ACM Communications in Computer Algebra ISSAC’ 2019 Abstracts

Methods for Simplifying Differential Equations™

Shayea Aldossari Mark van Hoeij
Department of Mathematics Department of Mathematics
Florida State University Florida State University
swalb@my.fsu.edu hoeij@math.fsu.edu

1 Example

A special case of simplification: Closed form solutions
Given

32x% — 9223 + 10522 — 141z + 168)
4(z —1)(423 — 922 + 9z — 12)
(1620 — 7225 + 1412* — 25823 + 55222 — 630z + 315)

4(42% — 922 4+ 92 — 12)(z — 1)3 ’

Linput = 0% — ( 0+

in C(x)[0], where 0 = %. A closed form solution for Lipp,: (Y (x)) =0 is

r—1 r—1

y(@) = oF (—;j;x).

We can interpret this solution as a simplification from Ljypys to the minimum operator for y(x) which is

Y (2) = expla) <my< 2 )4 (- (-2 >>’>

where

3 1
20— =,
x

Lsimpler = 82 + A

combined with transformations: (where f = -2-, G =z + (z — 1)0, and r = 1)
(i) y(z) — y(f), it is called change of variables transformation and denoted by L; 9, Lo.
(ii) y(z) — G(y(x)), it is called gauge transformation and denoted by Lq LGN Lo.

(iii) y(z) — exp([ rdz)y(x), it is called exponential product and denoted by Ly L), Ls.

These are the transformations known to preserve the order.
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2 Goal

Our goal is to simplify differential operators, in C(x)[0], as much as possible whether they have closed form
solutions or not.

Example 2.1 To produce an example, Linpy:, lets start with

1
x—2’

1
Lsimple = 83 + ;82 + ($ — 1)8 —

and then apply transformations (1), (ii), (iii) with f = P4 G =g+ 2202 andr =2 + 1/z.

T

Clearly this Ljnpyu: (too large to print here) comes from a much smaller operator under the order-preserving
transformations (i),(ii),(iii). That is how it was constructed.

Main Question: What if we are given another Lin,,? How can we decide if it comes from a simpler
operator under order preserving transformations (i),(ii),(iii), and if so, how to find such a simplification?

3 (ii)-simplifier

For regular singular differential operators, Imamoglu and Van Hoeij [7] implemented an algorithm which
tries to reduce Lippyut to a simple operator under transformation (74). This works well for regular singular
operators of order 2.

To extend to irregular singular operator we generalized a key tool: Integral basis for irregular singular
operators. This tool produces a finite dimension vector space V of candidate gauge transformations. To
extend [7] to order > 2, we are developing a new way to find the “best” element of V.

4 (i) + (i7i)-simplifier

A (i) + (i47) transformation L; QRGN Ly sends any solution y(z) of Ly to a solution exp( [ r)-y(f) of Ly
for some rational functions r, f. Given Ly but not Li, we want to find a nontrivial simplification L; if it
exists. Here, nontrivial means C(f) C C(z) (i.e. f is not a M&bius transformation).

A differential formula in terms of coefficients of differential operators is called an invariant if it does
not change under transformation (7). Chalkley [3] gave special invariants whose quotients Iy, I, ..., and I,
satisfy

Ii(Ly) = Ii(Ll)}x:f

Recall that Lo is the input and L; is the simplification we aim to find. To find L1, we need to find f
which we find by computing a common composition factor of I;(Ls), I2(L3),.... Such invariants exist only
for differential operators of order > 3. This was used in [4] to compute hypergeometric solutions for order
3, but the same works more generally for any (i) + (¢i7) simplification, and for any order > 3.

5 (i) + (i) + (¢i7)-simplifier
The (i) + (¢i7)-simplifier only works if transformation (ii) is not needed. This raises this question how
to find (if it exists) an element G € V (V as in section 3) that sends Lj,p,: to an operator that has a
non-trivial (i) + (44¢) simplification. (work in progress, implementation seems to work well).

We tested it on irregular singular differential operators of order 3 with closed form solutions (solvable
by [8]). So far, our simplifier effectively solved all such examples.

Example Maple does not solve this operator

L =08 +108% — 20 + 922,
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but it can solve an operator which is gauge equivalent to L using [9].
Our simplifier finds the smallest operators that are gauge equivalent to L. Among them is:
923 — 5

1
ot — 2% +1026% + 50 + :
X X

which is solvable by Maple because it is a symmetric product of
Ly = 92 + x,
and

Loy = 0% + 4x.
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