, 1. In particular,
& (X0, X0) — (X, X)) (45)

converges stably to a normal distribution, with variance that is random but consistently estimable (Fr-measurable).

In analogy with the T fixed case, one can choose M,, to be of order up to O((At)~1/?) (but if T is shrinking, no longer order
0(n'/?)). The best convergence rate c, is obtained by choosing M,, to be of exact order O((At)~!/2), which corresponds to the
case of ] and K finite, yielding

e =TV2A¢"*, (46)

The proof of Theorem 6 is much the same as for the earlier asymptotic theorems, except that the O,(At*) terms must be
scrutinized individually for asymptotic normality, and we have invoked stationarity to complete the conditions for normality
of the noise term. The condition on max; M, ; assures asymptotic negligibility. One can, obviously, go with weaker but more
elaborate conditions.

6.2. Estimation of spot volatility

The spot volatility matrix is defined by (o, *)> = d(X(", X)), /dt. The standard estimate of spot volatility is now to use
[ —_—

i

the normalized integrated volatility divided by T, in our current case (¢°)2 = (X, X())/T. We have there adopted the

convention that (X("), X)) is computed over observations in [7 — T, 7. Similarly, we define (X", X®¥) = f;ﬁr(a{’s)zdt.
The error in this estimator is

55 1/ = 10"
P -t P = o (6OX) - xO.X9) 4o ( / (o7 * Yt - T(aw)
T-T
error in estimator of integrated volatility smoothing error
= 0p(caT™ 1) + 0,(T"/?). (47)

5 We emphasize that this is not so much a requirement on the tuning parameters K — J as a condition to assure that both the signal and noise terms
in the error are represented in the asymptotic distribution. Any other order will lead to an asymptotics that underrepresents the actual variability in the
estimator.
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The first O, term in (47) comes from (45) above, while the second O, term is explained at the end of this section. Once again
the error is asymptotically stably normal when suitably normalized.
With ¢, from (46), and equating the two error terms in (47), one obtains

—1/8
cn=At/,

which is the conjectured best rate in this estimation problem. See Mykland and Zhang (2008) end of Section 6, p. 263.
We finally return to the second O, term in (47). This term comes from

T T
/ oldt — To2 = / (T — t)do? = 0,(T*/?). (48)
T-T T-T

The first transition in (48) is due to integration by parts (in Itd's formula): d(6? — 02)(T — t) = —(0? — 02 )dt + (T — t)do?,
and the second transition comes from assuming that arz is an Itd-semimartingale.’ Observe in particular that the second
term in (47) is a variance term, not a bias.

7. Extensions
7.1. A formulation which extends to other problems

The formulation in this paper is in terms of pre-averaging. However, the same treatment extends to cases where
observations are of the form (with Y replacing Y)

Yiek — Vi = Vigk + KXepoxy — X)) + Vi + €4k — € (49)

where the ¢; (the microstructure noise) are at most /] — 1-dependent, while V; and V; are functions of the X process that
essentially take place in interval # i, from 7;_; to 7;. Specifically, for the above arguments to work, we need that V; and V/ be
Fr-measurable, and also that E(V; | 7, ,) = E(V] | 7,_,) = 0. For example, if one has asynchronous observation, and if
the 7; are a grid as in Zhang (2011), then the main condition for this to work is that there needs to be an observation of each
process in each interval. The ;’s can be picked as refresh times. If Y; is the first observation of a process in interval # i, then
the condition E(V; | 7, ,) = E(V{ | F,_,) = 0O/is satisfied.

7.2. Rolling windows

Another extension of the above would be to consider rolling windows (7;_1, 7;]. Unless observation times are equidistant,
there is not a unique natural way of defining such windows. One option is to require the number of observations M in each
window to be constant, another is to let the time length At be constant. Other, more complex schemes, may be needed in
the case of multivariate observations.

To the extent that rolling windows represent an averaging (over starting points of each interval) of several estimators that
have non-overlapping windows, our results (except in Sections 5.2 and 6.2) remain valid. The negligibility of edge effects
are unaffected, and the representations in Theorem 3-4 are equally unaffected. Here, our algebraic results again clarify the
crux of the problem: to find a natural way to roll the window so as to average the representation terms in (30).

8. Conclusion

We have discussed the finite sample and then asymptotic representation of the smoothed two-scales realized volatility
(S-TSRV). We have shown that the estimator has small edge effect, and we have also derived a representation theorem for
the estimator which can be used as a tool to characterize its behavior in a wide range of situations that can combine irregular,
asynchronous, and endogenous times, and jumps.

Appendix A. Edge effect and calibration of the original TSRV: derivations for Sections 3.1 and 4.1

A.1. Edge effect

The explicit form of the cross terms in (15) is given by
N—K N—K
Ce =2 MipkKegy —Xq) + G where Gf =2 ((Xeypy_y — Xe 0, + igict}) - (A1)

i=1 i=1

6 Op. cit., Section 4. This reference also essentially provides the argument why the two terms in (47) are asymptotically (conditionally) independent and
why the second term is Gaussian. If o2 is not an It6-semimartingale, then the integration by parts still typically goes through, but the order or the term may
change.
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This is a sum of three martingale U-statistics under the conditions of Fact 1. Furthermore,

N N
G-G=2[ > mXe, = Xe )= Y milXe, = Xe ) | + G = G = Cey + Ry
i=K+1 i=J+1
N K
where Gy =2 Y ni(Xq_, — Xq_Jand Ry = =2 > nilXe_, — Xq ). (A2)
i=K+1 i=/+1

Ck is a sum of martingale U-statistics under the conditions of Fact 2.
In view of (13), the edge effect e is given by

N—-K N—J
ey =Y [k + ] = Y [y + 0] + Ry
i=1 i=1
N N N—-K N—J
=)t = Y b+ =D ) + Ry
i=K+1 i=J+1 i=1 i=1
K N—J
==Y w- Y )l+Rey. (A3)
i=J+1 i=N—K+1

Proof of Proposition 1. Define the 2-norm by [|R||, = (E(R?))!/2.
ek case. Under Condition 2, if X" replaces X, in the definition of V; and V/, En? and E(n/)? are both bounded by
2(E(AX§;)I_)2 + Var(§)) = 2(EAXD, XM), -+ Var(&)). Since Var(é, ;) = O(M,;il), the bound becomes O(max; At ; +

max; M,:il). With the same redefinition of X;, ||[Ri ll. < 22}11 Imill2llXe_, — Xg 2 = O((K — J)max; Aty +

max; Mn‘l1 N2((J — 1) max; Az,;)'/2. Hence, again with the same redefinition of X;,
exy = 0p <(K _]H1/2(miax Aty i + max M,,‘f )) (A4)

We have here also assumed that d(X", X"}, /dt < c, where c is nonrandom. The nonrandom constant c is subsequently
removed via localization, cf. the references on localization just before Definition 1. Since the event that Xt(z) has no jump on
(tny, Tnx]and (ty N—k, Ta,N—;] has probability tending to one, the bound (A.4) also applies to the original ex ; from (A.3).
For compactness, we also show the é ; case here. Refer to (22) for the form of é ;. As in the ek ; case, we can replace X;
by Xt(]). Since ||n;l2 and ||5!||> are both uniformly bounded by O(Az,F + (M7)~1)1/2 we obtain the second formula in (29).

n
A.2. Calibration of this estimator

To obtain a calibration constant, assume for simplicity that X; is continuous and that o is constant and that the At are
completely regular, i.e., At = T/N. The first term on the right hand side of (16) has expectation (N — K)(K — 1)Ato2. The
combined first two terms thus has expectation [(N — K)(K — 1) — (N —J)(J — 1)]Ato? = (K —J)(IN — K —] + 1)Ato?. We
then have to handle the edge effect. If we assume that the times have the same (possibly irregular) distribution inside each
interval, and if we take (¢;)? to be iid (and independent of the X process), we obtain

Eex; = —(K — DIE(VE + (V})*) + 2Var(€)]
= —(K — D[Ato?(1 — 2E(I1(1 — 1)) + 2Var(&;)] (A.5)

If we further assume that the ¢; are equidistant, and that the ¢; are iid, we get from (8)
2
Eexy ~ —(K —J)[gma2 + 2M~Var(e)]. (A6)

We thus obtain

- - - K+J-1 -
EIK[Y, Y1 — iy, Y|V =@k =) [1- T3 02T — 2(K — J)M~WVar(e) (A7)

If we assume that M is large, and/or that the signal-to-noise ratio o'?/Var(e) is also large, one approach is to ignore the
term due to the ¢;. Since in the o constant case, the integrated volatility has value To?, we thus get the proposed estimator
in(17).
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Appendix B. Estimation without Ef: derivations for Section 3.2

B.1. Derivation of linear combination

Write from (15) that
N-K N-K
KLV, V90 =) Xy = XY + Z +&EPT+ DIV + &1+ G (B3)
i=1 i=K+1 i=1

We then wish for a modified | (< K) scale measure. Consider first the measure on part of the time line, from a to b
b—J
JIV. Y00 =% (¥ — Vi
i=a

b—J

=) Ky, —Xe) +Z[V+e 14 Y [V + @1+ Guao. (B.9)
i= i=/+a i=a
The contribution of the €2 terms is
a+/—1 b b—J
gJ.ab)= Y @’+ Y @r’+2» @y ifb—a>2f
i=a i=b—J+1 i=a+]
= Z &r + Z &) otherwise. (B.10)
i=J+a

Now assume thatb — a = K +J — 1, and note that 2K > b — a > 2J since K > J. We obtain

&K, a,b)— &, a,b)=—2 Z (B.11)

i=a+J

Hence components due to €2 in the edge effect in (A.3) can be written

1 _

S (60K, a.b) = £(. a. b)l,Z Koy 4 1 S e, a,b) = £, @ BaTN-cagys1) (B.12)
We can thus create a new two scales estimator with no &2
measurements of volatility as follows. With b = K + J, set
(K) _ 1 _ 1 _
KLY, YT = KLY, Y% = 2Ky, VI — 2K, yION=bHLn

in the edge effect or anywhere else, by modifying the

b—K _l N—-K
—Z(Y,+K—Y, + Z Vi =¥ 5 3 (e =¥ (B.13)
i=b—K+1 i=N—b+1

——(K) ——0
This leads to the same definition as (19). One obtains that K[Y, Y] —J[Y,Y] has no edge effect. For the &2 terms, this is
how the combination was derived, but clearly the V and V' terms vanish similarly.

B.2. Total edge effect for pure n and n’ terms

——(K)
The components due to 77-2 and (n;)z inK[Y,Y] aregiven by

b—K 1 N—-K
( >+ Z +5 D )(ni2+1<+(n{)2)

i=1 i=b—K+1 i=N—-b+1
1 b N—J 1 N N—K
— _ _ 2 - N2
=13 IR ) > | Z+ Z + P CH) (B.14)
i=K+1  i=b+1 i=N—J+1 i=1  i=[+1 i=N—b+1

—— ()
The similar expression for J[Y, Y] is

1 b N—K 1 N 1 N-b 1 N-J
X ex g 3 (3o D e 3 o ©15)
=K

i=[+1  i=b+1 i=N—K+1 i=1 i 1 i=N—b+1
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Subtracting component by component (in the same order) gives

——(K)

Components due to n, and (77{)2 inK[Y,Y] —]J[V,Y]

1 b N j 1 N N
_J)! 1 _ 2
—j+1 i= b+1

i= K+1 i= b+1

i=1 i=1 i=/+1 i=K+1 i=N—b+1 i=N—b+1
K N—J K N—J
1 1 X 1 1 -
=(-3 2 +3 n? + 2_2 -3 (1)
i=]+1 i=N—K+1 i=[+1 i=N—K+1
1 K N—J 1 K N—J
2
=s|- 2+ X2 |u-mh=S -2+ X |- maxg,
i=J+1  i=N—K-+1 i=J+1  i=N—-K+1

B.3. The martingale U-statistics and the complete edge effect

An alternative representation of (19) is given by

— N-K
KT 71 = Z+ Y| G =YY
i=1 i=[+1

In analogy with (A.1), cross terms are given by

N—b N—-K
6.K - Z+ Z Tii+1<(Xr,-+K_1 - r, + C[? = ( Z Z) 771 Ti—1 _Xr,-_l()'i_éi(ﬂ

i=1 i=/+1 i=K+1 i=b+1
N-b  N-K
"‘* !/ 4
where C; = E E Xepyx1 — X )ni + 77i+l(77i) .
i=1  i=J+1

In parallel with (A.2), we obtain

N—K
Z Z)n' i1~ Xg ) Z Z Tll_Xfi—j)—i_El?_&j*

i=K+1 i=b+1 i=]+1 i=b+1

= Cx , +RK] where

Z Z) mi(X Ty r,-_K)+ 61? - 6]* and

i=K+1 i=b+1
N-J

RK,] =1 Z + Z ni(X‘L',‘,1 _Xti,])'

i=[+1  i=N—K+1

Ce —

By (B.16), the complete edge effect é ; is given by

N-J

1 , ]
ek = 5|~ Z + Z (mi — n))AXy + Ry .

i=]+1 i=N—-K+1

B.4. Calibration of the modified estimator

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

To get an calibration constant, assume for simplicity that o is constant that the At are regular, i.e., At = T/N. Also, for
an all-purpose constant, assume that E(I;) = % for the edge valuesi € [J + 1,K]U [N — K 4+ 1, N — J]. The first term on
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the right hand side of (21) has expectation [(b — K) 4+ (N — b — (b — K))I(K — 1)At6? = (N — b)(K — 1)Ato2. The whole

expression thus has expectation (N — b)(K — J)Ato? = (1 — b/N)(K — J)To2. Since in the o2 constant case, the integrated
volatility has value To2, we thus get the proposed estimator in (23).

Appendix C. Proof of Theorem 2 in Section 3.3

Set
1 N=b 1 Nk
Ki= D Ky — X VKo = 3 > (X, — X%, and
i=1 i=J+1
1 N-b 1 N-J
Ji= 2 Z(XTH—]—I —Xe) 2 = Z Xy — X (C21)
i=1 i=K+1
We shall use that the squared terms in (21) equal K; + K, — J; — J>. Observe that
2 2
(Xfi+l<—1 - XTi) - (XTH—]—l - Xfi)
= (Xfi+l<—1 - XTH—]—] )2 + 2(X1i+l<—1 - XTH—]—] )(Xfi+j—1 - Xfx‘)' (C22)

(The second term is obviously a cross term.) Hence,
N—b

1
Ki—=J = 2 Z {(Xfi+1<71 - XTi+]—1 )2 + Z(XTHK—l - XTi+]—1 XXTH]—] - Xfi)}
i=1

1 N—K-1 N—J—1
= 5 Z (XTHK—] - Xfi )2 + Z (Xfi _Xfi—(K—]) )(Xfi—(l(—]) - XTi—K+1) (C-23)
i=J i=K

Now re-index the sums in K, and J, to get
1 N-1 1 N-1
2 2
I<2 = 5 E (XZ,' _Xr,-,l(+1) s 3nd]2 = E § (XTI' _Xrifj#»l) . (C'24)

i=b i=b

By symmetry, one can proceed as in (C.22), on the opposite edge:

(Xfi - XT[‘—K+1 )2 - (Xfi - XTHH )2 = (Xzi—KJrl - Xfx‘—jﬂ )2 + Z(XTi - Xfi—j+1 )(Xfi—]Jrl - Xfi—K+1 )- (C.25)
This yields
1 N-1
Koo = 5 D Ay = Xy P 20K = Xo o Moy = X))
1 ;\l:—bl( N—1
=5 D ey =X P+ DK = Xy WXy = X (C.26)
i=J+1 i=b

Combining (C.23) and (C.26), we thus obtain Theorem 2.
Appendix D. Proof of Theorem 3 in Section 4

In the following, observe that by localization (see references on localization just before Definition 1), one can take
d(XW, XMy, /dt < vt where vt is a nonrandom constant and (X(¥), XMy, is the predictable quadratic variation from
Condition 2.

We give the maximum order of neglected terms.

1. The (1 — b/N) factggn be replaced by 1, for the same reasons as at the beginning of Appendix E.

2. The edge term in (X, X) is covered by Proposition 1, except that we replace M, by o,(At (K — )¥/?). This is valid
since M, only entered the proof of Proposition 1 as a symbol.

3. The two “1/2" terms in Eq. (24) are of order 0,(At™* /(K — J)), and hence negligible.

4. The cross terms explicitly given in Eqs. (C.23) and (C.26) are handled as follows. For terms containing only X", the
quadratic variations are of order 0,(J(K —J)> At ™) and 0,(J(K —J)At ") before normalization, and are thus negligible
after normalization. Terms containing X" and X are directly of same or smaller order than those containing only
XM since there are only finitely many such terms. Asymptotically, no term contains only X®.
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In Item 4 above, and in the remaining items below, we handle (sums of) martingale U-statistics. Inference is made from
the predictable quadratic variation to the original martingale with the help of Lenglart domination (Jacod and Shiryaev, 2003,
Lemma 3.30, p. 35).

We are now left to deal with the terms from (B.19). Set Vi(z) as the contribution to 7; from X®). Also set ni1 = Vi(” + €
and ’71{,1 = Vl.(w — €, where Vi“) is the contribution to »; from X(¥), and similarly for Vi“)/. Observe that E(U,-Z | Figg) <
2vT At + 2E(€? | Fij), whence by Condition 4,

EsupE(n}, | Fioy) = o( At (K —])'/?) (D.27)
i
We now continue with the individual terms
5. The cross term of the form ), ni(X;, , — X;,_,). Eventually (for any given outcome w), ) V,.(z)(XtH — Xy ) =
>V @) XEIUI XD ) = 0p(Att(K — ])). The predictable quadratic variation of the modified ), 7;1(Xz,_, — X¢;_,)

is bounded by Y~ E(n7 | Fij)(Xe,_, — Xgi_ K)Z < 0,(AtT(K —J)*?) by (D.27), and hence this term is also negligible.

6. The cross terms C¢ and G of the form } (X, , —Xy,)n;. Asin the previous Item 5, we can replace n; with n; ; without
loss of generality. Again decompose into two terms. On the one hand ) (X%K L= XDiy = op(ATT(K —J)'2) by
(D.27) since there are only finitely many terms in the sum. On the other hand, the main term in Cy C * is of the
form ) (X r,+:< . X;H 1)77, 1» and has an observed (optional) quadratic variation which is Lenglart domlnated by
vH(ATT)2(K — J)*/?, and hence this term is also negligible. The remaining edge related terms disappear similarly.

7. The cross term of the form ), ni.xn; and ), niy;n;. As in the previous Item 5, we can replace 7; with n; ; without
loss of generality. By (D.27), these terms have predictable quadratic variation bounded by Op(N(AT+)2(K - =
0,(At ™ (K —J)), which is also negligible.

This completes the proof.
Appendix E. Proof of Theorem 5 in Section 5.2

The factor (1 — b/N)~" can be replaced by 1, since (N/(K —J))"/? (1 — b/N)™" — 1) = O((N(K —J))""/?) = o(1). We are
thus interested in the limit of (N /(K — J))"/2D("5), where

N-K
D9 = YK, = XX, =X = KO Xy = My 12)
i=]+1

where M,E; " is the martingale (cf. Condition 1) with end point (value at T) given by Zf’zﬁl e x" —X1)dx®) and where
as[2] = a"s + @ !

Compare to the proof of Theorem 2-3 ( ]S) 1410-1411) in Zhang et al. (2005). Replace t; by 7. Since we are in a
multidimensional situation, replace Dy by D(r ) = D) The martingale representation of MN T [2] is similar to (ibid., (A.25)).
Following the same development,

(D=0, D)y = (MY V2], My 20)r = (Mg, M) 12]12]

which, as in the earlier paper, is asymptotically the same as

_ 1 T
(K =)ATiy /0 (X, XUy (0 X6y dG(t)[2][2]
The result follows similarly to the theorems in Zhang et al. (2005).
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