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Abstract

Residual dipolar couplings (RDCs) and residual anisotropic chemical shifts (RACSs) are produced by the partial alignment
of solution NMR samples. RDCs and RACSs yield high-resolution structural and dynamic information on the orientation
of bonds and chemical groups in molecules. Many molecules form oligomers or have intrinsic symmetries, which may
simplify the analysis of their partial alignment datasets. In this report, we explore the theory of partial alignment using an
irreducible spherical representation, and we investigate the impact of molecular symmetry on the alignment of molecules.
Though previous studies have reported simplified relationships on the partial alignment of molecules bearing different sym-
metry groups, we show that these simplified relationships may not be universal and only apply to a limited set of systems.
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Introduction

Magnetic dipole—dipole (dipolar) couplings and the aniso-
tropic contribution to chemical shifts contain rich informa-
tion on nuclear spins in molecules. In solution NMR, these
interactions can be measured through their relaxation con-
tribution from the second order rotating frame (RF) Ham-
iltonian (Goldman 1988). However, molecules rotate iso-
tropically, and these interactions typically do not contribute
directly to a spectrum and the first order RF Hamiltonian.
Partial alignment with liquid crystals, distorted gels or
paramagnetic tags bias the rotational diffusion of molecules
to a slightly anisotropic distribution, thereby introducing
residual dipolar couplings (RDCs) and residual anisotropic
chemical shifts (RACSs) in the spectrum (Saupe 1968; Tol-
man et al. 1995; Tjandra and Bax 1997; Tycko et al. 2000;
Cornilescu and Bax 2000).! RDCs and RACSs are useful in
accurately defining the orientation of bonds in molecules

Electronic supplementary material The online version of

this article (doi:https://doi.org/10.1007/s10858-019-00256-2)
contains supplementary material, which is available to authorized
users.

P4 Justin L. Lorieau
justin@lorieau.com

! Department of Chemistry, University of Illinois at Chicago,

4500 SES, 845 W Taylor St, Chicago, IL 60607, USA

and the dynamics of spins on a sub-microsecond to sub-
millisecond timescale (Bax 2003; Blackledge 2005).

The analysis of RDCs and RACSs involves the identi-
fication of a partial alignment frame defined by 5 or fewer
components of a Saupe matrix Losonczi et al. (1999). The
orientation of bonds from RDCs and chemical shift tensors
from RACS can be used to refine the structures of molecules
to high accuracy. However, it is unclear how molecular sym-
metry, with homodimers, homotrimers or higher order oli-
gomers, might impact the alignment frame tensor or how
the orientation of the overall molecule with respect to the
alignment frame might contain useful information. Previ-
ous reports describe simple relationships for the alignment
tensor of RDC datasets. For example, homotrimers with a
C; axis of symmetry are described to have axially symmet-
ric alignment tensors (Bolon et al. 1999; Al-Hashimi et al.
2000; Saupe 1968)—i.e. the rhombicity of the alignment
tensor, R,, is equal to 0.

In this article, we explore the theory of partial alignment for
a more complete set of molecular symmetries using an irre-
ducible spherical representation. The results of this approach
are analogous to results from Dennis Torchia and others in
which n-site hops, or n-site exchanges, average and reshape

I We have elected to use the RACS, instead of the more commonly
used residual chemical shift anisotropy (RCSA), because partial
alignment does not directly report on the anisotropy of the chemical
shift.
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quadrupolar tensors in the solid-state (Batchelder et al. 1983;
Sarkar et al. 1986; Mack and Torchia 1991). In this case, we
use a series of n-site exchanges to model the average alignment
tensor for a biomolecule. We are able to reproduce the sim-
ple alignment tensor equations described in previous reports,
yet we argue that these relationships hold only for a subset of
alignment circumstances. We show that the alignment tensor
asymmetry and molecular orientation cannot be reliably used
to make conclusions on the oligomeric state or axis of rotation
for a molecule.

Background
The problem

The subtleties of RDCs for homo-oligomers can be illus-
trated with a homotetrameric protein with a C, axis of
rotation. According to previous approaches, the alignment
tensor for a homotetramer, like a homotrimer, should be
axially symmetric (i.e. R, = 0) Saupe (1968).

Figure 1 shows 2 different sets of RDCs and interaction
(alignment) orientations for a homotetramer with a single bond
per subunit. The coordinate system (x/y/z) drawn in the back-
ground represents the fixed coordinate system of the alignment
medium or laboratory frame. It is independent of the molecule.

In RDC set 1, the C, axis of the tetramer is aligned along
the z-axis relative to the external frame. The bond (m,) is
oriented along the y-axis, and its corresponding bonds in the
other subunits, m,, m; and m,, are oriented along the -x, -y and
X axes, respectively.

The RDC:s for alignment 1 are presented in RDC set 1 with
aD, =10.0Hz and R, = 0.0. All 4 bonds have a polar angle
(6) of 90° relative to the fixed frame. They differ in their azi-
muthal angles (¢). We calculate the RDCs for the bonds using
the RDC equation.

D) ¢) = D,{ (30026, = 1) + 2R, sin® 6, cos 2¢; }

(D
The RDC for all bonds is —5.0 Hz.

D, = (10.0 Hz){%(3 cos? 90° — 1)}
=-50Hz @
= Dm2 = Dm3 = Dm4

Since all 4 bonds exchange rapidly by rotation of the C, axis,
they have the same average RDC of —5.0 Hz. Furthermore,
if rotation about the C, axis is more rapid than the evolu-
tion time scale of chemical shifts (milliseconds), then only
1 peak is measured for all 4 bonds.

RDC set 2 shows the same molecule with its C, axis rotated
45° about the y-axis with the rotation matrix Ry(45°). 2 of the
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4 bonds adopt new polar angles relative to the fixed frame,
producing bonds n, and n,, and the other 2 bonds remain
unchanged (n; and n5).

Again the D, = 10.0 Hz and R;, = 0.0. The RDC:s for each
bond is calculated with Eq. (1) and the polar and azimuthal
angles relative to the fixed frame.

D,, = (10.0 Hz){ 3c0s290° — 1
D,, = (10.0 Hz)

3cos290° — 1

1
2
1
2
1
- =—-50Hz
2

1

2

( )}
{1(Beos?45"=1)} =252
D,y = (100 H2){ ( )}
{4( )

D,, = (10.0 Hz){ L (3cos? 135° - 1 } = 2.5Hz

The 4 bonds rotate about the C, axis and produce an average

value of —1.25 Hz.

D,,=(-50Hz+25Hz-50Hz+2.5Hz)/4 @
=—-125Hz

The challenge in the analysis of homo-oligomers arises
when the molecule may align and average between multiple
orientations to produce an averaged set of RDCs. In this
example, the homotetramer exchanges equally between the
interaction orientations from RDC set 1 and RDC set 2 to
create a new set of averaged RDCs.
D, =(—-50Hz-5.0Hz)/2=-5.0Hz
D,, =(-5.0Hz+25Hz)/2=-125Hz
D,;=(-50Hz—-50Hz)/2=-5.0Hz
D,,=(-50Hz+25Hz)/2=-125Hz
D,,=(-50Hz—-125Hz—-50Hz - 1.25Hz)/4
=—-3.125Hz

&)

The new average structure has bonds w;, w,, wy and w,. The
new averaged vectors for bonds w, and w, are between the
vectors for bonds m,/n, and m,/n,, respectively. The bond
vectors w; and w; have the same orientation as bonds m,/n,
and ms/n;, respectively.

How are these RDCs modeled together? If we choose an
average bond orientation with a 6 angle of 90° and use an
axially symmetric alignment tensor (R, = 0), a D, of 6.25
Hz could be selected to match the average RDC of —3.125
Hz. However, this approach could not be used to model D,
D,,, D,;or D, individually: these would have incorrect
RDC values of —3.125, —1.752, —=3.125 and — 1.752 Hz,
respectively. The average of these RDCs is — 2.44 Hz, which
is not equal to the correct average of — 3.125 Hz.

Alternatively, a D, of 10.0 Hz could be selected to model
the D,,, and D, ; values of —5.0 Hz, but the corresponding
D, and D, , values become —2.97 Hz and the D, becomes
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RDC Set 1 RDC Set 2 Average RDCs
Cy n2 :
: C’4 w2
mo C’4 E
ms n3 : w3
my ni : w1
my :
I w4
n4 :
m,:6=90°%¢=90° D, _=-50Hz n:6=90°¢=90° D, ,=-50Hz ' w,:0=90°%¢=90° D, =-5.0Hz
m,: 6=90° ¢ =180° D _,=-5.0 Hz n;0=45°¢=180° D,=25Hz : w,0=67.5°¢=180° D,,=-1.25Hz
m,: 6=90° ¢=-90° D_ =-50Hz n;6=90°%¢=-90° D_,=-50Hz . w,;6=90°%¢=-90° D_=-5.0Hz
m;6=90%¢=0° D_,=-50Hz n;0=135,0=0° D,=25Hz | w_:0=1125°¢=0° D,=-1.25Hz
D, =-50Hz D,,=-125Hz D, =-3.125 Hz
Tensor 1 Tensor 2 : Average Tensor
z z : z
1
1
y Y : Y
T T . T
1
Tensor 1 Tensor 2 , Average Tensor

D,=10.0Hz, R, =0.0

Fig.1 Example of different alignments of a homotetramer with 1
bond per subunit. The orientations and RDCs for each bond in an
alignment are presented under the molecule. For each alignment,
the alignment tensor is shown on the bottom. The D, and R, of the

—3.902 Hz, which isn’t correct either. Likewise, a D, of 4.45
Hz could be used to model a — 1.25 Hz coupling for D,,
and D,,, but then the corresponding D,,; and D, ; couplings
are —2.23 Hz and the D,,, is equal to — 1.74 Hz, which is
incorrect as well.

Clearly, an axially symmetric alignment tensor is prob-
lematic, even for a single bond. The correct approach is to
use an axially asymmetric alignment tensor, which can be
calculated from the average of the alignment tensors for
RDC sets 1 and 2.

The tensor, shown in red—blue—green in Fig. 1, represents
the alignment tensor, as viewed from the fixed laboratory or
alignment medium frame. The alignment tensor is defined by

D,=10.0Hz, R, =0.0

D,=7.80Hz, R =0.188

alignment are indicated under their respective alignment tensors The
average alignment represents the new alignment created by averaging
RDC sets 1 and 2 with equal populations

the molecular structure and how it interacts with the align-
ment medium.

RDC set 1 has an axially symmetric tensor (tensor 1,
T,) with its principal axis oriented along the z-axis with a
D, =10.0Hz and R;, = 0.0.

=50 0 O
T,=| 0 -50 0 | Hz (6)
0 0 10.0

The tensor for RDC set 2 (tensor 2, T,) has a D, = 10.0 Hz,
and it is also axially symmetric (R, = 0). Its principal axis
is tilted by 45° away from the z-axis of the fixed coordinate
system.

@ Springer
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T, = R,(45°)T{R;'(45°)

25 0 75
T,=| 0 =50 0 | Hz 7
75 0 25

By averaging the 2 axially symmetric alignment tensors (ten-
sor 1 and tensor 2) with equal populations, we produce a new
axially asymmetric alignment average tensor (T,,.) with a
D, =7.80 Hz and R;, = 0.188. These parameters match the
2-site exchange parameters discussed below for a 22.5° half-
angle of exchange (equation (30)).

Tave = (Tl + TZ)/2

~125 0 375
T,.=| 0 =50 0 |Hz
375 0 625

®

aves Can be used to accurately

The new average tensor, T
model D,,;, D,,, D, ; and D, as well as the average RDC,

D, from bond vectors w;, w,, w; and w,.

D,, =(7.80 Hz){ ! (3cos90° — 1)
+2(0.188) sin 90° cos 180° }
=—-5.0Hz
D,, =(7.80 Hz){ ! (3cos?67.5° ~ 1)
+2(0.188) sin® 67.5° cos 360° }
=-—125Hz
9
D, =(7.80 Hz){ ! (3cos?90° ~ 1)
+2(0.188) sin” 90° cos(—180°)}
=-5.0Hz
D, =(7.80 H){ 4 (3cos’ 112,57 - 1)
+2(0.188) sin” 112.5° cos 0°}
= _125Hz

The molecular symmetry is also preserved in the averaged
alignment. Rotation about the new C, axis produces the cor-
rect average RDC for the 4 bonds.

Dy =(-50Hz+125Hz =50 Hz + 125 HA)/4
= —3.125 Hz (1

The average alignment tensor can also be calculated without
knowledge or computation of the alignment tensors 1 and 2.
RDC:s for a total of 5 bonds can be calculated for RDC set 1,
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set 2 and an average set of RDCs in the tetramer (Table S1).
A singular value decomposition (SVD) analysis of these
RDCs shows that the D, = 7.80 Hz and R, = 0.188. The
alignment tensor accurately models the RDC for each bond
in each subunit as well as the average RDC for each bond,
after accounting for the rotation about the C, axis.

In summary, we need an axially asymmetric tensor
(R;, # 0) to accurately model the RDCs of a homotetramer
with multiple alignment orientations.

Irreducible spherical tensors

The analysis of the alignment frame in partially aligned sam-
ples is typically conducted in a Cartesian basis (Losonczi
et al. 1999; Bax et al. 2001). However, an irreducible spher-
ical representation (Rose 1957; Steigel and Spiess 1978;
Schmidt-Rohr and Spiess 1994) offers different advantages
in the frame transformations of magnetic interactions for the
analysis of partial alignment.

The first order RF Hamiltonian comprises a series
of interactions, x, including dipolar and chemical shift
interactions.

interactions

Hge= D, M, an

In the RF, the contribution from the Zeeman interaction is
removed.

Each interaction has a spin tensor (T) and a spatial ten-
sor (V) Steigel and Spiess (1978). In the irreducible spheri-
cal representation, the interaction Hamiltonian is written as
follows.

H, = (V%AB)Tzo + VooToo) (12)

Only the T, and T\, components are secular with the Zeeman
interaction and remain in the rotating frame Hamiltonian.
Tensors are grouped by their rotational properties and
rank. V,,, is the isotropic component, which is rotationally
invariant (Steigel and Spiess 1978). There are 3 first rank,
antisymmetric components, V,,, with ‘n’ adopting values
of — 1, 0 and 1. The first rank components do not contribute
to the RF Hamiltonian. There are 5 second rank, symmetric
components, V,,, with ‘m’ adopting values of — 2, — 1,0, 1
and 2. The second rank components depend on the orienta-
tion of the interaction with respect to the laboratory frame
(LAB). The LAB frame is defined by the direction of the
magnetic field, and it is conventionally selected as the z-axis.
Second rank and zeroth rank tensors in the irreducible
spherical representation are converted to their Cartesian
counterparts as follows (Schmidt-Rohr and Spiess 1994).
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5
|

3
- \/g(vzz = Voo)
1
= HVu =V £i(Vy, +
Voo = %(Vxx +V,+ Vo)

V,0} (13)

Magnetic interactions have an anisotropic symmetric con-
tribution (7,,) and may have an isotropic contribution (7).
Examples of magnetic interactions with an isotropic contri-
bution are the chemical shift and J-coupling, whereas the
dipolar coupling does not have an isotropic contribution—
ie. Tégipom) =0.

In the irreducible spherical representation, passive rota-
tions are expressed using Wigner rotation matrices (D). A
passive rotation involves the rotation of a coordinate system,
whereas an active rotation rotates an object in a fixed coor-
dinate system (Schmidt-Rohr and Spiess 1994). A single
coordinate transformation from a coordinate system ‘A’ to
‘B’ is conducted using the Euler angles «, f and y.

m=2
Vil = ) ViIDRN0, B 7) (14)
m=-=2

The V,, component represents the principal component of
the second rank tensor, and D@ is the Wigner matrix of
second rank. Since we are exclusively using Wigner rotation
matrices of second rank, and these are summed in integer
increments from m = —2 to m = 2, we will use the follow-
ing simplified notation to represent a rotation from frame
‘A’ to frame ‘B’.

Vo = Z Vso Don(0. 5.7) (15)

In this case, we are rotating an axially symmetric tensor—
Le. Vo, =0andV, =V,

Dipolar interactions

The dipolar coupling is measured between spins ‘p’ and ‘q’
In the Cartesian representation, the angular frequency (w, )
and frequency (VA9) of the dipolar coupling are evaluated
as follows.

(PAS) _ _ M()h’ypyq

w =
P dary,
(16)
V(PAS) _ _M()hypyq
fed T 823
pPq

The tensor is expressed in its Principal Axis System (PAS)
in which the tensor is diagonal. VA% is the principal com-
ponent of the tensor, and it is colinear with the internuclear

vector. fi, is the vacuum permittivity, 7 is the Planck con-
stant, y, and y,, are the gyromagnetic ratios for spins ‘p’ and
‘q’, respectively, and r,, is the internuclear distance between
spins ‘p’ and ‘q.’

For an 'H-'5N bond of 1.02 A, VPAS) has a value of
+11.5 kHz, and for an 'H-"3C bond of 1.10 A, VPAS) has a
value of —22.7 kHz. Respecting the sign of V(pAS) is impor-
tant when fitting RACSs (Lorieau 2017).

In the analysis of the spatial dependence of magnetic
interactions in a molecule, the spatial part of a dipolar cou-
pling interaction must at least be transformed from its PAS
to the frame of the molecule (MOL), then to the LAB frame.

Om

yLAD) _ Z VEAI DM, 0, p)DME(a, ,0) (17

m

The first transformation is conducted by the Di™ compo-
nents, and the second transformation is conducted by the
DMOL components. We only keep the V%AB) component since
it is the only secular component with the Zeeman Hamilto-
nian (Steigel and Spiess 1978).

Altogether, there are 5 terms. We evaluate equation (17)

to find its orientational dependency.

VEEAB) =V$AS){ i (3cos*@ —1)(3cos* p—1)
: (18)
+3 sin? 6 cos 2¢ sin® f cos 2a}

The m = +1 terms have opposite sign and cancel.

In a rigid molecule, the angles 6 and ¢ are fixed by the
structure of the molecule. For a crystalline sample in the
solid state, the dipolar interaction contributes directly to the
spectrum with a value that depends on the orientation of
the molecule with respect to the laboratory frame, a and f.
Additionally, the number of interactions oriented at an angle
(a, p) are integrated over the population p(a, ). For mol-
ecules distributed randomly and uniformly on a sphere, the
probability, p(a, f#), is equal to ‘sin f” because there are more
equatorial orientations in a sphere than polar orientations.

In the solution state, molecules tumble (rotate) isotropi-
cally on a rapid timescale (ps-ns). Consequently, only an
average over the orientations a and f is measured.

<V§'6AB)> = <Z Ve p(a, HDEN(0, 0, p)DYE(ar, B, 0)>

m

= VA / dp - sinp;(3cos?0 — 1)(3cos* f— 1) /x
=0
2w,
+ // dadp - sin ﬁ% sin” @ cos 2¢ sin” f cos 2a /27>
a=0,p=0

=0
19
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The angle brackets represent a time and ensemble average.
The time average is zero for the dipolar interaction experi-
encing isotropic rotational diffusion. It is for this reason that
dipolar interactions are not directly measured in a solution
NMR spectrum.

Partial alignment reintroduces the anisotropic component
of magnetic interactions by biasing the molecular orienta-
tions from an isotropic distribution to a slightly anisotropic
distribution.

Partial alignment

In a partially aligned sample, the p(a, f) probabilities depart
from a ‘sin f’ distribution. The functional dependence of
p(a, f) may be quite complicated, as it depends on the nature
of the alignment, the structure of the molecule and, poten-
tially, the electrostatic distribution and shape of the molecule
(Zweckstetter and Bax 2000; Zweckstetter et al. 2004).

At this stage, we will make a simplifying observation on
the nature of p(a, ). In a weakly aligned sample, the orien-
tational distribution of molecules is largely the same as an
isotropic sample. Nevertheless, some orientations may be
more likely than others. It is then convenient to convert the
integral in equation (19) to a discrete sum for a small subset
of partially aligned orientations. Most orientations and their
probabilities are isotropic, and the corresponding dipolar
couplings are mutually canceled, while some orientations
‘i’ are favored in a partially aligned sample. This approach
is analogous to the steric obstruction and electrostatic mod-
eling of the alignment tensor (Zweckstetter and Bax 2000;
Zweckstetter et al. 2004).

We will focus on the discrete orientations, which are not
canceled.

N
<V§]6AB)> = ZP(% B
V{1 (B3eos? 0~ 1) (3cos?p, - 1) @0
+% sin® 6 cos 2¢ sin” f; cos 2a; }
The sum is conducted over ‘N’ partially aligned orientations
‘I’. In the simplest case, the partially aligned molecule is

biased to a single orientation (N = 1). As we will see below,
biomolecules often align with multiple orientations (N > 1).

Uniaxial alignment

Partial alignment is commonly introduced with a liquid
crystal or a distorted gel (Tjandra and Bax 1997; Tycko
et al. 2000; Hansen et al. 1998). Alignment media in NMR
typically introduce uniaxial alignment. A liquid crystal, for

@ Springer

example, aligns in a magnetic field based on its diamag-
netic anisotropy susceptibility (Dong 1997). For uniaxial
alignment, ordering occurs along one axis while orthogonal
orientations are disordered. Consequently, we must include a
frame transformation for the alignment medium itself (D%‘).

N
(i) =2 3 {pte oo™
l m,n
'Dg,l:f((), 0, (I))Dan(ai, B, Yi)D,?(}(aAL(Z), BaLs 0)}
21
The dipolar tensor is transformed from the PAS to the
molecular frame (Dg};’[) by the orientation of internuclear
vectors or chemical shift tensors in the molecule. There-
after, the tensor is transformed from the molecular to the
alignment frame (D%"f) through the different orientations
between the molecule and the alignment medium. Finally,
the dipolar tensor is transformed from the alignment frame
to the laboratory frame (DnAOL).

For uniaxial alignment, the alignment medium is ordered
in i, , with respect to the axis of the magnetic field, and dif-
fuses isotropically about the a,; (¢) angle. As a result, only
the time average of the alignment frame is measured.

N
<V$AB)> = 2 Z {P(ai»ﬂi’ yt')ngS)

i mn

’ Dgrl:;l(o’ 0, (IJ)Dnhff(a[, Bisv)

(D(apL (1), Par. 0)) } (22)

N
= Z Z {P(“i, ﬂ,-)VégAS)

DM (0,60, p)DNN e, B, 0) (i (Bar) ) }

The uniaxial averaging of the alignment medium eliminates
the dependence on the y; Euler angle between the molecule
and the alignment frame.

The final expression for uniaxial partial alignment
includes a simple scaling constant for the alignment medium,
(d(‘%L(ﬂ AL) > This term represents the degree of alignment for
the alignment medium itself, and it can be represented by
an order parameter (S,; ). The order parameter value ranges
from 1 to —0.5, excluding values near zero. Crystals that do
not order have S,; parameters near zero and do not produce
RDCs or RACS.

The RDC equation

In the structural refinement of molecules using partially
aligned data, like RDCs or RACSs, we are interested in the
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0 and ¢ orientations, which relate the orientation of a par-
ticular dipole interaction to its molecular frame.

First, we re-factor equation (22) to isolate the motional
averaging between the molecule and the alignment frame.
The exchange between these orientations is rapid on the
timescale of the free induction decay (FID) evolution, and
only an average is measured.

(Vi) = 3 VD0, 0.6)

m
m

N 23)
Y pla, BIDYN (B, 0) )Say

For a molecular structure with an arbitrary initial orienta-
tion, the alignment is defined by 5 or fewer components
‘m’. Together, these form the 5 components of the Saupe
matrixSaupe (1968). The Saupe matrix in the irreducible
spherical representation is derived in the Supplemental
Information.

Alternatively, we may select the @ and f orientations for
a molecular frame in which the m = +1 terms are zero. This
is the principal axis system of the alignment frame.

(LAB)\ _,(PAS) I 2
<V20 >—V20 5(3cos?0—1)S,,

N
Zﬂ%%féﬁwgﬁ—U
' 24
+ VSSAS) sin® 6 cos 2¢S ;.

N
Zp(ai’ ﬂ,) . % Sil’l2 ﬂi CcOoS 2“1‘
i

The terms with the molecular orientations, @; and f;, and
probabilities, p(e;, §;), are averaged together in the alignment
of the molecule. These represent the different orientations of
partial alignment of a molecule. Figure 2 shows an example
of a monomeric molecule of arbitrary shape with 2 interac-
tion orientations with populations p, and p,.

The partial alignment may arise from electrostatic interac-
tions, in which case a negatively charged alignment medium
(the line in red) may orient patches of positive charge (drawn
as blue patches on the gray molecule). This example mol-
ecule orients with respect to the alignment medium with 2
different sets of angles and 2 different populations. One ori-
entation (p,) is more favored in this example, but both con-
tribute to the average alignment tensor or frame. Altogether,
the 2 orientations produce the average tensor components in
Eq. (24). However, the a; and f; angles are defined in relation
to the final diagonal alignment frame.

In the RDC equation, the principal component of the inter-
v

action, , 1s constant for a molecule that is internally rigid.

orientation 1 Q

p, = 0.0004 —
q1’B1

orientation 2 w

p, = 0.0006 —
GZ’BZ

Fig.2 Example alignment of a monomeric molecule (drawn in gray)
interacting with an alignment medium (red line). This molecule has
2 regions of interaction (drawn in blue), producing an alignment
with 2 sets of orientations with respect to the alignment medium and
frame. The first interaction orientation has the «; and g, Euler angles
and population p, = 0.0004, and the second interaction orientation
has the @, and f, Euler angles and population p, = 0.0006. In a more
realistic example, each of these interaction orientations would repre-
sent a manifold of sub-orientations with small local changes in orien-
tation with respect to the alignment medium

When grouped together, Eq. (24) has terms proportional to
(3cos? § — 1) and terms proportional to (sin® 6 cos 2¢).
There are 2 conventions to describe the orientation depend-
ence of dipolar couplings in the partial alignment and solid-
state NMR literature. The first defines the averaged dipolar
coupling in terms of an asymmetry parameter, # Torchia
(2015). We will use the other convention originally used in
the RDC literature, which orders the alignment tensor com-
ponents as A, | > |A,,| > |A,,|and describes asymmetry in
the alignment tensor with a rhombicity, R, (Bax 2003; Clore
and Garrett 1999). The RDC equation is expressed as follows.

D, ¢,) = Da{ (3cos” 6, — 1) + 3R, sin” 6 cos 2¢j} (25)

By convention, this equation is different from Eq. (1)
because a factor % is included in the D,

In a rigid molecule, the molecular alignment parameters
(D, and R;) are common to all magnetic interactions of the
same type, and equation (25) can be used to fit multiple RDCs
or axially symmetric RACSs values ‘j’. The D, and R,, are
defined in relation to the alignment tensor components.

D =V5UMQ4

a 8 zz a

R 24, (26)
"7 34,

These components can be determined in relation to Eq. (24).

N
A=A, =Su( Y pla,p)- 1(3cos’ f;— 1)
N @7

A=A, —A =8, Zp(a,-, ﬂ,-)% sin® §; cos 2a;
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The rhombicity (R),) varies within the range of [0, 2/ 3]. An
axially symmetric alignment tensor has an R, = 0 whereas
an axially asymmetric alignment tensor has a non-zero
rhombicity, R, # 0.

In cases where there is motion within the molecule, par-
ticularly for molecules with flexible domains or loops, the
alignment parameters D, and R, may be different for differ-
ent parts of the molecule.

The rhombicity of the alignment tensor has a special sig-
nificance in the context of the partial alignment for mol-
ecules with symmetry. Importantly, a chiral monomeric
molecule that has only 1 interaction orientation will only
produce axially symmetric alighment—i.e. R, = 0. In the
context of Fig. 2, this would represent a molecule with only
1 interaction patch, instead of 2, and only 1 orientation with
respect to the alignment frame.

If an internally rigid molecule interacts with the align-
ment medium with only one orientation, the alignment and
molecular frames are the same such that « = 0, f = 0, and
the alignment tensor is axially symmetric—i.e. R, = 0.

D(9)) = D,(3cos’ 6, — 1) (28)

A non-zero Ry, indicates that a monomeric molecule interacts
with the alignment medium with more than one distinct ori-
entation. However, since the interaction with the alignment
medium is typically non-specific, particularly for a large
biomolecule, a single interaction with the alignment would
be unusual.

The impact of molecular symmetry

A molecule may have symmetry point groups and bear sym-
metry in the alignment. In some cases, this symmetry may
produce simplified relationships with the alignment frame.
Biomolecules, for instance, may form homo-oligomers with
C, symmetries.

In the original report by Saupe (1968), simple relation-
ships are identified in the alignment matrix of symmetric
molecules. Small molecules with a 3-fold axis of sym-
metry are found to produce axially symmetric alignment
tensors (R, = 0). In the context of the above discussion,
this is correct for the alignment of simple molecules, like
benzene and 1,3,5-trichlorobenzene, which interact with
the alignment medium with only one orientation for each
symmetric orientation. For larger molecules, like biomol-
ecules that may interact and orient with the alignment
medium in different ways, these simplified relationships
may break down. For example, a protein may have arginine
and lysine residues on different regions of the surface of
the molecule. These residues produce multiple positively-
charged surfaces, which interact and align with different
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orientations in a negatively-charged alignment medium,
such as Pf1 phage of d(GpG) (Hansen et al. 1998; Lorieau
et al. 2008).

The impact of symmetry on the alignment frame can
be evaluated directly from the averaging orientations in
Egs. (26) and (27). The molecule may adopt a set of sym-
metry orientations based on the rotation about an axis of
symmetry, and the molecule may adopt a series of interac-
tion orientations for each symmetry orientation. Generally,
interaction orientations that change the orientation of the
symmetry axis may produce axially asymmetric alignment
tensors for homo-oligomers with 2 or more subunits.

Monomers and non-symmetric molecules

The simplest system is a monomeric or non-symmetric
molecule with only one symmetry orientation and one
interaction orientation. In this case, the alignment and
molecular frames are the same such that ¢ = 0° and f = 0°.
The alignment tensor is axially symmetric, according to
Eqgs. (26) and (27).

_ 1 (PAS)
Da = EDZZ P 2
R -0 (29)
h =

The population ‘p’ represents the single orientation that is
biased in partially aligning the molecule, and it is typically
on the order of 1073, The R, for a single orientation is zero
(Fig. 3a).

A single interaction is highly specific. Common align-
ment media orient based on molecular shape and steric
occlusion, the electrostatic surface potential of the mol-
ecule or both factors together (Zweckstetter et al. 2004;
Zweckstetter and Bax 2000). These are non-specific inter-
actions, and more commonly, molecules adopt many inter-
action orientations in an alignment medium, like the 2
interaction orientations shown for a monomer in Fig. 2.

The more common case involves the non-specific align-
ment of a molecule with many interaction orientations.
This type of alignment (Fig. 3b) typically produces non-
zero R;, values and axially asymmetric alignment tensors—
though multiple interaction orientations may fortuitously
produce a zero R, as well. RDC datasets for monomers
commonly have non-zero R), values.

For example, RDC datasets in many different align-
ment media are available for ubiquitin, a monomer. The
alignment rhombicity, R,,, is 0.08 and 0.60 for squalamine
and bicelle alignment media (Cornilescu et al. 1998;
Cornilescu and Bax 2000; Maltsev et al. 2014), respec-
tively, indicating that ubiquitin monomers have multiple
interaction orientations with these alignment media.
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Fig.3 Simulated '"H-'*N RDC alignment tensor parameters, D, and
R,,, for ubiquitin, a monomer. Two rotations are conducted in gener-
ating the RDCs: first an interaction rotation, then a single symmetry
rotation about an azimuthal angle . a A single interaction orienta-
tion with Euler angles (30°,30°,30°) and different azimuthal angles
f. b Multiple interaction orientations with Euler angles of (0°,0°,0°),
(30°,30°,30°), (60°,60°,60°) and (90°,90°,90°) with equal popula-
tions. The RDCs were simulated with a D, of 10 Hz

Homodimers, C, and D, symmetries and 2-site
averaging

Molecules with C, symmetry rotate between symmetry ori-

entations & = 0° and @ = 180° about a polar angle . In the
solid-state NMR literature, this type of tensor averaging

A B

Fig.4 Diagram for exchange examples with homodimers. a A
homodimer with 1 interaction orientation and 2 symmetry orienta-
tions. The homodimer is represented by 2 spheres that rotate between
2 orientations about the symmetry axis, drawn as a solid line. Each
subunit of the homodimer has one interaction patch (labeled in
blue). The patch interacts with an alignment medium oriented verti-

is known as a 2-site hop or 2-site exchange (Sarkar et al.
1986). The populations of the two orientations are equal
for a homodimer (p, = p, = 0.5).

The reorientation angle § depends on the nature of the
alignment, and either the shape, electrostatic distribution
or other factors of the dimer. Figure 4 shows two examples
of homodimers with reorientation angles of f = 0° and
p =58

The simplest case is a dimer molecule with only 1 inter-
action orientation. To evaluate the tensor components for
2-site averaging, the components of the averaged align-
ment matrix from Eq. (27) are evaluated as follows.

A,=2p- Sy 5(3cos’ f—1)

A, =2p-Su5sin’ B G0)
The new alignment matrix cannot be used directly to cal-
culate the D, and R, since the order of the A,,, A,, and
A_, components change with different values of fSarkar
et al. (1986). Instead, the 3 components should be evaluated
separately.

A, =2p- SALG cos® f — %)
3.2 1
An=2p- Sy (2sin?p-1) (31)
_ 1
Ayy - 2p : SAL<_E)
The A, component remains unchanged because the § rota-
tion occurs about this axis.

Figure 5 shows how the alignment D, and R,, vary with
the jump angle g. For a simple 2-site exchange, there are

cally. The homodimer orientations exchange about an angle f = 0°.
b A homodimer with 1 interaction and 2 symmetry orientations, with
the symmetry orientations exchanging about an angle f = 58°. ¢ A
homodimer with 2 interaction orientations, each with 2 symmetry ori-
entations. The average alignment frame is defined by the average of 4
orientations
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Fig.5 Simulated 'H-">N RDC alignment tensor parameters, D, and
R, for ubiquitin subject to 2-site exchange. Two rotations are con-
ducted in generating the RDCs: first an interaction rotation, then
a 2-site symmetry rotation about an azimuthal angle . a A simple
2-site exchange with 1 interaction orientation with Euler angles
(0°,0°,0°) between the molecular and alignment frames. The D, and
R, are plotted for different azimuthal angles of rotation, f, about the
C, axis and each symmetric orientation has an equal population. b
The 2-site exchange for ubiquitin molecules adopting interaction ori-
entations with Euler angles (0°, 0°,0°), (30°,30°,30°), (60°,60°,60°)
and (90°,90°,90°). Each orientation has an equal population. The
RDCs were simulated with a D, of 10 Hz

discontinuities at ca. 35.26° (arccos \/2/_3) and ca. 54.74°
(arccos \/m) because the A;, component becomes the
dominant and principal component in this range.

At p values of 0° and 90°, the R, is equal to 0. For 25%
of the g orientations, the R, is small (< 0.033) and may
appear to be axially symmetric. Molecules with D, sym-
metry are represented by a f angle of 180°.

In Fig. 5b, the alignment tensor parameters from simu-
lated RDCs in ubiquitin are shown for molecules visiting
four interaction orientations. The interaction orientations
have equal probabilities and each has 2 symmetry orien-
tations. Altogether, there are 16 orientations each with a
population of 1/ 16. If the molecule visits multiple inter-
action orientations for each site, the D, and R), are different
from the 2-site, 1 interaction orientation model (Fig. 5a).
Equation (27) cannot be used directly since we have two
separate sets of rotations. These rotations also cannot be
combined by adding the a and f angles since rotations
about orthogonal axes are non-commutable. See the Meth-
ods section for details.

@ Springer

Fig.6 Diagram for exchange examples with homotrimers. The homo-
trimer is represented by 3 spheres with a symmetry axis, drawn as
a solid grey line. The homotrimer has subunits with 2 interaction
patches (labeled in blue) such that the symmetry axis may form an
angle of f = 0° or § = 58° with respect to the alignment medium. The
average alignment frame is defined by the average of 6 orientations
constructed from 3 symmetry orientations and 2 interaction orienta-
tions

With this simulation, and the simple 2-site exchange
in Fig. 5a, there appears to be no simple way to detect a
homodimer from the alignment tensor D, or R,

Homo-oligomers with C, and D,, symmetries

Molecules with C,, symmetries rotate between ‘n’ molecular
orientations «; about a polar angle f. The populations of
each state are equal for homo-oligomers. Example molecules
are homotrimeric, homotetrameric and homopentameric
proteins.

Like homodimers and molecules with C, symmetries, the
angle f depends on the nature of the alignment and the axis
of symmetry. In this case, the A_, component remains the
principal component, and equations (26) and (27) can be
used directly for molecules with 1 interaction orientation.

D,=np- SAL%(3COSZ,3 - 1)

R, =0 (32)
In this case, the alignment tensor is axially symmetric
(R;, = 0). However, conclusions based on the value of R;,
can be perilous, given that multiple interaction orientations
may be present (Fig. 6).

In the monomer case, we saw that multiple interaction
orientations are needed to produce an axially asymmetric
alignment tensor (R, # 0). Given the frequency of axially
asymmetric alignment tensors for monomers, monomers fre-
quently interact with the alignment medium with multiple
interaction orientations. Likewise, a homo-oligomer, like
a trimer, may have subunits that have multiple interaction
orientations with the alignment medium. Multiple interac-
tion orientations in a homo-oligomer would preserve the
symmetry of the homo-oligomer, yet it would potentially
produce a non-zero R;, in the alignment tensor.

In the simulated alignment in Fig. 7a, ubiquitin mole-
cules align with symmetry orientations for a 3-site exchange.
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Fig.7 Simulated 'H-">N RDC alignment tensor parameters, D, and
R, for ubiquitin subject to 3-site exchange. Two rotations are con-
ducted in generating the RDCs: first an interaction rotation, then
a 3-site symmetry rotation about an azimuthal angle . a A simple
3-site exchange with 1 interaction orientation with Euler angles
(30°,30°,30°). The D, and R, are plotted for different azimuthal
angles of rotation, f, about the C; axis and each symmetric orienta-
tion has an equal population. b The 3-site exchange for ubiquitin
molecules adopting 4 interaction orientations with Euler angles
(0°,0°,0°), (30°,30°,30°), (60°,60°,60°) and (90°,90°,90°) with
each orientation experiencing a 3-site exchange of equal population.
The RDCs were simulated with a D, of 10 Hz. The source code for
this simulation is included in the Supplementary Information

There is only 1 interaction orientation, and R, is consistently
zero, as predicted by theory (Saupe 1968). Molecules with
D, symmetries are represented by a § value of 180°.

Figure 7b shows how 4 interaction orientations reduce
the D, and produce an axially asymmetric alignment ten-
sor (R, # 0). If an axially symmetric alignment tensor is
expected for this system, and an axially asymmetric align-
ment tensor is measured, the experimentalist may incor-
rectly conclude that the protein forms a monomer instead
of a trimer.

This situation is analogous to the motional averaging
of methyl deuterons in crystalline L-[e->H;]-methionine
(Keniry et al. 1983; Torchia 1984). Below the threshold
temperature of — 10 °C, the ?H quadrupolar tensor is axi-
ally symmetric and scaled by ca. 1/ 3 due to rotation of the
methyl group. Above the threshold temperature, side-chain
reorientations introduce additional motion to the methyl
group and reorient the C; symmetry axis. As a result, an
axially asymmetric (R, # 0) average quadrupolar tensor and
powder line-shape is measured. The axially symmetric align-
ment tensor of the >H;C group is averaged between multiple
orientations to produce an axially asymmetry tensor.
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Fig.8 Simulated '"H->N RDC alignment tensor parameters, D,
and R, for ubiquitin subject to 3-site exchange with a narrow set of
interaction orientations. Two rotations are conducted in generating
the RDC:s: first an interaction rotation, then a 3-site symmetry rota-
tion about an azimuthal angle . a A 3-site exchange with 3 inter-
action orientations with Euler angles (40°,0°,0°), (60°,0°,0°) and
(80°,0°,0°). The D, and R, are plotted for different azimuthal angles
of rotation, f, about the C; axis and each symmetric orientation has
an equal population. b A 3-site exchange with 3 interaction orienta-
tions with Euler angles (0°,40°,0°), (0°,60°,0°) and (0°,80°,0°).
The RDCs were simulated with a D, of 10 Hz

The interaction orientations of homo-oligomers may nev-
ertheless have a more narrow distribution of interaction orien-
tations than a monomeric molecule. This is because parts of
the molecule are occluded by neighboring subunits. Figure 8
shows how the D, and R, vary for different 3-site hop models
that have a narrow distribution (+20°) in the interaction ori-
entations for the a (Fig. 8a) or g Euler angles (Fig. 8b). Even
with narrow distributions in interaction orientations, it can be
difficult to ascertain the oligomeric state of molecules based
on the values of D, and R,

Figure 8 shows how a change in the orientation of the
symmetry axis is needed to produce a non-zero rhombicity.
When only the @ angle changes in the interaction orientation
(Fig. 8a), the R, remains zero. In this case, the 3-site hop is
equivalent to a 9-site hop for the 3 interaction orientations and
3 symmetry orientations. It is only when the angle of the sym-
metry axis changes in Fig. 8b that the R, becomes non-zero
(R, = 0.088).
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Discussion
Homo-oligomers in the literature

In the current literature, there is a limited set of exam-
ples for RDCs and alignment tensor parameters of
homo-oligomers.

The membrane proximal external region (MPER) of the
HIV-1 gp41 protein is an example of a homotrimer with
RDCs (Reardon et al. 2014). The MPER construct used in
the study included an N-terminal trimerization domain,
foldon (Saupe 1968), and its trimeric state was confirmed
by analytic ultracentrifugation (AUC). The alignment ten-
sor from HN RDCs had an R, = 0.052, which the authors
argue is nearly zero and consistent with a C; axis of sym-
metry. It appears that this is a case in which there is 1
interaction orientation or a set of interaction orientations
with a very narrow distribution. Nevertheless, this partial
alignment dataset only includes HN RDCs. For transmem-
brane helices, the HN bonds are oriented in nearly the
same direction. Accurately defining the alignment tensor
parameters can be difficult from a partial alignment dataset
that does not samples all orientations in a sphere.

In another set of examples, the M2 homotetramer and
phospholamban (PLN) homopentamer have axially asym-
metric alignment tensors from RDC data. In stretched
acrylamide gel (SAG), the M2 tetramer has an R, = 0.20
and the PLN pentamer has an R, = 0.33 (Schnell and Chou
2008; Oxenoid and Chou 2005). In the case of 1 interaction
orientation, a homotetramer with a C, axis of symmetry and
a homopentamer with a Cs axis of symmetry would both
produce axially symmetric tensors—i.e. R, = 0. To justify the
non-zero R,, values measured, the authors argue that molec-
ular dynamics are impacting their tensor values. Indeed,
dynamics slower than the exchange timescale between the
protein and the alignment would break the symmetry of the
molecule. In the absence of such motions, these systems may
also present multiple interaction orientations to produce an
axially asymmetric alignment tensor.

These two structures are also the subject of debate. The
M2 tetrameric structure was collected in dihexanoylphos-
phatidylcholine (DHPC) micelles, which may have impacted
the orientation of the helices and the binding of the ada-
mantane inhibitor to the structure (Cady et al. 2010). The
homo-oligomeric state of the molecule, however, is con-
firmed from intermolecular NOEs in the structure (Schnell
and Chou 2008). Conversely, the RDC dataset for PLN is
similar to the RDC dataset of a monomeric PLN (Shi et al.
2011), suggesting that the tensor R;, = 0.33 might arise from
the monomeric form of PLN instead of the homopentamer.

RDCs from ligands bound to homo-oligomers pre-
sents another set of examples. In these systems, the
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homo-oligomer has ‘n’ identical binding sites, and partial
alignment data from the ligand should follow the symme-
try of the homo-oligomeric protein.

The acyl carrier protein (ACP) binds to 1 of 3 identi-
cal sites in the UDP-N-acetylglucosamine acyltransferase
(LpxA) homotrimer (Jain et al. 2004). LpxA has a C; axis of
symmetry, and the alignment tensor of ACP bound to LpxA
has an R;, = 0.093, which the authors argue is close to zero.

In another example, the orientation of a ligand, a-methyl-
mannose (AMM), to a homotrimeric protein binding part-
ner, mannose binding protein (MBP), was inferred from
the alignment tensor for the RDCs of AMM bound to MBP
(Bolon et al. 1999; Al-Hashimi et al. 2000). MBP has a
threefold rotational symmetry axis with three AMM bind-
ing sites. In these studies, 5 or 7 RDCs were measured from
AMM, and only 5 RDCs are required to fit the Saupe align-
ment tensor. Though the interaction of AMM with MBP
may be highly specific, the interaction of MBP with the lig-
uid crystal, aligned bicelles in this case, may not. The first
study measured R, = 0.16 + 0.11. The second study refined
a series of alignment tensor solutions with R, values in the
range of ca. 0.03-0.33, with R, = 0.08 as the most probable
solution.

The analysis of ligand alignment presents its own chal-
lenges. In the case of weak binding, the ligand’s align-
ment tensor may represent an average between bound and
unbound states. In the case of strong binding to only a subset
of sites, the ligand may break the symmetry of its homo-
oligomeric binding partner. If an excess of ligand is used
to avoid this problem, resonances from bound and unbound
forms of the ligand may not be distinguishable, further com-
plicating the analysis of the ligand’s alignment tensor.

Orientation of the alignment tensor

The SVD of an RDC dataset yields the alignment tensor
components, D, and R,,, and the orientation of the molecule
with respect to the average alignment frame. This orienta-
tion can be used to infer the axis of symmetry (Jain et al.
2004; Reardon et al. 2014), but it also may not be reliable
for this purpose.

The first issue is that the angles may not be unique. A
unique axis for the principal component may be selected
for a completely axially symmetric alignment tensor. For
an axially asymmetric alignment tensor, there are at least
4 degenerate sets of Euler angles that are solutions for the
orientation of the alignment frame (Hus et al. 2008). The
challenge is to select the meaningful orientation.

The second issue is that the alignment tensor represents
an average of multiple orientations. We saw an example of
this phenomenon with the a homodimer. For a simple 2-site
exchange, the principal component of the alignment ten-
sor changes from the z-axis to the y-axis for jump angles
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between 35.26° and 54.74°. In this case, the symmetry C,
axis no longer points along the principal component of the
tensor.

AMM binding to homotrimeric MBP is an example
from the literature in which the orientation of the ligand
was inferred from the alignment tensor (Bolon et al. 1999;
Al-Hashimi et al. 2000). In these studies, 5 or 7 RDCs were
measured from AMM, and only 5 RDCs are required to fit
the Saupe alignment tensor. Their analysis of the orientation
of AMM with respect to MBP deviated by ca. 40°, and the
authors suggest multiple possibilities for this discrepancy.
An additional complication may be that the averaged align-
ment tensor orientation may not be reliable, since it could
be averaged between many different interaction orientations.

Another important example is the orientation of a mem-
brane protein in a bicelle or nanodisc. A monomeric helix,
for instance, may orient at the surface of a membrane, or
it may orient with the membrane normal as a transmem-
brane helix. The angle of orientation is encoded in the f
angle, which scales all of the RDCs and plagues the analy-
sis with the same problems described before. If the sign of
S;c is known, then the approximate orientation of the helix,
whether f is closer to 0° or 90°, may be inferred from the
sign of the D,,. This approach is nevertheless complicated by
distributions of interaction orientations. It is likely simpler
to ascertain the orientation of the helix using an alternate
experimental technique, such PREs (Respondek et al. 2007).

Summary

We have derived the theory for uniaxial partial alignment
used in measuring RDCs and RACSs of biomolecules in
liquid crystals or strained gels. The orientation of the mol-
ecule with respect to the average alignment frame can be
easily determined. However, there are noteworthy pitfalls in
the interpretation of the average alignment frame in terms
of a single interaction orientation or an n-site hop symmetry
model.

First, molecules that align with only 1 interaction orienta-
tion produce simple relationships between the molecule, its
orientations with respect to the alignment frame and the D,
and R,,. For asymmetric monomeric molecules with 1 inter-
action orientation, the alignment tensor is axially symmetric
(R, = 0). The fact that axially asymmetric alignment tensors
(R;, # 0) are commonly measured for monomers indicates
that monomers frequently adopt multiple interaction orienta-
tions. It follows that homo-oligomeric molecules may also
adopt multiple interaction orientations.

Second, the possibility of multiple interaction orienta-
tions complicates the analysis of the alignment tensor com-
ponents for homo-oligomeric molecules. It is possible for
homo-oligomers with 3 or more subunits to produce an

ymmetry
@ rotation
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rotation
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@ Symmetry
rotation

Fig. 9 Diagram demonstrating the correct order of rotations with the
interaction rotation first and the symmetry rotation second. Reversing
the order of rotation requires a clockwise symmetry rotation in one
case and a counter-clockwise symmetry rotation in the other

axially asymmetric alignment tensor—i.e. R;, # 0. This is
the case when different interaction orientations change the
orientation of the symmetry axis with respect to the align-
ment frame.

Third, the Euler angles determined from an SVD analysis
of RDCs or RACSs represent the molecule’s orientation with
respect to the average alignment frame. Consequently, the
alignment tensor orientation may not accurately report on
the orientation of the symmetry axis for homo-oligomers.

In summary, the alignment tensors for homo-oligomers
may or may not be consistent with simple models of align-
ment with 1 interaction orientation. A careful analysis
should confirm the number of subunits in a homo-oligomer
with additional evidence, such as size-exclusion chromatog-
raphy, native polyacrylamide gel electrophoresis or AUC.

Methods
Simulations

To properly account for both interaction orientations and
symmetry orientations, equation (24) must be rotated first
to the interaction orientation then rotated to the appropriate
symmetry orientation (Fig. 9). Reversing the order of rota-
tion requires the redefinition of the interaction rotation for
each symmetric orientation.

In producing a motionally averaged set of RDCs, the
normalized internuclear vector (v;) for each bond ‘i’ was
calculated from a molecular structure. In our simulations, we
calculated '"H-'N RDCs for backbone amides in the ubiqui-
tin structure (PDB: 2MJB) (Maltsev et al. 2014).
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Active rotations with a fixed coordinate system were used
in the simulations. The bond vectors were first rotated to the
different interaction orientations using a &' rotation about the
z-axis, and a ' rotation about the y-axis and a y’ rotation
about the z-axis. Thereafter the symmetric rotations were
conducted by an « rotation about the z-axis and a f rotation
about the y-axis.

vi' = Ry(PR, (@R, (YR, (FR,(a")V; (33)
The RDC, D;, was calculated from the z-component, z;, of
the rotated vector, v;’ (Losonczi et al. 1999). The initial vec-
tor, v;, was normalized.

D, = Da<%(3 cos? 6, — 1)>

= p,(46z>- 1) 9

We used a D, value of 10 Hz for the simulations in this
study.

This transformation represents the average orientation(s)
between the dipolar PAS and the laboratory frame.

The contribution of ‘m’ interaction orientations and ‘n’
symmetry orientations are average with populations p,,, for
each.

(Y = (D PRy (BIR, (@R, (7R (BLR, (@, )V;

(35
The motionally averaged vector is reintegrated in equa-
tion (34) to calculate the motionally averaged RDC.

In all cases in this manuscript, the populations are equal
for the total of ‘N’ interaction and symmetry orientations
such that p,,, = N~

Thereafter, an SVD was calculated for the generated
set of D; RDCs with the molecular structure, using mollib
(Lorieau 2017). The SVD yields the alignment tensor ori-
entation, principal component and rhombicity. The source
code for an example simulation from Fig. 7 is presented in
the Supplementary Information.
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