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Abstract— There has been a strong interest in understanding
hybrid precoding tradeoffs for millimeter wave (mmW) multi-
input multi-output (MIMO) systems. A common assumption
in most of these works is that the analog part of the hybrid
precoder can only be designed with phase shifters. The con-
sequent search for analog and digital precoding matrices is
solved with different black box-type optimization algorithms.
In contrast, this work motivates an analog precoding structure
at the base-station end that can be realized with both phase
shifters and gain controls. Such a structure is necessary for
interference management in multi-user transmissions and is
easily realized with low complexity and cost. We then propose a
feedback framework of the top-𝑃 beams over a beam alignment
phase from each user. This framework allows the base-station
to reconstruct the channel matrix between it and each user,
and to manage interference with a simple zeroforcing solution.
Such a structured solution is implemented with the amplitude
and phase control of the analog part of the hybrid precoder.
We finally illustrate the performance improvement with the
proposed solution over simpler constructions such as beam
steering that can be implemented with phase shifters alone.

Index Terms— Millimeter wave systems, beamforming, hybrid
precoding, phase shifter, amplitude control, multi-user systems

I. INTRODUCTION

With the increased interest in the commercialization of
millimeter wave (mmW) systems, a number of studies have
appeared on the channel quality at mmW carrier frequencies
relative to sub-6 GHz systems [1]–[3]. These studies show
that while mmW systems suffer from marginally increased
path losses and substantially increased penetration and block-
age losses, by focussing on small cell coverage (100-500 m
coverage), using large antenna arrays at the base-station end
(64-256 antennas) and dual-polarized subarray diversity (4-8
subarrays), significant rate improvements can be realized in
practice at a reasonable cost.

To obtain this spatial array gain, mmW systems leverage
spatial sparsity corresponding to the few dominant clusters
in the channel [1], [2], [4] by focussing on directional beam-
forming solutions [5]–[12]. Spatial sparsity of the channel
along with the use of large antenna arrays motivates a subset
of physical layer beamforming schemes based on directional
transmissions for signaling. In this context, there have been a
number of studies on the design and performance analysis of
directional beamforming/precoding structures for single-user
multi-input multi-output (MIMO) systems. These works [8]–
[11] show that directional schemes are not only good from
an implementation standpoint, but are also robust to phase
changes across clusters and allow a smooth tradeoff between
peak beamforming gain and initial user discovery latency.

There has also been progress in generalizing such directional
constructions for multi-user MIMO transmissions [12]–[14].

While legacy systems use as many radio frequency (RF)
chains1 as the number of antennas, their higher cost, energy
consumption, area and weight at millimeter wave carrier
frequencies has resulted in the popularity of hybrid beam-
forming systems [15]–[17]. Spatial sparsity of millimeter
wave channels ensures that having as many RF chains as
the number of dominant clusters in the channel is sufficient
to reap the full array gain possible over these channels. A
number of recent works have addressed hybrid beamforming
for millimeter wave systems. The problem of finding the
optimal precoder and combiner with a hybrid architecture
is posed as a sparse reconstruction problem in [9], leading
to algorithms and solutions based on basis pursuit methods.
While the solutions achieve good performance in certain
cases, to address the performance gap between the solution
proposed in [9] and the unconstrained beamformer structure,
an iterative scheme is proposed in [18], [19] relying on
a hierarchical training codebook for adaptive estimation of
millimeter wave channels. In [20], it is established that
a hybrid architecture can approach the performance of a
digital architecture as long as the number of RF chains is
twice that of the data-streams. A heuristic algorithm with
good performance is developed when this condition is not
met. Other works such as [21]–[23] have also explored
iterative/algorithmic solutions for hybrid beamforming.

A common theme that underlies most of these works is the
assumption of phase-only control in the RF/analog domain
of the hybrid beamforming architecture. This assumption
makes sense at the user end with a small number of antennas
(relative to the base-station end), where operating the PAs
below their peak rating across RF chains can lead to a
substantially poor uplink performance. On the other hand,
amplitude control (denoted as amplitude tapering in the
antenna theory literature) is necessary at the base-station
end with a large number of antennas for side-lobe manage-
ment and mitigating out-of-band emissions. Further, given
that the base-station is a network resource, simultaneous
amplitude and phase control of the individual antennas across
RF chains is feasible at millimeter wave base-stations at
a low-complexity and cost [24, pp. 285-289], [25], [26].
In particular, the millimeter wave experimental prototype
demonstrated in [27] allows simultaneous amplitude and
phase control enabled by advanced calibration techniques.

1An RF chain includes (but is not limited to) analog-to-digital converters,
digital-to-analog converters, mixers, low-noise and power amplifiers (PAs),
etc.
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Thus, it is important to consider a hybrid architecture with
these constraints. Further, given the directional structure in
the channel, a black box-type iterative or algorithmic solution
that does not provide an intuitive description of the beam
weights is less preferable over a solution that is constructed
out of measurement reports obtained over an initial beam
alignment phase with a directional structure for the sounding
beams.
Main Contributions: With this backdrop, this work addresses
these two fundamental issues of amplitude and phase control,
and a constructive feedback scheme design for hybrid beam-
forming. It is assumed that the base-station trains all the users
in the cell with a cell-specific codebook of beamforming
vectors over an initial beam alignment phase. Each user
makes an estimate of the top-𝑃 (where 𝑃 ≥ 1) beams
over this phase and reports the beam indices to be used by
the base-station as well as the measured/received signal-to-
noise ratios (SNRs). The simplest implementation at the base-
station uses only the best beam information for beam steering
or zeroforcing as in [13], [14], with other beams serving as
fall back options. In contrast to this approach, we propose
to reconstruct or estimate a rank-𝑃 approximation of the
channel matrix between the base-station and the user (at the
base-station end). To realize this scheme, we propose that the
users communicate the phase estimates of the top-𝑃 beams
back to the base-station, as well as the cross-correlation
information of the top-𝑃 beams at the user end with the
beam subsequently used in multi-user reception. Leveraging
the rank-𝑃 channel approximation, we propose the use of a
zeroforcing structure that is then quantized to meet the RF
precoding constraints (amplitude and phase control) at the
base-station end for simultaneous transmissions.

To benchmark and compare the performance of the pro-
posed scheme, we establish an upper bound for the sum
rate. This is a fundamentally difficult problem given the non-
convex dependence of the sum rate on the beamforming vec-
tors [28]. This bound is based on an intuitive understanding
of the zeroforcing structure. Numerical studies show that the
proposed scheme performs significantly better than a naı̈ve
beam steering solution even for an initial beam alignment
codebook of poor resolution. Further, the proposed scheme
is comparable with the established upper bound provided the
beam alignment codebook resolution is moderate-to-good.
Thus, our work establishes the utility and efficacy of the
proposed feedback techniques.
Note: Proofs of all the statements are found in [29].

II. SYSTEM SETUP

We consider a narrowband millimeter wave system in a
downlink scenario with a single base-station serving 𝐾 users.
We assume that the base-station and each user are equipped
with uniform planar arrays containing 𝑁𝑡 = 𝑁tx × 𝑁tz

antennas and 𝑁𝑟 = 𝑁rx × 𝑁rz antennas, respectively, with
half-wavelength element spacing at both ends. We focus on
the case where the base-station is equipped with 𝑀𝑡 ≤ 𝑁𝑡 RF
chains and the user is equipped with only one RF chain. In a
practical use-case of interest for mmW systems where each
user has two layers/RF chains, but uses these two layers for
polarization-based transmissions over a single spatial layer,
the setup considered in this paper is relevant. In the case of

more than a single spatial layer at the users, the proposed
framework can be easily extended.

Denoting the 𝑁𝑟 × 𝑁𝑡 channel matrix between the base-
station and the 𝑘-th user as H𝑘 ∈ ℂ𝑁𝑟×𝑁𝑡 , the extended
Saleh-Valenzuela geometric model leads to the following
setup,

H𝑘 =

√
𝑁𝑟𝑁𝑡

𝐿𝑘

𝐿𝑘∑
ℓ=1

𝛼𝑘,ℓ u𝑘,ℓ v
†
𝑘,ℓ, (1)

where 𝐿𝑘 denotes the number of clusters/paths, 𝛼𝑘,ℓ denotes
the cluster gain, and u𝑘,ℓ and v𝑘,ℓ denote the receive and
transmit array steering vectors, respectively. The normaliza-
tion in (1) ensures that ℰ [

Tr(H𝑘H
†
𝑘)
]
= 𝑁𝑟𝑁𝑡.

We assume that the base-station schedules as many users
as it has RF chains and precodes a single spatial layer to
each scheduled user. In particular, the base-station precodes
the data symbol 𝑠𝑚 to the 𝑚-th user with a digital 𝐾 ×
1 beamformer fD, 𝑚. Upconversion of the baseband data to
the carrier frequency is then performed by an 𝑁𝑡 × 𝐾 RF
precoder FRF. The system model for the 𝑘-th user is thus
given as

y𝑘 =

√
𝜌

𝐾
H𝑘FRF ⋅

[
𝐾∑

𝑚=1

fD, 𝑚𝑠𝑚

]
+ n𝑘, (2)

where 𝜌 is the pre-precoding SNR and n𝑘 is the 𝑁𝑟 ×
1 additive white Gaussian noise vector satisfying n𝑘 ∼
𝒞𝒩 (0, I𝑁𝑟

). For simplicity, we assume that 𝑠𝑘 ∼ 𝒞𝒩 (0, 1).
A simple realization of the hybrid precoding architecture can
be obtained by letting [fD,1, . . . , fD,𝐾 ] = I𝐾 (or use them for
wideband adaptation, which is not considered in this work)
and denoting the 𝑘-th column of the RF precoder FRF by f𝑘.
We will make this simplifying assumption through the rest
of this work. In this case, the transmit model in (2) can be
simplified as

y𝑘 =

√
𝜌

𝐾
H𝑘 [f1 ⋅ ⋅ ⋅ f𝐾 ] ⋅ [𝑠1 ⋅ ⋅ ⋅ 𝑠𝐾 ]𝑇 + n𝑘 . (3)

Each user processes incoming signals with an 𝑁𝑟 × 1 user-
specific combining vector to create an estimate of the trans-
mitted symbol

𝑠𝑘 = g†
𝑘 y𝑘 =

√
𝜌

𝐾
g†
𝑘H𝑘f𝑘𝑠𝑘

+

√
𝜌

𝐾

∑
𝑚 ∕=𝑘

g†
𝑘H𝑘f𝑚𝑠𝑚 + g†

𝑘 n𝑘 . (4)

The achievable rate at the 𝑘-th user by treating multi-user
interference as noise is given as

ℛ𝑘 = log (1 + SINR𝑘) , (5)

where SINR𝑘 denotes the signal-to-interference and noise
ratio of the 𝑘-th user, defined as,

SINR𝑘 ≜
𝜌
𝐾 ⋅ ∣g†

𝑘H𝑘f𝑘∣2
1 + 𝜌

𝐾 ⋅∑𝑚 ∕=𝑘 ∣g†
𝑘H𝑘f𝑚∣2 . (6)

Motivated by practical beamforming architectures, the
base-station is assumed to have finite-precision control over
both the phases and amplitudes of the entries in f𝑘. Capturing
this assumption, the phase and amplitude values of f𝑘 are



taken from a 2𝐵phase and 2𝐵amp set of quantized values, as
below:

∠ f𝑘(𝑖) ∈
{
𝜙1, . . . , 𝜙2𝐵phase

}
, ∣f𝑘(𝑖)∣ ∈ {𝐴1, . . . , 𝐴2𝐵amp } ,

(7)

where 0 ≤ 𝐴1 < 𝐴2 < ⋅ ⋅ ⋅ < 𝐴2𝐵amp . With these constraints
on the precoder structure, the transmit power constraint is
given by

∑𝐾
𝑘=1 f

†
𝑘f𝑘 ≤ 𝐾. Note that prior works on hybrid

precoding only consider the use of phase shifter control
for FRF. In the following section, we develop a scheme
to design multi-user beams f𝑘 to improve the sum rate
ℛsum ≜

∑𝐾
𝑘=1 ℛ𝑘.

III. MULTI-USER BEAMFORMER DESIGN

The focus of this section is to develop an advanced feed-
back mechanism and a systematic design of the multi-user
beamforming structure based on a directional representation
of the channel. This structure allows the base-station to com-
bat multi-user interference in simultaneous transmissions.

In practical mmW systems, an initial acquisition process,
commonly referred to as the beam alignment phase, is
performed to identify a coarse beam at both the base-station
and user ends. This is followed by a beam refinement phase
where the identified beams are fine-tuned in order to lead
to a high-rate link. This entire process can be modeled as
a beam sweep performed by the base-station and the users
over codebooks, ℱtr and 𝒢𝑘

tr, respectively. Let the base-station
be equipped with an 𝑁 element beam training codebook
ℱtr = {ftr,1, ⋅ ⋅ ⋅ , ftr,𝑁} which is known only to the base-
station. Correspondingly, the 𝑘-th user is equipped with an 𝑀

element training codebook 𝒢𝑘
tr =

{
g
(𝑘)
tr,1, ⋅ ⋅ ⋅ , g(𝑘)

tr,𝑀

}
which

is known only to the 𝑘-th user.
During the beam training phase, the base-station and each

user run through their codebooks to approximate the received
SNR, defined as,

SNR(𝑘)
rx (𝑚,𝑛) ≜

∣∣∣ (g(𝑘)
tr,𝑚

)†
H𝑘ftr,𝑛

∣∣∣2. (8)

The top-𝑃 beam index pairs for the 𝑘-th user that maximize
the received SNR (in non-increasing order) are denoted as

ℳ =
{
(𝑚𝑘

1 , 𝑛
𝑘
1), ⋅ ⋅ ⋅ , (𝑚𝑘

𝑃 , 𝑛
𝑘
𝑃 )

}
(9)

and are fed back. Further, we denote the realized received
SNR with f tr,𝑛𝑘

ℓ
and g

(𝑘)

tr,𝑚𝑘
ℓ

as SNR
(𝑘)
rx,ℓ.

A typical use of the top/best beam feedback in multi-
user transmissions is to construct advanced multi-user beams
which serve a certain objective. This information could
be simplistically used to combat blockage or fading with
fall back options. Alternately, in [14], the proposed multi-
user schemes leverage the top beam feedback to combat
interference induced by simultaneously scheduled users via
a zeroforcing or a generalized eigenvector solution. In this
work, we develop a scheme which leverages the top-𝑃 beam
pair indices acquired in the beam training phase. Due to the
spatial sparsity of mmW channels, directional information
obtained from the beam training phase is sufficient to gener-
ate a rank-𝑃 approximation of H𝑘. The base-station aims to
acquire an estimate of H𝑘 through feedback as

Ĥ𝑘 =

𝑃∑
ℓ=1

𝛼̂𝑘,ℓ û𝑘,ℓ v̂
†
𝑘,ℓ. (10)

In (10), û𝑘,ℓ and v̂𝑘,ℓ are estimates of the array steering
vectors u𝑘,ℓ and v𝑘,ℓ, respectively, and 𝛼̂𝑘,ℓ is an estimate
of 𝛼𝑘,ℓ.

Given the channel model structure in (1), (10) is simplified
by estimating v𝑘, ℓ and ∣𝛼𝑘, ℓ∣ by ftr,𝑛𝑘

ℓ
and 𝛾𝑘,ℓ, respectively,

where

𝛾𝑘,ℓ ≜
√

𝒬𝐵SNR

(
SNR

(𝑘)
rx, ℓ

)
(11)

for some choice of 𝐵SNR. In (11), 𝒬𝐵(⋅) denotes an
appropriately-defined 𝐵-bit quantization operation of the
quantity under consideration. However, estimating Ĥ𝑘 as
in (10) is not complete until we have an estimate for ∠𝛼𝑘,ℓ

and u𝑘,ℓ. For ∠𝛼𝑘,ℓ, we define 𝜑𝑘,ℓ as the 𝐵est, phase-bit
quantization of the phase of an estimate ŝtr,𝑘,ℓ of a pilot
symbol str,𝑘,ℓ

𝜑𝑘,ℓ ≜ 𝒬𝐵est, phase
(∠ŝtr,𝑘,ℓ) , (12)

where

ŝtr,𝑘,ℓ =
(
g
(𝑘)

tr, 𝑚𝑘
ℓ

)† [√
𝜌H𝑘ftr, 𝑛𝑘

ℓ
str,𝑘,ℓ + n𝑘,ℓ

]
(13)

for some choice of 𝐵est, phase. The noise term n𝑘,ℓ captures
the additive noise in the initial beam alignment process
corresponding to the ℓ-th best beam pair.

For u𝑘,ℓ, we note that the base-station not only needs the
beam indices {𝑚𝑘

ℓ } that are useful for the user side, but also
the useful part of the user’s codebook (𝒢𝑘

tr) since the base-
station is typically not aware of it. To avoid this unnecessary
complexity and feedback given the proprietary nature of 𝒢𝑘

tr,
we assume that the 𝑘-th user uses a multi-user reception
beam g𝑘. In the simplest manifestation, g𝑘 could be the best
training beam learned in the beam alignment phase, g(𝑘)

tr,𝑚𝑘
1
.

However, a more sophisticated choice for g𝑘 is not precluded.
We then note that the estimated SINR, defined as,

ŜINR𝑘 ≜
𝜌
𝐾 ⋅ ∣g†

𝑘Ĥ𝑘f𝑘∣2
1 + 𝜌

𝐾 ⋅∑𝑚 ∕=𝑘 ∣g†
𝑘Ĥ𝑘f𝑚∣2

(14)

is only dependent on Ĥ𝑘 in the form of g†
𝑘Ĥ𝑘. Building on

this fact, each user generates {𝛽𝑘, ℓ}, defined as,

𝛽𝑘, ℓ ≜ g†
𝑘û𝑘,ℓ where û𝑘,ℓ = g

(𝑘)

tr, 𝑚𝑘
ℓ

. (15)

It then quantizes the amplitude and phase of 𝛽𝑘,ℓ for some
choice of 𝐵corr, amp and 𝐵corr, phase and feeds them back

𝜇𝑘,ℓ ≜ 𝒬𝐵corr, amp (∣𝛽𝑘,ℓ∣) , 𝜈𝑘,ℓ ≜ 𝒬𝐵corr, phase
(∠𝛽𝑘,ℓ) . (16)

For both 𝜑𝑘,ℓ and 𝜈𝑘,ℓ, without loss in generality, relative
phases with respect to 𝜑𝑘,1 and 𝜈𝑘,1 (that is, 𝜑𝑘,ℓ−𝜑𝑘,1 and
𝜈𝑘,ℓ−𝜈𝑘,1) can be reported. Following the above discussion,
the base-station approximates g†

𝑘Ĥ𝑘 as

g†
𝑘Ĥ𝑘 =

𝑃∑
ℓ=1

𝜇𝑘,ℓ 𝛾𝑘,ℓ ⋅ 𝑒𝑗(𝜑𝑘,ℓ+𝜈𝑘,ℓ) ⋅
(
ftr,𝑛𝑘

ℓ

)†
. (17)

From (17), the phases appear in the channel reconstruction
in the form 𝜑𝑘,ℓ + 𝜈𝑘,ℓ and thus their feedback overhead
can be combined (denoted as 𝐵phase). Thus, the net feedback
overhead for the proposed scheme is given as

𝐵feedback = 𝑃 ⋅ [log2(𝑁) +𝐵SNR +𝐵corr, amp]

+ (𝑃 − 1) ⋅𝐵phase (in bits). (18)



The base-station uses the channel matrix constructed for each
user based on its feedback information (g†

𝑘Ĥ𝑘) and generates
a good beamformer structure, illustrated in the next result, for
use in multi-user transmissions.

Proposition 1. The zeroforcing beamformer structure is one
where for every user that is simultaneously scheduled, the
beam f𝑘 nulls the multi-user interference in ŜINR𝑚, 𝑚 ∕=
𝑘 with ŜINR𝑚 as given in (14). The beams {f𝑚} in the
zeroforcing structure are the unit-norm column vectors of the
𝑁t×𝐾 matrix ℋ† (ℋℋ†)−1

, where ℋ is the 𝐾×𝑁t matrix
given as

ℋ =

⎡⎢⎢⎢⎣
g†
1Ĥ1

g†
2Ĥ2

...
g†
𝐾Ĥ𝐾

⎤⎥⎥⎥⎦ . (19)

We are interested in benchmarking the performance of
the zeroforcing structure against an upper bound on ℛsum.
This problem is a non-convex optimization [28] that appears
to be complicated. In this context, an alternate formulation
based on the signal-to-leakage and noise ratio metric that
simultaneously maximizes the array gain seen by the 𝑘-th
user, ∣g†

𝑘H𝑘f𝑘∣2, and minimizes the interfering array gain
seen by the other users, ∣g†

𝑚H𝑚f𝑘∣2, 𝑚 ∕= 𝑘 is relevant.
Since these objectives are in some sense conflicting and can
be weighed differently, we consider the composite metric

SLNR𝑘 ≜ 𝜂𝑘,𝑘 ∣g†
𝑘H𝑘f𝑘∣2

1 +
∑

𝑚 ∕=𝑘 𝜂𝑚,𝑘 ∣g†
𝑚H𝑚f𝑘∣2

(20)

for an appropriate set of weighting factors 𝜂𝑚,𝑘 ≥ 0 with
𝑚, 𝑘 ∈ {1, ⋅ ⋅ ⋅ ,𝐾}.

Building on Prop. 1, we now develop an upper bound for
ℛsum motivated by the zeroforcing structure. In this direction,
we consider a signal-to-leakage-type metric equivalent to (20)
based on the estimated channel matrix Ĥ𝑘

ŜLNR𝑘 ≜ 𝜂𝑘,𝑘 ∣g†
𝑘Ĥ𝑘f𝑘∣2

1 +
∑

𝑚 ∕=𝑘 𝜂𝑚,𝑘 ∣g†
𝑚Ĥ𝑚f𝑘∣2

(21)

for an appropriate set of weighting factors 𝜂𝑚,𝑘 ≥ 0 with
𝑚, 𝑘 ∈ {1, ⋅ ⋅ ⋅ ,𝐾}.

Proposition 2. Assuming that {Ĥ†
𝑚g𝑚} and {𝜂𝑚,𝑘} are

known at the base-station, the choice of f𝑘 that maximizes
ŜLNR𝑘 is given by the generalized eigenvector structure

f𝑘 =

(
I𝑁t +

∑
𝑚 ∕=𝑘 𝜂𝑚,𝑘 Ĥ

†
𝑚g𝑚g†

𝑚Ĥ𝑚

)−1

Ĥ†
𝑘g𝑘∥∥∥(I𝑁t +

∑
𝑚 ∕=𝑘 𝜂𝑚,𝑘 Ĥ

†
𝑚g𝑚g†

𝑚Ĥ𝑚

)−1

Ĥ†
𝑘g𝑘

∥∥∥ . (22)

While it is hard to simplify f𝑘 in (22), it can be seen that
f𝑘 can be expressed as

f𝑘 =

∑𝐾
𝑚=1 𝛿𝑚,𝑘Ĥ

†
𝑚g𝑚∥∥∑𝐾

𝑚=1 𝛿𝑚,𝑘Ĥ
†
𝑚g𝑚

∥∥ (23)

for some complex scalars 𝛿𝑚,𝑘. In other words, the optimal
f𝑘 is in the span of {Ĥ†

𝑚g𝑚} with the weights {𝛿𝑚,𝑘} that

make the linear combination being a complicated function of
{𝜂𝑚,𝑘} as well as {Ĥ†

𝑚g𝑚}. With this interpretation, while
Prop. 2 considers only the maximization of ŜLNR𝑘 (not even
the sum rate with Ĥ𝑘), we can consider the optimization of
ℛsum over f𝑘 from a class ℱ𝑘, defined as,

ℱ𝑘 ≜
{
f𝑘 : f𝑘 =

∑𝑁
𝑛=1 𝛿𝑛,𝑘ftr, 𝑛∥∥∑𝑁
𝑛=1 𝛿𝑛,𝑘ftr, 𝑛

∥∥
such that 𝛿𝑛,𝑘 ∈ ℂ, 𝑘 = 1, ⋅ ⋅ ⋅ ,𝐾

}
. (24)

Theorem 1. Assume that the same multi-user beams g𝑘 as
in the zeroforcing scheme are used for reception at the 𝑘-th
user. Let {𝛿★𝑛,𝑘} be defined as the solution to the search over
the complex scalars {𝛿𝑛,𝑘}

{𝛿★𝑛,𝑘} = arg max
{𝛿𝑛,𝑘 : f𝑘 ∈ℱ𝑘}

ℛsum. (25)

With g𝑘 as above and

f𝑘 =

∑𝑁
𝑛=1 𝛿

★
𝑛,𝑘ftr, 𝑛∥∥∑𝑁

𝑛=1 𝛿
★
𝑛,𝑘ftr, 𝑛

∥∥ , (26)

we obtain an upper bound to the sum rate with the zeroforcing
scheme. This upper bound to the sum rate is computed
using (5) and (6) with f𝑘 and g𝑘 as above.

IV. NUMERICAL STUDIES

In this section, we present numerical studies in a single-cell
downlink framework to illustrate the merits of the proposed
beamforming scheme and compare it with the unrealizable
upper bound of Theorem 1. In our studies, the antenna array
dimensions are assumed to be 𝑁tx = 16 and 𝑁tz = 4 at the
base-station end, and 𝑁rx = 2 and 𝑁rz = 2 at each user.
The channel model from (1) is used to generate a channel
matrix with 𝐿𝑘 = 6 clusters, AoDs uniformly distributed in
a 120o × 30o coverage area, and AoAs uniformly distributed
in a 120o×120o coverage area for each of the 𝑘 = 1, ⋅ ⋅ ⋅ ,𝐾
users in the cell.

For the purposes of illustration, we consider simultaneous
transmissions to 𝐾 = 2 users. For scheduling, we implement
a directional avoidance protocol with the dominant cluster
in the channel of the first user separated spatially from the
dominant cluster in the channel of the second user, as parsed
by ℱtr (that is, ftr,𝑛2

1
∕= ftr,𝑛1

1
). The initial beam alignment

codebooks are designed based on the beam broadening prin-
ciples illustrated in [11].

In the first study, we consider the relative performance of
the zeroforcing scheme (proposed in Prop. 1) relative to a
baseline2 beam steering scheme with different initial beam
alignment codebooks assuming infinite-precision feedback
of channel reconstruction parameters and infinite-precision
quantization of multi-user beams. Fig. 1(a) illustrates this
comparative performance with an 𝑀 = 16 codebook at the
user end and two choices of 𝑁 (𝑁 = 8 and 32) for different
choices of 𝑃 (𝑃 = 2 or 4) in approximating g†

𝑘Ĥ𝑘 suggesting
significant performance improvement over beam steering.

In general, it is intuitive that there should be diminishing
performance improvement as 𝑃 increases (as a choice 𝑃 >

2Note that beam steering and the scheme of Prop. 1 can be viewed as
implemented with phase shifters alone, and phase + amplitude control,
respectively.
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Fig. 1. (a) CDF of sum rates for the proposed zeroforcing scheme and a beam steering scheme with 𝑀 = 16 and 𝑁 = 8, 32 assuming infinite-precision
feedback. (b) CDF of sum rates of the multi-user schemes with finite-rate feedback for the same setting as in (a).

max𝑘 𝐿𝑘 cannot help). However, with different granularities
of codebooks in the beam alignment phase, we observe
the following (numerical studies not provided due to lack
of space). Increasing 𝑃 when the codebook granularity
is already poor (small 𝑀 and 𝑁 ) does not lead to any
performance improvement over that observed with 𝑃 = 1
(beam steering). On the other hand, with a high resolution
for ℱtr (large 𝑁 ), even a rank-2 approximation appears to
be sufficient to reap most of the performance gains. This
is because the performance of the baseline (beam steering)
scheme is already quite good and significant relative improve-
ment over it with increasing 𝑃 has a lower likelihood unless
the channel has a large number of similar gain clusters (a
low-probability event). When 𝑀 is large and 𝑁 is small, the
beam steering performance is poor and the channel can be
better approximated with the higher codebook resolution of
𝒢𝑘
tr leading to a sustained performance improvement for even

up to 𝑃 = 4.
In the second study, we consider a finite-rate feedback ver-

sion of the infinite-precision schemes considered in Fig. 1(a).
For this, we utilize different quantization functions to quan-
tize the parameters necessary for channel reconstruction. For
a phase term 𝜃 with a dynamic range of [0, 2𝜋) (e.g., ∠ŝtr,𝑘,ℓ
and ∠𝛽𝑘,ℓ), we use a uniform quantizer of the form

𝒬𝐵(𝜃) =
2𝜋

2𝐵
⋅ round

(
2𝐵

2𝜋
⋅ 𝜃
)
, (27)

where round(⋅) stands for a function that rounds off the
underlying quantity to the nearest integer. For an amplitude
term 𝛼 with a dynamic range of [0, 1] (e.g., ∣𝛽𝑘,ℓ∣), we use
a non-uniform quantizer of the form

𝒬𝐵(𝛼) =
round

(
(2𝐵 − 1) ⋅ 𝛼)
2𝐵 − 1

. (28)

For a received SNR term 𝜚 (in dB) with a theoretically
unbounded range (e.g., 10 log10

(
SNR

(𝑘)
rx, ℓ

)
), we first cap 𝜚

to a maximum value of 𝜚max and quantize a spread of Δ (in
dB) with 2𝐵 quantization levels (denoted as 𝜚𝑖) as follows:

𝜚𝑖 = 𝜚max − Δ

2𝐵 − 1
⋅ 𝑖, 𝑖 = 0, ⋅ ⋅ ⋅ , 2𝐵 − 1. (29)

The quantization of 𝜚 is given as

𝒬𝐵(𝜚) = 𝜚𝑖★ where 𝑖★ = arg min
𝑖=0,⋅⋅⋅ ,2𝐵−1

∣𝜚− 𝜚𝑖∣. (30)

TABLE I

𝐵feedback FOR DIFFERENT CHOICES OF 𝑃 AND 𝑁

𝑁 = 8 𝑁 = 32
𝑃 = 2 21 25
𝑃 = 4 45 53

In our study, we assume the following: 𝐵SNR = 3 bits
with 𝜚max = 30 dB and Δ = 28 dB in (29). We also assume
that 𝐵phase = 𝐵corr, amp = 3 bits with an 𝑀 = 16 codebook
leading to the feedback overhead as in Table I. While this
overhead may appear onerous, similar feedback overheads are
currently considered viable in 3GPP 5G-NR design via Type-
II feedback. Fig. 1(b) illustrates the performance of finite-
rate feedback (relative to infinite-precision feedback) for the
𝑁 = 8 and 32 codebooks for initial beam alignment. From
this study, we observe that the proposed joint quantization
scheme performs comparable with a scheme that uses infinite
precision for all the parameters of interest.

In our third study, reported in Fig. 2, we compare the
performance of the proposed zeroforcing scheme with the
upper bound established in Theorem 1 using 𝑀 = 16 and
𝑁 = 8 or 32. This study shows that the gap to the upper
bound is small (up to 1 bps/Hz) as 𝑁 increases suggesting
the good performance of the proposed scheme. Nevertheless,
the performance gap suggests the possible utility of more
advanced feedback mechanisms, a topic for future research.

V. CONCLUSION

This paper motivates a hybrid precoding structure where
the analog part of the precoder is simultaneously controlled
by both phase shifters and gain control. With this background,
the focus of this work has been on the development of a
feedback mechanism to convey estimates of certain quantities
of interest from an initial beam alignment phase to enable
the base-station to construct an advanced RF precoding
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Fig. 2. CDF of sum rates of the multi-user schemes compared with the
upper bound of Theorem 1 using a 𝑀 = 16 codebook and 𝑁 = 8 or 32.

structure for multi-user transmissions. These quantities of
interest include the top-𝑃 (where 𝑃 ≥ 1) base-station side
beam indices, phases and amplitudes of the received signal
estimate, as well as the cross-correlation information of
the beams at the user end. This feedback is leveraged to
reconstruct/estimate a rank-𝑃 approximation of the channel
matrix of interest at the base-station end and generate a
zeroforcing structure for multi-user interference management.
Critical to the implementation of this zeroforcing structure
are amplitude and phase control. Numerical studies show that
the additional feedback overhead is marginal, but the relative
performance improvement over a simplistic beam steering
scheme is quite significant even with a very coarse initial
beam alignment codebook.
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