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ABSTRACT

The planar dual spring-loaded inverted pendulum (dual-SLIP)
model is a well-established passive template of human walk-
ing on flat ground. This paper applies an actuated extension of
the model to walking on inclines and declines to evaluate how
well it captures the behavior observed in human slope walking.
The motivation is to apply the template to improve control of
humanoid robot walking and/or intent detection in exoskeleton-
assisted walking. Gaits of the actuated planar dual-SLIP model
are found via the solution of a constrained nonlinear optimiza-
tion problem in ten parameters. The majority of those param-
eters define the actuation scheme that injects energy for incline
walking and absorbs energy for decline walking to achieve pe-
riodic, nonconservative gaits. Solution gaits across the speed
range of 1.0 to 1.6 *: and slope range of -10 to 10 degrees exhibit
some of the characteristics of human walking, such as the effect
of slope on stance duration, step frequency, and step length. Ef-
forts to reduce the number of parameters optimized by enforcing
relationships observed in the solution gaits proved unsuccessful,
suggesting that future work must trade off model complexity with
fidelity of representation of human behavior.

INTRODUCTION

Human walking is well known to involve the cyclic exchange of
gravitational potential energy and the kinetic energy of forward
motion. The dual spring-loaded inverted pendulum (dual-SLIP)
model consists of a single point mass, representing the mass of
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the entire body, to which two massless linear springs, represent-
ing the legs, are attached [1]. This model better captures the
sagittal plane characteristics of walking than does the simpler
rigid inverted pendulum model of walking. These characteristics
include the vertical displacement of the center of mass, the two-
peaked nature of the vertical ground reaction forces, and the non-
zero duration of the double support phase. The dual-SLIP model
is passive, so no control action is required to find steady-state
periodic solutions for walking with the model across a range of
speeds over level ground. It also offers the benefit of being con-
sistent with the dynamics of running, such that a single model
is representative of walking (alternating single and double sup-
port phases) and running (alternating single support and flight
phases).

While the dual-SLIP model was originally conceived to be
planar, it has also been extended to three dimensions by speci-
fying two angles for leg touchdown instead of just one [2]. This
extension did result in the loss of the self-stable behavior of the
planar gaits, but an LQR controller was found to stabilize the spa-
tial dynamics and enhance robustness to disturbances. A number
of actuation approaches have also been introduced so that the
dual-SLIP model can be extended to represent non-conservative
walking, such as on uneven or inclined/declined terrain. These
approaches range from discrete changes to the rest length of the
leg spring during double support [2] to linear changes in the rest
length across one or more phases of stance [3]. A common
feature of the approaches is that they allow the leg springs in
the model to touch down and lift off at lengths other than their
free lengths. The motivation for the extension to an actuated

Copyright © 2019 by ASME



model was originally to improve the gait generation and control
of humanoid robots, particularly for walking over uneven terrain
either without terrain sensing or with uncertainty in that sens-
ing [4]. The authors’ ongoing work, however, is examining how
this more flexible model can likewise improve intent detection in
robot-assisted locomotion, be that with exoskeletons or powered
lower-limb prostheses [5].

Decline walking is of particular interest in rehabilitation ap-
plications [6], in part because the decrease in gravitational po-
tential energy with every step requires the lower-limb muscles to
absorb energy if the forward velocity is to remain constant [7].
Muscles absorb energy by performing negative work via eccen-
tric contractions. These are characterized by muscle activation at
a level that produces a muscle force less than the externally in-
duced load such that the active muscle lengthens rather than con-
tracting. Eccentric activity is particularly prevalent in the weight
acceptance phase of gait, which is roughly the first 20-30% of
stance [8]. Therefore, it is unsurprising that healthy humans
modify their postural and joint kinematics in the weight accep-
tance phase when walking on declines. Specifically, they exhibit
a reduction in hip flexion at foot touchdown and an increase in
knee flexion during weight acceptance, which both contribute to
a decrease in stride length [9]. Individuals with spinal cord in-
jury typically do not adopt these same adaptations [10], though,
perhaps because of the added challenges of performing eccen-
tric contractions with the sensory and neural deficits that often
accompany spinal cord injury.

This work aims to determine if the actuated planar dual-
SLIP model can capture the key characteristics of healthy hu-
man gait on incline and decline surfaces. Demonstration of those
characteristics within the model would help validate its utility
as a template for control of biped robot walking on slopes. It
would also support use of the model as a template within intent
detection algorithms for exoskeletons and powered lower-limb
prostheses. The remainder of the paper is organized as follows.
The following section introduces the mathematics of the actuated
planar dual-SLIP model. Then, the approach to finding periodic
gaits via numerical optimization is described. In the next sec-
tion, results for a variety of slopes are provided, and the paper
ends with conclusions and discussion of future work.

ACTUATED DUAL-SLIP MODEL

As shown in Fig. 1, the dual-SLIP model is composed of a point
mass m and two massless spring legs, each with linear stiffness
k. For consistency of the analysis herein with the level ground
results from Geyer, et al. [1], body mass is assumed to be m = 80
kg, and spring stiffness is assumed to be kK = 20 kN/m. Free leg
length is nominally 1 m, but since it is allowed to vary, that is
truly just a nominal value. The coordinate system is established
with the x-axis parallel to the ground in the direction of forward
progression and the y-axis perpendicular to the ground. The x

FIGURE 1: Dual-SLIP model of walking on incline terrain.

and y coordinates identify the position of the point mass relative
to an inertial reference frame, and derivatives with respect to time
are indicated with the dot notation. The slope of the terrain is de-
noted by the angle 8 measured positive counter-clockwise from
the horizontal, so 0 is negative for decline walking. The accel-
eration of gravity is g. The angle of the swing leg at touchdown
is o, which is measured positive clockwise from the ground for
consistency with [1].

Assuming left-right symmetry for steady-state, periodic
walking, only one complete step of the stride cycle need be ana-
lyzed. It is convenient to begin the analysis at mid-stance (MS)
of the trailing leg, which is the leg that trails in position relative
to the other during their eventual double support phase. (It leads
in time in terms of its touchdown relative to the other leg.) In
Fig. 1, Leg A is the trailing leg. Mid-stance is defined as occur-
ring when the component of the center-of-mass velocity perpen-
dicular to the ground vanishes, y = 0. On level ground, symme-
try dictates that this occurs when the stance leg is vertical, which
significantly simplifies the analysis. In slope walking, however, y
is not necessarily zero when the stance leg is vertical or perpen-
dicular to the ground. One complete step begins at mid-stance
of Leg A and ends at mid-stance of Leg B, with phases of single
support for Leg A (SS4), double support (DS), and single support
for Leg B (SSp) as shown in Fig. 2.

Single Support of Leg A

If the origin of the inertial reference frame is placed at the point
of contact between trailing Leg A and the ground (Leg A’s touch-
down position), the equations of motion in the single support
phase of Leg A are

P
i="" _gsin®, )
m
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FIGURE 2: Phases of gait analyzed with the actuated dual-SLIP
model shown walking down a decline.
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where

Ly

following the notation of [1] to express the leg spring force more
compactly in Eq. 2 and ¢, is the time-varying free length of Leg
A. In the actuated model, ¢4 varies linearly from mid-stance to
lift-off,

Ly = Lys + Bat, )

where {5 is the free length of Leg A at mid-stance and 4 is the
rate of change of /4 as a function of time ¢. Figure 3 graphically
depicts the changes in free length and actual leg length across the
different phases of gait.

Double Support
The touchdown of Leg B occurs when

y:LTDSiIl(X, (5)

where Lrp is the actual length of the leg at touchdown, which is
not in general the same as the free length of the leg at touchdown,

leg length

gms\

LMS

(MS) (TD) (LO) (MS)

FIGURE 3: Illustration of the quantities governing the actuation
of the leg springs. The trailing Leg A quantities are shown in
blue, while the leading Leg B quantities are shown in red. Solid
lines indicate free lengths of the springs, and dashed lines indi-
cate actual leg lengths.

{rp, for the actuated model. Differences in ¢7p and Lyp lead
to discontinuities in the ground reaction forces that mimic the
impact forces that would be seen in a model with a massive foot
and/or leg. The equations of motion in double support are

xzw_gsing’ (6)
m

= DO cose, )
m

where

lp

k| —2 1 8

0 ((M)zﬂz ) ®

again following the notation of [1] for compactness of the spring
force terms, (p is the time-varying free length of Leg B,

lp =Llrp+Bp(t —trp), (&)
Bg is the rate of change of /g as a function of time, trp is the
time at which touchdown of Leg B occurs, d is the position of

the point of contact of Leg B relative to the origin (d is equal to
the step length),

d=xrp+Lrpcosa, (10)

and xrp is the position of the point mass at touchdown of Leg B.
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Single Support of Leg B
The lift-off of Leg A occurs when its length is equal to the lift-off
leg length Ly,

Lio = \/x*+y?, 1)

which in general is not equal to the free length ¢; ¢ at the time of
lift-off. Differences in {7 and Lz lead to discontinuities in the
ground reaction forces that are similar to the small rise in force
due to late stance push-off in humans, which isn’t captured in the
passive dual-SLIP model. Following the lift-off of Leg A, the
equations of motion for the single support phase of Leg B are

X:—M—gsine, (12)
m

V= o —gcos6. (13)
m

Mid-stance of Leg B occurs when y = 0, which is the end of the
single step analyzed.

PERIODIC WALKING GAITS

The equations of motion in Eqgs. 1 and 2 can be integrated for-
ward from time ¢ = 0 until Eq. 5 is satisfied, triggering the start
of double support. Likewise, Egs. 6 and 7 can then be integrated
forward in time until Eq. 11 is satisfied, triggering the start of
single support of Leg B. Lastly, Egs. 12 and 13 can be integrated
forward in time until y = 0, indicating the next mid-stance. Find-
ing periodic walking gaits amounts to solving a nonlinear op-
timization problem to find the parameters listed in Table 1 that
yield steady-state walking at a specified speed %4, on a given
slope 8. Equality constraints enforce periodicity in the optimiza-
tion problem. In terms of position of the point mass, y; = y; and
d = xy — x; constrain the forward progression of the point mass to
be equal to the distance between touchdown locations of the legs.
In terms of point mass velocity, y = 0 defines the start and end of
the step cycle, so the only constraints are that X; = x¢ and the av-
erage velocity over the step matches the specified x,,,. Equality
constraints also enforce continuity of the free lengths of the legs
at the gait events where the rates of change of those free lengths
are altered. Referring to Fig. 3,

lro = Lus + Batro, (14)

lys =Lrp~+ Be(tenp — tTD), (15)

TABLE 1: Parameters to be found via solution of the optimization
problem.

Description Parameter
Initial y position Vi
Initial x velocity Xi
Free length at mid-stance Lys
Free length at touchdown YD
Actual leg length at touchdown Lrp
Free length at lift-off lro
Actual leg length at lift-off Lio
Rates of change in free leg lengths B4 & Bp
Leg angle at touchdown a

where 17 is the time of lift-off of Leg A and tgyp is the time of
mid-stance of Leg B at which the analyzed step ends. Inequality
constraints enforce feasibility considerations, such as the actual
leg lengths at mid-stance, touchdown, and lift-off being less than
or equal to the free lengths at the same points in the gait cycle.
No constraints were imposed on the ground reaction forces, but
solution gaits in which component of the ground reaction force
perpendicular to the ground became negative at any point were
discarded as invalid.

The optimization problem was formulated and solved in
MATLAB using the fmincon command, with ode45 employed
to integrate the equations of motion. The equality and inequality
constraints described above were imposed, and the cost function
f to minimize was

f=rp—Lrp)+ (Lo —Lro). (16)

This approach simply minimizes the differences between the ac-
tual leg lengths and the free leg lengths at touchdown and lift-off.
(The feasibility constraints ensure that each parenthetical quan-
tity is positive, eliminating the need to either square or take the
absolute value of each.) In the passive dual-SLIP model, these
differences are necessarily equal, so this approach offers consis-
tency across ground slopes. When walking downbhill, the actua-
tion acts to absorb energy, and in walking uphill, it injects energy
into the system to match the increase in gravitational potential
energy. In either case, though, a viable solution with the actuated
model could inject or absorb more energy than required by the
ground slope with one leg and compensate for that by absorbing
or injecting the difference in energy needed with the other leg.
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The objective function in Eq. 16 penalizes such solutions to fa-
cilitate convergence to an energetically efficient gait in which the
two actuated legs do not act in opposition to each other.

For a given speed, a passive seed gait was first computed us-
ing the traditional planar dual-SLIP model. From a slope of zero
degrees, the ground angle 6 was incremented by 0.25 degrees,
and a new sloped gait solution was sought. When a feasible solu-
tion was found, the ground angle was incremented again, and the
most recent solution served as the seed gait for the next ground
angle. When no feasible solution was found, the ground angle in-
crement was halved up until a lower bound on A0 was reached.
In such cases, infeasibility established the limit on the ground an-
gle that could be achieved at that speed. Solutions were sought
across the range of speeds from x4, = 1.0 to 1.6% in 0.057 in-
crements because while self-selected walking speed varies with
age and gender, it is typically around 1.3 7. Solutions were like-
wise sought across the range of slopes from 8 = —10 to 10 de-
grees to cover slopes up to twice the ADA ramp specification of
4.8 degrees.

RESULTS

Feasible solution gaits across all speeds and ground slopes
were analyzed to identify trends in the gait parameters. Only four
of the parameters in Table 1 were consistent enough in the solu-
tion gaits to warrant linear regression analysis: x;, x;, B4, and Bp.
Figure 4 plots the position and velocity of the mass center at the
start of the gait cycle, which is mid-stance of the trailing Leg A.
As indicated previously, the x position is necessarily zero for flat
terrain walking, and not surprisingly, the position increases with
increasing walking slope and decreases with decreasing walking
slope. As such, mid-stance occurs with the point mass nearly di-
rectly above the stance foot in the vertical direction, regardless
of ground slope. This is consistent with data showing that hu-
mans standing on incline planes reorient their bodies to align the
trunk and pelvis with Earth-fixed vertical [9]. Figure 4(a) shows
that the variability in x position increases with the magnitude of
the ground slope and is higher for declines than inclines. The
linear regression data in Table 2 of the Appendix show that the
slope and intercept are still quite similar across the entire range
of speed.

In fact, the regularity of x; values in the solution gaits led
the authors to explore eliminating it as an optimization variable
by enforcing the regression equations in Table 2 at each speed
instead. The motivation was to reduce the complexity of the op-
timization problem and thereby, the computation time, without
compromising on solution quality. Regrettably, this approach re-
sulted in far fewer feasible gait solutions, so computation time
was actually longer. Seemingly, allowing for small variability
in x; provided the flexibility needed for the optimization to con-
verge to feasible gaits more reliably. As a result, x; was retained
as an optimization parameter.

-10 -5 0 ) 10
Ground Slope [deg]

(a) x position of the center of mass at mid-stance as a function of ground
slope and walking speed
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(b) x velocity of the center of mass at mid-stance as a function of ground
slope and walking speed

FIGURE 4: Position and velocity in the x-direction at mid-stance
versus ground slope, with each color indicating a different de-
sired walking speed. Subfigure (b) serves as the legend with the
slowest speed of 1.0 “ plotted in blue at the bottom and speeds
increasing upward to the fastest speed of 1.6 % plotted in the
slightly darker blue at the top.

Some variability in initial velocity in the x-direction is also
seen in Fig. 4(b) across all speeds. Note that in all cases, one
would expect the velocity at mid-stance to be smaller than the
desired average walking speed since the minimum forward ve-
locity would occur near mid-stance. The linear regression data
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in Table 3 of the Appendix show that the slopes of the regres-
sion equations are quite similar regardless of the ground slope,
but the intercepts of the equations increase monotonically with
ground slope, as one would expect. The higher variability in the
velocity data is reflected in the lower R? values reported in Ta-
ble 3. Because of the higher variability and the lack of success in
reducing the number of optimization parameters by eliminating
x;, no similar effort was made to eliminate x;.

Tables 4 and 5 in the Appendix show that the linear regres-
sion model better matched the 4 data than the Bz data plotted
in Fig. 5. Both exhibit positive slopes with ground slope, but the
Ba slopes generally increase with walking speed, whereas the g
slopes do not exhibit a consistent trend. In terms of intercept,
however, both B4 and Bp have intercepts that increase in mag-
nitude with walking speed, fp’s being negative. It is not clear
why the fBp values exhibit more variability than the 4 values.
One hypothesis is that it results from 4 influencing the model’s
behavior at the start of the gait cycle analysis (mid-stance. Ex-
ploring the source of the disparity is a topic of future research.

While other gait parameters were less consistent across
speed and ground slope, some trends matching human walking
characteristics were observed. First, the duration of stance gen-
erally increased with increasing slope across all speeds and de-
creased with increasing speeds across all slopes. These same
trends have been identified in human walking [9, 11], although
the model stance duration was generally shorter than the experi-
mental results. Similarly, humans typically descend slopes with
a higher step frequency, but modulate step frequency relatively
little when ascending inclines [12]. The former at least is con-
sistent with the model behavior. Second, the dual-SLIP model
step length increased with increasing slope across all speeds and
with increasing speed across all slopes, in agreement with human
data [9, 11-14].

Other model trends were inconsistent with human experi-
mental data. For example, the percentage of the gait cycle that
the model spent in double support decreased as slope increased
across all speeds, and exhibited no consistent trends with speed
across all slopes. Opposite effects of slope on double support du-
ration have been observed in humans [13], although the model’s
20% of gait cycle spent in double support for a range of slopes
at 1.4 % did match the human experimental data. Also, the dis-
placement of the model’s center of mass in the direction per-
pendicular to the ground decreased with increasing speed across
all slopes, whereas humans typically exhibit an increase in such
displacement [15]. Similarly, humans typically shift the peak
in ground reaction forces perpendicular to the ground earlier in
stance when walking on declines and later in stance when walk-
ing on inclines [7, 11, 12, 14]. On declines, the model matched
this behavior at the majority of speeds, but exhibited the oppo-
site behavior at some speeds. On inclines, the two peaks of this
component of the ground reaction force were roughly equal re-

10
Ground Slope [deg]

(a) Ba as a function of ground slope and walking speed

10

Ground Slope [deg]

(b) Bp as a function of ground slope and walking speed

FIGURE 5: 34 and f3p versus ground slope, with each color indi-
cating a different desired walking speed as in Fig. 4.

gardless of speed, so the anticipated shift was not observed.

CONCLUSIONS & FUTURE WORK

This paper showed that the actuated planar dual spring-
loaded inverted pendulum (dual-SLIP) model can be used to rep-
resent walking on flat incline and decline surfaces. By allow-
ing touchdown and lift-off of the legs at lengths different from
the free lengths of the leg springs and linear changes in free
length from touchdown to mid-stance and mid-stance to lift-off,
the model absorbs/injects the energy required to achieve peri-
odic gaits on declines/inclines. Some of the model characteris-
tics match those observed in human slope walking. Stance dura-
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tion increased with increasing slope and decreased with increas-
ing speed. Step frequency also increased with decreasing slope,
and step length increased with increasing slope and speed. Other
model characteristics, however, were inconsistent with human
behavior, such as the effect of slope on the percentage of the gait
cycle spent in double support and the displacement of the center
of mass perpendicular to the ground.

For the actuated dual-SLIP model to serve as a template
model for either biped robot control or intent detection in an
exoskeleton system, these discrepancies with human behavior
should be resolved. The authors hypothesize that most of the
discrepancies could be eliminated by working with the 3D dual-
SLIP model rather than the planar version explored in this paper
because the 3D model allows for lateral sway of the mass cen-
ter, which is significant, particularly in decline walking. This is a
more complex model, however, so one might anticipate increased
variability in the nonlinear optimization solutions. Since vari-
ability was already an issue identified in this paper, future work
will again pursue the model simplification strategies employed
unsuccessfully herein to see if superior results can be achieved
with the 3D model. An alternative approach to resolving the dis-
crepancies would be to implement a different actuation strategy.
For example, rather than modulate the free length, the leg spring
stiffness could be altered during the stance phase to absorb or
inject energy. Additional actuation variables could also be in-
troduced by assuming a nonlinear change in free length or more
frequent modifications of the free length changes with each new
phase of gait (i.e. new modifications upon each lift-off and touch-
down event, in addition to mid-stance). In all cases, there is a
need to trade off model complexity with fidelity of representa-
tion of human behavior since the underlying motivation of using
the dual-SLIP is its inherent simplicity.
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TABLE 2: x; Regression data across all ground slopes.

TABLE 4: 4 Regression data across all ground slopes.

Speed (2) | Slope (di%) Intercept (m) | R?

1 0.0152 -7.66E-04 0.987
1.05 0.0150 -3.08E-03 0.991
1.1 0.0143 -1.81E-03 0.986
1.15 0.0142 -6.39E-04 0.990
1.2 0.0135 -1.85E-03 0.973
1.25 0.0129 -1.11E-03 0.964
1.3 0.0135 9.95E-04 0.982
1.35 0.0126 -1.96E-04 0.986
1.4 0.0127 -8.42E-04 0.983
1.45 0.0122 3.72E-03 0.983
1.5 0.0118 -2.79E-03 0.964
1.55 0.0114 3.57E-03 0.978
1.6 0.0127 2.84E-03 0.981

Speed (2) | Slope (diﬁ'5> Intercept (m) | R?

1 0.0213 0.0136 0.828
1.05 0.0223 0.0327 0.941
1.1 0.0250 0.0600 0.910
1.15 0.0233 0.0643 0.898
1.2 0.0293 0.105 0.920
1.25 0.0300 0.125 0.947
1.3 0.0285 0.121 0.973
1.35 0.0303 0.146 0.968
1.4 0.0309 0.161 0.939
1.45 0.0299 0.169 0.981
1.5 0.0338 0.204 0.964
1.55 0.0317 0.206 0.978
1.6 0.0325 0.217 0.980

TABLE 3: x; Regression data across all ground slopes.

TABLE 5: B Regression data across all ground slopes.

Speed () | Slope (%) Intercept (m) | R?

1 -6.06E-03 0.880 0.390
1.05 -5.91E-03 0.930 0.797
1.1 -7.04E-03 0.980 0.698
1.15 -6.74E-03 1.03 0.653
1.2 -8.52E-03 1.08 0.792
1.25 -9.06E-03 1.13 0.810
1.3 -6.78E-03 1.19 0.801
1.35 -7.64E-03 1.24 0.830
1.4 -7.04E-03 1.29 0.626
1.45 -6.80E-03 1.35 0.849
1.5 -9.10E-03 1.38 0.732
1.55 -6.89E-03 1.45 0.830
1.6 -6.43E-03 1.50 0.800

Speed () | Slope (%) Intercept (m) | R?

1 0.0132 -0.0145 0.654
1.05 0.0126 -0.0402 0.819
1.1 0.0120 -0.0644 0.714
1.15 0.0147 -0.0717 0.778
1.2 0.0103 -0.109 0.623
1.25 0.0104 -0.129 0.715
1.3 0.0137 -0.124 0.888
1.35 0.0127 -0.149 0.836
1.4 0.0127 -0.165 0.709
1.45 0.0150 -0.168 0.919
1.5 0.0120 -0.214 0.717
1.55 0.0150 -0.205 0.879
1.6 0.0171 -0.213 0.915
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