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Abstract

Reverselogisticshasbeengainingrecognitioninpractice(andtheory)forhelpingcompaniesbetter

matchsupplywithdemand,andthusreducecostsintheirsupplychains.Inthispaper,westudy

reverselogisticsfromtheperspectiveofasupplychaininwhicheachlocationcaninitiatemultiple

flowsofproduct. Ourfirstobjectiveistojointlyoptimizeorderingdecisionspertainingtoregular,

reverseandexpeditedflowsofproductinastochastic,multi-stageinventorymodelofalogisticssupply

chain,inwhichthephysicaltransformationoftheproductiscompletedatthemostupstreamlocation

inthesystem. Duetothosemultipleflowsofproduct,thefeasibleregionfortheproblemacquires

multi-dimensionalboundariesthatleadtothecurseofdimensionality. Toaddressthischallenge,we

developadifferentsolutionmethodthatallowsustoreducethedimensionalityofthefeasibleregion

and,subsequently,identifythestructureoftheoptimalpolicy. Werefertothispolicyasanestedechelon

basestockpolicy,asdecisionsfordifferentproductflowsaresequentiallynestedwithineachother. We

showthatthispolicyrendersthemodelanalyticallyandnumericallytractable. Ourresultsprovide

actionablepoliciesforfirmstojointlymanagethreedifferentproductflowsintheirsupplychains,and

allowusarriveatinsightsregardingthemaindriversofthevalueofreverselogistics. Oneofourkey

findingsisthat,whenitcomestothevaluegeneratedbyreverselogistics,demandvariability(i.e.,

demanduncertaintyacrossperiods) matters morethandemandvolatility(i.e.,demanduncertainty

withineachperiod).Thisisbecause,intheabsenceofdemandvariability,itiseffectivelyneveroptimal

toreturnproductupstream,regardlessofthelevelofinherentdemandvolatility.Oursecondobjectiveis

toextendouranalysistoproducttransforming-supplychains,inwhichproducttransformationisallowed

tooccurateachlocation.Insuchasystem,itbecomesnecessarytokeeptrackofboththelocation

andstageofcompletionofeachunitofinventory,sothatthenumberofstateanddecisionsvariables

increaseswiththesquareofthenumberoflocationsinthesystem. Toanalyzesuchasupplychain,

wefirstidentifyapolicythatprovidesalowerboundonthetotalcost. Then,weestablishaspecial

decompositionoftheobjectivecostfunctionthatallowsustoproposeanovelheuristicpolicy. Wefind

thattheperformancegapofourheuristicpolicyrelativetothelower-boundingpolicyaverageslessthan

5%acrossarangeofparametersandsupplychainlengths.

Keywords:ReverseLogistics,MultiechelonInventory,OptimalPolicy,DemandVariability.
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1. Introduction

Incontrasttoforwardlogisticsthatdealswiththeflowofgoodsandservicesfromthepointoforigintothe

pointofconsumption,reverselogisticsreferstoprinciplesandpracticesformanagingtheflowofsurplus

inventoryintheformofmaterial,goods,orequipmentbackthroughthesupplychain(forreuse,resale,

recycling,ordisposal).In2002,thevalueofreverselogisticswasestimatedat$100billion(Stocketal.,

2002),whilethatestimate,asprovidedbytheReverseLogisticsAssociation,grewtobetween$150billion

and$200billionby2013(Rogersetal.,2013).Asaresult,companieshavebecomemorecognizantofthe

benefitsofreverselogistics,andmanyspecializedfirms,suchasLiquidityServiceswiththecurrentmarket

capitalizationof$200million,havebeenestablishedtoprovidethird-partyreverselogisticsservicesto

supplychains.InanAberdeenGroupsurveyin2010,87%ofrespondentssaidthateffectivemanagement

ofthereversesupplychainwaseither“extremely”or“veryimportant”totheirorganization’soperational

andfinancialperformance,upfrom74%in2008and61%in2007(Ball2010).

Thegrowingrecognitionoftheimportanceofreverselogisticsformanagingthemismatchbetween

supplyanddemandisalsoevidencedbyalargenumberoftrade-presspublicationsandarticlesinprac-

titionerjournals(e.g.,CarterandEllram1998;Jedd1999;RogersandTiben-Lembke2001;Rogersetal.

2013).Inspiteofthose,thereremainsalackofclarityinbothpracticeandtheresearchliteratureregarding

preciselywhatinreverselogisticsissoimportant,exactlyhowreverselogisticscreatesvalueforcompa-

nies,andwhatthedriversofthatvalueare. Withoutthatclarity,attemptstoimprovereverselogistics

performanceormaximizeitsvaluehaveprovendifficult.Further,ifsupplychainscangeneratesignificant

valuefromreverselogisticswithoutmanagersunderstandingitstruedrivers,thenitseemsworthwhileto

identifythosedriversandoptimizetheireffectonthebottomline.Thisstateofaffairsandtheresulting

potentialforcompaniestounlockadditionalprofitshavemotivatedustoexploreoneessentialaspectof

thereverselogisticscapabilityhavingtodowithjointlymanagingmultipleflowsofproductinthesupply

chain,asreverselogisticsnecessarilyinvolvesmorethanjusttheregularflowoforders.

Forthatpurpose,webuildamodelofamulti-stagesupplychainwithstochasticdemandandthefol-

lowingthree,commonly-encountered,productflowsateachstage:regularandexpeditedflowdownstream,

andthereverseflowofproductupstream.Theregularflowofproductinourmodelrepresentsstandard,

regularlyscheduledordersbywhicheachstageinasupplychainreplenishesitsinventory,periodbype-

riod,fromthestockavailableatthestageimmediatelyupstream.Theexpeditedflowallowstheproduct

tomovedownstreamthroughtheentiresupplychain(oranyportionthereof)faster,possiblywithinthe

sameperiod.Expeditingofinventoryisacommonpracticeinindustry.Dell,forexample,isexplicitinits

annual10-K,that“...ourbusinessmodelgenerallygivesusflexibilitytomanagebacklogatanypointin

timebyexpediting...customerorders”(Dell,2013,page11).Inarecentsurvey,amajorityofmanagers
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fromEuropeandivisionsofmedium-tolarge-sizedmanufacturingcompaniesrespondedthattheyresort

toexpeditingtoavoidbackorders(̈OzsenandThonemann2014).Incontrasttoregularandexpedited

ordersthatflowdownstream,thereverseflowofproducttakesplacethroughreturning(excess)inventory

upstreamateachstage.Inventoryreturnswereoriginallyusedinthedistributionofbooks,magazines,

andnewspapers. Morerecently,reverselogisticsintheformofupstreamflowof(returned)products

hasbecomeawidelyusedsupply-chaincapabilityacrossarangeofotherindustriessuchasapparel,the

hightech,andautomobilemanufacturing(Ball2010).Inpractice,thisreverseflowoforderstendstobe

managedindependentlyofotherproductflowsinthesystem,leadingtosuboptimaloutcomes.

Eventhougheachoftheproductflowsconsideredinthispaperhasbeenfoundtocreatesignificant

savingsonitsown,wearenotawareofanyresearchregardingsavingsthatcanbegeneratedbysimulta-

neouslymanagingallthreeproductflowsinthesystem.Asaresult,thetruevalueofreverselogisticshas

remainedunclear.Thepresentpapertakesastepinthedirectionofprovidingthemeanstojointlyand

optimallymanagedifferentproductflowsinthesupplychainandquantifytheresultingvalueofthereverse

logisticscapability.Further,theinsightsobtainedfromouranalysisregardingwhatimpactsthevalueof

reverselogistics(andwhatdoesnot)are,tothebestofourknowledge,newtotheresearchliterature.

Thebasicsettingofourpaperisasupplychaininwhichthephysicaltransformationoftheproductis

completedatthemostupstreamlocationinthesystem.Thefinishedproductisthenmoveddownstream,

fromonelocationtoanothertobringitclosertothecustomer,withoutphysicallytransformingtheproduct

anyfurtherintheprocess. Hence,inthefirstpartofourpaper,weareessentiallystudyinglogistics

supplychainsthatabound,forinstance,intheapparelindustryorthepharmaceuticalindustry,inwhich

theproductisoftenfullymanufacturedattheuppermostlocation,anddownstreamlocationsrepresent

pointswhereinventoryisheldandshipmentsarecoordinated.Insuchasupplychain,itemsthatarrive

byupstream,reverse-orderflowintoanylocationarephysicallyindistinguishablefromitemsthatarrive

intothatlocationbydownstreamflowofregularandexpeditedorders. Onesupplychainthatpartially

motivatedourstudyisthatofInternationalBearings,aSingapore-basedfirm,foundedin1971,whichis

inthebusinessofprovidingautomotiveandotherbearingstoindustrialcustomersintheSoutheastAsia.

ThesupplychainforInternationalBearings(IB)startsoutwiththemanufacturer,basedinChina,

whoproducesbearingsdesignedbyIB. ManufacturedbearingsareshippedbyboattoIB’swarehouse

inSingapore,wheretheyarerepackagedandthenshippedagaintothecompany’sdistributioncenters

throughoutSoutheastAsia.Thosedistributioncentersservethedemandfromlocalindustrialcustomers.

Inadditiontothisregularflowofproduct,thecompanyalsousesairfreighttoexpediteorderswhen

demandatoneofitsdistributionincreasesunexpectedly.Atthesametime,excessinventoryofproductsat

distributorsthatisnotbeingturnedoverisshippedbacktoSingapore,whereitisconsolidated,repackaged
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andthenshippedbacktothe manufacturerinChina. The manufacturercanthenholdthereturned

inventoryinexpectationofpotentialordersinthefuture,orresellittoalocaldistributor. Giventhose

differentproductflows,someofthemostimportantdecisionsmadeeachweekbyInternationalBearingsin

coordinatingitssupplychaininvolveplacingordersfordifferentproductsflowsupanddownthesystem.

ToaddresstheproblemfacedbyIBandothercompanieswithmultipleproductflowsintheirsys-

tems,inthispaper,weformulateandsolveamultiecheloninventorymodelwithmultipleproductflows

includingthereverseflowofitems.Inordertoisolatethebenefitofjointlymanagingallproductflowsin

thesystemfromothersourcesofvalueinthesupplychain,wefocuson:(1)reverseordersthatoriginate

withinthesupplychainitselfandrepresentastrategyformanagingexcessinventory(referredtoas“over-

stockinventory”inindustry),ratherthanonthosenecessitatedbycustomers’returnsofproductintothe

supplychain;and(2)essentialcharacteristicsanddynamicsofthoseproductflows,withoutunnecessarily

complicatingthemodelwithallotherfeaturesthatmightbepresentinareverse-logisticssupplychain.

Multiechelonmodelsaregenerallydifficulttoanalyzeduetothecurseofdimensionalityinherentinthe

multi-dimensionalnatureoftheirobjectivecostfunctions.Onlyasmallnumberofmultiechelonproblems

hasbeensolved,usuallybythestandardmethodofchangeofvariablesfrominstallationquantitiesto

echelonquantities,firstappliedinClarkandScarf(1960). Themodelconsideredinourpaperhasan

importantdimensionofcomplexitynotencounteredinothermultiechelonsystemsstudiedintheliterature

–namely,thejointmanagementofthreedifferentproductflows,eachwithitsowncorrespondingdecision

ateachlocationinthesupplychain. Thecombinationofthreeproductflowsinour modelleadsto

theformationofmulti-dimensionalboundariesofthefeasibleregionevenundertheClark-Scarfechelon

reformulationoftheproblem.Consequently,optimaldecisionsremaindependentontheentiresetofstate

spacedimensions,andtheresultingcurseofdimensionalitydefiesconventionalapproaches.

Todealwiththischallenge,wedevelopanovelsolutionapproach,inwhichwealloworderstogolong;

thatis,weallowregularorderstobeplacedforinventorythatisnotnecessarilyavailable.Inthatmanner,

weobtainarelaxedversionoftheproblemwithreduceddimensionalityofthefeasibleregion. Ourfirst

contributionistoshowthattheoptimalpolicyforthisrelaxedversionoftheproblemisidenticaltothe

optimalpolicyfortheoriginalreverse-logisticsmodel.Thesecondcontributionofourpaperistoderive

thestructureofthatoptimalpolicyandshowthatitachievesthedecompositionofthemultidimensional

objectivecostfunctionfortheproblemintoanestedsequenceofsingle-dimensionalsubproblems.

Ourthirdcontributionistoestablishadditionalcharacteristicsoftheoptimalpolicywithimplications

fortheoryandpracticeofreverselogistics.Forthatpurpose,itturnsouttobeusefultodistinguishbetween

demandvolatilitythatrepresentsuncertaintyarisingfromtherandomnatureofdemandineachperiod,

anddemandvariabilitythatrepresentstheuncertaintyarisingfromthechangingnatureofdemandacross
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periods.Akeyinsightweestablishanalyticallyisthat,undertheoptimalpolicy,reverselogisticsgenerate

savingsinasupplychainonlyinthepresenceofdemandvariability;initsabsence,reverselogisticshasno

practicalimpactonthesystem,regardlessofthelevelofinherentdemandvolatility. Wealsodevelopan

efficientalgorithmtocomputeoptimalpoliciesandquantifythevalueofreverselogisticsunderavariety

ofsupplychainstructures.Thus,wefind,forexample,that,whilereverselogisticsonitsownresultsinan

averageof3.74%costsavingsforthethree-locationsupplychainexploredinournumericalstudies,itcan

generateclosetoanadditional3%whenintegratedwithproductexpediting,duetothecomplementarity

effectfromhavingbothofthosecapabilitiesinthesystem.Further,havingallthreeproductflowsinthe

systemisfoundtogenerateanaverageof16.2%incostsavingsacrossallmodelparametersandsupply

chainlengthsexploredinournumericalstudies,withthemaximumof26.4%.

Ourfourthcontributionistoprovideananalysisofproduct-transformingsupplychainsinwhichaunit

ofproductisallowedtobephysicallytransformedateachlocation,asitmovesdownstreaminthesystem.

Insuchsupplychains,anitemthathasreachedacertainlocationwillgenerallyhavedifferentphysical

characteristics(andbemorevaluable)thananitemthathasnotyetreachedthatlocation.Asaresult,ina

product-transformingsupplychainwithreverselogistics,itbecomesnecessarytokeeptrack,ineachperiod,

ofboththelocationandstageofcompletionofeachunitofinventory.Thisisbecausesomeoftheitemsat

aparticularlocationmighthavearrivedtherebythereverseflowfromdownstreamlocations,inwhichcase

theircompletionwillbefurtheralongrelativetothoseitemsthathavearrivedtherebyregularorexpedited

ordersflowingdownstream.Hence,thenumberofstateanddecisionsvariablesinaproduct-transforming

supplychainincreaseswiththesquareofthenumberoflocationsinthesystem. Further,incontrast

tologisticssupplysystems,inaproduct-transformingsupplychain,thereexistmultiplereplenishment

opportunitiesateachlocation,forbothregularandreverseorders,eachwithitsowndistinctunitcost

andimpactontheinventorystate.Tothebestofourknowledge,asupplychainofsuchcomplexityhas

notbeenconsideredintheliteraturebefore,despiteitscommonoccurrenceinpractice.Toanalyzesuch

asystem,wemakeuseofourresultsforthelogisticssupplychain(i.e.,thesupplychaininwhichthe

physicaltransformationoftheproductiscompletedatthemostupstreamlocation)toobtainapolicythat

providesalowboundonthetotalcost.Then,weestablishaspecialdecompositionoftheobjectivecost

functionthatallowsustoproposeanovelheuristicpolicy.Theperformancegapofourheuristicpolicy,

relativetoourlow-boundingpolicy,averageslessthan5%acrossarangeofmodelparameters.

LiteratureReview

TheoriginsofthemultiecheloninventorytheoryareintheclassicpaperbyClarkandScarf(1960)who

showhowtoreformulateamultistageinventorymodelintermsofechelonvariablestoallowadditive

decompositionofamulti-dimensionalobjectivecostfunction,andthusensuretractability.Federgruenand
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Zipkin(1984)extendthoseresultstotheinfinitehorizoncase.DongandLee(2003)provetheoptimalpolicy

ofClarkandScarfalsoholdsundertime-correlateddemandprocesses.SongandZipkin(2013)generalize

ClarkandScarfresultstosettingsinwhichinventorycanbeheldatanypointalongacontinuum,notjust

atdiscretestages.GohandPorteus(2016)establishthestructureoftheoptimalpolicyforamultiechelon

modelwithtake-or-paycontracts.Tongetal.(2018)considerpaymenttiminginmultiechelonsystems.

Somepapersinthe multiechelonliteratureaddressproblemsinreverselogistics. DeCroixetal.

(2005)introducetheideaofnegativedemand,representingcustomerreturns,andestablishtheoptimality

ofechelonbasestockpolicies.DeCroixandZipkin(2005)introducecustomerreturnstoassemblysystems,

anddescribeanitem-recoverypatternandrestrictionsontheinventorypolicyunderwhichanequivalent

seriessystemisshowntoexist.Bothofthosepapersconsiderlogisticssupplychainswherereturnsoriginate

withthecustomers,andrepresentarandomvariablewhoserealizationisobservedeachperiod.Ourmodel

canbeextendedtoaccommodatecustomerreturnsintheformofnegativedemand;inthatcase,allof

ourresultsconcerningthestructureoftheoptimalpolicyandtheresultingdecompositionoftheobjective

costfunctioncontinuetohold.However,ourfocusinthispaperisonreverseordersthatoriginatewithin

thesupplychainitselfandrepresentdecisionvariablesbymeansofwhicheachstagemanagesitsexcess

inventory,ratherthanrandomvariableswhoserealizationssignifycustomersreturnsintothesupplychain.

OfparticularinteresttoourworkareFukuda(1961)andLawsonandPorteus(2000).Fukuda(1961)

extendsthemultiechelonmodelofClarkandScarf(1960)toallowreturnsofstockupstreamateachstage.

Heassumesstationarycostparametersandcustomerdemands,andestablishestheformoftheoptimal

policyandtheClark-Scarfdecompositionfortheproblem. Whileinrecentyearstherehaveappeared

manypapersthatdealwiththereverseflowofproductinmulti-stagesupplychains,tothebestofour

knowledge,Fukuda(1961)istheonlypapertoidentifythestructureoftheoptimalpolicyforasucha

systemunderdemanduncertainty.Otherpapersthatconsiderthereverseflowofitemsinthesystemare

eitherdeterministicinnature(e.g.,Cruz-RiveraandErtel2009,Salemaetal.2010),usedecisiontree

analysis(e.g.,Cardosaetal.,2013)orheuristicapproaches(e.g., Minetal.2006,LeeandDong,2008)

tonumericallysolvetheresultingmodels.Inourpaper,weextendFukuda(1961)toallowforexpediting

ofinventory. Wealsoprovethatitisnottheuncertaintyofdemandineachperiodthatdrivesupstream

productreturnsbutratherthevariabilityofdemandacrossperiods.Oneimplicationofourresultsisthat,

althoughFukuda(1961)allowsforupstreamreturnsofstock,duetothestationarysettingofhismodel

(i.e.,lackofdemandvariability),thosereturnsdonotactuallyoccurinhismodelundertheoptimalpolicy.

LawsonandPorteus(2000)extendtheClarkandScarf(1960)modeltoincludeinventoryexpediting.

Theyprovetheoptimalityofatop-downechelonbasestockpolicyandestablishtheClark-Scarfdecom-

positionoftheobjectivecostfunction.IncontrasttoLawsonandPorteus(2000),ourbasicmodelof
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thelogisticssupplychainincludesnotonlyexpeditedordersflowingdownstreambutalsoreverseorders

flowingupstreaminthesystem. Havingthereverseflowofproductinthemodelfundamentallyalters

thedifficultyoftheproblemduetotheresultingmulti-dimensionalboundaryofthefeasibleregion. As

aresult,themethodprevalentinthemultiechelonliterature,basedontheresultofKarush(1959),does

notsufficeinourmodeltoarriveatthestructureoftheoptimalpolicy. Further,LawsonandPorteus

(2000)allowonlydemandvolatilityinthesystemanddonotexploretheimpactofdemandvariability

onthestructureoftheoptimalpolicy.Finally,weapplyourresultstotheanalysisofreverselogisticsin

product-transformingsupplychains,whicharenotconsideredinLawsonandPorteus(2000).

Moregenerally,ourpaperextendstheexistingmultiechelonliteraturealongthreemaindimensions

ofsignificance.First,weaddressthreedifferentproductflowsinthesystem,incontrasttootherpapers

thatallowonlyoneortwoofthoseflows.Second,weprovideananalysisofreverselogisticsinproduct-

transformingsupplychains,inwhichthenumberofstateanddecisionsvariablesgrowswiththesquareof

thenumberoflocations.Thisisincontrastothermultiecheloninventoryproblemsstudiedintheliterature

inwhichthatnumbergrowslinearlywiththenumberoflocationsinthesystem. Havingthreedifferent

productflowsnecessitatestheresolutionofmulti-dimensionalboundariesofthefeasibleregionthatpersist

evenundertheechelonformulation,whiletheanalysisofproduct-transformingsupplychainsrequiresthe

developmentofaheuristicpolicycapableofselectingsuccessivereplenishmentopportunitiesamongalarge

numberofavailableonesateachlocation.Finally,ourpaperisthefirstonetodelineatetheimpactof

demandvariabilityversusdemandvolatilityontheoptimalreverselogisticsinventorypolicy.

Thereareaspectsofreverselogisticsnotaddressedinourwork,suchasthepracticeofremanufacturing.

Noteworthypapersonmulti-periodremanufacturingmodelsincludeZhouetal.,(2011),whoconsider

multipletypesofproductreturnsdifferentiatedbyremanufacturingandstoragecosts,andDeCroix(2006)

whoallowsforarecoveryfacilitythatreceivesastochasticamountofusedproducts,wheretheycanbe

stored,disposed,orremanufactured. Whilethosepapersmakeimportantcontributionstothetheoryof

remanufacturing,theyallowonlyforregularproductordersanddonotconsiderexpeditedandreverse

flowoforders.Inourmodel,wedonotconsiderremanufacturing;instead,ourfocusisonthemultiple

productflowsaspectofreverselogistics,andthecorrespondingcontrolofthoseflowsinthesupplychain.

2. ModelFormulation:TheLogisticsSupplyChain

WeconsideracentralizedsupplysystemwithNlocationsarrangedinseries.Unitsorderedfromanoutside

supplierarriveatlocationN,themostupstreamlocationinthesystem.StochasticcustomerdemandDt

occursatlocation1ineachperiodt.Everyperiod,threedecisionsaremadeateachlocation,regarding

howmanyunitsto:(1)orderbyexpeditedflowfromthenextlocationupstream;(2)orderbyregularflow

fromthenextlocationupstream;and(3)sendbyreverseflowintothenextlocationupstream.
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Expeditedordersareexecutedandreceivedinthesameperiod. Regularordersandreverseorders

haveaone-perioddeliveryleadtimebetweenadjacentlocations. Havingsingle-periodleadtimesbetween

locationsiscommontotheliteraturedealingwithmultipleflowsofproductinthesystem(i.e.,Fukuda

1961,LawsonandPorteus2000).Thisassumptioncoversavarietyofsettingsinwhichthereviewperiodis

longerthantheshipment/replenishmentperiod.Amulti-stagesupplysystemwithasingle-periodleadtime

iseffectivelyequivalenttoanymodelinwhichthereplenishmentleadtimeisshorterthanthereview/reorder

period,which,inthecontinentalUS,coversmostsystemsthathaveaweeklyreview/reordercycle.(In

AppendixB,wediscusssettingsinwhichourmodelcanbeextendedtoincludemulti-periodleadtimes.)

Weusethefollowingnotationforstateanddecisionvariablesinthesystem:

xjt:on-handinventoryobservedatlocationjifj>1(thenetinventoryifj=1),atthebeginning

ofperiodt,priortomakinganydecisions;

XEjt:numberofunitsexpeditedintolocationjfromlocationj+1,inperiodt;

XRjt:numberofunitsreverse-orderedintolocationj+1fromlocationjinperiodt;

Xjt:numberofunitsregular-orderedintolocationjfromlocationj+1inperiodt.

Thevectorxtofallon-handinventories xjt istheinventorystate,beingthestateofthesystemin

periodt;vectorXEtofallexpeditedorders X
E
jt istheexpeditedorderschedule;vectorX

R
tofallreverse

orders XRjt isthereverseorderschedule;andvectorXtofallregularorders Xjt istheregularorder

schedule.VectorsXEt,X
R
t,andXtrepresentthedecisionsinthesystemineachperiodt.Figure1displays

thosestates,decisions,andproductflowdirectionsinthesystem.

Inourmodel,weallowcustomerdemandstobemodulatedbyanexogenousMarkovchain. Markov-

modulateddemandhasbeenusedininventorytheorytomodeltheinfluenceofanuncertainexternal

environment(e.g.,SongandZipkin1993,SethiandCheng1997;andChenandSong2001). Ataliand

Özer(2012)describevariousdynamicchangesindemand,suchasobsolescenceandcyclicdemand,that

canbecapturedwithadistributionfunctionthatisdependentonthestateofanexogenousMarkovchain.

Accordingly,weassumethatthereexistsacountableMarkovchain{ωt}suchthatanexogenousstateωt,

determinedindependentlyofanydecisions,canimpactthedemanddistributionineachperiodt. Wemake

thisassumptiontocapturethenon-stationarynatureofcustomerdemand.Asrevealedlaterinourpaper,

suchdemandvariabilityturnsouttobeakeydriverofthevalueofreverselogistics.

✣ ✢

✤ ✜

...
✣ ✢

✤ ✜

...
✣ ✢

✤ ✜

✲✲
✛

✲
✛

✲
✛

✲
✛

✲
✛ DtxNt xjt x1t

XE1t,X1t

XR1t

XEj−1,t,Xj−1,t

XRj−1,t

XEjt,Xjt

XRjt

XEN−1,t,XN−1,t

XRN−1,t

XENt,XNt

XRNt

LocationjLocationN Location1

Figure1.States,Decisions,andProductFlowDirectionsintheSystem
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Thesequenceofeventsineachperiodtis:(1)Unitsregular-orderedandreverse-orderedinthe

previousperiodarrive;(2)Inventorystatextand Markovstateωtareobserved;(3)Expeditedorders

XEtareplaced,startingatthemostupstreamlocationandmovingdownstream,inthemannerthata

receivedexpeditedorderateachlocationbecomesavailabletobeexpeditedfurtherdownthesupplychain

inthesameperiod;(4)ReverseordersXRtareplacedandtheydeparttheirlocationsoforigin;(5)Regular

ordersXtareplaced;(6)Customerdemandisrealizedandsatisfiedfromavailableinventory;(7)Costs

areincurred;and(8)Regularordersdeparttheirlocationsoforigin.Thissequenceofeventsdefinesthe

feasiblesetX(xt)(where[x]
+:=max(x,0),and[x]−:=min(x,0)):

X(xt)=






XEt,X
R
t,Xt

XEjt∈ 0,xj+1,t+X
E
j+1,t forj∈[1,N−1];

XR1t∈ 0,[x1t+X
E
1t]
+ forj=1;

XRjt∈ 0,xjt+X
E
jt−X

E
j−1,t forj∈[2,N];

Xjt∈ 0,xj+1,t−X
R
j+1,t+X

E
j+1,t−X

E
jt forj∈[1,N−1].

(1)

Theexpeditingdecisionateachlocationislimitedtotheinventoryavailableatthenextlocation

upstream,afterthatupstreamlocationhasreceiveditsexpeditedorder. Becausex1trepresentstheon-

handinventorynetofthebackloggeddemand,itisallowedtobenegative,andthussoisx1t+X
E
1t,while

thenumberofunitsreturnedupstreamisalwaysapositivenumber. Hence,XR1t,isboundfromabove

by x1t+X
E
1t
+
. Thenumberofunitsreturnedupstreamfromanyotherlocationisconstrainedbythe

on-handinventoryatthatlocationafterallexpeditedordershavebeenreceived.Theregularorderinto

eachlocationissubjecttothestockavailableimmediatelyupstream,followingdeparturesandarrivalsof

allexpeditedorders,anddepartures(butnotarrivals)ofallreversefloworders. WeuseDt(ω)tohighlight

thatdemandDtdependsontheunderlyingMarkovstateω.Thestatetransitionequationsthusbecome

xj,t+1=






x1t−X
R
1t+X

E
1t+X1t−Dt(ω) ifj=1,

xjt−X
R
jt+X

R
j−1,t+X

E
jt−X

E
j−1,t+Xjt−Xj−1,t ifj>1.

(2)

Inventoryatthemostdownstreamlocationisdepletedbyreturnedordersandcustomerdemands.

Inventoryatallotherlocationsisdrawndownbythedownstreamflowofregularandexpeditedorders,

andupstreamflowofreverseorders.Inventoryateachlocationisreplenishedthroughthedownstream

flowofregularandexpeditedordersandupstreamflowofreturnedproducts.

Costs

AunitholdingcostHjischargedoninventoryatlocationjineachperiod.Inalogisticssupplychain,

itemsthatarrivebyupstream,reverse-orderflowintoanylocationarephysicallyindistinguishablefrom

itemsthatarriveintothatlocationbydownstreamflowofregularandexpeditedorders.Hence,theholding

costisthesameforeachunitofproductataparticularlocation,regardlessofwhetherthatunitarrived
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therebyexpedited,reverse,orregularflow.Thisisbecausetheunitholdingcostisgenerallycomposed

ofthefinancialholdingcostandthephysicalholdingcost(e.g.,Zipkin2000andCachonandTerwiesch

2013). Thefinancialholdingcostrepresentstheopportunitycost,exogenouslygivenandrelatedtothe

finishedproductitself,whereasthephysicalholdingcostisassociatedwiththecostofmaintainingaunitof

inventory(labor,warehousing,refrigeration,etc.),andisthereforelocation-specific. Withoutanyphysical

transformationoftheproductoccurringinthesupplychain(otherthanpossiblyatthemostupstream

location),aunitholdingcostwilldependmostlyonthelocationofanitem,andnotonhowthatitem

arrivedtothatlocation.Asaresult,theunitholdingcostisidenticalforallitemsataparticularlocation.

Otherpapersonreverselogisticsinmulti-stagesystems(Fukuda1961,DeCroixetal.2005,andDeCroix

andZipkin2005)similarlyassumealogisticssupplychain,sothatunitholdingcostsinthosepapersare

alsothesameforallitemsataparticularlocation,regardlessoftheirpriortrajectorythroughthesystem.

Unsatisfieddemandisfullybackloggedatunitcostpineachperiod. Further,eachunitregular-

orderedintolocationjincurspositivecostkj,andeachunitexpeditedintolocationjincurspositivecost

kEj.Expeditedorderscostmorethanregularones;thusk
E
j≥kjforallj. Withregardtotheexpediting

function,ourformulationcapturesavarietyofsupplychainsettings:fromthoseinwhichinventorycanbe

expeditedfromtheoutsidesupplierallthewaytothemostdownstreamlocationwithinasingleperiod,

(i.e.,thepracticeof“drop-shipping”,observedinanumberofindustries),tothoseinwhichanexpedited

productmaytakeseveralperiods(thoughstillfewerthanthroughregularordering)todothesame,to

thoseinwhichnoexpeditingcantakeplacewhatsoever,andallothersupplychainsettingsinbetween.

Eachunitreverse-orderedintolocationj+1fromlocationjincurscostkRj,whichispositiveat

locations1throughN−1. Tocapturethefactthat,inIB’ssupplychain,excessinventoryatlocation

Ncanberesoldtoalocaldistributor,weallowexcessinventorythatexitssupplychainatlocationNto

generaterevenue.Thus,kRN isallowedtobenegativetoreflecttheunitrevenueearnedthroughreselling

ofexcessinventoryoutoflocationN. Atthesametime,inordertoprohibitthebringingofinventory

intothesupplychainatlocationNsolelyforthepurposeofresellingitbackupstreaminthenextperiod,

ratherthantosatisfydownstreamcustomerdemand,weassumethatkN ≥−k
R
N. Otherwise,asupply

chaincouldmakeunlimitedprofitsbyorderinginventoryintolocationNandthenimmediatelyreselling

itback.ThisassumptionalsoimpliesthatkEN ≥−k
R
N,sincek

E
N ≥kN.Theone-periodcostfunctionis

pEω Dt(ω)−(x1t+X
E
1t−X

R
1t)

+
+H1Eω x1t+X

E
1t−X

R
1t−Dt(ω)

+

+
N

j=1

kEjX
E
jt+k

R
jX

R
jt+kjXjt +

N

j=2

Hjxjt−X
E
j−1,t+X

E
jt−X

R
jt+X

R
j−1,t,

wheretheexpectationEωistakenoverDt(ω),givenω.LetTbethetimehorizonfortheproblemand

Ft(ω,xt)denotetheminimumexpectednetpresentvalueofthecostsoverperiodstthroughT,asofthe
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beginningofperiodt,asafunctionofxtandωinperiodt.Letαbethesingle-perioddiscountrate(with

α<1),andhj:=Hj−Hj+1.Thus,weobtainthefollowingoptimalityequationsforFt(ω,xt):

Ft(ω,xt)= min
XEt,X

R
t,Xt∈X(xt)

Vtω,xt,X
E
t,X

R
t,Xt (3)

Vtω,xt,X
E
t,X

R
t,Xt =

N

j=1

kEj+hjX
E
jt+ k

R
j−hjX

R
jt+kjXjt+Hjxjt

+γtω,x1t+X
E
1t−X

R
1t+αEωFt+1(ωt+1,xt+1), (4)

whereγt(ω,x):=(p+H1)Eω[(Dt(ω)−x)
+]−H1Eω[Dt(ω)].TheexpectationEωin(4)isoverbothDt(ω)

andωt+1,givenω.Becausethedynamicprogramin(3)and(4)employsinstallationquantities,wereferto

itastheinstallationformulationofthereverselogisticsmodel.NotethattheinventorystatespacehasN

dimensionsandthatoptimaldecisionvectorsXEt,X
R
t,andXtalldependonallthevariablesinthestate

space,aswellasoneachother.Inaddition,theboundaryofthefeasibleregionismulti-dimensional.This

renderstheproblempracticallyimpossibletosolvenumerically,evenforsystemswithveryfewlocations.

EchelonFormulation

Wenowreformulatetheproblemusingthefollowingchangeofvariables:

yjt:=x1t+···+xjt referredtoasechelonjinventory;

YEjt:=yjt+X
E
jt referredtoaspost-expediteechelonjposition;

YRjt:=Y
E
jt−X

R
jt referredtoaspost-reverseorderechelonjposition;

Yjt:=Y
R
jt+Xjt referredtoaspost-regularorderechelonjposition.

Vectorytofallecheloninventoriesistheechelon(inventory)state;vectorY
E
tofallpost-expedite

echelonpositionsisthepost-expediteechelonschedule;vectorYRtofallpost-reverseorderechelonpositions

isthepost-reverseechelonschedule;andvectorYtofallpost-regularorderechelonpositionsisthepost-

regularechelonschedule.Thus,YEt,Y
R
t,andYtarethenewdecisionvariablesofthemodel.Transition

equationsbecomeyj,t+1=Yjt−Dt.Theone-periodcostfunctionbecomes

γt(ωt,Y
R
1t)+

N

j=1

kEj+k
R
j Y

E
j+kjtYjt− k

R
j+kj−hjY

R
jt −

N

j=1

kEjyjt, (5)

wherehj=Hj−Hj+1cannowbeinterpretedastheunitecheloninventoryholdingcost.LetY(yt)be

thefeasiblesetgivenyt.UsingY
E
N+1,t:=∞ andY

R
N+1,t:=∞ fornotationalconvenience,

Y(yt)=






YEt,Y
R
t,Yt

YEjt∈ yjt,Y
E
j+1,t forj∈[1,N];

YR1t∈ [Y
E
1t]
−,YE1t,Y

R
jt∈ Y

E
j−1,t,Y

E
jt forj∈[2,N];

Yjt∈ Y
R
jt,Y

R
j+1,t−(Y

E
jt−Y

R
jt) forj∈[1,N].

(6)

Letft(ω,yt)denotetheminimumdiscountedexpectedpresentvalueofthecostsoverperiodstthrough
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T,asofthebeginningofperiodt,asafunctionofωandyt. Definec
E
j:=k

E
j+k

R
j,c

R
j:=k

R
j+kj−hj,

andcj:=kj.LetYt−Dt(ω)bethevector{Yjt−Dt(ω)}.Theoptimalityequationsbecome

ft(ω,yt)=−

N

j=1

kEjyjt+ min
YEt,Y

R
t,Yt∈Y(yt)

vt(ω,Y
E
t,Y

R
t,Yt) (7)

vt(ω,Y
E
t,Y

R
t,Yt):=γt(ω,Y

R
1t)+

N

j=1

cEjY
E
jt+cjYjt−c

R
jY

R
jt +αEωft+1 ωt+1,Yt−Dt(ω) (8)

Wewillrefertothisdynamicprogramastheechelonformulationofthereverselogisticsproblem.Next,

wesaythatafunctionf:RN →Risadditivelyconvexifthereexistconvexfunctionsf1,f2,...,fN :R→R

suchthatf(y)=
N

j=1
fj(yj)forally={y1,y2,...,yN}.

Assumption1. TheterminalvaluefunctionfT+1(ω,·)isadditivelyconvexforeachω.

Assumption1holds,forexample,whenfT+1(ω,·)iszero,orlinearinecheloninventoriesyj,T+1.(Note

thatforthelattercase,itsufficesthatFt(ω,xT+1)belinearinon-handinventoriesxjt.)

TheCurseofDimensionality

Ingeneral,theClark-Scarfdecompositioncannotbeexpectedtoholdfortheobjectivecostfunction

ft(ω,yt)definedbythedynamicprogramin(7)and(8). Thisisbecausetheupperboundaryofthe

feasiblesetY(yt)thatconstrainspost-regularorderechelonpositionsateachlocationjdependsonthree

echelonquantities,YRj+1,t,Y
E
jt,andY

R
jt.(Bycomparison,eachboundaryinthefeasibleregionsofLawson

andPorteus(2000)andFukuda(1961),aswellasmostothermultiechelonmodelsfoundintheliterature,

dependsonlyonasingleechelonvariable).Inparticular,inourmodel,eachoptimalpost-expediteechelon

positionYEjtwill,ingeneral,beafunctionofyjt.Hence,sowilleachpost-reverseorderechelonposition

YRjt.Further,sincepost-regularorderechelonpositionsateachlocationjareconstrainedfromaboveby

echelonquantitiesYRj+1,t,Y
E
jt,andY

R
jt,theneachYjtwill,ingeneral,beafunctionofbothyjt,andyj+1,t.

Thisdependenceofeachoptimalpost-regularorderechelonpositionontwoecheloninventoriescascades

fromupperlocationsdownwardandrenderseachoptimaldecisiondependentontheentireechelonstate

yt,insteadofjustasingleechelonvariable,andthisresultsinthecurseofdimensionality.

3. TheStructureoftheOptimalPolicy

ATransformedVersionoftheProblem

Consideraproblemidenticaltotheoriginalreverselogisticsproblem,butwitharevisedfeasiblesetY(yt):

Y(yt)=






YEt,Y
R
t,Yt

YEjt∈ yjt,Y
E
j+1,t forj∈[1,N];

YR1t∈ [Y
E
1t]
−,YE1t,Y

R
jt∈ Y

E
j−1,t,Y

E
jt forj∈[2,N];

Yjt∈ Y
R
jt,Y

R
j+1,t forj∈[1,N].

(9)
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ThefeasibleregionY(yt)inthetransformedproblemrepresentsarelaxationoftheoriginalfeasible

regionY(yt)becausetheupperconstraintonYjtisrelaxedfromY
R
j+1,t−(Y

E
jt−Y

R
jt)tojustY

R
j+1,t.(By

definitionsofY(yt)andY(yt),Y
R
jt≤Y

E
jt;hence,Y

R
j+1,t≥Y

R
j+1,t−(Y

E
jt−Y

R
jt)). Thisrelaxationimplies

thatweallowregularordersateachlocationjtogolong,asregularorderscanbeplacedevenwhenthe

requiredinventorymaynotnecessarilybeavailableatlocationj+1,butratherintransittothatlocation.

Letf̃t(ω,yt)betheminimumexpectedpresentvalueofthecostsoverperiodstthroughT,asa

functionofωandyt,forthistherelaxedreverselogisticsproblem.Thenewdynamicprogrambecomes

f̃t(ω,yt)=−
N

j=1

kEjyjt+ min
YEt,Y

R
t,Yt∈

eY(yt)
ṽt(ω,Y

E
t,Y

R
t,Yt) (10)

ṽt(Y
E
t,Y

R
t,Yt):=γt(ω,Y

R
1t)+

N

j=1

cEjY
E
jt+cjYjt−c

R
jY

R
jt +αEω f̃t+1 ωt+1,Yt−Dt(ω).

TheUnidirectionalPropertyoftheOptimalPolicy

Apolicy(XEt,X
R
t,Xt)issaidtobeunidirectionalinperiodt,if,ateachlocationj,eitherX

E
jt=Xjt=0

orXRjt=0(orboth).Thus,underaunidirectionalpolicy,theproductcanonlyfloweitherupstreamor

downstreamateachlocation,butnotinbothdirectionsinthesameperiod. Ourfirstresultpertainsto

thisunidirectionalpropertyoftheoptimalpolicy.AllproofsaredeferredtoAppendixA.

Theorem1.Foreachωandt,anoptimalpolicyfortherelaxedreverselogisticsproblemisunidirectional.

Corollary1. IfYEt,Y
R
t,Yt areoptimalechelonschedulesfortherelaxedreverselogisticsproblemin

periodt,theneitherYEjt=yjtandYjt=Y
R
jt,orY

R
jt=Y

E
jtateachlocationj,andforeveryytandω.

Thus,ateachlocationj,theproductoptimallyflowseither(i)downstreambyregularorexpedited

order,or(ii)upstreambyreverseorder,butnotbothinthesameperiod. WhiletheideabehindTheorem

1mightseemsintuitive,toanalyticallydemonstratetheoptimalityofaunidirectionalpolicyunderany

setofcostparametersandpossiblesequenceof Markovstatesisfarfromstraightforward. Theproofof

Theorem1reliesonaseriesofintermediateresults,presentedinPropositions1and2inAppendixA.

ImplicationsfortheSolutionoftheReverseLogisticsProblem

Wenowdemonstratehowtherelaxedreverselogisticsproblemleadstothesolutionfortheoriginalproblem.

Theorem2.Let YEt,Y
R
t,Yt beoptimalechelonschedulesfortheoriginalreverselogisticsproblemand

letYEt,Y
R
t,Yt beoptimalechelonschedulesfortherelaxedreverselogisticsprobleminperiodt.If

fT+1(ωT+1,·)=f̃T+1(ωT+1,·)forallωT+1,thenthefollowingholdineachperiodt:

(a)YEt,Y
R
t,Yt = YEt,Y

R
t,Yt;

(b)ft(ω,yt)=f̃t(ω,yt),forallω.
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Whenterminalvaluefunctionsarethesame,theoptimalpolicyfortherelaxedreverselogisticsproblem

isidenticaltothatfortheoriginalreverselogisticsproblem,andtheobjectivecostfunctionsareequalin

eachperiod.Thus,inordertofindthesolutiontotheoriginalreverselogisticsproblem,itsufficestosolve

theproblemwiththefeasiblesetY(yt)givenin(9).DuetotheequivalenceestablishedinTheorem2,the

solutionforthereverselogisticsproblemwillbeexactlythesameasthatforthefororiginalreverselogistics

problem.Inthatmanner,wehavereducedanoptimizationproblemwithmultidimensionalboundariesof

thefeasibleregiontoanoptimizationproblemwithsingle-dimensionalboundariesofthefeasibleregion.

PreservationofAdditiveConvexity

Next,weestablishthepreservationofadditiveconvexityoftheobjectivecostfunctionandderiveexplicit

expressionsforitsconstituentcomponentcostfunctions.Indoingso,wemakeusethefollowingnotation:

foranyconvexfunctionf:R→RwithafiniteminimizerS,wedefinef+ andf− as:

f+(x):=






f(S)ifx≤S;

f(x) otherwise;
and f−(y):=






f(y)−f(S)ify≤S;

0 otherwise.

Thefunctionsf+ andf− definedinthismannerarethusconvexincreasingandconvexdecreasing.

Theorem3.(Preservation)Thefollowingholdineveryperiodt.

(a)f̃t(ω,·)isadditivelyconvexforeachω,sothatthereexistconvexfunctions f̃1t,...,̃fNt suchthat

f̃t(ω,yt)=
N

j=1
f̃jt(ω,yjt)foreachω.

(b)Definefunctions g1t,...,gNt,foreachω,as

gjt(ω,Y):=cjY+αEω f̃j,t+1 ωt+1,Y−Dt(ω). (11)

Giveng1t,...,gNt,letfunctionsu1t,...,uNt bedefinedas

ujt(ω,Y):=






γt(ω,Y)−c
R
1Y+g

+

1,t(ω,Y) ifj=1;

−cRjY+g
+

jt(ω,Y)+g
−

j−1,t(ω,Y) ifj∈[2,N].
(12)

Givenu1t,...,uNt,letfunctionsv1t(ω,·),...,vNt(ω,·)bedefinedas

vjt(ω,Y):=






cE1Y+u
+

1t(ω,[Y]
−)+u−1t(ω,Y)+u

+

2t(ω,Y) ifj=1;

cEjY+u
−

jt(ω,Y)+u
+

j+1,t(ω,Y) ifj∈[2,N−1];

cENY+u
−

Nt(ω,Y) ifj=N.

(13)

Givenv1t,...,vNt,letfunctionsw1t(ω,·),...,wNt(ω,·)bedefinedrecursivelyas

wjt(ω,Y):=vjt(ω,Y)+w
−

j−1,t(ω,Y), (14)

withw0t(ω,Y):=0.Then,gjt(ω,·),ujt(ω,·),vjt(ω,·),andwjt(ω,·)areconvexforeachjandω.Further,

14

 Electronic copy available at: https://ssrn.com/abstract=3071398 Electronic copy available at: https://ssrn.com/abstract=3508009



foreachechelonjandstateω,f̃jt(ω,yjt):=−k
E
jyjt+w

+

jt(ω,yjt).

Theorem3completestheprocessbywhichwehaveeliminatedthecurseofdimensionalityinherent

intheoriginalreverselogisticsproblembyreducingthemulti-variableobjectivecostfunctionforthis

problemtoasumofsingle-variable,convex,componentcostfunctions. Further,Theorem3provides

explicitexpressionsforthosecomponentcostfunctions,sothattheybecomestraightforwardtocalculate

usingtherecursiverelationshipgiveninExpressions(11)-(14). Wehavethusrenderedthereverselogistics

problemforlogisticssupplychainsnumerically(andanalytically)tractable.

ItisworthnotingthattheproofofTheorem3reliesanew,multi-dimensionalgeneralization(see

Lemma1inAppendixA)oftheoriginalresultduetoKarush(1959)thatistypicallyusedtoestablishthe

Clark-Scarfdecompositioninthemultiecheloninventoryliterature(e.g.,LawsonandPorteus2000).

StructureoftheOptimalPolicy

Thefollowingtheoremidentifiesthestructureoftheoptimalpolicyforthereverselogisticsproblemin

periodt,assumingthattheobjectivefunctioninperiodt+1isadditivelyconvex.

Theorem4.(Optimality)Letgjt(ω,·),ujt(ω,·),vjt(ω,·),andwjt(ω,·)beasdefinedasinTheorem3.

(a)LetSEjt(ω):=infargmin
Y
wjt(ω,Y)foreachωandj=1,...,N.Theoptimalpost-expediteechelon

scheduleYEtinperiodtisthengivenrecursively,startingwithj=N,by

YEjt(ω)=






max yjt,minS
E
jt(ω),Y

E
j+1,t ifj∈[1,N−1];

max yNt,S
E
Nt(ω) ifj=N.

(15)

(b)LetSRjt(ω):=supargmin
Y
ujt(ω,Y)foreachωandj=1,...,N. Then,givenY

E
t,theoptimal

post-reverseorderechelonscheduleYRtinperiodtisgivenby

YRjt(ω)=






max [YE1t]
−,minSR1t(ω),Y

E
1t ifj=1;

max YEj−1,t,minS
R
jt(ω),Y

E
jt ifj∈[2,N].

(16)

(c)LetSjt(ω):=supargmin
Y
gjt(ω,Y)foreachωandj=1,...,N.GivenY

R
t,Yjtisgivenby

Yjt(ω)=






max YRjt,minSjt(ω),Y
R
j+1,t ifj∈[1,N−1];

max YRNt,SNt(ω) ifj=N.
(17)

Because,byTheorem4,theoptimaldecisionsforeachproductflowaresequentiallynestedwithineach

other,werefertotheoptimalpolicygiveninTheorem4asaNestedEchelonBasestock(NEBS)policy.

Ingeneral,inmultiechelonmodels,anorderingofbasestocklevelisdifficulttoestablishbecause

anysuchorderingcanbeexpectedtovarywithnon-stationaritycharacteristicsof modelparameters.
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Neverthess,forourreverselogisticsproblem,weareabletoidentifyanexplicitorderingofbasestocklevels

forthethreeproductflows. Thisorderingofoptimalbasestocklevelsisakeyresultofourpaper,asit

servesasabuildingblockfortheresultsthatfollow,includingthoseabouttheimpactofdemandvariability

onthevalueofreverselogisticsandthosepertainingtoouranalysisofproduct-transformingsupplychains.

Theorem5.Ateverylocationjineachperiodt,SEjt(ω)≤Sjt(ω)≤S
R
jt(ω)foreachω.

ToprovideintuitionforTheorem5,suppose,forthesakeofexpositionalease,thatitisnotoptimal

toplaceanyexpeditedordersintosomelocationjinperiodtforsomestateω. Thesecondinequality,

Sjt(ω)≤S
R
jt(ω),impliesthatthereexistsanonemptyclosedintervalSjt(ω),S

R
jt(ω)thatcanbeviewedas

a“targetinterval”.Inparticular,itfollowsfromTheorem4that,startingwithecheloninventoryyjtatthe

beginningofperiodt,itisoptimaltomakethesmallestinventorychangethatputsthatecheloninventory

(afterthechange,attheendofperiodt)intothetargetintervalSjt(ω),S
R
jt(ω),orasclosetoitaspossible

giventhefeasibilityconstraints(i.e.,theendinginventoryhastoremainbetweenyj−1,tandyj+1,t).That

is,ifecheloninventoryyjtisbelowSjtthenitisoptimaltobringthatecheloninventorylevelup(asclose

aspossible)toSjt;ifyjtisaboveS
R
jt(ω),thenitisoptimaltobringitdown(ascloseaspossible)toS

R
jt(ω);

andifyjtisbetweenSjtandS
R
jt(ω),itisoptimaltoleaveitunchanged.Hence,Theorems4and5imply

thattheoptimalinventorypolicyrepresentsatargetintervalpolicy.Thosetheoremsthereforegeneralize

theequivalentresultsobtainedintheliteratureforsingle-stagesystemswithreverseorders(Morton1978).

ThetargetintervalpolicyimpliedbyTheorems4and5ismadepossiblebytheparticularorderingof

Sjt(ω)andS
R
jt(ω)(i.e.,Sjt(ω)≤S

R
jt(ω)).IfS

R
jt(ω)<Sjt(ω)weretrueforsomejandt,thentheinterval

SRjt(ω),Sjt(ω)wouldnotleadtothetargetintervalpolicy.Hereiswhy:inthatcase,anyyjtsuchthat

yjt≥Sjt(ω)wouldleadtoyjt>S
R
jt(ω);thus,itwouldbeoptimaltobringyjtdowntoS

R
jt(ω)whileincurring

areverseordercost. But,bringingyjtdowntoS
R
jt(ω)wouldleadtoyjt<Sjt(ω),sothatitwouldthen

benecessarytobringyjtbackuptoSjt(ω),whileincurringaregularordercost.Suchorderplacement

violatesthedefinitionofthetargetintervalpolicy.Furtherplacingsuchmutually-cancellingordersclearly

incursexcesscostswhileresultinginthesameecheloninventorystateattheendofperiodt.

4. ImpactofDemandVariabilityonReverseLogistics

Wenowdemonstratethatthepresenceofdemandvariabilitymattersmoreforreverselogisticsthanthe

presenceofdemandvolatility. Webeginbyestablishingtheexistenceofastationaryoptimalpolicy.

Assumption2. ForanygivenMarkovstateω,demandsareIIDacrossalltimeperiods.

AStationaryOptimalPolicy

Letπ:= YE1,Y
R
1,Y1,Y

E
2,Y

R
2,Y2,...beanarbitraryinfinitehorizonpolicyfortheoriginalreverse

logisticsproblem,andVt(π)betheexpecteddiscountedpresentvalueofcostsofimplementingthatpolicy,
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startinginperiodt.LetFtbethesmallestofthoseoverthefeasiblespaceY.Then,wehave

Vt(ωt,yt,π)=Eωt(p+H1)(Dt(ωt)−Y
R
1t)
+ +

N

j=1

cEjY
E
jt+cjYjt−c

R
jY

R
jt−k

E
jyjt

+lim
T→∞

T

τ=t+1

ατ−tEωτ,ωτ−1,...,ωt(p+H1)(Dτ(ωτ)−Y
R
1τ)
++

N

j=1

cEjY
E
jτ+cjYjτ−c

R
jY

R
jτ−k

E
j(Yj,τ−1−Dτ(ωτ))

Ft(ωt,yt)= inf
π∈{π|YEτ,Y

R
τ,Yτ∈Y(yτ),τ=t,t+1,...}

Vt(ωt,yt,π). (18)

Theorem6.Thereexist:(1)stationary,additivelyconvexfunctionFsuchthatFt(ω,·)=F(ω,·)forallt

andω;and(2)stationary,NEBSpolicyoptimalforF,suchthatSEj(ω)≤Sj(ω)≤S
R
j(ω)foralljandω.

Thus,foreachMarkovstateω,theNEBSpolicyoptimalforthefinite-horizonreverselogisticsproblem

convergestoastationaryNEBSpolicythatisoptimalfortheinfinite-horizon,reverselogisticsproblem,and

whosebasestocklevelssatisfySEj(ω)≤Sj(ω)≤S
R
j(ω)foralljandω. Wenowextendthosestationarity

resultstotheoriginal,finite-horizon,reverse-logisticsproblem.

Theorem7.Let SEj(ω),S
R
j(ω),Sj(ω)j,ωbethebasestocklevelsofastationaryNEBSpolicyY

E
j,Y

R
j,Yj

optimalfortheinfinite-horizonreverselogisticsproblem.Then,foranyfinitetimehorizonT,thereexists

aterminalvaluefunctionFT+1(ω,·)suchthatY
E
jt=Y

E
j,Y

R
jt=Y

R
j,andYjt=YjisoptimalandFt(ω,·)

isadditivelyconvexineachperiodtforthefinite-horizonreverselogisticsproblemwithtimehorizonT.

Hence,underIIDdemand,thereexistsastationary,NEBSpolicythatisoptimalpolicyfortheoriginal,

finite-horizon,reverselogisticsproblemconsideredinthispaper.Theexistenceofanoptimalstationary

NEBSpolicyturnsouttohaveimportantimplicationsforthevalueofreverselogistics.

ImplicationsfortheValueofReverseLogistics

UnderthestationaryoptimalpolicygiveninTheorem7,whenitcomestothevalueofreverselogistics,it

turnsouttobemeaningfultodistinguishbetweendemanduncertaintyarisingfromtherandomnatureof

demandineachperiod(i.e.,volatilityofdemand)andtheuncertaintyarisingfromthechangingnatureof

demandacrossperiods(i.e.,variabilityofdemand).Thereasonisfoundinthefollowingtheorem.

Theorem8.Let SEj(ω),S
R
j(ω),Sj(ω)j,ωbethebasestocklevelsofastationary,optimalnestedechelon

basestockpolicygiveninTheorem7.Then,intheabsenceofMarkov-modulation,thefollowinghold:

(a)Iftheinitialecheloninventorystatey1inperiod1issuchthatyj1≤S
R
jateverylocationj,thenitis

neveroptimaltoreverseordertheproductatanylocationinthesystem;

(b)Supposethereexistsalocationisuchthatyi1>S
R
i.Letjbethesmallestsuchlocationi.Then,after

periodN−j+1,itisneveroptimaltoreverse-ordertheproductatanylocationinthesystem.
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Corollary2. Underastationaryoptimalpolicy,thevalueoftheoptiontoreverse-orderproductinthe

supplychain(afteratmostthefirstNperiods)iszero.

Thus,intheabsenceofdemandvariability,itiseffectivelyneveroptimaltoreturninventoryupstream.

Inthatcase,reverselogisticscreatesnovalueforthesupplychain,regardlessofthelevelofdemand

volatility.Thisfindingstandsincontrasttotheconventionalwisdomfoundinpractitionerjournalsand

theacademicliterature,accordingtowhichreverselogisticscreatesvalueunderhighdemandvolatility

(e.g.,JaaronandBackhouse,2016,LieckensandVandaele2007).Onereasonforthisisthatourpaper,to

thebestofourknowledge,istheonlyonesofartojointlyoptimizemultipleflowsofproductinthepresence

ofreverselogistics,andourconclusionsderivefromthatoptimalpolicy.Bycomparison,otherpapersfocus

ondifferentelementsofreverselogisticssuchasstochasticleadtimesandcustomerinvolvement.

Theorem8alsohighlightstheroleandimportanceof Markovmodulationinourmodel:itisused

tointroducedemandvariabilityacrosstimeperiods,withoutwhichreverselogisticscreateseffectivelyno

valueinthesupplychain.Further,asillustratedinournumericalstudiesinthenextsection,thehigher

thisdemandvariability,thehigherthevalueofreverselogisticsinthesupplychain. Notethatdemand

volatility(i.e.theuncertaintyofdemandineachperiod)isalwayspresentinourmodelregardlessof

demandvariability. Evenintheabsenceofdemandvariability,demandvolatilitycontinuestoinfluence

theoptimalpolicythroughitsimpactoncostfunctions,basestocklevels,andstatetransitionequations.

ItisworthnotingthatthestructureoftheoptimalpolicygiveninTheorem4isnotsufficient,by

itself,toestablishTheorem8. Whatisalsoneededistheorderingoftheoptimalbasestocklevelsgiven

inTheorem5,whichiskeytoprovingTheorem8.Consider,forexample,Fukuda(1961),whichconsiders

aspecialcaseofourlogisticssupplychain(headdressesastationarysystemwithoutexpeditedorders).

Fukuda(1961)provestheoptimalityofasimplerechelonbasestockpolicythanwehaveinourpaper(the

term‘disposal’inhispaperisexactlyequivalenttoour‘reverseorder’). However,becausehedoesnot

establishtheorderingoftheoptimalbasestocklevels,hedoesnotarriveattheconclusionthatreverse

ordersneveractuallyhappen.Asaresult,Fukuda(1961)discussesreverseordersasiftheywereoccurring

inthesystem,andthereaderisleftwiththeimpressionthatreverseordersinhispaperdoactuallyhappen.

Infact,asshowninourTheorem5,theyneverreallydoundertheoptimalpolicy.

Insummary,whenitcomestoreverselogisticsandcompaniesseekingtogrowthiscapabilityintheir

supplychains,itbecomescrucialto:(1)differentiateasingle-period’sdemandvolatilityfromdemand

variabilityacrosstime;(2)recognizethat,intheabsenceofthelatter,suchcapabilitymaynotbeworth

investingin;and(3)developthemeanstoquantifythevalueofreverselogisticsinthepresenceofdemand

variability.Ourresultssofarhighlighttheimportanceoftasks(1)and(2). Wenowaddresstask(3).
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5. QuantifyingtheValueofReverseLogistics
Inthissection,wequantifythevalueofreverselogisticsforthesupplychainwithmultipleflowsofproduct.

Foreachsetofmodelparameters,wesolvefourmodels:theclassicalClarkandScarfsettingwiththe

regularflowonly(theCSsystem),withregularandreverseflows(theCS+Rsystem),withregular

andexpeditedflows(theCS+Esystem),andwithallthreeflows:regular,expedited,andreverse(the

CS+E+Rsystem).AllcostsavingsarereportedinpercentagetermsrelativetotheCSsystem.

DemandVolatilityandVariability

Weusethree Markovstatesthatcorrespondtothelow-,normal-,andhigh-demandscenarios. Normal-

demandscenarioineachperiodisPoisson-distributedwithmeanµ=6.Todistinguishbetweendemand

volatility(i.e.,demanduncertaintyineachperiod,)anddemandvariability(i.e.,demanduncertaintyacross

timeperiods)wefirstidentifythevarianceofthisnormal-demandscenarioasourdemandvolatility.Thus,

givenourPoissondistribution,demandvolatilityineachperiodisequalto6,whichiswhatthevariance

oftheunderlyingdemanddistributionwouldbe,ineachperiod,intheabsenceofMarkovmodulation.In

ournumericalstudies,Markovstatesimpactthedemanddistributionsthroughthemultiplierofthemean

demand:givenaMarkovstateω,thedemandineachperiodisPoisson-distributedwithmeanofβ(ω)µ,

whereµ=6.Transitionprobabilitiesandtheresultingsteady-stateprobabilitiesareshowninTable1.

State TransitionProbs. Steady-State MarkovMult.

ω 1 2 3 Probs. β(ω)

1 0.85 0.10 0.05 0.4167 0.33

2 0.25 0.50 0.25 0.1667 1.0

3 0.05 0.10 0.85 0.4167 3.0
Table1. MarkovStates,TransitionandSteady-stateProbabilities,and Demand Multipliers

Inthenumericalstudiesthatfollow,wekeepthistransitionprobabilitymatrix,andtheresulting

stead-stateprobabilities,asfixed. AlsoshowninTable1aremultipliersβ(ω)forourbasecasemodel.

Onewaytorepresentdemandvariabilityisbytheaveragevarianceoftheunderlyingdemanddistribution

basedonthesteady-stateprobabilitiesforthethree MarkovstatesinTable1. Thus,forthebasecase

modelwithMarkovdemandmultipliersof0.33,1,and3,demandvariabilityisequalto9.33(=0.4167·

0.33·6+0.1667·1.0·6+0.4167·3.0·6). Wemakeuseofthismeasureofdemandvariabilityandexplore

theimpactofincreasingdemandvariabilitybyvaryingMarkov-multipliersforthethreeMarkov-states.

Three-locationSystem

Westartwithathree-locationsupplychainwhoseunitcostsare:(k1,k2,k3)=(1,1,1);(k
R
1,k

R
2,k

R
3)=

(1,1,−0.8);(kE1,k
E
2,k

E
3)=(4,4,4);(H1,H2,H3)=(1.5,1.0,0.5)(thus,h1=h2=h3=0.5);andp=15.Our

unitbackloggingandholdingcostsarethusinlinewithnumericalstudiesformulti-stageinventorysystems

foundintheliterature(e.g,Chaoetal.,2014).Thediscountfactoris0.95. Wecalculateexpectedcosts

foreachMarkovstate,andcomputetheweightedaveragebasedontheirsteady-stateprobabilities.
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InStudy1(Tables2and3),wevaryunitreverse-ordercostsagainsttheMarkovdemandmultiplier.

Unitreverseordercostsatlocations1and2arekeptequalandvariedfrom0.5to1.75inincrementsof

0.25.Theunitreverseordercostatlocation3iskeptfixedat-0.8throughoutthestudy.Thisnegative

valuereflectstherevenuegeneratedwithareverseorderoutoflocation3.TheMarkovmultiplierβ(3)for

thehigh-demandstaterangesfrom2to4.5,inincrementsof0.5,withthenormal-demandstatemultiplier

β(2)fixedat1. Thelow-demand Markovmultiplierβ(1)isthereciprocalofthehigh-demand Markov

multiplier,andhencerangesfrom0.5to0.22.Table2showscostsavingsfortheCS+Rsystem;Table3

displayscostsavingsfortheCS+E+Rsystem(allarerelativetotheCSsystem).

M.Mult. UnitReverseOrderCosts(kR1=k
R
2)

β(1),β(3) 0.50 0.75 1.00 1.25 1.5 1.75

(0.50,2.0) 3.35% 3.34% 3.34% 3.34% 3.34% 3.34%

(0.40,2.5) 3.64% 3.61% 3.59% 3.58% 3.58% 3.58%

(0,33,3.0) 3.86% 3.80% 3.76% 3.74% 3.72% 3.72%

(0.29,3.5) 4.02% 3.94% 3.89% 3.86% 3.83% 3.82%

(0.25,4.0) 4.14% 4.04% 3.97% 3.92% 3.89% 3.87%

(0.22,4.5) 4.23% 4.11% 4.03% 3.98% 3.94% 3.92%

Table2: Study1CostSavings-theCS+RSystem

M.Mult. UnitReverseOrderCost(kR1=k
R
2)

β(1),β(3) 0.50 0.75 1.00 1.25 1.5 1.75

(0.50,2.0) 15.8% 15.7% 15.7% 15.7% 15.7% 15.7%

(0.40,2.5) 16.9% 16.7% 16.6% 16.5% 16.4% 16.3%

(0.33,3.0) 17.3% 17.0% 16.7% 16.5% 16.3% 16.1%

(0.29,3.5) 17.4% 17.0% 16.6% 16.3% 16.0% 15.8%

(0.25,4.0) 17.6% 17.0% 16.4% 16.0% 15.7% 15.4%

(0.22,4.5) 17.7% 17.0% 16.3% 15.8% 15.3% 15.0%

Table3:Study1CostSavings-theCS+R+ESystem

Thus,whenonlyregularandreverseflowsofproduct(Table2),thevalueofreverselogistics:ranges

from3.3%to4.2%,isincreasingindemandvariability,andisonlybarelydecreasinginunitreverseorder

costatlocations1and2.Hence,mostofthevaluecreatedfromreverselogisticsinTable2derivesfrom

therevenuegeneratedbysellingexcessinventoryatlocation3. Table3showsthatcostsavingsarenot

monotonicindemandvariability. Thisisbecausethevalueofreverselogisticsisincreasingindemand

variability,whilethevalueofexpeditingisdecreasingindemandvariability.(CostsavingsinStudy1for

thesystemwithexpeditingonly,theCS+Esystem,are14.35%,14.29%,13.32%,12.31%,11.48%,and

10.71%,intheorderofincreasingdemandvariability,astheydonotvarywiththereverseordercost.)

InStudy2showninTables4and5,wevarytheunitexpeditingcost(from4to9inincrementsof1)

againsttheunitbackloggingcost(from10to35inincrementsof5).Table4presentscostsavingsforthe

CS+Esystem,whileTable5showscostsavingsfortheCS+E+Rsystem(relativetotheCSsystem).

Backlog. UnitExpeditingCosts(kE1=k
E
2=k

E
3)

Cost 4 5 6 7 8 9

10 12.8% 8.71% 6.08% 4.23% 2.84% 1.77%

15 13.2% 9.52% 7.10% 5.39% 4.10% 3.10%

20 13.7% 10.1% 7.70% 6.06% 4.78% 3.84%

25 14.1% 10.5% 8.16% 6.55% 5.30% 4.34%

30 14.3% 10.8% 8.49% 6.86% 5.67% 4.68%

35 14.5% 11.0% 8.73% 7.16% 5.93% 5.00%

Table4: Study2CostSavings-theCS+ESystem

Backlog. UnitExpeditingCosts(kE1=k
E
2=k

E
3)

Cost 4 5 6 7 8 9

10 15.7% 11.1% 8.02% 5.83% 4.17% 2.89%

15 16.7% 12.2% 9.21% 7.13% 5.53% 4.25%

20 17.3% 12.9% 9.89% 7.84% 6.25% 5.02%

25 17.8% 13.4% 10.4% 8.35% 6.79% 5.56%

30 18.0% 13.7% 10.8% 8.68% 7.18% 5.91%

35 18.3% 14.0% 11.0% 9.00% 7.46% 6.26%

Table5: Study2CostSavings-theCS+R+ESystem
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Tables4and5demonstratethatcostsavingswithonlytheexpeditingoption(CS+Esystem),andwith

bothproductflowoptions(CS+E+Rsystem)areincreasingintheunitbackloggingcostanddecreasing

inunitexpeditingcosts.(Costsavingsfromthesystemwithreverselogisticsonly,theCS+Rsystem,in

theorderofincreasingunitbackloggingcosts,are4.01%,3.76%,3.69%,3.64%,3.61%,and3.60%).

Itisofinteresttounderstandifreverselogisticsandexpeditingbehaveascomplementsorsubstitutes

withregardtothesavingsgeneratedinthesystem. Letsynergyvaluerefertothedifferencebetween

percentagecostsavingswithbothproductflowoptions(i.e.reverselogisticsandexpediting)andthesum

ofthecostsavingsfromusingeachflowoptionbyitself.Thus,ifFCS istheoptimalcostwiththeregular

flowonly,FCS+E istheoptimalcostwiththeoptiontoexpeditestock,FCS+R istheoptimalcostwiththe

reverseorderoption,andFCS+E+R istheoptimalcostwithbothoptions,thenthesynergyvaluebecomes

FCS−FCS+E+R − FCS−FCS+E − FCS−FCS+R

FCS
. (19)

Tables6and7presentthissynergyvalueformodelparametersusedinStudies1and2,respectively.

Positivesynergyvaluesindicatecomplementarity,whilenegativeonesimplysubstitution. Asshownin

Tables6and7,withhigherdemandvariability,orhigherunitbackloggingcostsandlowerunitexpe-

ditingcosts,reverselogisticsandexpeditingarecomplementary.Theybecomesubstituteswhendemand

variabilityorunitbackloggingcostdecrease,orwhentheunitexpeditingcostincreases.

M.Mult. UnitReverseOrderCosts(kR1=k
R
2)

β(1),β(3) 0.50 0.75 1.00 1.25 1.5 1.75

(0.50,2.0) -1.94%-1.97% -1.99%-1.99%-2.00%-2.00%

(0.40,2.5) -1.00%-1.16% -1.29%-1.40%-1.48%-1.53%

(0,33,3.0) 0.10% -0.15% -0.37%-0.57%-0.75%-0.89%

(0.29,3.5) 1.10% 0.71% 0.36% 0.08% -0.15%-0.36%

(0.25,4.0) 1.94% 1.45% 0.99% 0.59% 0.28% 0.04%

(0.22,4.5) 2.71% 2.13% 1.58% 1.07% 0.66% 0.37%

Table6: Study1–TheSynergyValue

Backlog. UnitExpeditingCosts(kE1=k
E
2=k

E
3)

Cost 4 5 6 7 8 9

10 -1.08%-1.63%-2.07%-2.41%-2.67%-2.89%

15 -0.37%-1.09%-1.65%-2.03%-2.33%-2.61%

20 -0.12%-0.89%-1.50%-1.91%-2.22%-2.50%

25 0.02% -0.78%-1.41%-1.84%-2.15%-2.42%

30 0.14% -0.69%-1.34%-1.78%-2.09%-2.37%

35 0.20% -0.64%-1.31%-1.76%-2.07%-2.34%

Table7: Study2–TheSynergyValue

Four-locationSystem

Wenowconsiderafour-locationsystem,andconducttheequivalentofStudies1,2and3describedabove.

Ourbasicversionofthefour-locationsystemhasthesamedemandcharacteristicsandparameterschoices

asthethree-echelonsystemstudiedabove:(k1,k2,k3,k4)=(1,1,1,1);(k
R
1,k

R
2,k

R
3,k

R
4)=(1,1,1,−0.8);

(kE1,k
E
2,k

E
3,k

E
4)=(4,4,4,4);and(H1,H2,H3,H4)=(2.0,1.5,1.0,0.5)(thus,hj=0.5). Thebacklogging

costisunchangedatp=15.InStudy3,showninTables8and9,weagainvarykRjfrom0.5to1.75in

incrementsof0.25,andtheMarkovmultiplierβ(3)from2to4.5,inincrementsof0.5.

Table8presentscostsavingswithonlythereverse-orderoption,whileTable9showscostsavings

forwithbothreverselogisticsandexpediting.Thevalueofreverselogisticsislowerforthefour-location
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systeminTable8thanforthethree-locationsysteminTable2. Withalongersupplychain,anitem

returnedupstreamhastotravelthroughmorelocationsandincurhighercostsbeforegeneratingrevenue

througharesaleatthemostupstreamlocation.Inspiteofthat,costsavingsgeneratedbyhavingboth

regularandexpeditedflowsinthesystemarehigherforthefour-locationsysteminTable9thanforthe

three-locationsysteminTable3.Thisisbecause,inlongersupplychains:(i)theoptiontoexpeditestock

tendstobemorevaluable;and(ii)thereisagreatersynergybetweenexpeditingandreverselogistics.

M.Mult. UnitReverseOrderCosts(kR1=k
R
2)

β(1),β(3) 0.50 0.75 1.00 1.25 1.5 1.75

(0.50,2.0) 2.20% 2.19% 2.19% 2.18% 2.18% 2.18%

(0.40,2.5) 2.43% 2.39% 2.37% 2.36% 2.35% 2.35%

(0,33,3.0) 2.62% 2.55% 2.51% 2.48% 2.46% 2.45%

(0.29,3.5) 2.75% 2.66% 2.59% 2.55% 2.52% 2.50%

(0.25,4.0) 2.87% 2.76% 2.67% 2.61% 2.57% 2.55%

(0.22,4.5) 2.95% 2.82% 2.72% 2.65% 2.60% 2.58%

Table8:Study3CostSavings-theCS+RSystem

M.Mult. UnitReverseOrderCost(kR1=k
R
2)

β(1),β(3) 0.50 0.75 1.00 1.25 1.5 1.75

(0.50,2.0) 19.6% 19.5% 19.5% 19.4% 19.4% 19.4%

(0.40,2.5) 20.8% 20.6% 20.4% 20.3% 20.2% 20.1%

(0.33,3.0) 21.2% 20.8% 20.6% 20.4% 20.2% 20.1%

(0.29,3.5) 21.3% 20.9% 20.5% 20.2% 19.9% 19.7%

(0.25,4.0) 21.4% 20.8% 20.4% 20.0% 19.7% 19.4%

(0.22,4.5) 21.4% 20.8% 20.2% 19.7% 19.4% 19.1%

Table9:Study3CostSavings-theCS+R+ESystem

InStudy4,wevaryunitexpeditingcostsagainstunitbackloggingcostsforthisfour-locationssystem.

Table10presentscostsavingsfortheCS+Esystem,whileTable11displayscostsavingsfortheCS+E+R

system.Bothtablesshowhighercostsavingsthanthoseforthethree-locationsystem(Tables4and5).

Backlog. UnitExpeditingCosts(kE1=k
E
2=k

E
3)

Cost 4 5 6 7 8 9

10 17.3% 11.7% 8.14% 5.70% 3.90% 2.53%

15 17.8% 12.6% 9.27% 7.04% 5.38% 4.13%

20 18.2% 13.1% 9.93% 7.78% 6.18% 4.98%

25 18.5% 13.5% 10.4% 8.30% 6.73% 5.55%

30 18.6% 13.8% 10.7% 8.64% 7.14% 5.93%

35 18.8% 14.0% 11.0% 8.95% 7.41% 6.27%

Table10: Study4CostSavings-theCS+ESystem

Backlog. UnitExpeditingCosts(kE1=k
E
2=k

E
3)

Cost 4 5 6 7 8 9

10 19.6% 13.7% 9.76% 7.06% 5.04% 3.51%

15 20.6% 14.9% 11.1% 8.53% 6.62% 5.17%

20 21.2% 15.6% 11.9% 9.37% 7.48% 6.07%

25 21.7% 16.1% 12.5% 9.94% 8.06% 6.67%

30 21.9% 16.4% 12.9% 10.3% 8.50% 7.08%

35 22.1% 16.7% 13.1% 10.6% 8.78% 7.42%

Table11: Study4CostSavings-theCS+R+ESystem

Study4confirmstheobservationestablishedinStudy3thatlongersupplychainsincreasethevalueof:

(1)theexpeditingoption;and(2)havingexpeditingandreverselogisticsjointlyoptimizedinthesystem.

M.Mult. UnitReverseOrderCosts(kR1=k
R
2)

β(1),β(3) 0.50 0.75 1.00 1.25 1.5 1.75

(0.50,2.0) -0.86%-0.93% -0.98%-1.02%-1.04%-1.05%

(0.40,2.5) -0.08%-0.24% -0.37%-0.47%-0.56%-0.65%

(0,33,3.0) 0.76% 0.51% 0.28% 0.09% -0.06%-0.19%

(0.29,3.5) 1.54% 1.18% 0.89% 0.62% 0.40% 0.21%

(0.25,4.0) 2.14% 1.70% 1.31% 0.99% 0.71% 0.48%

(0.22,4.5) 2.69% 2.18% 1.71% 1.31% 1.00% 0.72%

Table12: Study3–TheSynergyValue

Backlog. UnitExpeditingCosts(kE1=k
E
2=k

E
3)

Cost 4 5 6 7 8 9

10 -0.47%-0.75%-1.09%-1.35%-1.57%-1.74%

15 0.28% -0.19%-0.65%-1.02%-1.27%-1.47%

20 0.62% 0.07% -0.44%-0.85%-1.14%-1.34%

25 0.81% 0.20% -0.32%-0.76%-1.06%-1.27%

30 0.93% 0.30% -0.25%-0.69%-1.01%-1.22%

35 1.02% 0.36% -0.19%-0.65%-0.97%-1.20%

Table13: Study4–TheSynergyValue
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ThesynergyvalueforStudies3and4isshowninTables12and13. WhencomparedtotheTables6

and7,thissynergyvalueisincreasinginthelengthofthesupplychain.(Thisfindingisconfirmedinour

numericalstudiesforafive-locationsystemdescribedinAppendixC,Section1).Thepresenceofpositive

synergyvalues(i.e.,complementarity)betweenreverselogisticsandexpeditingisexactlythereasonthat

thoseproductflowsneedtobeoptimizedjointlyinasupplychain,ratherthananalyzedasseparateflows.

6. ReverseLogisticsinaProduct-TransformingSupplyChain

Inthissection,wegeneralizeourmodelandshowhowourpreviousresultsonlogisticssupplychainscan

beusedtoassess,forthefirsttimeintheliterature,thevalueofreverselogisticsinproduct-transforming

supplychains.AsmentionedintheIntroduction,inaproducttransformingsupplychain,asaparticular

unitofproduct movesdownstream,itisphysicallytransformedateachlocationinthesupplychain.

Consequently,aunitofproductthathasreachedlocationjinthesupplychainwillgenerallyhavedifferent

physicalcharacteristics(andbemorevaluablethan)aunitofproductthathasnotyetreachedlocationj.

Hence,inaproduct-transformingsupplychain,itemsatanylocationjmaybeatdifferentstagesof

completion.Thisisbecausesomeofthoseitemsmighthavearrivedtherebythereverseflowfromlocations

downstreamofj,inwhichcasetheircompletionwouldbefurtheralongrelativetothoseitemsthathave

arrivedtherebyregularorexpeditedflowdownstream.Letindexidenoteanitem’sstageofcompletion,

whichrepresentsthemostdownstreamlocationreacheduptothatpoint.Thus,theinventoryatlocationj

mayconsistofitemsatanystageofcompletioni,fori∈[1,j],sinceaproductfromanylocationi,i<j,

whereitreachedthestageofcompletioni,mayhavebeenreturnedupstreamintolocationj.

Therefore,inaproducttransformingsupplychain,itisnecessarytokeeptrackofbothanitem’sstage

ofcompletionanditslocationinthesupplychain.Thisisbecausethefinancialholdingcostforanitem

willvarywithitsstageofcompletion,whileitsphysicalholdingcostwillgenerallyvarywithbothitsstage

ofcompletion(e.g.,duetoapotentialsizedifference),anditslocation(e.g.,thecostofphysicalspace).In

addition,unitcostsforregularandreverseordercanalsobeexpectedtovarywithbothanitem’sstageof

completionanditslocationinthesupplychain. Whileexpeditingisanestablishedindustrypracticefor

logisticssupplychainsinwhichtheproductisnotphysicallytransformedasitflowsthroughthesystem,

inproduct-transformingsupplychains,expeditingphysicalprocessesneededtotransformrawmaterials

intofinishedgoodsmaynotbefeasibleduetotherequiredphysicaltransformationoftheproductthat

necessarilytakestime. Hence,inthediscussionthatfollows,wedonotconsiderexpeditedorders. Asa

result,tocorrectlyaccountfordifferentunitholdingandorderingcostsforitemsatdifferentstagesof

completionatthesamelocation,inthissection,weusethefollowingstateanddecisionvariables:

xijt:on-handinventoryofitemsatlocationj(thenetinventoryifj=1)thatareatstageof

completioniatthebeginningofperiodt,wherej∈[1,...,N]andi∈[1,...,j];
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XRijt:numberofunitscurrentlyatstageofcompletioniatlocationjthatarereverse-orderedinto

locationj+1inperiodt,wherej∈[1,...,N]andi∈[1,...,j];

Xijt:numberofunitscurrentlyatstageofcompletioniatlocationj+1thatareregular-orderedinto

locationjinperiodt,wherej∈[1,...,N]andi∈[1,...,j+1]forj<N,andi=Nforj=N.

Atthemostupstreamlocation,onlycompletelyuntransformeditems(i.e.,i=N)arebroughtinto

thesupplychain;thus,whenj=N,onlyregularorderswithi=Narepermittedintothesystem.

Thecollectionxt:=xijt istheinventorystatefortheproblem;X
R
t:=X

R
ijt isthereverseorder

schedule;andXt:=Xijt istheregularorderschedule.Thus,inaproduct-transformingsupplychain

withreverseorders,thenumberofstatevariablesanddecisionvariablesisoforderN2.Inaddition,what

makesthisproblemexceedinglydifficultisthat,ateachlocationj,inventorycanbereplenishedinj+1

differentwaysbyregularflowalone. Duetothislargenumberofalternativemodesofreplenishment,

existingmethodsfailtoprovideanoptimalreplenishmentpolicyforsuchasupplychain.

Moreover,thedevelopmentofmathematicaltoolstooptimallyselectwhichoftheavailablejreplen-

ishmentoptionstouseateachlocationjinsuchasupplychainis(significantly)beyondthecurrent

scopeofknowledgeinthefield. Thisisbecause,evenforsingle-stagesystemswithonlytwodifferent

replenishmentoptions(i.e.,theso-called“dual-sourcingproblem”),thestructureoftheoptimalpolicy

isnotknown(otherthanforsomespecialcases). Asaresult,solvingthereverselogisticsproblemina

product-transformingsupplychainhasasaprerequisitethesolutionofthedual-sourcingproblem,which

hasremainedopendespiteanumberofattemptsatsolution(seeXinandGoldberg,2017).

Nevertheless,theresultsdevelopedinourpapersofarmakeitpossibleto:1)derivealowerbound

onthecost;2)proposeanovelheuristicpolicy;and3)evaluatethecostperformanceofthatheuristic

policy.Next,weformulatetheoptimalityequationsfortheproduct-transformingsupplychainwithreverse

logistics,thendescribeourlower-boundingpolicyandourheuristicpolicy.Finally,wepresenttheresults

ofnumericalstudiesinwhichweusesimulationtoevaluatethecostperformanceoftheheuristicpolicy.

ModelFormulation:ProductTransformingSupplyChains

LetHijbetheunitinventoryholdingcostforanitematstageofcompletioniatlocationj,andk
R
ijbe

theunitcostofreturninganitematstageofcompletionifromlocationjtolocationj+1.Letkijbethe

unitcostofregular-orderinganitemcurrentlyatstageofcompletionifromlocationj+1intolocationj.

Theone-periodcostfunctionfortheproduct-transformingsupplychainwithreverselogisticsbecomes

γtω,x11t−X
R
11t+

N

j=1

j

i=1

kRijX
R
ijt+Hijxjt +

N−1

j=1

j+1

i=1

kijXijt+kNNXNNt. (20)
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Theoptimalityequationsfortheproduct-transformingsupplychainwithreverselogisticsthusbecome:

Ft(ω,xt)= min
XRt,Xt∈X(xt)

Vt(ω,xtX
R
t,Xt)

Vt(ω,xt,X
R
t,Xt)=γtω,x11t−X

R
11t+

N

j=1

j

i=1

kRijX
R
ijt+Hijxijt+

N−1

j=1

j+1

i=1

kijXijt+kNNXNNt+αEωFt+1(ωt+1,xt+1),

(21)
wherethestatetransitionequationsthatgeneratext+1,theinventorystatenextperiod,arenowasfollows

xij,t+1=






x11t+X11t+X21t−X
R
11t−Dt(ω) forj=1,

xijt+Xijt−Xi,j−1,t−X
R
ijt+X

R
i,j−1,t forj∈[2,N−1]andi∈[1,j−1];

xjjt+Xjjt+Xj+1,jt−Xj,j−1,t−X
R
jjt forj∈[2,N−1]andi=j;

xiNt−Xi,N−1,t−X
R
iNt+X

R
i,N−1,t forj=Nandi∈[1,j−1];

xNNt+XNNt−XN,N−1,t−X
R
NNt forj=Nandi=N.

(22)

ThefeasiblestatespaceX(xt)forthisproduct-transformingsupplychainproblemisgivenby

X(xt)=





XRt,Xt

XR11t∈ 0,[x11t]
+ , XRijt∈ 0,xijt forj∈[2,N]andi∈[1,j];

Xijt∈ 0,xi,j+1,t−X
R
i,j+1,t forj∈[1,N−1],andi∈[1,j+1];

Lower-BoundingPolicy

Wenowmakeuseofourresultsforthelogisticssupplychaintoarriveapolicythatprovidesalowerbound

ontheoptimalcostfortheproduct-transformingsupplychain.Foreachj∈[1,N],let̃kRj:=min
i,i∈[1,j]

kRijand

Hj:=min
i,i∈[1,j]

Hij;foreachj∈[1,N−1],letk̃j:= min
i,i∈[1,j+1]

kijwithk̃N:=kNN.LetF
L

t(ω,xt)bedefinedas

F
L

t(ω,xt)= min
XRt,Xt∈X(xt)

γtω,x11t−X
R
11t+

N

j=1

j

i=1

k̃RjX
R
ijt+Hjxijt+

N−1

j=1

j+1

i=1

k̃jXijt+k̃NXNNt+αEωF
L

t+1(ωt+1,xt+1)

= min
XRt,Xt∈X(xt)





γtω,x11t−X

R
11t+

N

j=1



̃kRj

j

i=1

XRijt+Hj




N

j=1

xijt







+

N−1

j=1

k̃j

j+1

i=1

Xijt+k̃NXNNt+αEωF
L

t+1(ωt+1,xt+1)






GiventheaboveoptimalityequationsforF
L

t,theoptimalityequationsforFt,andthedefinitionsof̃k
R
j,

Hj,and̃kj,itfollowsthatF
L

t(ω,xt)≤Ft(ω,xt)foranygivenωandxt.Thus,F
L

tisalowerboundfor

Ft.Definenewstateanddecisionvariables,foreachlocationj∈[1,N]andperiodtas:

x̃jt:=
N

j=1

xijt; X
R
ijt:=

j

i=1

XRijt; XNt:=XNNtandXjt:=

j+1

i=1

Xijtforj∈[1,N−1].

Usingthosenewstateanddecisionsvariables,theoptimalityequationsforF
L

tnowbecome

F
L

t(ω,̃xt)= min
eXRt,
eXt∈X

L
(̃xt)

γtω,x̃1t−X
R
1t+

N

j=1

k̃RjX
R
jt+k̃jXjt+Hj̃xjt+αEωF

L

t+1(ωt+1,̃xt+1) ,(23)
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wherethefeasibledecisionsetX
L
(̃xt)becomes

X(̃xt)=





XRt,Xt

XR1t∈ 0,[x1t]
+ ,XRjt∈ 0,xjt forj∈[2,N];

Xjt∈ 0,xj+1,t−X
R
j+1,t forj∈[1,N−1].

(24)

Next,weintroduceachangeofvariables:ỹjt:=̃x1t+···+̃xjt;Y
R
jt:=̃yjt−X

R
jt,andYjt:=Y

R
jt+Xjt.

Thischangeofvariablestransformsthedynamicprogramgivenin(23)tothefollowing:

f̃Lt(ω,ỹt)=
N

j=1

k̃Rj+̃kj)yjt+ min
eYRt,

eYt∈Y
L
(̃yt)

γt(ω,Y
R
1t)+

N

j=1

k̃jYjt− k̃
R
j+̃kjY

R
jt +αEω f̃

L
t+1 ωt+1,Yt−Dt(ω) ,

wherethefeasibledecisionsetisgivenby

Y
L
(̃yt)=





YRt,Yt

YR1t∈ [̃y1t]
−,̃y1t,Y

R
jt∈ ỹj−1,t,̃yjt forj∈[2,N];

Yjt∈ Y
R
jt,Y

R
j+1,t− ỹjt−Y

R
jt forj∈[1,N].

Thesolutionofthedynamicprogramforf̃Lt(ω,ỹt)isarrivedatwiththesamestepsasthosepresented

inTheorems1-5.Thefinalresultsofthisanalysisaresummarizedinthefollowingtheorem.

Theorem9.Thefollowingholdineveryperiodt.

(a)f̃Lt(ω,·)isadditivelyconvexforeachω;

(b)Foreachperiodt,stateω,andechelonjthereexistbasestocklevelsSRjt(ω)andSjt(ω)suchthat

SRjt(ω)≥Sjt(ω),andtheoptimaldecisionsforthelowerboundingproblemdefinedin(6)aregivenby

Y∗Rjt(ω)=






max [̃y1t]
−,minSR1t(ω),̃y1t ifj=1;

max ỹy−1,t,minS
R
jt(ω),̃yjt ifj∈[2,N];

Y∗jt(ω)=






max Y∗Rjt,minSjt(ω),Y
∗R
j+1,t ifj∈[1,N−1];

max Y∗RNt,SNt(ω) ifj=N.

Thus,f̃Lt:(1)providesalowerboundonFt;(2)isadditivelyconvex(and,hence,computationally

fast);and(3)generatesanoptimalpolicydeterminedbytwosetsofmutuallyorderedbasestocklevels.

HeuristicPolicy

Thefollowingtheoremprovidesthemotivationforourproposedheuristic. Forj∈[1,N]andi∈[1,j],

definehij:=Hij−Hi,j+1(withhNN:=HNN);forj∈[1,N−1],let∆Hj:=Hjj−Hj+1,j+1.

Theorem10.LetVt(ω,xt,X
R
t,Xt)beasdefinedin(21).Then,Vt(ω,xt,X

R
t,Xt)canbeexpressedas

Vt(ω,xt,X
R
t,Xt)=

N

j=1

j

i=1

(1+α)Hijxijt+Ut(ω,xt,X
R
t,Xt)+Eω min

XRt+1,Xt+1∈X(xt+1)
αGt+2(ω,xt+1,X

R
t+1,Xt+1),

(25)where

Ut(ω,xt,X
R
t,Xt)=γtω,x11t−X

R
11t+

N

j=1

j

i=1

kRij−αhijX
R
ijt+

N−1

j=1

j

i=1

kij+αhijXijt+

N−1

j=1

kj+1,j+α∆HjXj+1,jt

+ kNN +αHNN XNNt−αEωDt (26)
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and

Gt+2(ω,xt+1,X
R
t+1,Xt+1)=γt+1 ωt+1,x11,t+1−X

R
11,t+1 +

N

j=1

j

i=1

kRijX
R
ij,t+1+

N−1

j=1

j+1

i=1

kijXij,t+1+kNNXNN,t+1

+αEωt+1 Ft+2(ωt+2,xt+2). (27)

Thus,Theorem10decomposesthecostfunctionVt(ω,xt,X
R
t,Xt)intotwocostcomponentfunctions

plusaholdingcostterm. ObservethatUtincludesallthecosttermsthatdependexplicitlyoneithera

regularorderXijtorareverseorderX
R
ijtinperiodt.Hence,Utcapturesallthedirectcostsincurredbyany

decisionmadeinperiodt(wherethosecostsareincurredineitherperiodtorperiodt+1).Thefunction

Gt+2,ontheotherhand,containsnotermsthatdependonanydecisionsmadeinperiodt;thedecisions

XRtandXtenterGt+2(ω,xt+1,X
R
t+1,Xt+1)onlythroughtheirimpactontheinventorystatext+1.

NotethattheimpactofXRijtonUtisδ
R
ijX

R
ijt,whereδ

R
ij:=k

R
ij−αhijforj∈[1,N]andi∈[1,j].The

impactofXijtonUtisδijXijt,whereδij:=kij+αhijforj∈[1,N−1]andi∈[1,j],andδij:=kij+α∆Hjif

i=j+1.Thus,δRijandδijrepresentthecostimpactonUtofunitreverseandregularorders,respectively.

Ateachlocationj∈[1,N],definerecursivelyauxiliaryechelonvariablesineachperiodtas:ŷ1t=x11t;

ŷjt=̂yj−1,t+
j

i=1
xijt.Thus,ŷjtrepresentsthe(net)sumofallon-handinventoryatlocations1throughj.

Definition1. (a)Foreachlocationj∈[2,N],letindicesi1(j),i2(j),...ij(j)bedefinedrecursivelyas:

i1(j):=argmin
i,i∈[1,j]

δRij andi2(j):= argmin
i,i∈[1,j],i/∈ i1(j)

δRij; ik(j)= argmin
i,i∈[1,j],i/∈ i1(j),...ik−1(j)

δRij.

(b)Foreachlocationj∈[1,N−1],letindicesι1(j),ι2(j),...ιj+1(j)bedefinedrecursivelyas:

ι1(j)=argmin
i,i∈[1,j+1]

δij andι2(j)= argmin
i,i∈[1,j+1],i/∈ i1(j)

δij; ιk(j)= argmin
i,i∈[1,j+1],i/∈ i1(j),...ik−1(j)

δij.

Thus,indicesi1(j),...,ij(j)representtheorderingofreverse-ordercostimpactfactorsδ
R
ijfromthe

smallesttothelargestateachlocationj,whileindicesι1(j),...,ιj+1(j)denotetheequivalentordering

ofregular-ordercostimpactfactorsδij. Ourproposedheuristicpolicywillseekminimizetheimpactof

orderingdecisionsonUt.BecauseUtcapturestheimpactofthedecisionsmadeinperiodtonthecosts

incurredinperiodstandt+1,wewillrefertothispolicyasthe2-PeriodLookAhead(2-PLA)Policy.

Definition2.(2-PLAPolicy) Let SRjt(ω) and Sjt(ω) bethebasestocklevelsofthelow-bounding

policyfromTheorem9.Then,the2-PLAPolicyspecifiesorderingdecisions XRijt and Xijt asfollows.

(a)If̂yjt>S
R
jt(ω)then:X

R
11t=̂y1t−S

R
1t(ω);and,X

R
ijtforj∈[2,N]andi∈[1,j]aregivenrecursivelyby:

XRi1(j),jt=min xi1(j),jt,̂yjt−S
R
jt(ω) andXRi2(j),jt=min xi2(j),jt,̂yjt−S

R
jt(ω)−X

R

i1(j),jt
;

XRik(j),jt=min xik(j),jt,̂yjt−S
R
jt(ω)−

k−1

q=1

XRiq(j),jt.
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(b)If̂yjt<Sjt(ω)then:XNN,t=SNt(ω)−ŷNt;andXijtforj<Nandi∈[1,j+1]aregivenrecursivelyby:

Xι1(j),jt=min xι1(j),j+1,t,Sjt(ω)−ŷjt andXι2(j),jt=min xι2(j),j+1,t,Sjt(ω)−ŷjt−Xι1(j),jt;

Xιk(j),jt=min xιk(j),j+1,t,Sjt(ω)−ŷjt−
k−1

q=1

Xιq(j),jt.

(c)IfSRjt(ω)≤ŷjt≤Sjt(ω),thenX
R
ijt=0,foralli∈[1,j]andXijt=0foralli∈[1,j+1].

Thus,ateachlocationj,the2-PLApolicy:(1)determinesifeitheraregularorderorreverseorder(or

neither)isrequiredbylookingatthedifferencebetweenSjt(ω)andŷjtforregularorders,andbetweenŷjt

andSRjt(ω)forreverseorders;(2)fulfillseachsuchorder,startingwiththeoneatthestageofcompletion

ithathastheleastcostimpactonUt;and(3)ifneeded,continuestocompletetheorderbyresorting

toitemsatthestageofcompletionwiththenextleastcostimpactonUt,andsoon.Inthatmanner,

the2-PLApolicycanaccess,ateachlocationj,everyfeasiblereplenishmentoptionforbothreverseand

regularorders,anddeterminethemostdesirableonesamongthem.Notethatthe2-PLApolicydepends

inacrucialwayontheorderingofregularandreverseorderbasestocklevelsestablishedfirstinTheorem

5,thenTheorem9;withoutthatorderingitwouldnotbepossibletoconstructthe2-PLAheuristicpolicy.

PerformanceoftheHeuristic

Wenowevaluatethecostperformanceofthe2-PLAheuristicpolicyforthree-locationandfour-location

product-transformingsupplychains(Tables14and15,respectively),overarangeofMarkovmultipliersand

unitbackloggingcosts.(Othermodelparametersusedandresultsforafive-locationproduct-transforming

systemareinAppendixC,Section2). WefirstdeterminebasestocklevelsSRjt(ω)and Sjt(ω)optimal

forf̃Lt(ω,ỹt)bysolvingthedynamicprogramgivenin(6). Wethenmakeuseofsimulationtocalculate

thedifference(i.e.,theperformancegap)betweenFt(ω,̃xt)andF
L

t(ω,̃xt),asapercentageofF
L

t(ω,̃xt).

M.Mult. UnitBackloggingCost

β(1),β(3) 10 15 20 25 30 35

(0.50,2.0) 6.80% 6.36% 6.13% 5.80% 4.86% 4.68%

(0.40,2.5) 6.09% 5.83% 5.19% 4.93% 4.81% 4.30%

(0,33,3.0) 5.78% 5.62% 5.65% 5.61% 3.84% 4.98%

(0.29,3.5) 5.94% 4.67% 5.91% 4.90% 5.99% 4.35%

(0.25,4.0) 5.28% 5.52% 5.23% 4.18% 4.07% 4.66%

(0.22,4.5) 5.28% 5.23% 4.40% 4.72% 4.94% 3.90%

Table14: HeuristicPerformance,3-StageSystem

M.Mult. UnitBackloggingCost

β(1),β(3) 10 15 20 25 30 35

(0.50,2.0) 6.76% 6.31% 5.72% 5.87% 3.96% 4.87%

(0.40,2.5) 6.20% 6.08% 4.61% 5.05% 3.90% 3.78%

(0.33,3.0) 6.36% 5.59% 4.54% 5.55% 4.40% 4.51%

(0.29,3.5) 5.88% 5.14% 5.75% 4.49% 3.26% 2.53%

(0.25,4.0) 5.66% 5.48% 4.67% 4.47% 3.20% 3.41%

(0.22,4.5) 6.09% 4.60% 4.67% 5.02% 3.37% 4.20%

Table15: HeuristicPerformance,4-StageSystem

Theaverageperformancegapis5.18%forthethree-locationproduct-transformingsupplychain(Table

14)and4.86%forthefour-locationone(Table15),withthemaximumvalueof6.76%.Thus,ourheuristic

policyperformsverywellundermodelparametersconsidered,givenitsrelativelysmallperformancegap

relativetoourlower-boundingpolicythatignoresallproduct-transformingfeaturesofsuchsupplychains.
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7. ConcludingRemarks

Inthispaper,weformulatedandsolvedamodelofreverselogisticsinsupplychainswithexpedited,

reverseandregularflowoforders.Ourmotivationfordoingsowas:(1)thegrowingpresenceinindustry

ofthoseproductflows,whicharecommonlymanagedindependentlyfromoneanother;(2)thepotentialfor

creatingadditionalvalueinsupplychainsbydevelopingmethodstomanagethoseproductflowsjointlyin

anoptimalmanner;and(3)theabsenceofsuchmethodsinbothresearchliteratureandindustrypractice.

Forourbasicmodelofthelogisticssupplychainwithreverselogistics,weidentifiedtheformofthe

optimalpolicythatachievesthedecompositionofthemulti-variableobjectivecostfunctionintosingle-

variablecomponentfunctions,inspiteofthemultidimensionalboundaryofthefeasibleregion.Oursolution

approachmayalsobeapplicabletootherinventoryproblemspresentlydeemedintractableduetothecurse

ofdimensionalityinherentinmultidimensionalboundariesoftheirfeasibleregions.

Oneofourkeyfindingsisthat,whenitcomestothevalueofreverselogistics,demandvariability

mattersmorethandemandvolatility.Thisisbecause,withoutdemandvariability,itiseffectivelynever

optimaltoreturnproductupstream,regardlessofthelevelofdemandvolatility.Insuchasetting,reverse

logisticsdoesnotcreateanycostsavings,andcompaniesinvolvedinthereverselogisticspractice,suchas

InternationalBearings,arewelladvisedtotakeacloselookattheexactnatureoftheirdemanduncertainty.

Usingthealgorithmsdevelopedinourpaper,wequantifytheresultingsavingsandidentifymost

favorableconditionsforinvestinginthereverselogisticscapability.Inparticular,wefindthat,inthe3-

locationsupplychainexploredinSection5,costsavingfromhavingonlyreverselogisticsinthesupplychain

average3.74%(averagedacrossourStudies1and2),whilecostsavingsfromusingbothreverselogistics

andexpeditingaverage13.09%.Inthe4-locationsupplychain,reverselogisticsonitsowngeneratescost

savingsthataverage3.49%,whilehavingbothreverselogisticsandexpeditinginthesupplychainresults

incostsavingsthataverage16.04%. Further,reverselogisticsisfoundtocreatemostvalueinlonger

supplychainscharacterizedbyhigherdemandvariability,andlowerreverseandexpeditedordercosts.

Thisisbecauseinsuchsystemsreturningproductsupstreamandexpeditingproductsdownstreamactas

complementswithregardtothecostsavingsgenerated.Thiscomplementaryinteractionbetweenreverse

logisticsandexpeditinginthesystemisexactlywhythoseproductflowsneedtobemanagedtogether,

ratherbeoptimizedindividually,ashascustomarilybeenthecaseinbothresearchandpractice.

Withshortersupplychains,ontheotherhand,lowdemandvariability,andhighunitordercosts,

reverselogisticsandexpeditingbecomesubstitutes,sothat,inthosesettings,companieslikeInternational

Bearingsshouldconsidereliminatingoneofthoseproductflowoptionsormanagingthemindependently.

Finally,weprovideananalysisofproduct-transformingsupplychainswithreverselogistics.Forsuch

systemswithhighstate-spaceanddecisions-spacedimensionality,wedevelop:(1)alower-boundingpolicy
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onthecost;and(2)aninnovativeheuristicpolicyformanagingmultipleregularandreverseflowoptions

availableateachlocation.Theproposedheuristicpolicyisfoundtoperformverywell,asitsperformance

gaprelativetoourlow-boundingpolicyaverages4.72%,acrossallmodelparametersandsupplychain

lengthsstudied,withitsmaximumvalueat6.80%anditsminimumvalueat1.76%.

Ourformulationoftheexpeditingfunctionallowsfordynamicleadtimemanagementinwhichthe

leadtimeofeachunitofproductisdetermineddynamicallybasedonthestructureoftheoptimalpolicy

andeachperiod’sdemandrealization. Thisformulationofexpeditingisstandardinthemultiechelon

inventoryliterature(e.g.,LawsonandPorteus2000, MuharremogluandTsitsiklis2003, Mamaniand

Moinzadeh2014,Angelusand Özer2016,BerlingandMartinez-de-Albeniz2016). Whilethisformulation

isrelevanttoavarietyofsupplychainsinwhichproductexpeditingcanbeobservedinpractice,itdoes

notcapturethosesettings,alsoencounteredinpractice,inwhichtheexpeditingleadtimeisfixedandgiven

fromthestart.Thereisagrowingliteratureonsuch‘dual-scourcingoptions’inwhichtwodifferentsources

forinventoryreplenishmenthavedifferentfixedleatimes.(Forarecentreviewofthisliterature,seeXin

andGoldberg,2017).Theresultingmodelsareknowntopresenttechnicallychallengingproblems,sothat,

evenforsingle-stagesystems,andunlessthetworeplenishmentleadtimesareconsecutive,thestructure

oftheoptimalpolicyhasnotyetbeenestablished. Asaresult,incorporatingfixedexpeditingleadtimes

intoamultiechelonsettingremainsanopenproblem,outsidethescopeofourwork,whosesolutioncan

beexpectedtorequire,asaprerequisite,thesolutionofthesingle-stagedual-sourcingproblem.

Ourfocusinthispaperisonreverseordersthatoriginatewithinthesupplychainitselfasastrategyto

manageoverstockinventory,ratherthanonreverseordersnecessitatedbycustomers’returnsofproduct.

However,allofourresultsconcerningthestructureoftheoptimalpolicyandtheresultingdecomposition

oftheobjectivecostfunctioncontinuetoholdwhencustomerreturns,intheformofnegativedemand,

areallowedinthesystem. Wealsochosetoaddressmodelsofserialsupplychainswithreverselogistics.

Thisisbecauseserialsystemsrepresentthekeybuildingblockofallothersupplychainstructures,such

asassemblyordistributionsystems. Ourresultsforserialsupplychainswithreverselogisticscanbe

generalizedtoassemblysystemswithreverselogisticsusingstandardmethods,suchasthosefoundin

AngelusandPorteus(2007)andAngelusandÖzer(2016). Asfordistributionsystems,ClarkandScarf

(1960)pointedoutthatanoptimalpolicyforadistributionsystem,ifitexists,iscomplex.Despitedecades

ofactiveresearchsincethen,theexistenceofanoptimalpolicyforsuchasystem,evenwithonlyregular

orders,hasnotyetbeenestablished.Researchondistributionsystemshasthereforebeenfocusedonthe

identificationofheuristics. Allofthoseheuristicapproachesfirstcollapseagivendistributionsystemto

a(morerelaxed)serialsystem.Therefore,asolutionoftheresultingserialsystemprovidesthebackbone

ofallheuristicsproposedtomanagesuchdistributionsystems(see,forexample,Federgruen1993,Aviv
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andFedergruen2001,Özer2003).Hence,developingsuchheuristicsfordistributionsystemswithregular,

reverseandexpeditedorderflowswouldfirstrequiretheuseoftheresultsinourcurrentpaper.
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AppendixA:Proofs

ThefollowingPropositions1and2provideintermediateresultsneededfortheproofofTheorem1.Their

proofsmakeuseoftheinstallationformulationoftherelaxedreverselogisticsproblemgivenby

Ft(ω,xt)= min
XEt,X

R
t,Xt∈

eX(xt)
Vtω,xt,X

E
t,X

R
t,Xt (28)

Vtω,xt,X
E
t,X

R
t,Xt =

N

j=1

kEjt+hjtX
E
jt+ k

R
jt−hjtX

R
jt+ kjt+hjtXjt+Hjtxjt

+γtω,x1t+X
E
1t−X

R
1t+αEDt,ωt+1|ωFt+1(ωt+1,xt+1), (29)

wherethefeasiblesetX(xt)fortherelaxedreverselogisticsproblembecomes

X(xt)=






XEt,X
R
t,Xt

XEjt∈ 0,xj+1,t+X
E
j+1,t forj∈[1,N−1];

XR1t∈ 0,[x1t+X
E
1t]
+ ;XRjt∈ 0,xjt+X

E
jt−X

E
j−1,t forj∈[2,N];

Xjt∈ 0,xj+1,t−X
R
j+1,t+X

R
jt+X

E
j+1,t−X

E
jt forj∈[1,N−1].

Wesaythatapolicy XEt,X
R
t,Xt issemi-unidirectionalinperiodt,if,ateachlocationj,either

XEjt=0orX
R
jt=0(orboth).Hence,underasemi-unidirectionalpolicy,theproductiseitherexpedited

orreverseorderedateachlocationinthesystem,butnotbothinthesameperiod.

Proposition1.Let XEt,X
R
t,Xt beapolicyfeasibleforxtinperiodt. LetapolicyX

E
t,X

R
t,Xt in

periodtbedefinedasXEjt= XEjt−X
R
jt

+
;XRjt= XRjt−X

E
jt

+
;andXjt=Xjtforeachj. Letxt+1

andx̂t+1beinventorystatesinperiodt+1obtainedbystartingwithxtinperiodtandapplyingpolicies

XEt,X
R
t,Xt and X

E
t,X

R
t,Xt,respectively.Then,thefollowinghold.

(a)XEjt≥0,X
R
jt≥0,andXjt≥0forallj;

(b)XEjt=0orX
R
jt=0(orboth)forallj;

(c)XEjt≤X
E
jtandX

R
jt≤X

R
jtforallj;

(d)XEt,X
R
t,Xt ∈X(xt);

(e)̂xt+1=xt+1;

(f)Vtω,xt,X
E
t,X

R
t,Xt ≤Vtω,xt,X

E
t,X

R
t,Xt;

(g)Vtω,xt,X
E
t,X

R
t,Xt <Vtω,xt,X

E
t,X

R
t,Xt,if(X

E
t,X

R
t,Xt)isnotsemi-unidirectional.

Therefore,foranygivenpolicy(XEt,X
R
t,Xt)feasibleforxt,thepolicy(X

E
t,X

R
t,Xt),constructedin

Proposition1,issemi-unidirectional(partb),reducesthesizeofboththeexpeditedandreverseorder

decisions(partc),isfeasibleforxt(partd),resultsinthesameon-handinventorystatenextperiodas

theoriginalpolicy(parte),andgenerateslowertotalexpectedcostthantheoriginalpolicy. Wewillrefer

tothepolicy(XEt,X
R
t,Xt)thusconstructedasthesemi-unidirectionalreductionof(X

E
t,X

R
t,Xt).
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ProofofProposition1:Parts(a),(b),and(c)followdirectlyfromtheconstructionof(XEt,X
R
t,Xt).

Toprove(d),wefirstshowthatXEjt≤xj+1,t+X
E
j+1,t.Fixj.IfX

E
jt=0,thisinequalityholdsdirectly,

sinceXEj+1,t≥0bypart(a).IfX
E
jt>0,thenX

E
jt=X

E
jt−X

R
jt>0andwewillshowthat

XEjt−X
R
jt≤xj+1,t+X

E
j+1,t=xj+1,t+ X

E
j+1,t−X

R
j+1,t

+
. (30)

NotethatthefeasibilityofXRj+1,t,bythedefinitionofthefeasiblesetX(xt),impliesthat

XRj+1,t≤xj+1,t+X
E
j+1,t−X

E
jt. (31)

IfXEj+1,t≥X
R
j+1,t,(30)thenfollowsfrom(31)sinceX

R
jt≥0.IfX

E
j+1,t<X

R
j+1,t,then(30)reducesto

XEjt−X
R
jt≤xj+1,t,while(31)impliesxj+1,t−X

E
jt>0,and(30)followsfrom(31).Thus,X

E
tisfeasible.

Next,weestablishthefeasibilityofXRt.IfX
R
jt=0,thenitisclearlyfeasible.SupposeX

R
1t>0.Thus,

XE1t=0bypart(b),andsoX
R
1tisfeasibleifX

R
1t≤x1t.SinceX

R
1t=X

R
1t−X

E
1tthatinequalityfollows

directlyfromthefeasibilityofXR1t.SupposeX
R
jt>0forsomej>1.Then,

XRjt=X
R
jt−X

E
jt [definitionofXRjt]

≤ xjt+X
E
jt−X

E
j−1,t−X

E
jt [XRt∈X(xt)]

=xjt+X
E
jt−X

E
j−1,t [SinceXR1t>0,thenX

E
jt=0bypart(b)]

≤xjt+X
E
jt−X

E
j−1,t. [XEj−1,t≤X

E
j−1,tbypart(c)]

Therefore,XRjtisfeasibleforeachj.Finally,usingthedefinitionsofX
R
tandX

E
t,weget

xj+1,t−X
R
j+1,t+X

E
j+1,t−X

E
jt+X

R
jt=xj+1,t−X

R
j+1,t−X

E
j+1,t

+
+XEj+1,t−X

R
j+1,t

+
−XEjt−X

R
jt

+
+XRjt−X

E
jt

+

=xj+1,t−X
R
j+1,t+X

E
j+1,t−X

E
jt+X

R
jt

≥Xjt [Xt∈X(xt)]

=Xjt. [definitionofXt]

SinceXjtsatisfiestherequiredupperbound,itisfeasibleforxt,whichcompletestheproofofpart(d).

Toprovepart(e),firstfixω.Next,weusestatetransitionequationsgivenin(2)toget

x̂1,t+1=x1t−X
R
1t+X

E
1t+X1t−Dt(ω)

=x1t− X
R
1t−X

E
1t

+
+ XE1t−X

R
1t

+
+X1t−Dt(ω) [definitionsofXEt,X

E
tandXt]

=x1t−X
R
1t+X

E
1t+X1t−Dt(ω)=x1,t+1;

x̂j,t+1=xjt−X
R
jt+X

R
j−1,t+X

E
jt−X

E
j−1,t+Xjt−Xj−1,t

=xjt− X
R
jt−X

E
jt

+
+ XRj−1,t−X

E
j−1,t

+
+ XEjt−X

R
jt

+
− XEj−1,t−X

R
j−,1t

+
+Xjt−Xj−1,t

=xjt−X
R
jt+X

R
j−1,t+X

E
jt−X

E
j−1,t+Xjt−Xj−1,t=xj,t+1.

Consequently,x̂t+1=xt+1,whichprovespart(e).Toprovepart(f),let∆:=Vtω,xt,X
E
t,X

R
t,Xt−

Vtω,xt,X
E
t,X

R
t,Xt.Sincêxt+1=xt+1bypart(e),andXt=Xt,itfollowsfromexpression(29)that

∆=γtω,x1t−X
R
1t+X

E
1t−γtω,x1t−X

R
1t+X

E
1t+

N

j=1

kEj+hj X
E
jt−X

E
jt+ k

R
j−hj X

R
jt−X

R
jt .(32)
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Fixj,andconsiderthetermkEj+hj X
E
jt−X

E
jt+ k

R
j−hj X

R
jt−X

R
jt inthesummationin(32).

Bypart(b),eitherXEjt=0,orX
R
jt=0.IfX

E
jt=0,thenX

R
jt=X

R
jt−X

E
jtandweget

kEj+hj X
E
jt−X

E
jt + k

R
j−hj X

R
jt−X

R
jt =−k

E
j+k

R
j X

E
jt≤0.

Similarly,ifXRjt=0,thenX
E
jt=X

E
jt−X

R
jtandweget

kEj+hj X
E
jt−X

E
jt + k

R
j−hj X

R
jt−X

R
jt =−k

E
j+k

R
j X

R
jt≤0.

ByapplyingtheseresultstoExpression(32),weget

∆≤γtω,x1t−X
R
1t+X

E
1t−γtω,x1t−X

R
1t+X

E
1t−

N

j=1

kEj+k
R
j maxX

E
jt,X

R
jt

=γtω,x1t−[X
R
1t−X

E
1t]
++[XE1t−X

R
1t]
+ −γtω,x1t−X

R
1t+X

E
1t−

N

j=1

kEj+k
R
j maxX

E
jt,X

R
jt

=γtω,x1t−X
R
1t+X

E
1t−γtω,x1t−X

R
1t+X

E
1t−

N

j=1

kEj+k
R
j maxX

E
jt,X

R
jt

=−
N

j=1

kEj+k
R
j maxX

E
jt,X

R
jt ≤0,

whichcompletestheproofofpart(f).Finally,if(XEt,X
R
t,Xt)isnotsemi-unidirectional,thenthereexists

alocationjsuchthatXEjt,X
R
jt>0.Inthatcase,itfollowsfromtheaboveexpressionthat∆<0.✷

Proposition2.Let(XEt,X
R
t,Xt)beapolicyfeasibleforxtinperiodt. Let(X

E
t,X

R
t,Xt)beitssemi-

unidirectionalreduction. Defineapolicy(XEt,X
R
t,Xt)asX

E
jt=X

E
jt,X

R
jt= XRjt−Xjt

+
,andXjt=

Xjt−X
R
jt

+
foreachj.Let̂xt+1andx̃t+1beinventorystatesinperiodt+1obtainedbystartingwithxt

inperiodtandapplyingpolicies(XEt,X
R
t,Xt)and(X

E
t,X

R
t,Xt),respectively.Then,thefollowinghold.

(a)XEjt≥0,X
R
jt≥0andXjt≥0forallj;

(b)XEjt=Xjt=0orX
R
jt=0(orboth)forallj;

(c)XRjt≤X
R
jt≤X

R
jtandXjt≤Xjt≤Xjtforallj;

(d)(XEt,X
R
t,Xt)∈X(xt);

(e)̃xt+1=x̂t+1;

(f)Vtω,xt,X
E
t,X

R
t,Xt ≤Vtω,xt,X

E
t,X

R
t,Xt;

(g)Vtω,xt,X
E
t,X

R
t,Xt <Vtω,xt,X

E
t,X

R
t,Xt,if(X

E
t,X

R
t,Xt)isnotunidirectional.

Thus,thepolicy(XEt,X
R
t,Xt)constructedinProposition2isunidirectional(partb),reducesregular

andreverseorderdecisionsrelativeto(XEt,X
R
t,Xt)(partc),isfeasibleforxt(partd),resultsinthesame

inventorystatenextperiodastheoriginalpolicy(parte),andhaslowertotalexpectedcostthanthe

originalpolicy.Thepolicy(XEt,X
R
t,Xt)istheunidirectionalreductionof(X

E
t,X

R
t,Xt).
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ProofofProposition2: Parts(a),(b),and(c)followdirectlyfromtheconstructionof(XEt,X
R
t,Xt).

SinceXEjt=X
E
jtforeachj,thenX

E
tisfeasiblebecauseX

E
jtisfeasiblebyProposition1(d).Next,

XR1t= X
R
1t−X1t

+
[definitionofXRjt]

≤XR1t

≤ x1t+X
E
1t

+
[ByProposition1(d),XRt∈X(xt)]

= x1t+X
E
1t

+
. [definitionofXEjt]

Therefore,XR1tisfeasibleforxt.Similarly,forj>1,weget

XRjt= X
R
jt−Xjt

+
[definitionofXRjt]

≤XRjt

≤xjt+X
E
jt−X

E
j−1,t [ByProposition1(d),XRt∈X(xt)]

=xjt+X
E
jt−X

E
j−1,t. [definitionofXEjt]

Hence,XRtisfeasibleforxt.Next,ifXjt=0,thenXjtisclearlyfeasible.SupposeXjt>0.Inthat

case,Xjt=Xjt−X
R
jt,and,byPart(b),X

R
jt=0.Itfollowsthat

xj+1,t−X
R
j+1,t+X

R
jt+X

E
j+1,t−X

E
jt=xj+1,t−X

R
j+1,t+X

E
j+1,t−X

E
jt

=xj+1,t− X
R
j+1,t−Xj+1,t

+
+XEj+1,t−X

E
jt [definitionsofXEtandX

R
t]

≥xj+1,t−X
R
j+1,t+X

E
j+1,t−X

E
jt

≥Xjt−X
R
jt [ByProposition1(d),Xt∈X(xt)]

=Xjt.

Thus,Xtisfeasibleforxt,whichproves(d).Toprove(e),fixω.Bystatetransitionequationsin(2),

x̃1,t+1=x1t−X
R
1t+X

E
1t+X1t−Dt(ω)

=x1t− X
R
1t−X1t

+
+ X1t−X

R
1t

+
+XE1t−Dt(ω) [definitionsofXEt,X

R
tandXt]

=x1t−X
R
1t+X

E
1t+X1t−Dt(ω)=̂x1,t+1;

x̃j,t+1=xjt−X
R
jt+X

R
j−1,t+X

E
jt−X

E
j−1,t+Xjt−Xj−1,t

=xjt− X
R
jt−Xjt

+
+ XRj−1,t−Xj−1,t

+
+XEjt−X

E
j−1,t+ Xjt−X

R
jt

+
− Xj−1,t−X

R
j−1,t

+

=xjt−X
R
jt+X

R
j−1,t+X

E
jt−X

E
j−1,t+Xjt−Xj−1,t=̂xj,t+1.

Thus, x̃t+1 = x̂t+1,whichprovespart(e). Toprovepart(f),let ∆:=Vtω,xt,X
E
t,X

R
t,Xt −

Vtω,xt,X
E
t,X

R
t,Xt.Becausẽxt+1=x̂t+1bypart(e),andX

E
t=X

E
t,itfollowsfrom(29)that

∆=γtω,x1t−X
R
1t+X

E
1t−γtω,x1t−X

R
1t+X

E
1t+

N

j=1

kj+hj Xjt−Xjt+ k
R
j−hj X

R
jt−X

R
jt .(33)

Fixj,andconsiderthetermkj+hj Xjt−Xjt + k
R
j−hj X

R
jt−X

R
jt inthesummationin(33).

Bypart(b),eitherXjt=0,orX
R
jt=0.IfXjt=0,thenX

R
jt=X

R
jt−Xjtandweget
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kj+hj Xjt−Xjt + k
R
j−hj X

R
jt−X

R
jt =−kj+k

R
j Xjt≤0.

Similarly,ifXRjt=0,thenXjt=Xjt−X
R
jtandweget

kEj+hj kj+hj Xjt−Xjt + k
R
j−hj X

R
jt−X

R
jt =−kj+k

R
j X

R
jt≤0,

sincekj+k
R
j≥0atlocationNbyassumption,andforallotherjbecausekj,k

R
j≥0forallj<N.By

applyingtheseresultstoExpression(33),weget

∆≤γtω,x1t−X
R
1t+X

E
1t−γtω,x1t−X

R
1t+X

E
1t−

N

j=1

kj+k
R
j maxXjt,X

R
jt

=γtω,x1t+X
E
1t−[X

R
1t−X1t]

+ −γtω,x1t+X
E
1t−X

R
1t−

N

j=1

kj+k
R
j maxXjt,X

R
jt.

Bydefinition,γt(ω,x):=(p+H1)Eω[(Dt(ω)−x)
+]−H1Eω[Dt(ω)].Thus,sinceEω[(Dt(ω)−x)

+]is

decreasinginx,thensoisγt(ω,x).SinceX
E
1t−[X

R
1t−X1t]

+≥XE1t−X
R
1t,itfollowsthatγtω,x1t+X

E
1t−

[XR1t−X1t]
+ ≤γtω,x1t+X

E
1t−X

R
1t.Hence,∆≤0,whichprovespart(f).

Toprovepart(g),supposethat(XEt,X
R
t,Xt)isnotunidirectional.Itthatcase,thereexistsalocation

jsuchthatXjt,X
R
jt>0.Itthenfollowsfromtheaboveinequalityfor∆that∆<0.✷

WearenowinapositiontoproveTheorem1.

ProofofTheorem1:Supposethatthereexistsanoptimalpolicy(XEt,X
R
t,Xt)thatisnotunidirectional

forsomestatextandω.Thus,thereexistsalocationjsuchthateitherX
E
jt>0andX

R
jt>0,orXjt>0

andXRjt>0.IfX
E
jt>0andX

R
jt>0,then,bydefinition,(X

E
t,X

R
t,Xt)isnotsemi-unidirectional.

SupposeinsteadthatXEjt=0andXjt,X
R
jt>0.Let(X

E
t,X

R
t,Xt)bethesemi-unidirectionalreductionof

(XEt,X
R
t,Xt).Inthatcase,bydefinition,X

R
jtX

R
jt−X

E
jt

+
=XRjtandXjt=Xjt.Therefore,Xjt,X

R
jt>0,

andthus(XEt,X
R
t,Xt)isnotunidirectional.Hence,when(X

E
t,X

R
t,Xt)isnotunidirectional,theneither

(XEt,X
R
t,Xt)isnotsemi-unidirectionalor(X

E
t,X

R
t,Xt)isnotunidirectional.

ByProposition1,wecanconstructapolicy(XEt,X
R
t,Xt)thatisthesemi-unidirectionalreduction

of(XEt,X
R
t,Xt). Thispolicyisfeasibleforxt,semi-unidirectional,resultsinthesameinventorystate

nextperiodastheoriginalpolicy,andgeneratesalowertotalcostthantheoriginalpolicy(XEt,X
R
t,Xt).

Further,theircostdifferenceisstrictlynegativeif(XEt,X
R
t,Xt)isnotsemi-unidirectional.

Hence,wecanconstructapolicy(XEt,X
R
t,Xt)thatisunidirectional,feasibleforxt,resultsinthesame

inventorystateastheoriginalpolicy,andagenerateslowertotalcostthanthesemi-unidirectionalreduction

(XEt,X
R
t,Xt).Further,theircostdifferenceisstrictlynegativeif(X

E
t,X

R
t,Xt)isnotunidirectional.Finally,

asestablishedabove,if(XEt,X
R
t,Xt)isnotunidirectionalinperiodt,theneither(X

E
t,X

R
t,Xt)isnotsemi-

unidirectionalor(XEt,X
R
t,Xt)isnotunidirectional.Itfollowsthat(X

E
t,X

R
t,Xt)generatesastrictlylower

costthananypolicy(XEt,X
R
t,Xt)thatisnotunidirectionalforxt.Therefore,weconcludethatanyoptimal
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policymustbeunidirectionalineachperiodtandandforeachstateω.✷

ProofofTheorem2:Let YEt,Y
R
t,Yt beanoptimalpolicyinperiodtfortherelaxedreverselogistics

problem.Toprove(a),wefirstshowthat,foranygivenytandωinperiodt,Y
E
t,Y

R
t,Yt∈Y(yt),sothat

theschedulesYEt,Y
R
t,Yt optimalfortherelaxedreverselogisticsproblemwithytinperiodtarefeasible

fortheoriginalreverselogisticsproblemwithytinperiodt.

Beingoptimal,schedules YEt,Y
R
t,Yt arefeasiblefortherelaxedreverselogisticsproblem. Thus,

(i)yjt≤Y
E
jt≤Y

E
j+1,tfor1≤j≤N;(ii)Y

E
1t

−
≤YR1t≤Y

E
1tandY

E
j−1,t≤Y

R
jt≤Y

E
jtfor2≤j≤N;and

(iii)YRjt≤Yjt≤Y
R
j+1,tfor1≤j≤N.Toprovethatschedules(Y

E
t,Y

R
t,Yt)arefeasiblefortheoriginal

reverselogisticsproblemwithytinperiodt(i.e.,Y
E
t,Y

R
t,Yt∈Y(yt))itthussuffices,bythedefinitionof

Y(yt)givenin(6),toshowthat,ateachlocationj,Yjt≤Y
R
j+1,t−(Y

E
jt−Y

R
jt).

WenowapplyCorollary1:thus,either YEjt=yjtandYjt=Y
R
jt,orY

R
jt=Y

E
jtforeachj.Accordingly,

supposefirstthatatagivenlocationj,YEjt=yjtandYjt=Y
R
jt.Inthatcase,theinequalityYjt≤Y

R
j+1,t−

(YEjt−Y
R
jt)reducestoY

R
jt≤Y

R
j+1,t−(Y

E
jt−Y

R
jt),whichholdsdirectly,becauseY

R
j+1,t≥Y

E
jtsinceY

R
t∈Y(yt).

Supposenextthat,atlocationj,YRjt=Y
E
jt.Inthatcase,theinequalityYjt≤Y

R
j+1,t−(Y

E
jt−Y

R
jt)reduces

toYjt≤Y
R
j+1,twhichagainholdsdirectlybecauseYt∈Y(yt).ItfollowsthatY

E
t,Y

R
t,Yt∈Y(yt).

Sincetherelaxedreverselogisticsproblemisarelaxationoftheoriginalreverselogisticsproblem,then,

becausetheoptimalpolicy YEt,Y
R
t,Yt fortherelaxedreverselogisticsproblemisfeasibleinperiodtfor

thecorrespondingoriginalreverselogisticsproblemforanygivenyt,itfollowsthatY
E
t,Y

R
t,Yt isalso

optimalfortheoriginalreverselogisticsproblem.Hence,YEt,Y
R
t,Yt = YEt,Y

R
t,Yt ineveryperiodt.

Weprovepart(b)byinduction.Byassumption, fT+1(ωT+1,·)=f̃T+1(ωT+1,·),forallωT+1.Assume

inductivelythatpart(b)holdsforperiodt+1sothatft+1(ωt+1,yt+1)=f̃t+1(ωt+1,yt+1)forallωt+1and

yt+1.Fixyt.LetY
E
t,Y

R
t,Yt beoptimalforf̃t(ω,yt),andY

E

t,Y
R

t,Yt beoptimalforft(ω,yt).It

thenfollowsfromtheoptimalityequationin(10)that

f̃t(ω,yt)=−

N

j=1

kEjyjt+ min
YEt,Y

R
t,Yt∈

eY(yt)
γt(ω,Y

R
1t)+

N

j=1

cEjY
E
jt−c

R
jY

R
jt+cjYjt +αEω f̃t+1 ωt+1,Yt−Dt(ω)

=−
N

j=1

kEjyjt+γt(ω,Y
R
1t)+

N

j=1

cEjY
E
jt−c

R
jY

R
jt+cjYjt+αEω f̃t+1 ωt+1,Yt−Dt(ω) [dfn.ofYEt,Y

R
t,Yt]

=−
N

j=1

kEjyjt+γt(ω,Y
R
1t)+

N

j=1

cEjY
E
jt−c

R
jY

R
jt+cjYjt +αEωft+1 ωt+1,Yt−Dt(ω) [induct.assumption]

=−

N

j=1

kEjyjt+γt(ω,Y
R

1t)+
N

j=1

cEjY
E

jt−c
R
jY

R

jt+cjYjt +αEωft+1 ωt+1,Yt−Dt(ω) [part(a)]

=ft(ω,yt). [Y
E

t,Y
R

t,Yt isoptimalforft(ω,yt)]
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Inwhatfollows,wemakeuseofthefollowinglemma,which,asfarasweknow,isnewtotheliterature.

Lemma1.Letfunctionsv1,v2,...,vN :R→ Rbeconvex.Letx1≤x2≤···≤xN beanorderedsetof

statevariablesandy1≤y2≤···≤yN beanorderedsetofdecisionvariables.Then,foranyn≤N,

min
xj≤yj≤yj+1
j=1,2,...,N

N

j=1

vj(yj)=

n

j=1

w+j(xj)+ min
xj≤yj≤yj+1
j=n+1,...,N

wn+1(yn+1)+

N

j=n+2

vj(yj), (34)

wherefunctionsw1,w2,...,wN aredefinedrecursivelyasw1:=v1andwj:=vj+w
−

j−1.Inparticular,

min
xj≤yj≤yj+1
j=1,2,...,N

N

j=1

vj(yj)=

N

j=1

w+j(xj).

Proof.Observefirstthat,iffisaconvexfunctiononR,then,givenx≤y,

min
x≤θ≤y

f(θ)=f+(x)+f−(y), (35)

usingthedefinitionoff+ andf− giveninthepaper. Next,toprovethelemma,westartwithn=1.

Usingthedefinitionofw1andw2,weapply(35)toget

min
xj≤yj≤yj+1
j=1,2,...,N

N

j=1

vj(yj)= min
xj≤yj≤yj+1
j=2,...,N

min
x1≤y1≤y2

v1(y1)+

N

j=2

vj(yj) = min
xj≤yj≤yj+1
j=2,...,N

v+1(x1)+v
−

1(y2)+

N

j=2

vj(yj)

=v+1(x1)+ min
xj≤yj≤yj+1
j=2,3,...,N

v−1(y2)+v2(y2)+

N

j=3

vj(yj)=w
+

1(x1)+ min
xj≤yj≤yj+1
j=2,3,...,N

w2(y2)+

N

j=3

vj(yj).

Therefore,theexpression(34)holdsforn=1.Assumeinductivelythat(34)holdsforn.Usingthe

observationstatedin(35)andthedefinitionofwn+1,fortheRHSof(34)weobtain

n

j=1

w+j(xj)+ min
xj≤yj≤yj+1
j=n+1,...,N

w−n(yn+1)+vn+1(yn+1)+

N

j=n+2

vj(yj)=
n

j=1

w+j(xj)+ min
xj≤yj≤yj+1
j=n+1,...,N

wn+1(yn+1)+
N

j=n+2

vj(yj)

=
n

j=1

w+j(xj)+ min
xj≤yj≤yj+1
j=n+2,...,N

w+n+1(xn+1)+w
−

n+1(yn+2)+
N

j=n+2

vj(yj)

=
n+1

j=1

w+j(xj)+ min
xj≤yj≤yj+1
j=n+2,...,N

w−n+1(yn+2)+vn+2(yn+2)+
N

j=n+3

vj(yj)

=
n+1

j=1

w+j(xj)+ min
xj≤yj≤yj+1
j=n+2,...,N

wn+2(yn+2)+
N

j=n+3

vj(yj).

Thus,expression(34)alsoholdsforn+1.Taken=N−1.TheRHSof(34)becomes
N−1

j=1

w+j(yj)+ min
xN≤yN

wN(yN)=
N

j=1

w+j(xj).
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ProofofTheorem3:ByAssumption1,f̃T+1(ωT+1,yT+1)isadditivelyconvexinyT+1foreachωT+1.

Assumeinductivelythatft+1(ωt+1,·)isadditivelyconvexforeachωt+1 inperiodt+1<T+1. Thus,

thereexistconvexfunctions f1,t+1,...,fN,t+1 suchthatft+1(ωt+1,yt+1)=
N

j=1
fj,t+1(ωt+1,yj,t+1). By

theoptimalityequationsin(10),weget

f̃t(ω,yt)=−
N

j=1

kEjyjt+ min
YEt,Y

R
t,Yt∈

eY(yt)
γt(ω,Y

R
1t)+

N

j=1

cEjY
E
jt−c

R
jY

R
jt+cjYjt+αEω f̃t+1 ωt+1,Yt−Dt(ω) .

UsingthedefinitionofY(yt)givenin(9),andthedefinitionofgjt,itfollowsthat

f̃t(ω,yt)=−
N

j=1

kEjyjt+ min
yjt≤Y

E
jt≤Y

E
j+1,t

j=1,...,N;
[YE1t]

−≤YR1t≤Y
E
1t

YEj−1,t≤Y
R
jt≤Y

E
jt

j=2,...,N.

γt(ω,Y
R
1t)+

N

j=1

cEjY
E
jt−c

R
jY

R
jt+cjYjt+ min

YRjt≤Yjt≤Y
R
j+1,t

gjt(ω,Yt)

=−
N

j=1

kEjyjt+ min
yjt≤Y

E
jt≤Y

E
j+1,t

j=1,...,N;
[YE1t]

−≤YR1t≤Y
E
1t

YEj−1,t≤Y
R
jt≤Y

E
jt

j=2,...,N.

γt(ω,Y
R
1t)+

N

j=1

cEjY
E
jt−c

R
jY

R
jt+cjYjt+g

+

jt(ω,Y
R
jt)+g

−

jt(ω,Y
R
j+1,t) ,

Consequently,weget

f̃t(ω,yt)=−
N

j=1

kEjyjt+ min
yjt≤Y

E
jt≤Y

E
j+1,t

j=1,...,N;
[YE1t]

−≤YR1t≤Y
E
1t

YEj−1,t≤Y
R
jt≤Y

E
jt

j=2,...,N.

N

j=1

cEjY
E
jt+ujt(ω,Y

R
jt) [definitionofujt]

=−

N

j=1

kEjyjt+ min
yjt≤Y

E
jt≤Y

E
j+1,t

j=1,...,N.

N

j=1

cEjY
E
jt+ min

[YE1t]
−≤YR1t≤Y

E
1t

YEj−1,t≤Y
R
jt≤Y

E
jt

j=2,...,N.

N

j=1

ujt(ω,Y
R
jt)

=−

N

j=1

kEjyjt+ min
yjt≤Y

E
jt≤Y

E
j+1,t

j=1,...,N.

N

j=1

cEjY
E
jt+u

+

1t(ω,[Y
E
1t]
−)+u−1t(ω,Y

E
1t)+u

+

2t(ω,Y
E
1t)+

N−1

j=2

u−jt(ω,Y
E
jt)+u

+

j+1,t(ω,Y
E
jt)+u

−

Nt(ω,YNt)

=−
N

j=1

kEjyjt+ min
yjt≤Y

E
jt≤Y

E
j+1,t

j=1,...,N.

N

j=1

vjt(ω,Y
E
jt) [definitionofvjt]

=−
N

j=1

kEjyjt+
N

j=1

w+jt(ω,yjt). [Lemma1]

Definingfjt(ω,yjt)foreachωasfjt(ω,yjt):=−k
E
jyjt+w

+

jt(ω,yjt)completestheproof.✷
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ProofofTheorem4:FollowingthesamestepsasintheproofofTheorem3,wearriveat

f̃t(ω,yt)=−
N

j=1

kEjyjt+ min
yjt≤Y

E
jt≤Y

E
j+1,t

j=1,...,N.

N

j=1

vjt(ω,Y
E
jt). (36)

SinceSEjt(ω):=infargmin
Y
wjt(ω,Y),thenpart(a)followsfrom(36)andLemma1.

Toprovepart(b),lettheoptimalpost-expediteorderscheduleYEt(ω)begiven.Then,startingwith

optimalityequationsin(10),andbythesamestepsusedintheproofofTheorem3,weobtain

f̃t(ω,yt)=−
N

j=1

kEjyjt+
N

j=1

cEjY
E
jt+ min

[bYE1t]
−≤YR1t≤

bYE1t
bYEj−1,t≤Y

R
jt≤

bYEjt
j=2,...,N.

N

j=1

ujt(ω,Y
R
jt).

BydefinitionofSRjt(ω)andconvexityofujt(ω,·),itfollowsthat

YRjt(ω)=






max [YE1t]
−,minSR1t(ω),Y

E
1t ifj=1;

max YEj−1,t,minS
R
jt(ω),Y

E
jt if2≤j≤N.

Toprovepart(c),letoptimalechelonschedulesYRt(ω)andY
E
t(ω)begiven. Then,theoptimality

equationsgivenin(10)leadto

f̃t(ω,yt)=γt(ω,Y
R
1t)+

N

j=1

cEjY
E
jt−c

R
jY

R
jt +

N

j=1

min
bYRjt≤Yjt≤

bYRj+1,t

gjt(ω,Yt).

LetSjt(ω):=supargmin
Y
gjt(ω,Y)foreachωandj=1,...,N.Sincegjt(ω,·)isconvex,then(7)

impliesthattheoptimalechelonjpositionafterregularordering,Yjt(ω)isexactlyasgivenin(17).✷

ProofofTheorem5: ToprovethatSjt(ω)≤SRjt(ω),letS
E
t(ω):=S

E
1t(ω),...,S

E
Nt(ω),S

R
t(ω):=

SR1t(ω),...,S
R
Nt(ω),andSt(ω):=S1t(ω),...,SNt(ω)betheoptimalbasestocklevelsinperiodt.Let

YEt(ω),Y
R
t(ω),Yt(ω)bethepolicycorrespondingto S

E
t(ω),S

R
t(ω),St(ω).Supposethereexistωandj

suchthatSRjt(ω)<Sjt(ω).DefinebasestocklevelsS
R

t(ω),S
E

t(ω),St(ω)asS
E

it(ω)=S
E
it(ω)andSit(ω)=

Sit(ω)foralli;andS
R

it(ω)=S
R
it(ω)foralli=jwhileS

R

jt(ω)=S
R
jt(ω)+δforanyδ,0<δ≤Sjt(ω)−S

R
jt(ω).

Thus,SRjt(ω)<S
R

jt(ω)<Sjt(ω).LetY
E

t,Y
R

t,Yt bethepolicycorrespondingto S
E

t(ω),S
R

t(ω),St(ω).

Supposefirstthatj=N.Using“∨”for“max”and“∧”for“min”,itfollowsthat

YNt=Y
R
Nt∨SNt(ω) [Expression(17),Theorem4]

=SNt(ω)∨Y
E
N−1,t∨ S

R
Nt(ω)∧Y

E
Nt [Expression(16),Theorem4]

= SNt(ω)∨Y
E
N−1,t∨S

R
Nt(ω)∧ SNt(ω)∨Y

E
N−1,t∨Y

E
Nt

= SNt(ω)∨Y
E
N−1,t∧ SNt(ω)∨Y

E
N−1,t∨Y

E
Nt [SRNt(ω)<SNt(ω)byassumption]

=SNt(ω)∨Y
E
N−1,t. [YEN−1,t(ω)≤Y

E
Nt(ω)]
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Next,becauseS
E

jt(ω)=S
E
jt(ω)foralljimpliesthatY

E

jt=Y
E
jtforallj,itfollowsthat

YNt=Y
R

Nt∨SNt(ω) [Expression(17),Theorem4]

=SNt(ω)∨Y
E

N−1,t∨ S
R

Nt(ω)∧Y
E

Nt [Expression(16),Theorem4]

= SNt(ω)∨Y
E

N−1,t∨S
R

Nt(ω)∧ SNt(ω)∨Y
E

N−1,t∨Y
E

Nt

= SNt(ω)∨Y
E
N−1,t∨S

R

Nt(ω)∧ SNt(ω)∨Y
E
N−1,t∨Y

E
Nt [Y

E

jt(ω)=Y
E
jtforallj]

= SNt(ω)∨Y
E
N−1,t∧ SNt(ω)∨Y

E
N−1,t∨Y

E
Nt [S

R

Nt(ω)<SNt(ω)byassumption]

=SNt(ω)∨Y
E
N−1,t,

ItfollowsthatYNt=YNt.Further,S
R
Nt(ω)<S

R

Nt(ω)impliesthatY
R
Nt(ω)≤Y

R

Nt(ω).Therefore,based

onalltheresultsobtainedsofar,andusingthedefinitionofthecostfunctionvtgivenin(8),weget

∆:=vt(ω,Y
R
t,Y

E
t,Yt)−vt(ω,Y

R

t,Y
E

t,Yt)=−c
R
N Y

R
Nt−Y

R

Nt≥0,

Suppose∆>0.Inthatcase,since(YRt,Y
E
t,Yt)generatesahighercostthan(Y

R

t,Y
E

t,Yt),itfollows

that(YRt,Y
E
t,Yt)cannotbeoptimal,asthatcontradictstheinitialassumption.If∆=0,thenS

R

Nt(ω)

isalsoanoptimalbasestocklevel,andsinceS
R

Nt(ω)>S
R
Nt(ω),thiscontradictsthedefinitionofS

R
Nt(ω).

Hence,wemusthaveSRNt(ω)≥SNt(ω).For1≤j<N,weget

Yjt= YRjt∨Sjt(ω)∧Y
R
j+1,t [Expression(17),Theorem4]

=Sjt(ω)∨Y
E
j−1,t∨ S

R
jt(ω)∧Y

E
jt ∧YRj+1,t [Expression(16),Theorem4]

= Sjt(ω)∨Y
E
j−1,t∨S

R
jt(ω)∧ Sjt(ω)∨Y

E
j−1,t∨Y

E
jt ∧Y

R
j+1,t

= Sjt(ω)∨Y
E
j−1,t∧ Sjt(ω)∨Y

E
j−1,t∨Y

E
jt ∧Y

R
j+1,t [SRjt(ω)<Sjt(ω)byassumption]

= Sjt(ω)∨Y
E
j−1,t∧Y

R
j+1,t. [YEj−1,t(ω)≤Y

E
jt(ω)]

Next,sinceY
E

it=Y
E
itforalliandS

R

it(ω)=S
R
it(ω)foralli=,thenY

R

it=Y
R
itforalli=j. Then,

sinceS
R

jt(ω)<Sjt(ω),itfollowsbysimilarreasoningthatYjt= Sjt(ω)∨Y
E
j−1,t∧Y

R
j+1,t.Thus,Yjt=Yjt.

Also,sinceS
R

jt(ω)>S
R
jt(ω),thenY

R

jt≥Y
R
jt.If1<j<N,thenusingtheresultsobtainedabove,weget

∆:=vt(ω,Y
R
t,Y

E
t,Yt)−vt(ω,Y

R

t,Y
E

t,Yt)=−c
R
jY

R
jt−Y

R

jt ≥0.

If,ontheotherhand,j=1,weget

∆:=vt(ω,Y
R
t,Y

E
t,Yt)−vt(ω,Y

R

t,Y
E

t,Yt)=γt(ω,Y
R
1t)−γt(ω,Y

R

1t)−c
R
jY

R
jt−Y

R

jt >γt(ω,Y
R
1t)−γt(ω,Y

R

1t).

Bydefinition,γt(ω,x):=(p+H1)Eω[(Dt(ω)−x)
+]−H1tEω[Dt(ω)].Thus,sinceEω[(Dt(ω)−x)

+]is

decreasinginx,thensoisγt(ω,x).SinceY
R

1t≥Y
R
1t,itfollowsthatγt(ω,Y

R
1t)≥γt(ω,Y

R

1t).Hence,∆≥0.

If∆>0,then,since(YRt,Y
E
t,Yt)hasahighercostthan(Y

R

t,Y
E

t,Yt),(Y
R
t,Y

E
t,Yt)cannotbeoptimal,

whichcontradictstheinitialassumption.If∆=0,thenS
R

jt(ω)isalsoanoptimalbasestocklevelatstage

j.SinceS
R

jt(ω)>S
R
jt(ω)thiscontradictsthedefinitionofS

R
jt(ω).Thus,S

R
jt(ω)≥Sjt(ω)foralljandω.

ToshowthatSRjt(ω)≥S
E
jt(ω)foralljandω,wefollowasimilarprocedure.LetY

E
t(ω),Y

R
t(ω),Yt(ω)
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bethepolicycorrespondingtooptimalbasestocklevels SEt(ω),S
R
t(ω),St(ω).Supposethereexistωand

jsuchthatSRjt(ω)<S
E
jt(ω). ConsideranothersetofbasestocklevelsS

R

t(ω),S
E

t(ω),St(ω)definedas

S
R

it(ω)=S
R
it(ω)andSit(ω)=Sit(ω)foralli;andS

E

it(ω)=S
E
it(ω)foralli=jwhileS

E

jt(ω)=S
E
jt(ω)−δ

foranyδ,0<δ≤SEjt(ω)−S
R
jt(ω).Thus,S

E
jt(ω)>S

E

jt(ω)>S
R
jt(ω).LetY

E

t(ω),Y
R

t(ω),Yt(ω)bethe

optimalpolicycorrespondingto S
E

t(ω),S
R

t(ω),St(ω).Supposefirstthatj=N.Itfollowsthat

YNt=Y
R
Nt∨SNt(ω) [Expression(17),Theorem4]

=SNt(ω)∨Y
E
N−1,t∨ S

R
Nt(ω)∧Y

E
Nt [Expression(16),Theorem4]

=SNt(ω)∨Y
E
N−1,t∨ S

R
Nt(ω)∧ yNt(ω)∨S

E
Nt(ω) [Expression(15),Theorem4]

=SNt(ω)∨Y
E
N−1,t∨ S

R
Nt(ω)∧yNt∨ S

R
Nt(ω)∧S

E
Nt(ω)

=SNt(ω)∨Y
E
N−1,t∨ S

R
Nt(ω)∧yNt∨S

R
Nt(ω) [SRNt(ω)<S

E
Nt(ω)byassumption]

=SNt(ω)∨Y
E
N−1,t∨S

R
Nt(ω)

=YEN−1,t∨S
R
Nt(ω),

sinceSRNt(ω)≥SNt(ω)asestablishedearlierintheproof.Similarly,becauseS
R
Nt(ω)<S

E

Nt(ω)byassump-

tion,wegetthatYNt=Y
E
N−1,t∨S

R
Nt(ω),andthereforeYNt=YNt.Further,S

E
Nt(ω)>S

E

Nt(ω)impliesthat

YENt(ω)≥Y
E

Nt(ω).Therefore,basedonalltheresultsobtainedsofar,weget

∆:=vt(ω,Y
R
t,Y

E
t,Yt)−vt(ω,Y

R

t,Y
E

t,Yt)=c
E
N Y

E
Nt−Y

E

Nt≥0.

If∆>0,then,since(YEt,Y
R
t,Yt)generatesahighercostthan(Y

E

t,Y
R

t,Yt),(Y
E
t,Y

R
t,Yt)cannotbe

optimal,whichcontradictstheinitialassumption.If∆=0,thenS
E

Nt(ω)isalsoanoptimalbasestocklevel;

sinceS
E

Nt(ω)<S
E
Nt(ω),thiscontradictsthedefinitionofS

E
Nt(ω).Thus,S

R
Nt(ω)≥S

E
Nt(ω).Forj<N,weget

Yjt= YRjt∨Sjt(ω)∧Y
R
j+1,t [Expression(17),Theorem4]

=Sjt(ω)∨Y
E
j−1,t∨ S

R
jt(ω)∧Y

E
jt ∧YRj+1,t [Expression(16),Theorem4]

= Sjt(ω)∨Y
E
j−1,t∨ S

R
jt(ω)∧ yjt∨ S

E
jt(ω)∧Y

E
j+1,t ∧YRj+1,t [Expression(15),Theorem4]

= Sjt(ω)∨Y
E
j−1,t∨ S

R
jt(ω)∧yjt∨ S

R
jt(ω)∧S

E
jt(ω)∧Y

E
j+1,t ∧YRj+1,t

= Sjt(ω)∨Y
E
j−1,t∨ S

R
jt(ω)∧yjt∨ S

R
jt(ω)∧Y

E
j+1,t ∧YRj+1,t [SRjt(ω)<S

E
jt(ω)byassumption]

= Sjt(ω)∨Y
E
j−1,t∨ S

R
jt(ω)∧Y

E
j+1,t ∧YRj+1,t. [yjt≤Y

E
j+1,t(ω)]

BecauseSRjt(ω)<S
E

jt(ω)byassumption,wealsogetYjt= Sjt(ω)∨Y
E
j−1,t∨S

R
jt(ω)∧Y

E
j+1,t ∧YRj+1,t,

andthereforeYjt=Yjt.Further,S
E
jt(ω)>S

E

jt(ω)impliesthatY
E
jt(ω)≥Y

E

jt(ω).Therefore,basedonall

theresultsobtainedsofar,weget∆:=vt(ω,Y
R
t,Y

E
t,Yt)−vt(ω,Y

R

t,Y
E

t,Yt)=c
E
jY

E
jt−Y

E

jt ≥0.

If∆>0,then,since(YEt,Y
R
t,Yt)generatesahighercostthan(Y

E

t,Y
R

t,Yt),(Y
E
t,Y

R
t,Yt)cannot

beoptimal,whichcontradictstheinitialassumption.If∆=0,thenS
E

jt(ω)isalsoanoptimalbasestock

level,andsinceS
E

jt(ω)<S
E
jt(ω),thiscontradictsthedefinitionofS

E
jt(ω).Thus,S

R
jt(ω)≥S

E
jt(ω)forallj.
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Finally,weproveSjt(ω)≥S
E
jt(ω).LetY

E
t(ω),Y

R
t(ω),Yt(ω)bethepolicycorrespondingtooptimal

basestocklevels SEt(ω),S
R
t(ω),St(ω).SupposethereexistωandjsuchthatSjt(ω)<S

E
jt(ω).Consider

basestocklevelsS
R

t(ω),S
E

t(ω),St(ω)definedasS
E

it(ω)=S
E
it(ω),S

R

it(ω)=S
R
it(ω)andSit(ω)=Sit(ω)for

alli=jwhileSjt(ω)=Sjt(ω)+δforanyδ,0<δ≤S
E
jt(ω)−Sjt(ω).Thus,S

E
jt(ω)>Sjt(ω)>Sjt(ω).Let

Y
E

t(ω),Y
R

t(ω),Yt(ω)bethepolicycorrespondingto S
E

t(ω),S
R

t(ω),St(ω).Supposej=N.Then,

YNt=Y
R
Nt∨SNt(ω) [Expression(17),Theorem4]

=SNt(ω)∨Y
E
N−1,t∨ S

R
Nt(ω)∧Y

E
Nt [Expression(16),Theorem4]

=SNt(ω)∨Y
E
N−1,t∨ S

R
Nt(ω)∧ yNt(ω)∨S

E
Nt(ω) [Expression(15),Theorem4]

=SNt(ω)∨Y
E
N−1,t∨ S

R
Nt(ω)∧yNt∨ S

R
Nt(ω)∧S

E
Nt(ω)

=SNt(ω)∨Y
E
N−1,t∨ S

R
Nt(ω)∧yNt∨S

E
Nt(ω) [SRNt(ω)≥S

E
Nt(ω)]

=YEN−1,t∨ S
R
Nt(ω)∧yNt∨S

E
Nt(ω). [SENt(ω)>SNt(ω)byassumption]

BecauseSENt(ω)> SNt(ω)byassumption,wealsogetYNt= Y
E
N−1,t∨ S

R
Nt(ω)∧yNt ∨S

E
Nt(ω),and

thereforeYNt=YNt. Therefore,vt(ω,Y
R
t,Y

E
t,Yt)−vt(ω,Y

R

t,Y
E

t,Yt)=0. Thus,SNt(ω)isalsoan

optimalbasestocklevel,andsinceSNt(ω)>SNt(ω),thiscontradictsthedefinitionofSNt(ω). Thus,

SNt(ω)≥S
E
Nt(ω).For1≤j<N,weget

Yjt= YRjt∨Sjt(ω)∧Y
R
j+1,t [Expression(17),Theorem4]

=Sjt(ω)∨Y
E
j−1,t∨ S

R
jt(ω)∧Y

E
jt ∧YRj+1,t [Expression(16),Theorem4]

= Sjt(ω)∨Y
E
j−1,t∨ S

R
jt(ω)∧ yjt∨ S

E
jt(ω)∧Y

E
j+1,t ∧YRj+1,t [Expression(15),Theorem4]

= Sjt(ω)∨Y
E
j−1,t∨ S

R
jt(ω)∧yjt∨ S

R
jt(ω)∧S

E
jt(ω)∧Y

E
j+1,t ∧YRj+1,t

= Sjt(ω)∨Y
E
j−1,t∨ S

R
jt(ω)∧yjt∨ S

E
jt(ω)∧Y

E
j+1,t ∧YRj+1,t, (37)

sinceSEjt(ω)≤S
R
jt(ω),asestablishedearlierintheproof.Now,wedistinguishthefollowingthreecases.

Case1:YEj+1,t≥Sjt(ω)>Sjt(ω).Then,sinceS
E
jt≥Sjt(ω)>Sjt(ω)byassumption,(37)reducesto

Yjt= Y
E
j−1,t∨ S

R
jt(ω)∧yjt∨ S

E
jt(ω)∧Y

E
j+1,t ∧YRj+1,t.

Usingasimilarderivation,wealsogetYjt= Y
E
j−1,t∨S

R
jt(ω)∧yjt∨S

E
jt(ω)∧Y

E
j+1,t ∧YRj+1,t,and,

therefore,Yjt=Yjt.Asaresult,itfollowsthat∆:=vt(ω,Y
R
t,Y

E
t,Yt)−vt(ω,Y

R

t,Y
E

t,Yt)=0.

Case2:Sjt(ω)≥Y
E
j+1,t>Sjt(ω).SinceY

E
j+1,t>Sjt(ω),then(37)reducesto

Yjt= Y
E
j−1,t∨ S

R
jt(ω)∧yjt∨ S

E
jt(ω)∧Y

E
j+1,t ∧YRj+1,t= Y

E
jt∨ S

R
jt(ω)∧yjt∨Y

E
j+1,t ∧YRj+1,t,

becauseSEjt(ω)>Sjt(ω)bytheoriginalassumption,andSjt(ω)≥Y
E
j+1,t>Sjt(ω)bythecurrentassump-

tion. Thus,SEjt(ω)>Y
E
j+1,t. BecauseY

E
j+1,t≥Y

E
jtandY

E
j+1,t≥Y

R
j+1,t,wegetYjt= SRjt(ω)∧yjt ∨
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YEj+1,t ∧YRj+1,t=Y
R
j+1,t.Also,sinceSjt(ω)≥Y

E
j+1,t,thenSjt(ω)≥ Y

E
j+1,t∧S

E
jt(ω)and(37)becomes

Yjt= Sjt(ω)∨Y
E
j−1,t∨ S

R
jt(ω)∧yjt ∧YRj+1,t=Y

R
j+1,t, (38)

because,givenSjt(ω)≥Y
E
j+1,t,Y

E
j+1,t≥Y

R
j+1,timpliesthatSjt(ω)≥Y

R
j+1,t.

ThereforeYjt=Yjt.Asaresult,∆:=vt(ω,Y
R
t,Y

E
t,Yt)−vt(ω,Y

R

t,Y
E

t,Yt)=0.

Case3:Sjt(ω)>Sjt(ω)≥Y
E
j+1,t.Hence,Sjt(ω)>Sjt(ω)≥ Y

E
j+1,t∧S

E
jt(ω)and(37)reducesto

Yjt= Sjt(ω)∨Y
E
j−1,t∨ S

R
jt(ω)∧yjt ∧YRj+1,t=Y

R
j+1,t,

since,byassumption,Sjt(ω)>Sjt(ω)≥Y
E
j+1,tandY

E
j+1,t≥Y

R
j+1,t,fromwhichitfollowsthatSjt(ω)>

Sjt(ω)≥Y
R
j+1,t.Similarly,weobtainYjt=Y

R
j+1,t.Thus,Yjt=Yjt.Itfollowsthat∆:=vt(ω,Y

R
t,Y

E
t,Yt)−

vt(ω,Y
R

t,Y
E

t,Yt)=0.Since∆=0inallthreecases,thenSjt(ω)isalsoanoptimalbasestocklevel,and

sinceSjt(ω)>Sjt(ω),thiscontradictsthedefinitionofSjt(ω).Thus,Sjt(ω)≥S
E
jt(ω)forallj.✷

ProofofTheorem6: First,weneedtoshowthatFt(ω,·)isuniformlyboundedfromabove. Using

amyopicbasestockechelonpolicygivenby:SR1(ω)=infargmin
Y
γ(ω,Y)−cR1Y;S

R
j(ω)=S

R
1(ω)forall

j;andSj(ω)=S
E
j(ω)=S

R
j(ω),ineveryperiodyieldsatrivialupperboundonFt(ω,·).SinceFt(ω,·)is

positive,increasingintimehorizonTandboundedfromabove,bytheuniformconvergestheorem,Ft(ω,·)

convergestoitsinfinite-horizonlimit.TherestoftheprooffollowsthestepsidenticaltothoseinFedergruen

andZipkin(1984).Inparticular,givenα<1,thefinitehorizonoptimalpolicyandtheresultingobjective

costfunctionconverge,asthenumberofperiodgoestoinfinity,totheirinfinite-horizoncounterparts,so

thatthestructureoftheoptimalpolicyispreservedunderthislimit-takingoperation.Alternatively,the

existenceofanunstructuredstationaryoptimalpolicyforthediscounted-costinfinite-horizonsettingcan

beestablishedusingcontractionmappingresults(eg.,BertsekasandShreve,1976,Chapter4).Inthat

case,theoptimalityofanestedechelonbasestockpolicyfortheinfinite-horizon,discountedcost,reverse

logisticsproblemmaybeestablishedusingstructuredpolicyresultssuchasthoseinPorteus(1982).

ProofofTheorem7. Consideraninfinite-horizon,reverselogisticsproblemunderAssumption2.By

Theorem6,thereexistsforthisproblemanadditivelyconvex,stationary,objectivecostfunctionFfor

whichastationary,nestedechelonbasestockpolicyisoptimalwithSEj(ω)≤Sj(ω)≤S
R
j(ω)foralljand

ω.LetYEj,Y
R
j,Yj bethatoptimalpolicy.Theinfinite-horizonproblemin(18)canthenbewrittenas

F(ω,yt)=−

N

j=1

kEjyjt+ min
YEt,Y

R
t,Yt∈Y(yt)

γ(ω,YR1t)+
N

j=1

cEjY
E
jt+cjYjt−c

R
jY

R
jt+αEωtFωt+1,Yt−Dt(ω)

(39)

=−
N

j=1

kEjyjt+γ(ω,Y
R
1)+

N

j=1

cEjY
E
j+cjYj−c

R
jY

R
j +αEωFωt+1,Y−Dt(ω) , (40)
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bydefinitionof YEj,Y
R
j,Yj.Consideracorrespondingfinitehorizonproblemwithsamemodelparam-

etersanddemanddistributions,andtimehorizonT.LetthesalvagevaluefunctioninperiodT+1be

givenbyfT+1(ω,yT+1)=F(ω,yT+1).ForperiodT,theoptimalityequationsin(7)and(8)become

fT(ω,yT)=−
N

j=1

kEjyjT+ min
YET,Y

R
T,YT∈

eY(yT)
γ(ω,YR1,T)+

N

j=1

cEjY
E
jT+cjYjT−c

R
jY

R
jT +αEωFωT+1,YT−DT(ω) .

Next,observethatthisminimizationproblemisidenticaltotheonegivenin(39). Consequently,a

solutiontothelattermustbeasolutiontotheformer.Thus,YEj,Y
R
j,Yj istheoptimalpolicyforthis

finite-horizonprobleminperiodT,anditthenfollowsfromtheabovethatfT(ω,yT)=F(ω,yT)forallω.

Next,assumeinductivelythatft(ω,yt)=F(ω,yt)forallωandsomeperiodt<T. Ouroptimality

equationsinperiodtthenbecome

ft(ω,yT)=−

N

j=1

kEjyjt+ min
YEt,Y

R
t,Yt∈

eY(yt)
γ(ω,YR1,t)+

N

j=1

cEjY
E
jt+cjYjt−c

R
jY

R
jt+αEωFωt+1,Yt−Dt(ω) .

UsingreasoningidenticaltothatusedforperiodT,weconcludethatYEj,Y
R
j,Yj mustbean

optimalpolicyforthisfinite-horizonprobleminperiodt,andthatfT(ω,yt)=F(ω,yt)forallω.Since

F(ω,·)isadditivelyconvexforallω,thisconcludestheproof.✷

ProofofTheorem8:Wefirstprovetheoptimalpost-expediteechelon jpositioncanbewrittenas

YEjt(ω)=

N

i=j

yit∨S
E
it(ω). (41)

ByTheorem4(a),YENt(ω)=yNt∨S
E
Nt(ω).Thusexpression(41)holdsforj=N.Assumeinductively

thatexpression(41)holdsforj+1,...,N,sothat

YEj+1,t(ω)=

N

i=j+1

yit∨S
E
it(ω). (42)

Itfollowsthat

YEjt(ω)=yjt∨ S
E
jt(ω)∧Y

E
j+1,t(ω) [YEjt=Y

R
jt∨ S

E
jt(ω)∧Y

E
j+1,t]

= yjt(ω)∨S
E
jt(ω)∧ yjt(ω)∨Y

E
j+1,t(ω) [distributivepropertyof“∨”]

= yjt(ω)∨S
E
jt(ω)∧Y

E
j+1,t(ω) [sinceYEj+1,t(ω)≥yj+1,t≥yjt]

= yjt∨S
E
jt(ω)∧

N

i=j+1

yit∨S
E
it(ω) [inductivehypothesisin(42)]

=
N

i=j

yit∨S
E
it(ω).

Next,byassumption,SRjt=S
R
j,S

E
jt=S

E
j,andSjt=Sjforeacht.Supposeyi1≤S

R
iforeveryi.

Considersomelocationj.ByTheorem1,eitherYRj1=Y
E
j1andtherearenoreturnsatlocationjinperiod
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1(inwhichcasepart(a)holds),orYEj1=yj1andthereisnoexpeditingatlocationj.Inthelattercase,

byTheorem4(b),wehaveYRjt=Y
E
j−1,t∨ S

R
j∧yj1.Sinceyj1≤S

R
j,itfollowsthatY

R
j1=yj1,anditis

notoptimaltoreverseorderproductinperiod1atlocationj.Assumeinductivelythatyjt≤S
R
jforevery

jinsomeperiodt. Then,bythesamelogicusedabove,therearenoreverseordersinperiodt.Fixj.

FirstweevaluateYEjt. Weget

YEjt=
N

i=j

yit∨S
E
i [expression(41)]

≤

N

i=j

SRi∨S
E
i [inductiveassumption]

=
N

i=j

SRi [SRi≥S
E
ibyTheorem5]

≤SRj. (43)

Next,weevaluatethepost-regularorderechelonjpositionYjt.Becausetherearenoreverseorders

inperiodt,YRjt=Y
E
jtforallj.Therefore,weget

Yjt=maxY
R
jt,minSj,Y

R
j+1,t [expression(17),Theorem4(c)]

≤maxYEjt,Sj [YRjt=Y
E
jtforallj]

≤maxSRj,Sj [expression(43)]

=SRj. [SRi≥SibyTheorem5] (44)

Sinceyj,t+1 =Yjt−Dt,thenexpression(44)impliesthatyj,t+1 ≤S
R
j andconsequently,itisnot

optimaltoreverseorderproductinperiodt+1atstagej.Thisconcludestheproofofpart(a).

Toprovepart(b),wemakeuseofinductionwithininduction. Leti=N,sothatyN1>S
R
N and

yj1≤S
R
jforeveryj<N.Forj<N,weget

YEj1=
N

i=j

yi1∨S
E
i [expression(41)]

=
N−1

i=j

yi1∨S
E
i ∧ yN,1∨S

E
N

≤
N−1

i=j

SRi∨S
E
i ∧ yN,1∨S

E
N [yi1≤S

R
ifori<N]

=
N−1

i=j

SRi ∧ yN,1∨S
E
N [SRi≥S

E
ibyTheorem5]

≤SRj. (45)
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Therefore,YRj1=Y
E
j−1,1∨ S

R
j∧Y

E
j1 =Y

E
j−1,1∨Y

E
j1=Y

E
j1,anditfollowsthatforanyj<Nthereare

noreverseordersinperiod1.Further,bymakinguseof(45)andTheorem5,wegetforanyj<Nthat

Yj1=maxY
R
j1,minSj,Y

R
j+1,1 ≤maxYRj1,Sj = YEj1,Sj ≤maxS

R
j,Sj =S

R
j. (46)

Sinceyj2=Yj1−D1,thenitfollowsfromexpression(46)that,foranyj<N,yj2≤S
R
j−D1.

Consequently,inperiod2,itisnotoptimaltoreverseproductflowatanystagej<N.Assumeinductively

thatyjt≤S
R
jforsomeperiodt.Then,followingtheexactsamestepsusedtoderive(45),wegetY

E
jt≤S

R
j.

YRjt=Y
E
j−1,t∨ S

R
j∧Y

E
jt =Y

E
j−1,t∨Y

E
jt=Y

E
jt,anditfollowsthattherearenoreverseordersinperiodt

foranyj<N.Further,foranyj<N,

Yjt=maxY
R
j1,minSj,Y

R
j+1,1 ≤maxYRj1,Sj = YEj1,Sj ≤maxS

R
j,Sj =S

R
j.

Sinceyj,t+1=Yjt−Dt,itfollowsthat,foranyj<N,yj,t+1≤S
R
j−D1≤S

R
j.Hence,inperiodt+1,

itisnotoptimaltoreverseproductflowatanystagej<N.

Next,weconsiderstageN.Forperiod1,wegetYEN1=yN1∨S
E
N =yN1,sinceyN1>S

R
N ≥S

E
N.Further,

YRN1=Y
E
N−1,1∨ S

R
N ∧Y

E
Nt =Y

E
N−1,1∨ S

R
N ∧yNt =Y

E
N−1,1∨S

R
N.

SinceyN1>S
R
N ≥S

E
N,wealsoget

YN1=Y
R
N1∨SN =Y

E
N−1,1∨ S

R
N ∧Y

E
Nt∨SN

=YEN−1,1∨ S
R
N ∧ yN1∨S

E
N ∨SN =Y

E
N−1,1∨S

R
N ∨SN =Y

E
N−1,1∨S

R
N.

IfYEN−1,1<S
R
N,thenitfollowsthat:(1)thereisareverseorderatlocationNinperiod1;and(2)

YN1=S
R
N.Followingthereasoningusedforj<N,wethereforeobtainthattherearenoreverseorders

madeinanyperiodt>1atlocationN.If,ontheotherhand,YEN−1,1≥S
R
N,thenitfollowsfromabove

thattherearenoexpedited,reverse,orregularordersmadeinperiod1atlocationN.Letτbethefirst

periodinwhichYEN−1,1<S
R
N.Priortoτtherearenoreverseorders,bythesamereasoningastheoneused

forperiod1.Then,followingthesamereasoningusedforj<N,therearenoreverseordersinperiodτ,

orinanyperiodt>τ.Thisprovesthetheoremforj=N.

Assumeinductivelythatpart(b)holdsforsomej+1,...,N,sothatifiisthesmallestlocationsuch

thatyi1>S
R
i,andj+1≤i≤N,then,afterperiodN−i+1,itisneveroptimaltoreverse-orderthe

productanywhereinthesystem.Toprovethat(b)alsoholdsforj,wherejisthesmallestlocationqsuch

thatyq1>S
R
q,consideranylocationi,i<j.Sinceyi1≤S

R
i,thenY

R
i1=yi1,andtherearenoreverse

ordersinperiod1.By(41),weget

YEi1=
N

m=i

yi1∨S
E
i ≤

j−1

m=i

ym1∨S
E
m ≤

j−1

m=i

SRm∨S
E
m =

j−1

m=i

SRm ≤SRi. (47)

Next,using(47)fortheoptimalpost-regularorderechelonposition,foranyi<j,weget
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Yi1=maxY
E
i1,minSi,Y

E
i+1,1 ≤maxYEi1,Si ≤maxS

R
i,Si =S

R
i. (48)

Therefore,YRi1=Y
E
i−1,1∨ S

R
i∧Y

E
i1 =Y

E
i−1,1∨Y

E
i1=Y

E
i1,anditfollowsthatforanyithereareno

reverseordersinperiod1.Further,makinguseof(45)weget

Yi1=maxY
R
i1,minSi,Y

R
i+1,1 ≤maxYRi1,Si = YEi1,Si ≤maxS

R
i,Si =S

R
i. (49)

Consequently,foreveryi<j,wethenhaveyi2=Yi1−D1≤S
R
i,byexpressions(48)and(49).Hence,

foranysuchstageiitisneveroptimaltoreverseordertheproductatanyperiodduringthetimehorizon.

Wenowconsideroptimaldecisionsatstage jinperiod1. Weget

YEj1=yj1∨ S
E
j∧Y

E
j+1,1 [expression(15)ofTheorem4]

=yj1 [yj1>S
R
j≥S

E
j≥min(S

E
j,Y

E
j+1,1)]

YRN1=Y
E
j−1,1∨ S

R
j∧Y

E
j1 =Y

E
j−1,1∨ S

R
j∧y1t =Y

E
j−1,1∨S

R
j

Yj1=Y
R
j1∨ Sj∧Y

R
j+1,1 [expression(17)ofTheorem4]

=YEj−1,1∨S
R
j∨ Sj∧Y

R
j+1,1 =Y

E
j−1,1∨S

R
j [SRj≥Sj≥(Sj∧Y

R
j+1,1)]

IfYEj−1,1<S
R
j,thenitfollowsthat:(1)thereisareverseorderatlocationjinperiod1;(2)Yj1=S

R
j;

and(3)Yj1=S
R
j.Inthatcase,yj2=S

R
j−D1≤S

R
j.Consequently,westartperiod2withtheechelon

stateytsuchthatyi2≤S
R
i.So,inperiod2wecanapplytheinductivehypothesistolocationj+1to

concludethatafteranotherN−jperiods,itwillneverbeoptimaltoreverse-ordertheproductatany

location.Consequently,startinginperiod1,itfollowsthatafterperiodN−j+1,itisneveroptimalto

reverse-ordertheproductatanylocation. Now,supposethatYEj−1,1≥S
R
j. Thenitfollowsfromabove

thattherearenoexpedited,reverse,orregularordersmadeinperiod1atlocationj.Letτbethefirst

periodinwhichYEj−1,1<S
R
N.Priortoτtherearenoreverseorders,bythesamereasoningusedforperiod

1.Then,foranyperiodt>τtherearealsonoreverseordersfollowingthesamereasoningusedfori<j.

Thisconcludestheproofoftheinductivehypothesisandthereforeofpart(b).✷

ProofofTheorem9:ThisprooffollowsidenticalstepstothoseusedtoproveTheorems1-5andis,

therefore,omitted.

ProofofTheorem10:ThetermαEωFt+1(ωt+1,xt+1),fromexpression(21)canbewrittenas

αEωFt+1(ωt+1,xt+1)=αEω min
XRt+1,Xt+1∈X(xt+1)

γt+1 ω,x11,t+1−X
R
11,t+1 +

N

j=1

j

i=1

kRijX
R
ij,t+1+Hijxij,t+1

+
N−1

j=1

j+1

i=1

kijXij,t+1+kNNXNN,t+1+αEωt+1 Ft+2(ωt+2,xt+2), .

Bythestatetransitionequationsgivenin(22),thetermHijxij,t+1intheaboveexpressiondoesnot

49

 Electronic copy available at: https://ssrn.com/abstract=3071398 Electronic copy available at: https://ssrn.com/abstract=3508009



dependonXRt+1orXt+1.Thus,usingthedefinitionofGt+2(ω,xt+1X
R
t+1,Xt+1)givenin(27),weget

αEωFt+1(ωt+1,xt+1)=αEω

N

j=1

j

i=1

Hijxij,t+1 +αEω min
XRt+1,Xt+1∈X(xt+1)

αGt+2(ω,xt+1X
R
t+1,Xt+1).

Therefore,bycomparingtheexpressionforVtgivenin(21)withtheexpressionforVtgivenin(25)

andtheexpressionforUtgivenin(26),itfollowsthatitonlyremainstoshowthat

Eω

N

j=1

j

i=1

Hijxij,t+1 =
N

j=1

j

i=1

Hijxijt−

N

j=1

j

i=1

hijX
R
ijt+

N−1

j=1

j

i=1

hijXijt+
N−1

j=1

∆HjXj+1,jt+HNNXNNt−EωDt.

Bythestatetransitionequationsgivenin(22),theaboveexpressionisequivalenttoshowingthat

H11X
R
11t+

N−1

j=2

j−1

i=1

HijX
R
ijt−X

R
i,j−1,t+

N

j=2

HjjX
R
jjt+

N−1

i=1

HiN X
R
iNt−X

R
i,N−1,t=

N

j=1

j

i=1

hijX
R
ijt (50)

and

H11X11t+X21t+
N−1

j=2

j−1

i=1

HijXijt−Xi,j−1,t+
N−1

j=2

HjjXjjt+Xj+1,jt−Xj,j−1,t−

N−1

i=1

HiNXi,N−1,t−HNNXN,N−1,t

=

N−1

j=1

j

i=1

hijXijt+
N−1

j=1

∆HjXj+1,jt. (51)

Tobeginwith,bychangingtheorderofsummation,wecanwritetheleft-handsideof(50)as

N−2

i=1

N−1

j=i+1

HijX
R
ijt−HijX

R
i,j−1,t+

N

j=1

HjjX
R
jjt+

N−1

i=1

HiN X
R
iNt−X

R
i,N−1,t

=

N−2

i=1




N−1

j=i+1

(Hij−Hi,j+1)X
R
ijt−Hi,i+1X

R
iit+HiNX

R
i,N−1,t



+
N

j=1

HjjX
R
jjt+

N−1

i=1

HiN X
R
iNt−X

R
i,N−1,t

=
N−2

i=1

N−1

j=i+1

hijX
R
ijt−

N−2

i=1

Hi,i+1X
R
iit+

N−2

i=1

HiNX
R
i,N−1,t+

N

j=1

HjjX
R
jjt+

N−1

i=1

HiN X
R
iNt−X

R
i,N−1,t

=

N−2

i=1

N−1

j=i+1

hijX
R
ijt+

N−2

i=1

HiNX
R
i,N−1,t+

N−2

j=1

HjjX
R
jjt−Hj,j+1X

R
jjt+

N

j=N−1

HjjX
R
jjt+

N−1

i=1

HiN X
R
iNt−X

R
i,N−1,t

=

N−2

i=1

N−1

j=i+1

hijX
R
ijt+

N−2

j=1

hjjX
R
jjt+

N

j=N−1

HjjX
R
jjt+

N−1

i=1

HiNX
R
iNt−HN−1,NX

R
N−1,N−1,t

=
N−2

i=1

N−1

j=i+1

hijX
R
ijt+

N−2

i=1

HiNX
R
iNt+

N−2

j=1

hjjX
R
jjt+

N

j=N−1

HjjX
R
jjt+HN−1,NX

R
N−1,Nt−HN−1,NX

R
N−1,N−1,t

=
N−2

i=1

N

j=i

hijX
R
ijt+

N

j=N−1

HjjX
R
jjt+HN−1,NX

R
N−1,Nt−HN−1,NX

R
N−1,N−1,t.
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Consequently,theleft-handsideof(50)finallybecomes

N−2

i=1

N

j=i

hijX
R
ijt+HN−1,N−1X

R
N−1,N−1,t−HN−1,NX

R
N−1,N−1,t+HN−1,NX

R
N−1,Nt+HNNX

R
NNt

=
N−2

i=1

N

j=i

hijX
R
ijt+hN−1,N−1X

R
N−1,N−1,t+hN−1,NX

R
N−1,Nt+hNNX

R
NNt=

N

i=1

N

j=i

hijX
R
ijt=

N

j=1

j

i=1

hijX
R
ijt.

Similarly,bychangingtheorderofsummation,anddefiningXi0t:=0foralliandtfornotational

convenience,wecanwritetheleft-handsideof(51)as

N−2

i=1

N−1

j=i+1

HijXijt−Xi,j−1,t+
N−1

j=1

HjjXjjt+Xj+1,jt−Xj,j−1,t−

N−1

i=1

HiNXi,N−1,t−HNNXN,N−1,t

=
N−2

i=1




N−1

j=i+1

(Hij−Hi,j+1)Xijt−Hi,i+1Xiit+HiNXi,N−1,t



+

N−1

j=1

HjjXjjt+Xj+1,jt−Xj,j−1,t

−

N−1

i=1

HiNXi,N−1,t−HNNXN,N−1,t

=

N−2

i=1

N−1

j=i+1

hijXijt−
N−2

i=1

Hi,i+1Xiit+
N−2

i=1

HiNXi,N−1,t+
N−1

j=1

HjjXjjt+Xj+1,jt−Xj,j−1,t

−

N−1

i=1

HiNXi,N−1,t−HNNXN,N−1,t

=
N−2

i=1

N−1

j=i+1

hijXijt−
N−2

i=1

Hi,i+1Xiit+

N−1

j=1

HjjXjjt+Xj+1,jt−Xj,j−1,t−HN−1,NXN−1,N−1,t−HNNXN,N−1,t

=

N−2

i=1

N−1

j=i+1

hijXijt+
N−2

i=1

(Hjj−Hj,j+1)Xjjt+
N−1

j=1

HjjXj+1,jt−Xj,j−1,t

+HN−1,N−1XN−1,N−1,t−HN−1,NXN−1,N−1,t−HNNXN,N−1,t

=
N−2

i=1

N−1

j=i+1

hijXijt+

N−2

i=1

hjjXjjt+
N−1

j=1

(Hjj−Hj+1,j+1)Xj+1,jt+hN−1,N−1XN−1,N−1,t+HNNXN,N−1,t−HNNXN,N−1,t

=
N−2

i=1

N−1

j=i

hijXijt+hN−1,N−1XN−1,N−1,t+
N−1

j=1

∆HjjXj+1,jt

=

N−1

i=1

N−1

j=i

hijXijt+
N−1

j=1

∆HjjXj+1,jt=
N−1

j=1

j

i=1

hijXijt+
N−1

j=1

∆HjjXj+1,jt,

whichconcludestheproof.
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AppendixB: Multi-periodLeadtimes

Inthemultiechelonliterature,thereexisttwomethodsfordealingwithmulti-periodleadtimes(i.e.,when

thereplenismentleadtimeinthesystemislongerthanthereviewinterval).Thefirstapproach,proposed

inClarkandScark(1960)forsystemswithonlytheregularflowofproduct,involvesreplacingechelonj

inventoryyjtwiththevariablethatisthesumofthatecheloninventoryandalltheinventoryintransit

fromthenextlocationupstream.Suppose,forexample,thattheleadtimebetweenlocations2and3in

thesystemisLperiods,sothattherearez21t,z
2
2t,...,z

2
Ltamountsintransitfromlocation3tolocation

2inperiodt,wheretheamountz2jtisscheduledtobedeliveredjperiodslater. Then,thenewstate

variableatlocation2,observedatthebeginningofperiodtbutafterthescheduleddeliveryorderedL

periodsagohasarrived,becomesŷjt=yjt+z
2
1t+z

2
2t+...+z

2
L−1,t.Thenewdecisionvariableinperiod

tatlocation2becomesY=ŷjt+zLt. Oncecostsareaccountedforproperlybyallocatingtolocation2

inperiodtthediscountedcostincurredatthatlocationinperiodt+L,theoptimalpolicythatachieves

thedecompositionoftheobjectivecostfunctionistobringY=̂yjt+z
2
Ltuptoanechelonbasestocklevel

Sjt(subjecttotheavailabilityofstockatlocation3).Thisapproachwasusedsuccessfully,forexample,

byGallegoandÖzer(2003)andDeCroix(2006),whoaddressimportantproblemsinmulti-stagesupply

systemswhiledealingwithonlytheregularflowoforders.Unfortunately,thisapproachfordealingwith

multi-periodleadtimescannotaccommodatereverseordersofproductinthesupplychain.Thisisbecause,

withreverselogistics,ŷjtisincreasedthroughregularorderswhileecheloninventoryyjtitselfislowered

throughreverseorders.Thus,thestatespacecannotbecollapsedtoonlyŷjtatanylocationjthathasa

multi-periodleadtimeL.Instead,itbecomesnecessarytokeeptrackofbothyjtandŷjt,aswellasallthe

reverseordersplaceduptoLperiodsago,ateachsuchlocationj.Asaresult,thedimensionalityofthe

statespaceblowsupandthedecompositionoftheobjectivefunctioncannolongerbeobtained.

Thesecondapproach,introducedbyLawsonandPorteus(2000),insertsadditionallocationsin-

betweenthosewithmultiperiodleadtimes,sothatthetransformedsystemwouldthenhaveonlyasingle

periodleadtimeperiodbetweenanytwoadjacentlocations. Bychoosingunitregularorder,expediting,

andholdingcostsinanappropriateway,LawsonandPorteus(2000)showthatthetransformedsystem

canbemadeequivalent,withregardtoproductflowsandassociatedcosts,totheoriginalsystemwith

leadtimes,whilestillbeingamenabletothemethodsprovidedintheirpaper. However,thisapproach

doesnotworkinoursettingbecausereverseordersandregularorderswithmulti-periodleadtimescan

crossduringtransit,withbothpassingthroughanidentical(inserted)locationinthesameperiod.Asa

result,anyselectionofunitordercosts,forregularandreverseflows,thatmotivatesthesystemtocontinue

shippingtheincomingproductinaparticulardirectionwill,atanysuchlocation,eithershipallinventory
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upstreamorshipallinventorydownstream,withoutregardtotheoriginaldirectionofeachflow(sincethe

twostreamsofordersarephysicallyindistinguishableoncetheyarriveataparticularlocation). Hence,

leadtimeconstraintswouldbeviolatedwheneverreverseordersandregularordersassociatedwithamulti-

periodleadtimecrossataninsertedlocation. Tomanagemulti-periodleadtimesinasuchasystem,it

againbecomesnecessarytoincreasethestatespacebykeepingtrackofordersmadeinpreviousperiods,so

thatdownstreamorderscanbekeptgoingdownstreamandupstreamorderscanbekeptgoingupstream.

Theresultisanexplosioninthestatespacedimensionality.

Thereexists,however,aclassofreverselogisticsproblemsforwhichanapplicationoftheLawsonand

Porteus(2000)approachformanagingmulti-periodleadtimesbearsfruit.Thisclassofproblemsinvolves

systemsinwhichamulti-periodleadtimeoccursatonlythemostupstreamlocation.Thiscanoccur,for

example,whenthemanufacturertakeslongertocompletethephysicaltransformationofproductioninputs

intothefinishedproductthanittakesforthefinishedproducttobeshippedfromonedownstreamlocation

toanother,somethingthatisencounteredinpracticemoreoftenthannot.(WithInternationalBearings

forexample,completingthemanufactureofanorderforbearingstakesroughtlythreetimesaslongas

itdoestoshipitbyboatfrommanufacturer’slocationinChinatoSingapore.)Then,followingLawson

andPorteus(2000),weinsertadditionallocationsthatcorrespondtomultipleperiodsinthatmulti-period

leadtime,andallocateregular,expeditedandholdingcostsappropriately. Giventhatreverseorderscan

beconsideredashavingleftthesystemcompletelyatlocationN,therewillnotbeanyreverseorders

goingintheoppositedirectionoftheregularandexpeditedordersatthoseadditionallocationsupstream

oflocationN.Consequently,thismethodwilladequatelycapturetheleadtimeeffectatthemostupstream

location,whileallowingtheproblemtobesolvedusingtheresultsestablishedinthispaper.

Developing moregeneral methodstosolvereverselogisticsproblemswith multi-periodleadtimes

representsaworthwhileextensionofourwork.Untilthosemethodsaredeveloped,theresultsobtainedin

ourpapercanalsobeusedtoobtainalowerboundonthetotalcostforsuchasystem.Therelevantlower

boundisobtainedby:(1)transformingthesystembyaddinglocationsinplaceofmulti-periodleadtimes;

(2)allocatingunitordercostsalongthelinesprescribedbyLawsonandPorteus(2000);and,(3)solving

theresultingsystemwithsingle-periodleadtimesbetweenlocationsbymeansofthemethodspresented

inourpaper. Becauseleadtimeconstraintsarerelaxed,theresultingsystemhasfewerconstraints,and

havingthesameunitcostsandproductflowsastheoriginalsystem,itwillgeneratealowertotalcost.
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AppendixC:AdditionalNumericalStudies

1.LogisticsSupplyChain

Herewequantifythevalueofreverselogisticsforafive-location,logisticssupplychainwithregular,reverse,

andexpeditedflowofproduct.OurnumericalstudiesinthissectionessentiallyreplicatethosefromSection

5.Inparticular,Study5mirrorsStudy1andStudy3,whileStudy6mirrorsStudy2andStudy4.Our

basicversionofthefive-locationsystemhasthesamedemandcharacteristicsandparameterschoicesasthe

three-andfour-echelonsystemsstudiedainSection5:(k1,k2,k3,k4,k5)=(1,1,1,1,1);(k
R
1,k

R
2,k

R
3,k

R
4,k

R
5)=

(1,1,1,1,−0.8);(kE1,k
E
2,k

E
3,k

E
4,k

E
5)=(4,4,4,4,4);and(H1,H2,H3,H4,H5)=(2.5,2.0,1.5,1.0,0.5)(thus,

hj=0.5).Thebackloggingcostisunchangedatp=15.

InStudy5,weagainvarykRjfrom0.5to1.75inincrementsof0.25,andtheMarkovmultiplierβ(3)

from2to4.5,inincrementsof0.5.InStudy6,wevaryunitexpeditingcostsagainsttheunitbacklogging

cost.Tables16and17presentscostsavingsfortheCS+R+EsystemforStudies5and6,respectively.

M.Mult. UnitReverseOrderCosts(kR1=k
R
2)

β(1),β(3) 0.50 0.75 1.00 1.25 1.5 1.75

(0.50,2.0) 25.6% 25.5% 25.4% 25.3% 25.3% 25.2%

(0.40,2.5) 27.4% 27.1% 26.8% 26.6% 26.5% 26.4%

(0,33,3.0) 28.0% 27.5% 27.1% 26.8% 26.6% 26.3%

(0.29,3.5) 28.2% 27.6% 27.1% 26.7% 26.3% 26.1%

(0.25,4.0) 28.4% 27.7% 27.0% 26.5% 26.1% 25.8%

(0.22,4.5) 28.5% 27.6% 26.9% 26.3% 25.8% 25.4%

Table16:Study5CostSavings-theCS+R+ESystem

Backlog. UnitExpeditingCosts(kE1=k
E
2=k

E
3)

Cost 4 5 6 7 8 9

10 26.6% 19.6% 14.5% 10.7% 7.83% 5.52%

15 27.1% 20.5% 15.7% 11.9% 9.59% 7.61%

20 27.5% 21.0% 16.3% 12.0% 10.5% 8.54%

25 27.7% 21.3% 16.7% 13.5% 11.0% 9.15%

30 27.9% 21.6% 17.0% 13.9% 11.5% 9.62%

35 28.1% 21.8% 17.3% 14.2% 11.8% 10.0%

Table17:Study6CostSavings-theCS+R+ESystem

Table16furtherconfirmsthebehaviorofcostsavingsfortheCS+R+Esystemobservedforthree-

locationandfour-locationsystems;namely,thatthosecostsavingsaredecreasinginunitreverseorder

costsandarenon-monotonicintheMarkovdemandmultiplier.Further,bycomparingthevaluesinTable

16tothoseinTable9,itcanbeobservedthatcostsavingscontinuetoincreasewithsupplychainlength,

aswegofromafour-locationsystemtoafive-locationsystem. Thisbehaviorofcostsavingincreasing

withsupplychainlengthcanalsobeobservedbycomparingTable17withTable11.Thevaluesshownin

Table17arealsofoundtobedecreasingintheunitexpeditingcostandincreasingintheunitbacklogging

cost,exactlyaswasthecasewiththree-locationandfour-locationsystemsstudiedinSection5.

Tables18and19displaythesynergyvalueforStudies5and6,respectively,forthefive-location

logisticssupplychainconsideredinthissection. Wecanobservethatthesynergyvalueisincreasinginthe

Markovdemandmultiplierandtheunitbackloggingcost,anddecreasingintheunitreverseordercostand

unitexpeditingcost.Finally,bycomparingTable18withTable12,andTable19withTable13,itcan

bediscernedthatthesynergyvaluecontinuestoincreasewiththelengthofthesupplychain.Thus,the
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conclusionsdrawninSection5regardingtheimpactofsupplychainlengthofsynergyvalueareconfirmed

byournumericalstudiesforthefive-locationlogisticssupplychainconsideredinthisAppendix.

M.Mult. UnitReverseOrderCosts(kR1=k
R
2)

β(1),β(3) 0.50 0.75 1.00 1.25 1.5 1.75

(0.50,2.0) -0.28%-0.48% -0.50%-0.58%-0.65%-0.72%

(0.40,2.5) 0.72% 0.45% 0.21% 0.01% -0.15%-0.26%

(0,33,3.0) 1.59% 1.18% 0.83% 0.55% 0.31% 0.08%

(0.29,3.5) 2.41% 1.88% 1.43% 1.04% 0.72% 0.47%

(0.25,4.0) 3.08% 2.44% 1.90% 1.45% 1.07% 0.76%

(0.22,4.5) 3.59% 2.86% 2.21% 1.70% 1.26% 0.91%

Table6:Study1–TheSynergyValue

Backlog. UnitExpeditingCosts(kE1=k
E
2=k

E
3)

Cost 4 5 6 7 8 9

10 -0.68%-0.96%-1.10%-1.21%-1.31%-1.41%

15 0.83% 0.16% -0.31%-0.63%-0.90%-1.06%

20 1.66% 0.81% 0.17% -0.25%-0.60%-0.84%

25 2.16% 1.21% 0.50% 0.00% -0.38%-0.67%

30 2.38% 1.38% 0.64% 0.12% -0.28%-0.59%

35 2.63% 1.59% 0.82% 0.25% -0.16%-0.49%

Table7:Study2–TheSynergyValue

2.Product-TransformingSupplyChain

Next,wepresenttheperformanceerrorofthe2-PLAheuristicfora5-locationproduct-transformingsupply

chainwithreverselogistics.Tobeginwith,Tables22and23parameterpresentvaluesforthe3-location

and4-locationproducttransformingsupplychainsusedfornumericalstudiesinTables14and15.

Stg.ofCompl. HoldingCost(Hij) Reg.OrderCost(kij) ReverseOrderCost(kRij)

(i) j=1 j=2 j=3 j=1 j=2 j=3 j=1 j=2 j=3

1 0.80 0.60 0.40 0.50 0.50 0.30 0.30 -0.80

2 0.40 0.20 0.60 0.60 0.40 -0.60

3 0.10 0.70 0.95 -0.50

Table22: UnitCostsforthe3-LocationProduct-TransformingSupplyChain

Stageof HoldingCost(Hij) Reg.OrderCost(kij) ReverseOrderCost(kRij)

Completion(i) j=1 j=2 j=3 j=4 j=1 j=2 j=3 j=4 j=1 j=2 j=3 j=4

1 0.80 0.70 0.60 0.40 0.50 0.50 0.50 0.30 0.30 0.30 -0.80

2 0.60 0.50 0.30 0.60 0.60 0.60 0.40 0.40 -0.60

3 0.40 0.20 0.65 0.65 0.50 -0.50

4 0.10 0.70 0.95 -0.40

Table23: UnitCostsforthe4-LocationProduct-TransformingSupplyChain

WithregardtounitholdingcostsdisplayedinTables22and23,observethat,foranygivenstage

ofcompletioni,unitholdingcostsareincreasinglookingdownstream(i.e,inanygivenrow,unitholding

costsareincreasingfromrighttoleft). Thisisbecause,thecloseronephysicallygetstothecustomer,

thehigheronecanexpectthephysicalholdingcoststobe. Becausethefinancialholdingcostscanbe

expectedtogenerallyvaryonlywiththestageofcompletion,ratherthanphysicallocation,thanthetotal

unitholdingcostisincreasinglookingdownstream.Atthesametime,atanygivenlocationj,thecloser

theitemistofullcompletion,thehigheritsfinancialholdingcost,wherecompletionprogressesfromstage
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N,atwhichtheitemsentersthesupplychain,tostage1atwhichitisreadytosatisfycustomerdemand.

Thus,inTables22and23,unitholdingcostsarehigherthecloseranitemistofullcompletion.

Whenitcomestounitregularordercosts,Tables22and23capturetwokeyeffects.First,atany

locationj,theunitregularcostkj+1,jexceedskijforalli∈[1,j].Thisbecauseitisonlywhenanitemat

stageofcompletionj+1atlocationj+1isorderedintolocationjthattheproducttransformationtakes

place(i.e.,foritemsatallotherstagesofcompletionorderedfromlocationj+1intolocationjthereis

noproducttransformationinvolved),sothatwewouldexpectkj+1,jtobehigherthankijforalli∈[1,j].

Second,because,byanassumptionofourmodel,atlocationNpartiallycompleteditems(i.e.,i∈[1,])

arenotbroughtintothesupplychain,itisonlykN+1,N thatentersintothesingle-periodcostfunction.

ThekeyassumptionreflectedinunitreverseordercostsshowninTables22and23isthat,atlocation

N,thecloseranitemistocompletionthehighertheunitrevenueassociatedwithitsresaleoutofthat

location.Sincerevenuesarenegativecosts,thenanitematstageofcompletion1atlocationNcanbe

expectedtohavehigherunitrevenue(i.e.,lowernegativecost)thananitematthatlocationthatisonly

atstageofcompletion3,forexample.

ThosestructuralassumptionsaboutunitcostsobservedinTables22and23arealsousedinour

numericalstudiesfora5-locationproducttransformingsupplychainwithreverselogistics. Modelparam-

etersforthatsystemarepresentedinTable24.Further,inordertohavemeaningfulcomparisonsofthe

performanceerrorforthe2-PLAheuristicacrossproduct-transformingsupplychainsofdifferentlengths

(i.e.,numberoflocations),wehavekeptroughlythesamerangeofunitcosts(i.e.holding,regularorder,

andreverseorder)acrossitemsatdifferentstagesofcompletionatthesamelocation,foreachofthethree

supplychainlengthsstudied.

Stageof HoldingCost(Hij) Reg.OrderCost(kij) ReverseOrderCost(kRij)

Completion(i) j=1 j=2 j=3 j=4 j=5 j=1 j=2 j=3 j=4 j=5 j=1 j=2 j=3 j=4 j=5

1 0.80 0.75 0.70 0.60 0.40 0.50 0.50 0.50 0.50 0.30 0.30 0.30 0.30 -0.80

2 0.70 0.65 0.50 0.30 0.55 0.55 0.55 0.55 0.40 0.40 0.40 -0.60

3 0.65 0.45 0.25 0.60 0.60 0.60 0.50 0.50 -0.50

4 0.40 0.20 0.65 0.65 0.60 -0.40

5 0.10 0.70 0.95 -0.30

Table24: UnitCostsforthe5-LocationProduct-TransformingSupplyChain

Table25exhibitsthecostperformanceofthe2-PLAheuristicpolicyforthisfive-locationproduct-

transformingsupplychainoverthesamerangeofMarkovmultipliersandunitbackloggingcostsasthose

usedinthemainbodyofthepaperfor3-locationand4-locationproduct-transformingsupplychains.In

Table25,theaverageheuristicperformanceerrorforthefive-locationproduct-transformingsupplychain
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reverselogistics,relativetoourlow-boundheuristic,was4.11%.

M.Mult. UnitBackloggingCost

β(1),β(3) 10 15 20 25 30 35

(0.50,2.0) 5.78% 4.97% 4.96% 4.59% 4.68% 3.75%

(0.40,2.5) 5.46% 5.14% 3.97% 4.78% 3.90% 4.12%

(0,33,3.0) 5.69% 5.05% 3.83% 3.78% 2.98% 3.10%

(0.29,3.5) 5..83% 3.52% 4.17% 3.27% 2.38% 3.84%

(0.25,4.0) 5.60% 4.50% 3.95% 4.26% 1.67% 2.09%

(0.22,4.5) 5.67% 3.90% 2.85% 5.33% 2.00% 2.51%

Table25: HeuristicPerformance,5-LocationSystem
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