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Abstract—This paper studies the MIMO relay with non-
identical link coherence times, a condition that is denoted
coherence diversity. This can occur, e.g., when the nodes do not
all have the same mobility, or the scatterers around some nodes
have different mobility than others. Obviously this condition
occurs in practice therefore the model is well motivated, but
the performance of a relay under such conditions has not been
studied to date. This paper calculates achievable degrees of
freedom under this condition. Since different coherence times
have a prominent impact on channel training, channel state
is not made available to the decoder for free, and all channel
training resources are accounted for in the calculations. A
product superposition technique is employed at the source that
allows a more efficient usage of degrees of freedom when the
relay and the destination have different training requirements.
Following the analysis of a representative example, a general
analysis is provided and varying configurations of coherence
times are studied. Numerical results demonstrate the gains of
the proposed approach under coherence disparity.

1. INTRODUCTION

In wireless networks, mobility of nodes as well as scattering
environments often produce unequal link coherence times. In
the two-user broadcast channel with unequal coherence times,
[1], [2] demonstrated gains over TDMA transmission. This
result was extended to K users and staggered coherent time
blocks in [3], [4]. Inner and outer bounds for multiple access
channel with unequal coherence times was calculated in [3].

This paper studies the effect of unequal link coherence
times on the degrees of freedom (DoF) of the MIMO relay
channel. The closest results in the literature involve the block
fading relay channel under identical link coherence times,
among them: the diversity-multiplexing trade-off of 3-node
relay without direct link [5], outage performance of the two-
way relay channel [6], achievable rate of buffer-aided relay
without direct link [7] and with direct link [8], achievable
rate of buffer-aided diamond relay network with inter-relay
interference [9] and achievable rate region of bidirectional
buffer-aided relay [10].

For the MIMO relay with coherence diversity, we assume
there is no free channel state information (CSI) at the receivers,
since unequal coherence times impact channel training and
assuming free CSI will distort and obscure important features
of the problem. In addition, no channel state information is
assumed at transmitters. We propose a product superposition
transmission strategy at the source, which was first introduced
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in [1] for two-user broadcast channel. Product superposition is
a technique that allows efficient utilization of channel degrees
of freedom under coherence disparity, and we use it when the
links from the source to the relay and the destination have
unequal coherence times.

We begin by proving that under identical coherence times,
the relay cannot provide any DoF gains over the direct link
alone. This result is used as a reference. When coherence
times are unequal, we start with a representative example to
show that disparity in coherence time enables DoF gains over
conventional transmission. Then the result is extended to more
general coherence time configurations. Numerical examples
shed further light on the results.

II. SYSTEM MODEL

Consider a MIMO Gaussian relay in full-duplex mode.
The source and destination are equipped with Ng and Np
antennas, respectively. The relay has N antennas and uses
n, < Ng antennas for transmitting. The received signal at the
relay and destination are:

Yr = Hsgxs + Wg (D
yp = Hspxs + Hrpxgr + wp, ()

where xg and xp are signals transmitted from the source and
relay. wgr and wp are i.i.d. white Gaussian noise and Hgg,
Hrp and Hgp are channel gain matrices whose entries are
ii.d. Gaussian. Channel gain entries and noise components
are zero-mean and have unit variance. Channel gains experi-
ence block fading, remaining constant during the coherence
intervals which are, respectively, of Tsr,Trp and Tsp, sat-
ISflelg TSR > Qmax(NS, NR), TRD > 2 max(NR, ND) and
Tsp > 2max(Ng, Np), but changing independently across
blocks [11]. The source and relay obey power constraints
Eltr(xgxs)] < p and Eftr(xpxy)] < p. We assume there
is no free channel state information at the destination and no
CSIT at the source or relay.

The source sends messages to the destination with rate
R(p) at p signal-to-noise ratio. The degrees of freedom at
the destination achieving rate R(p) is defined as

d= lim )
3% Tog(p)

3)
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ITI. RELAY CHANNEL WITH COHERENCE DIVERSITY

We first show when the coherence times of all links are
identical, the relay cannot provide any DoF gains. Then we
analyze the scenarios where the coherence times are unequal.

A. Relay with Identical Coherence Times

Theorem 1. In a relay described in section (1), if Tsp =
Tsr = Trp =T, the relay does not provide DoF gains over
direct link, which achieves the following DoF':
min(NS, ND)

T
Proof. From the cut-set bound, we know

d:min(Ns,ND)(lf ) (4)

R < min {I(xs;¥r,ys|xr). l(xs,Xr;¥D)} S)

If Ns < Np, consider the inequality in the cut-set bound,
R <1(xs;¥r,ys|xr). Because Tsp = Tsr = T and there is
no CSIT, the right hand side in the inequality is upper bounded
by the capacity of a point-to-point channel having Ng transmit
antennas and (Np+ Ng) receive antennas with coherence time
T, which is Ng(1 — Z2)log p + o(log p). Then we have

dSNs(lfﬁ)y (6)
T
which can be achieved by the direct link.

If Ng > Np, consider the inequality, R < I(xs,Xg;¥D)
Since Tsp = Tsr = T, the right hand side in the inequality
is upper bounded by the capacity of a point-to-point channel
with (Np + Ng) transmit antennas and Np receive antennas
with coherence time 7', whose capacity is Np(1— %) log p+
o(log p). Then we have

N
d < Np(l— =), 7

and this DoF can be achieved by the direct link. This completes
the proof. O

B. Example for Unequal Coherence Times

When links have unequal coherence times, Theorem 1
shows if we design the signal as if they had the same coherence
time(the shortest), the relay cannot provide DoF gains. In this
section, we first consider an example. The source and relay
are equipped with 2 antennas and the destination is equipped
with 3 antennas. The coherence times of the three links are
as follows: T'sg = 00, i.e., the source-relay channel is static,
therefore the cost of training over this link is amortized over a
large number of samples and we can assume the relay knows
Hgg. Furthermore we asssume T'sp = Trp = 8.

The source uses product superposition, sending

Xs = Xy[I2 0251 X, ®)

where X,, € C2*2 and X, € C2*5.
At the relay, the received signal is
Yr =HgprXs+ Wg )
= HsrXy[Iz 0251 Xg] + Wg. (10

The received signal at the first two time slots is

Y, = HspX, + W/. (11)

The relay knows Hgr and decodes X,. Assume the signal
decoded by the relay in the previous block is X/, and the two
rows of X/ are x},x, € C**2,

The relay uses one antenna for transmission and sends

Xp =[01x2 1 x} x5 0] € C'*8, (12)
Now the received signal at the destination is
Yp =HspXs+HrpXr+ Wp (13)
X
= [Hsp Hrp] [XS} +Wp (14)
R
Xu[I2 021 X4
=[Hsp H +W 15
Hsp Hgp] [01X2 1%, x, 0 D (15)
= [HspX. Hrp][I3 Xp] + Wp, (16)
where
_| Xa
Xp = L{,l X, 0} . (17)

The destination estimates the equivalent channel Hp =
[HspX,, Hrp] in the first three time slots and decodes X4, X
and x5. In this proposed scheme, the destination can achieve
the DoF d = (2 x 5+ 2 x 1 x 2)/8 = 1.75. If we assume all
links have coherence time 1" = 8, the DoF we can achieve is
d=2x(8-2)/8=15.

This representative example shows when the three links
have non-identical coherence times, DoF gains can be achieved
via the proposed scheme.

C. Tsp =00, Tsp =Trp
In this section, the result above is extended to a more general

scenario.

Theorem 2. In a relay described in section (1), if Tsr = oo,
Tsp =Tsr =T and Ng = N < Np, the following degree
of freedom is achievable:

1
d= fmaxmin{lerdg,lerdg}, (18)
where
dlst(T—’rLr—Ns), (19)
dg :77/7,(71*77,7,*]\75)7 (20)
ds = N2, 21

which is greater than the direct link can achieve.
Proof. The source sends the product superposition signal:
Xs = XulIns Ongxen, Xal, (22)

where n,, < min {Ng, Np — Ns},X, € CVs*Ns and X, €
(CNsX(Tfn,-st).

At the relay, the received signal is

Yir =HspXs+ Wpg (23)
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= HsrXu[Ing ONgsxn, Xa] + Wh. (24)
The received signal at the first Ng time slots is
Y% = HgpX, + Wi. (25)

The relay knows Hgr and decodes X,,. Assume the message
decoded by the relay in the previous block is X! . The relay
uses n, antennas for transmission, sending

Xp = [0n,xns In, Xpa] € CnTXTa (26)
where X, 4 € Crrx(T—nr=Ns),
The received signal at the destination is
Yp =HspXs +HrpXg +Wp 27
X
= [Hsp Hrp] [XS} +Wp (28)
R
_ Xu[INs Ongxn, Xd]
= [Hsp Hgp] [ L +Wp (29
= [HspXy Hrp][I(ng+n,) Xp]+Wp, (30)
where
_ | Xa
Xp = |:Xr,d:| . 3D

The destination estimates the equivalent channel Hp =
[HspX, Hpp| during the first (Ng + n,.) time slots and
then decodes X p. At the destination, the messages decoded
have two parts: X4 from the source and X,  from the
relay, which provide DoF d; = Ng(T — n, — Ng) and
d2 = n.(T — n, — Ng). The message in X, 4 is from X/,
The DoF of X/, is d3 = NZ. The message sent by the relay is
less than it decodes. Thus the DoF the destination can achieve
is 4 min {dy + da,dy + d3} in (18).

The direct link can achieve the following DoF: d’' = % X
(T — Ng). Now we prove d is always greater than d’. Set
n, = 1. If d3 < ds, the DoF achieved by the proposed scheme
is

Ns

A1) = H(Ns(T — 1~ Ng) + N3) = 257~ 1),

T (32)

Obviously, d > d(1) > d’; if da < d3, the DoF achieved is

d(1) = (Ns(T — 1= Ns) + (T~ 1~ Ng))

_N5+1
T

(33)
(T —1— Ng). (34)

Because 7' > 2Np > 2Ng + 2,

Ng+1 N,
d>d(1) = %(T—I—Ns) > ?S(T—NS) =d.
(35)
This completes the proof. O

D. TSR = KTSD = KTRD
In this section, we assume the relay does not know Hgg.

Theorem 3. In a relay described in section (1), if Tsr =
KTSD = KTRD = KT,K € Z. and NS = NR < ND, the
following degree of freedom is achievable:

1
d= 7= (Ns(T — Ns)

+ (K — 1) max min {dl =+ dg, dl =+ dg}) (36)
where
dlst(T—’nr—Ns), (37)
dy = n,.(T — n, — Ng), (38)
ds = N2, (39)

which is greater than the direct link can achieve.

Proof. We set the length of the transmit block to KT and
divide the transmit block into K sub-blocks with length 7'
During the first sub-block, the source sends the signal

X = [Ins Xgl. (40)

where X} € CVs*(T=Ns) The relay estimates Hgr during
the first Ng time slots and sends nothing. The destination can
decode X without the interference form the relay.

In the next (K — 1) sub-blocks, the source sends

XE =X"Ing Onoxn, XA k=2,...,K, (41)

where n, < min {Ng, Np — Ng}, Xk € CNs*Ns and Xk €
CNSX(T—TLT—NS).
The received signal at the relay is
Y5 = HspX [Ing Ongxn, XE. 42)

The relay knows Hggr and decodes XZ and uses n,. transmit

antennas, sending
X5 =[0n, xns I, XJ ] €CmxT, (43)

where X¥ , € Cnrx(T—n-=Ns)_ The received signal at the
destination is:

Y} = HEpXE + Hyp X, + Wh (44)
= [HEpXE Hypl I,y XBI+ W, (45)
where
Xk:
Xk = { d} . (46)
b XE,

The destination estimates the equivalent channel HY =
[HE,X* HY% ;)] during the first (Ng + n,.) time slots , and
decodes XX . Messages decoded at the destination have two
parts: X’j and X’ﬁ’d, which provides DoF d; = Ng(T —
ny — Ng) and dy = n,.(T — n, — Ng). The DoF of Xk~
is d3 = Né. Thus the DoF the destination can achieve is (36).
Consider the direct link from the source to the destination,
the DoF it can achieve is d' = % x (T — Ng). From the
same analysis in the proof for Theorem 2, we can prove that
maxy,, min{d; + da,dy +ds}) > Ng(T—Ng), then we have
d > d'. This completes the proof. O
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E. Tsr =00,Tsp # Trp

Next we consider the case where the relay knows Hgg
and the coherence times of the source-destination link and
the relay-destination link are unequal. Assume the source and
the relay are equipped with Ng = Npg antennas and the
destination is equipped with Np > Ng antennas.

1) Trp = KTsp: In this section we assume Tgrp =
KTsp. The length of the transmit block is KT, divided into
K sub-blocks with length 7.

During the first sub-block, the source sends the signal

Xé‘ = XMINS O xn, lei]’ (47)

where n, < min{Ng, Np — Ng}, X! € CVs*Ns and X} €
(CNsX(Tfnr,-st)'

The relay decodes X! and uses n, transmit antennas and
sends

X}% = [Onrst L, X}«,d] € CMXT, (48)

where X!, € Cn-*(T=n-=Ns) The received signal at the
destination is

Yp =HspXs +HrpXp + Wh (49)
= [Hgp X}, Hepl[I(Ngin,) Xpl+WhH,  (50)
where
Xl
XL = { d } i (51)
b= X,

In the first sub-block, X}, X! and Xi} o4 provide dy = Ng(T—
ny — Ng), d2 = n,.(T —n, — Ng) and d3 = N2 DoF.
During the next (K — 1) sub-blocks, the source sends the

signal

X5 = X [Iys X, (52)
where Xk € CNsx(T—nr—Ns),
The relay uses n, transmit antennas and sends:
Xk — [0, % s Xﬁ,d} e cnrxT, (53)

where XF, € C*(T=Ns) The received signal at the
destination is

Y4 = HEpXE + Hpp X5, + Wh) (54)
= [HgpXE Hppl[Ing Xp]+ Wh, (55)
where
Xk
k d
Xt = |:X5~,d:| . (56)

During the sub-block !f, the destination can decode X’fj. X’Cj,
xk and X’ﬁ,d provide d; = Ng(T — Ng),d2 = n.(T — Ng)
and d3 = NZ DoF.

Thus the DoF the destination can achieve is

1
d=—
KT

di +ds + (K —1)(dy + d3)).

Using reasoning similar to the proof of Theorem 2, it follows
that this DoF is greater than what the direct link can achieve.

lax min(d; + do + (K — 1)(dy + do),
(57)

2) Tsp = KTgrp: In this section we assume Tsp =
KTrp = KT. The length of the transmit block is KT,
divided into K sub-blocks with length T'.

The source uses product superposition, sending:

Xg =X, [X! X2 ... XK, (58)

where n, < min {Ng, Np — Ng},X,, € CNs*¥Ns and
X} = [Ing Ongun, X} € CNXT, (59)
Xy = [Ongxn, X € CNsxT, (60)

where X} € CT=7=Ne and Xk e CT=", k=2,3,..., K.
At the relay, the received signal is

Yr =HsrX,[X! X2 ... XK+ Wp. (61)
The received signal at the first Ng time slots is
Y% = HgpX, + Wh. (62)

The relay knows Hgg and decodes X,,. Assume the message
decoded by the relay in the previous block is X/,.
The relay uses n, transmit antennas and sends

Xp = [XL X%, ..., XE] e cnox KT, (63)
where
Xg =[0n, xns In, X ] €C 5T, (64)
and
X5 =[I,, Xk, JecC>T, (65)

where X! , € Crrx(T=nr=Ns) and XF € Crrx(T=nr),
In the first sub-block, the received signal at the destination
is

Y = HspXg + HppXp + Wh (66)
Xl
= [Hsp H}%D] {X}j + W}:) (67)
XulINg Ongxn, X1
= [HSD H}gD] |: OLTXSNS IZ;< X7l,7dd] +Wb (68)
= HspXy Hipl[I(nstn,) Xp]+ Wh, (69)
where
Xl
XL = { d} ) (70)
DX

The destination estimates the equivalent channel H}, =
[HspX., HEp] during the first (Ng + n,) time slots and
decodes X1, during the remaining ones.

During the sub-block k, the received signal at the destination
is

Y% = Hgp X% + HY , XE + W (71)
X, 0N xm. XE
= [Hsp Hjp] { [1 oSk d]] +WhH (1)
nr T,d
= [Hyp [HspX, HpplXp] + Wh, (73)

1180



Proposed scheme
- — - Conventional

w

Degreeof Freedom

Fig. 1. Degrees of freedom for Tsp = 00, Trp =Tsp =T

where

ch

The destination estimates HY, , during the first n,. time slots.
Because the destination already estimated HgpX,,, it knows
the equivalent channel Hy, = [HspX, HYp]. During the
remaining time slots, the destination decodes X’B. X}i provides
dy = Ng(T' —n, — Ns) DoF, and X’j provides d; = Ng(T —
n,.) DoF. X;d provides dy = n,(T — n, — N,) DoF and
X,’i 4 provides dy = n,(T — n,) DoF. Thus the destination
can achieve the following DoF:

1 . .
d= X7 Hﬁxmln(dl + (K —1)d; + ds,

di + (K —1)dy +do + (K — 1)ds). (75)
However, in this case, there is no guarantee that the proposed
scheme can obtain DoF gains over the direct link. Whether the
DoF gain exists depends on the coherence time configurations.
One example is when Ng = Np =3, Np =5,T =6, K =2,
d = %,d’ = %, the proposed scheme has DoF gains; when
Ns =N =3,Np =5T=4,K =3,d=2,d = {, the
proposed scheme provides no DoF gains.

IV. NUMERICAL RESULTS

In this section, we compare the performance of the pro-
posed scheme with conventional transmission demonstrating
the gains in degrees of freedom. We set the number of antennas
Ng = Np = 3 and Np = 5. In Fig 1, we consider the
case where Tsg = 00, Trp = Tsp = T. We can see
the proposed scheme has a significant DoF gain over the
conventional transmission. In Fig 2, we consider the case
where Tsp = KTrp = KTsp = KT,T = 10 for different
K. When K =1, i.e., all links have identical coherence time,
there is no DoF gain by the proposed scheme; when K grows,
the gain achieved by the proposed scheme increases.

2.9

Proposed scheme
- — —Conventional

2.85¢

2.8} 1

2751

2.7t

2,651

Degreeof Freedom

261

2.55

25

Fig. 2. Degrees of freedom for Tsp = KTrp = KTsp = KT, T =10

V. CONCLUSION

This paper studies the MIMO relay with coherence diversity.
The main contribution of this paper to demonstrate new gains
in the relay channel under this scenario, and propose and
analyze a transmission scheme achieving these gains.
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