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Abstract—Natural gas network is important for residential
heating, industrial manufacturing, and electricity generation.
Although it is reliable and resilient to local disruptions, extreme
situations such as natural disasters and political conflicts can
degenerate its capability of gas transportation and delivery,
influencing other social activities. Evaluating loadability regions
of natural gas networks is hard due to nonlinear constraints.
This paper proposes a fast computational tool for feasibility
screening of natural gas load profiles. It first establishes the
theoretical results on the convexity of loadability regions with
sufficient conditions. Then, an asymptotic algorithm is applied
to compute a sequence of inner polytopes that converges to the
convex loadability region. Each polytope in the sequence can
serve as a certificate for feasibility. The conservativeness of this
inner estimation will decline along the monotone sequence. The
algorithm is testified on a modified realistic Belgian natural gas
system with multi-dimensional load profiles.

Index Terms—Natural gas system, loadability region, convexity,
inner polytope sequence

I. INTRODUCTION

Natural gas is one of the primary energy sources for the
modern society in residential heating, industrial manufactur-
ing, and electricity generation. The abundance, availability,
affordability, and low-carbon emission make it competitive to
most of other energy sources [1], [2]. According to the U.S.
Energy Information Administration (EIA), the U.S. marketed
natural gas production kept increasing since 2005 from 51.85
billion cubic feet per day (Bcf/day) to 78.94 Bcf/day in 2017,
and is expected to increase further in 2019. The major increase
of the consumption is attributed to electric power sector
[3]. The EIA expects that the total utility-scale electricity
generation from natural gas will rise from 32% in 2017 to
35% in 2019.

As the gas network and the power network becoming closely
interconnected, there arises opportunities to co-optimize both
systems simultaneously. Some research works [4]–[7] pro-
posed integrated optimization frameworks that include both
the optimal power flow and the optimal gas flow. To accurately
mimic the gas flow transient behaviors, [8]–[11] included the
dynamical models for the gas flow. Other works attempted to
analyze disturbances or risks for the interconnected system, for
example, [8] discussed possibilities of using gas-fired power
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plant to compensate wind power fluctuations; [12] considered
financial risks for the electric companies.

Although interactions are bidirectional between power and
natural gas systems, the dependence of power on gas prevails.
For example, the development of shale gas technology enables
the natural gas sector in electricity generation to increase in
recent years, occupying over one third of the total electricity
generation [3]. It exposes a potential risk that a breakdown
of gas network can substantially influence the interconnected
power grid. On the other hand, the natural gas systems are
primarily designed to be self-sustainable by the gas itself.
Technical report [13] examined how the power grids’ failures
can influence gas systems. It concluded that natural gas
networks are very reliable and resilient to the local short-term
disruptions of electricity. Only large scale long term electricity
outage can cause serious failures in gas networks [13]. This
biased dependence between power and gas systems indicates
that a reliable and resilient gas network design can serve as a
good support for the high-quality operations of both systems.

While reliable and resilient from local electricity failures,
extreme situations such as earthquakes, hurricanes, and ter-
rorist attacks may affect the functionality of the gas system
and degenerate its delivery capability. For example, in 2005
Hurricanes Katrina and Rita disrupted the U.S. oil and gas
production [14]; in 2013 terrorist’s attacks on the Amenas gas
plant reduced 10% of Algerian gas production. To address
these situations, [15]–[17] proposed performance indices to
evaluate disastrous resilience of natural gas networks. [18]
evaluated seismic vulnerability of interdependent gas and
electricity systems.

In the extreme case when a gas network is damaged, a
thorough evaluation should be conducted to understand the
system’s degenerated loadability. This information is beneficial
for gas utilities to schedule future delivery plans. It can
also serve as the critical information for other interconnected
systems. A traditional co-optimization model for both systems
can achieve this goal [4]–[7]. However, combining two large
complex systems together makes the problem much more
challenging to solve. Each system may not be able to share
the actual model in the co-optimization because of conflicts
of interests, security and confidentiality concerns. Therefore,
pre-evaluations of the gas loadability region with simple
descriptions are more practical for exchanging least amount
of information among interconnected systems. Such evalu-
ation needs to be computationally achievable and properly
accurate to ensure reliable functionality for the normal and
post-disaster operations. If multiple uncertain loads exists,
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the loadability boundary encloses a high dimensional region
defined by nonlinear network constraints which prevent us
from understanding it accurately. Few works discuss this topic
in the gas networks. [9] considered the monotonicity property
of the pipeline pressure and designed a framework for evalu-
ating the feasibility region at given directions. [19] applied
the monotone operator approach to establish the solution
guarantee for certain network topologies.

In this paper we first show the convexity of injection region
for the steady state gas flow model under certain conditions,
which further yields the convex loadability region of the gas
network. Then, we apply a sequential optimization algorithm
to approximate this convex loadability region by a sequence of
polytopes. Each polytope in the sequence can serve as an inner
estimation of the loadability region, and guarantees feasibility
of any load profile inside the polytope. The proposed method
is particularly favorable for fast feasibility screenings of load
profiles in large quantities, and a compromise of conservative-
ness can be controlled. The major contributions of the paper
are listed below.

1) It shows that the injection region of natural gas is convex
under certain conditions, which further indicates the
convexity of gas loadability region.

2) It proposes a monotone inner polytope sequence to ap-
proximate the convex loadability region with asymptotic
convergence and conservativeness control.

3) It applies a sequential optimization algorithm to compute
the proposed monotone inner polytope sequence.

The rest of the paper is organized as follow. Section II
describes the gas network model that is used in the paper.
Section III modified the model for simplicity. The main theo-
retical results are presented in Section IV. Section V describes
the monotone inner polytope sequence and the algorithm to
construct it. Numerical simulations are provide in Section VI.
Setion VII concludes the paper.

II. NATURAL GAS SYSTEM MODEL

This section describes the steady state natural gas network
model. Consider a natural gas network as a graph G(V, E)
with the node set V := {1, 2, · · · , n} and the branch set
E := {1, 2, · · · ,m}. We say node-i and node-j are adjacent
nodes if there is one pipeline segment connecting them. Node-
k is said to be an upstream node of node-i if there exists a
directed path connecting them by following the flow direction
from k to i. Similarly, node-j is a downstream node of node-i
if there is a directed path connecting them by following the
flow direction from i to j. A source node is a node without
upstream nodes. A sink node (load node) is a node without
downstream nodes. Node-i is called a merging node if it has
multiple adjacent upstream nodes. Node-j is called a splitting
node if it has multiple adjacent downstream nodes. Node-k is
called a transitive node if it only has one adjacent upstream
node and one adjacent downstream node. A node with both
multiple adjacent upstream nodes and adjacent downstream
nodes can always be represented by one merging node and
one splitting node.

The natural gas network is also subjected to the physical
laws of natural gas such as pressure-flow Weymouth equations

and mass conservation law, as well as engineering require-
ments such as compressors and pressure limits.

A. Weymouth Model

The steady state gas flow describes the relation between
pipeline mass flow rate and the corresponding node pressures.
Ignoring transient dynamics, a classical compressible steady
state gas flow model which is commonly used in natural gas
pipelines is called the “Weymouth model”

λi,j(π
2
i − π2

j ) = ψi,j |ψi,j | (1)

where πi is the gas pressure at node-i, ψi,j is the gas flow
rate through pipeline-(i,j), λi,j > 0 is a pre-calculated constant
which is related to pipeline parameters, gas properties, etc.

Let P ∈ Rn be the column vector of [π2
i ], C ∈ Rm×n be

the incidence matrix of G(V, E), ψ ∈ Rm be the column vector
of flow [ψi,j ], and M(λ) ∈ Rm×m be the diagonal matrix of
[ 1
λi,j

]. If we choose the graph direction to be the flow direction
and assume it is fixed1, then the absolute operator in (1) can
be removed, yielding

CP = M(λ)ψ2 (2)

where ψ2 represents the pointwise square, and ψ ≥ 0.

B. Mass Flow Conservation Law

The gas system must preserve the total mass flow rate at
every node. It states that the total gas flow entering a node
should equal to the total gas flow leaving the node. Therefore,
we have ∑

i:i→k

ψi,k + φk,in =
∑
j:k→j

ψk,j + φk,out (3)

for every k ∈ V .
Let φ ∈ Rn be the column vector of [φk,in − φk,out], then

(3) can be written as

CTψ = φ (4)

C. Compressors

Compressors are active components in the gas system which
boost up gas pressures to achieve engineering requirements in
the network.

The boosting process inevitably consumes energy. Some
compressors are driven by electric power, thus are modeled
as power load. Some are driven by gas combustion, hence are
modeled as gas load. The mathematical description of a gas
load compressor is

Pj = Ki,jPi (5a)

Hi,j = βi,j(K
θi,j
i,j − 1)ψi,j (5b)

∆φi,j = ai,j + bi,jHi,j + ci,jH
2
i,j (5c)

where Ki,j is the boosting ratio; βi,j , θi,j , ai,j , bi,j , and ci,j
are pre-determined parameters; ∆φi,j is the consumed gas
flow. One can further substitute (5b) into (5c) and get

∆φi,j = âi,j + b̂i,jψi,j + ĉi,jψ
2
i,j (6)

1This assumption will be further discussed in Section IV
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D. Engineering Requirements
There are several engineering and operational requirements

for gas networks. In this paper we consider the node pressure
limits

Pmin ≤ P ≤ Pmax (7)

and the compressor ratio limits

1 ≤ Ki,j ≤ Ki,j,max (8)

III. NETWORKS WITH IDEAL COMPRESSORS

Section II has discussed a static natural gas network model.
To establish the convexity result in a simple way, we will
idealize the compressor model in this section with a mild
assumption, and discuss how to remove ideal compressors
while preserving equivalence.

A. Ideal Compressors
In Subsection II-C we provided a detailed compressor model

which is driven by gas combustion. Assume that the amount
of gas consumed by the compressor is much smaller than the
bulk gas flow through the compressor, then simplify (5) as

Pj = Ki,jPi (9a)
1 ≤ Ki,j ≤ Ki,j,max (9b)

where i is a fictitious node at which the compressor takes in
gas flow, j is another fictitious node at which the compressor
outputs gas flow. These nodes are defined arbitrarily close to
the compressor in the middle of a pipeline (see Figure 1(a)).

Denote the set of these fictitious nodes as Vf , and the set
of compressors as Ec, then our refined network graph is given
by Gc := G(V ∪ Vf , E ∪ Ec).

B. Network Splitting
Note that the pressures on two fictitious nodes of a com-

pressor are not determined by the Weymouth model in (2)
with respect to the flow, but determined by the linear scaling
relation in (9a); while the mass flow conservation law (4) still
preserves. One can split the entire network Gc into |Ec| + 1
many individual sub-networks {Gs, s = 1, 2, · · · , |Ec|+ 1} by
removing every compressor from the network. The split net-
work and the original network are equivalent as long as every
pair of fictitious nodes associated with the same compressor
satisfies pressure relation in (9a) and mass conservation law.

Without loss of generality, consider a network Gc with only
one compressor (see Figure 1(a)). It can be separated into
two individual sub-networks by removing the compressor as
shown in Figure 1(b). Let’s label the sub-network on the left
of Figure 1(b) as G1, and the one on the right of Figure 1(b)
as G2. Then, the union of two sub-networks G1 and G2 is
equivalent to the original network Gc if and only if

Pj = Ki,jPi (10a)
φi = φj (10b)

where i and j are the fictitious nodes associated with the
compressor.

The network splitting technique will be revisited through
the proof of convexity in Appendix A.

(a) Before Splitting

(b) After Splitting

Fig. 1: Ideal Compressor and Network Splitting

IV. CONVEXITY OF GAS INJECTION REGION

According to the models from Section II and III, this section
establishes the convexity results of this paper. The proof for
the main theorem is provided in Appendix A.

A. Injection Region of Natural Gas System

(2), (4), (7), and (9) provide a standard description of natural
gas network. We list them together as

CP = M(λ)ψ2 (11a)
CTψ = φ (11b)
Pj = Ki,jPi (11c)

Pmin ≤ Pj ≤ Pmax (11d)
1 ≤ Ki,j ≤ Ki,j,max (11e)

ψ ≥ 0 (11f)

Note that (11) is an under-determined system, given a load
profile φ. Thus, gas network operators can take this flexibility
to optimize some cost and reach a unique operating point.
However, not every choice of φ admits a feasible solution to
(11). Therefore, we define the injection region J of a natural
gas network as

J := {φ ∈ Rn | (11) is nonempty} (12)

where φ includes every node injection in the network.
Furthermore, we define the loadability region L of a natural

gas network as the projection of J for sink nodes

L := {φ on sink node | (11) is nonempty} (13)

B. Convexity of Gas Injection Region

We list three conditions which together suffice the con-
vexity of gas injection region, yielding the convexity of the
corresponding loadability region. Failure of these conditions
can result in non-convexity of gas injection region. However,
it does not necessarily result in non-convexity of the gas
loadability region. One of our future work is to relax these
conditions for preserving convexity of the gas loadability
region.
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1) Gc has a tree structure such that every upstream node of
a merging node is non-splitting.

2) Flow direction is fixed for every branch.
3) All the node pressure ranges are identical.
Condition 1 guarantees the solution of node pressure P

given a branch flow ψ, and helps construct a feasible pressure
profile for the proof. Condition 2 is a mild assumption since
the reverse of flow direction seldom happens or happens very
slowly in practice. Condition 3 provides a suitable range for
ensuring the required feasible pressure profile in the proof.
These conditions will be revisited in the proof in Appendix I.

The basic idea of convexity is to show that any point on
the line segment between two feasible gas injection profiles is
feasible. We start with two arbitrary feasible injection profiles,
φa and φb ∈ J , where subscript a and b differentiate two
injection profiles. Let ψa and Pa be the branch flow and node
pressure associated with φa; ψb and Pb be the branch flow
and node pressure associated with φb. Define

φc := (1− µ)φa + µφb (14)

where µ ∈ [0, 1]. Then, we have two lemmas as follow.

Lemma 1. ψc := (1 − µ)ψa + µψb is the only branch flow
corresponds to load profile φc.

Proof of Lemma 1: Consider

CTψc = CT
(
(1− µ)ψa + µψb

)
(15a)

= (1− µ)CTψa + µCTψb (15b)
= (1− µ)ψa + µψb (15c)
= φc (15d)

Hence ψc is a branch flow solution with respect to φc.
On the other hand, suppose there exists another branch flow

ψd which corresponds to φc, then CT (ψc − ψd) = 0. By
Condition 1, CT has full column rank. Thus, ψc − ψd = 0
which yields the uniqueness.

Lemma 2. The branch flow ψc admits at least one node
pressure profile Pc.

Proof of Lemma 2: By Condition 1, C has full row rank.
So CP = M(λ)ψ2 has at least one solution for any given ψ.
Thus, ψ = ψc results in at least one solution Pc.

Lemma 1 and 2 indicate that any injection profile φc on the
line segment between φa and φb has and only has one branch
flow ψc which further admits node pressure profile Pc.

Theorem 1. Consider a natural gas network Gc with an ideal
compressor described by (9), under Conditions 1, 2 and 3, its
injection region J is a convex set.

The proof of Theorem 1 is long and omitted here. Details
are provided in Appendix A.

Corollary 1. Consider a natural gas network Gc with h ∈ Z+

many ideal compressors described by (9), under Conditions 1,
2 and 3, its injection region J is a convex set.

The proof of this corollary follows the same arguments as
in the proof of Theorem 1.

Corollary 2. Consider a natural gas network Gc with h ∈ Z+

many ideal compressors described by (9), under Conditions 1,
2 and 3, its loadability region L is a convex set.

The proof of this corollary follows the argument that the
projection of a convex set is also convex.

V. ESTIMATING CONVEX LOADABILITY REGION

The above section reveals that a natural gas system can
have a convex loadability region under sufficient conditions.
The convexity property favors the estimation of the loadability
region via a simple algorithm in this section. Specifically, it
focuses on how to use a particular type of polytope sequence
to approximate a convex set. A detailed algorithm is provided
for computing this sequence at any given length.

A. Monotone Inner Polytope Sequence

Generically, understanding a semi-algebraic set is hard in
the sense of computational complexity. However, if the set is
convex, it can be approximated by the limit of a sequence
of polytopes. Each polytope in the sequence is regarded as
an estimation of the set. To guarantee feasibility, we require
every element in the sequence is inscribed in the convex set.

Mathematically, consider a convex set P . We say a sequence
{Pk}k=1,2,··· of polytopes Pk to be the inner polytope se-
quence of P if

1) For any Pi ∈ {Pk}, Pi ⊆ P
2) limi→∞ Pi = P

Furthermore, if for any i > j we have Pj ⊆ Pi, then the
sequence {Pk} is said to be monotone.

Note that every polytope in the sequence can serve as an
estimation of the loadability region and certify the feasibility
of its enclosed points. The major advantage comes from the
cheap evaluation of a set of linear inequalities. Without these
polytopes, verifying feasibility requires iterative algorithms,
which in general is much more expensive. If the loadability
region is not convex, one can still use inner polytopes to
approximate it. One approach applies the Brouwer fixed point
theorem to certify the enclosed polytope is solvable [20].
However, the performance of error and convergence will not
be provided.

B. Constructing Monotone Inner Polytope Sequence

This part presents a sequential optimization algorithm to
construct a monotone inner polytope sequence for estimating
the natural gas loadability region. The proposed algorithm is
among a class of iterative approach for approximating convex
bodies [21]. The pseudo-code of this algorithm is provided in
Algorithm 1.

The basic iterative procedure is that at the i-th inner
polytope Pi identifying the furthest parallel support function
for each facet Fp of Pi. The feasible points on the support
functions are our new vertices. Using new vertices to enlarge
the previous polytope to get polytope Pi+1, and repeat this
process to capture more feasible space at each iteration. The
optimization routine used in Algorithm 1 is the standard
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primal-dualinteriorpoint(PDIP)method2.A2-dimensional
demonstrationofthisprocedureisdisplayedinFigure2.

Algorithm1ConstructingMonotoneInnerPolytopeSequence

1:InputsystemS(x;d). x∈RNx:statevariables;
d∈RNd:loadvariables

2:fori=1,2,···, Nddo generateastartingpolytope
3: Setcostfunctionfi:=e

T
id,whereeiistheunitvector

withentry-ibeing1.
4: ApplyPDIPsolvertomaximizefisubjectedtonet-

workconstraints.

5: Collectsolutiond̃0,iinV0.
6:endfor
7:ConstructtheconvexhullC0associatedwithV0.
8:LetthefacetsetofC0beF0={H

0
j0
|j0=1,···,J0}.

9:fork=1,2,···, Kdo K:lengthofsequence
10: forjk−1=1,2,···,Jk−1do facetindex
11: Setcostfunctionfjk 1

:=−→nk−1jk 1
d,where−→nk−1jk 1

istheouternormaldirectionofhyperplaneHk−1jk 1
.

12: ApplyPDIPsolvertomaximizefjk 1
subjectedto

networkconstraints.

13: Collectsolutiond̃k,jk 1
in∆Vk−1.

14: endfor
15: LetVk=Vk−1 ∆Vk−1.
16: ConstructtheconvexhullCkassociatedwithVk.
17: LetthefacetsetofCk beFk = {H

k
jk
|jk =

1,···,Jk}.
18:endfor

TheplotinFigure2(a)showsaconvexsetPofinterests.To
obtainastartingpolytope,onesolvesoptimizationproblems
tofind maximalpointsoneachaxis,forinstance,point
A0 andB0 inFigure2(b).Basedonthesepointsa1-D
facet(A0,A1)isdetermined,andthegreenarea(O,A0,A1)
beneaththisfacetinFigure2(b)becomesourstartingpolytope.
Next,maximizingalongthenormaldirection(greenarrowin
Figure2(c))offacet(A0,A1)providesusanewpointA1in
Figure2(c).ThenewpointA1createstwonewfacets(A0,A1)
and(A1,B0)abovetheoldfacet(A0,B0)withitsvertices
A0andB0.Theareabeneathfacets(A0,A1)and(A1,B0)
inducesthesecondpolytope(O,A0,A1,B0).Followingthe
samestrategythethirdpolytope(O,A0,A2,A1,B2,B0)is
showninFigure2(d).Onecankeepexecutingthisprocess
toinfinity,leadingthepolytopesequencetotheexactconvex
setP.Tocompromiseboththeaccuracyandthecomputation,
usuallythefirstfewstepsareenough.
Constructingpolytopestooptimallyapproximatehighdi-

mensionalconvexbodiesisahardproblemingeneral[22].
However,gasnetworkregulationsandmarketpracticekeepthe
variableloadsofinterestslowdimensional.Theseregulations
onlyallowasmallnumberofvariablenodeloads[23].So
intherealapplicationstheloadabilityregionofinterestsis
usuallyinalowdimensionalspace,whichisparticularly

2AllsimulationsdisplayedinthepaperwerecodedandexecutedinMatlab
2017benvironmentwitha2.8GHzi7CPUand16GBRAM.Thespecific
optimizationsolverusedduringsimulationswastheinterior-pointsolverfrom
Matlab“fmincon”functionwithuserdefinedgradientandHessianfunctions.

(a)OriginalConvexSet (b)ThestartingPolytope

(c)The1stPolytope (d)The2ndPolytope

Fig.2:A2-DExampleofAlgorithm1

suitablefortheproposedmethod.
Ifveryhighdimensionaluncertaindeliveriesneedtobe
investigated,somerefinementscanreducethecomputational
complexityoftheproposed method.Forexample,instead
ofreconstructinganewconvexhullateachstep,onecan
updatethepreviousconvexhullbyaddinganewvertexata
time.Anotherapproachmayrandomlyselectsomesimplices
definedbytheknownvertices(maynotbethefacetsof
theconvexhull)andcomputetheirparallelsupportfunctions
toacquirenewvertices.Thisapproachcannotguaranteethe
optimalselectionofvertices,butcanbecomputationallymuch
cheaper.

C.ConvergenceAnalysis

Estimatingconvexbodiesbypolytopesisaclassicalprob-
lem. Manyresultshavebeenestablished[21],[24]–[28].A
thoroughsurveyinthistopiccanbefoundin[22].
Toestablishtheconvergencerate,a metricneedstobe

definedpriorly.Specificallyinthispaper,weusetheNikodim
metric(alsoknownasthesymmetricdifferencemetric)as
follow.GiventwosetsUandV,theNikodimmetric

ρ(U,V):=Vol(U∪V)−Vol(U∩V) (16)

whereVol(·)isthevolumeoperator.NotethatifV ⊂U,
ρ(U,V)=Vol(U)−Vol(V),whichcanbeusedasameasure
oferrorforaninnerestimationVofU.
SinceAlgorithm1isintheclassofiterativemethodsfor
inscribedpolytopes[21],[24]andthegasloadabilityregion
hasthetwicecontinuouslydifferentiableboundary,itfollows
theresultsin[27]

ρ(P,Pk(nk))→Kn
2/(1−Nd)
k ,asnk→∞ (17)

wherePistheconvexloadabilityregion;Pk(nk)isthek-
thpolytopegeneratedbyouralgorithm;nkisthenumberof
vertices;KisaconstantwithrespecttothedimensionalityNd
andtheaffineareaofthesurface∂P.Itsuggeststhatasthe
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number of vertices goes to infinity, the distance between the
estimation and the real convex set converges asymptotically.

The asymptotic convergence rate between two polytopes is

rconv :=
ρ(P,Pk(nk+1))

ρ(P,Pk(nk))
→
(nk+1

nk

)2/(1−Nd) (18)

Since the dimensionality Nd is considered to be greater than
one, 2/(1 − Nd) < 0. As long as nk+1/nk > 1 is fixed,
the convergence rate rconv < 1 is also fixed. Therefore, the
generated polytope sequence converges geometrically to the
target convex set.

VI. NUMERICAL SIMULATIONS

This section presents simulation results based on a modified
realistic natural gas system, the Belgium gas network [29]. The
first part describes the network settings, while the second part
presents loadability regions and estimations for this system
based on the proposed algorithm.

A. Modified Belgium Gas Network
A detailed description of the Belgium gas network can

be found in [29]. The network graph has an “almost” tree
structure: it includes a few segments with parallel pipelines.
A special technique is applied to equivalently represent two
parallel pipelines by a single pipeline.

Fig. 3: One-Line Diagram of Belgium Gas Network

Consider two parallel pipelines described by

λi,j,1(Pi − Pj) = Ψ2
i,j,1 (19a)

λi,j,2(Pi − Pj) = Ψ2
i,j,2 (19b)

A single equivalent pipeline is

λi,j,eq(Pi − Pj) = Ψ2
i,j,eq (20)

By the mass flow conservation law we have

Ψi,j,eq = Ψi,j,1 + Ψi,j,2 (21)

Substituting (21) and (19) into (20) one obtains the equiv-
alence condition

λi,j,eq =
(√

λi,j,1 +
√
λi,j,2

)2
(22)

After converting parallel pipelines into single ones, the
modified Belgium gas network has a tree structure. We further
modify it slightly for satisfying sufficient conditions in Sec-
tion IV. A one-line paragram of the network graph is shown
in Figure 3. The green squares represent standard nodes or
junctions. The blue circles are fictitious nodes associated with
compressors drawn by pink lines. Parameters of this network
are computed from [29] and provided in Appendix B.

B. Estimations of Loadability Regions

To illustrate the performance of the proposed monotone
inner polytope sequence, we first consider a 3-dimensional
loadability region by relaxing loads at node 3, 6, and 15. All
the other loads are fixed at the given values in the Appendix.

After 4.56 seconds, Algorithm 1 terminates at the third
polytope of the sequence since it is appropriate to capture the
majority of the loadability region. The appropriateness will
be defined shortly below. Results are depicted in Figure 4.
Figure 4(a) shows the starting polytope in purple with the
maximal point on each axis. Based on the facet defined by
those maximal points, a new vertex in green is found which
gives rise to a larger green first polytope in Figure 4(b). Follow
the same strategy, the second polytope in red was identified
in Figure 4(c) which is much larger than the first polytope.
Finally, the thrid polytope in blue is identified in Figure 4(d).

We define the relative volume of the k-th inner polytope Pk
of a convex set P by the volume ratio Rp

Rp := Vol(Pk)/Vol(P) (23)

However, high-dimensional volume is hard to compute. Hence,
we evenly discretize each load to generate a discrete sample
pool3 and count the numbers of interested points to approxi-
mate Rp. Specifically,

Rp ≈ Nk/Np (24)

where Nk is the number of points inside polytope Pk, while
Np is the number of points inside P . As the size of the sample
pool goes to infinity, the quotient Nk/Np goes to Rp.

Figure 7(a) shows the Relative Volume for our 3-D example.
The starting polytope, labeled index-0, occupies about 47.05%
of the total volume. Since the polytope sequence is monotone,
the volume increases along the sequence. At the third polytope,
the volume is about 98.90%. Computations on further poly-
topes will not enhance the volume substantially. Therefore, the
algorithm compromises between conservativeness and speed.

The next demonstration is to estimate a 4-dimensional
loadability region by the proposed method. Specifically, we
relax loads at node 3, 7, 16, and 20 in Figure 3 and fix
all other loads at given values. Since 4-D objects cannot
be displayed directly, we project the simulation results on
different subspaces.

Algorithm 1 terminates at the thrid inner polytope after
8.51 seconds. Figure 5 shows the projections of polytopes
on a 2-D load space at node 3 and 7. The yellow dots
are the discretized points which are feasible to the gas flow
problem. They roughly capture the projection of the 4-D
loadability region. One can see from Figure 5(a) to Figure 5(d)
that the projections of the inner polytopes gradually occupy
almost the entire loadability region. The 3-D projections of
these polytopes, as well as the loadability region, are shown
in Figure 6. Figure 6(a)-6(d) show the projections of the
polytopes on the load subspace at node 3, 7, and 16; while
Figure 6(e)-6(h) depict the projections of polytopes on the load

3In this paper, each relaxed load is evenly sampled with 21 points. So the
total number of sample points is 21d, where d is the dimensionality of the
loadability region.
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(a) The Starting Polytope (b) The 1st Polytope (c) The 2nd Polytope (d) The 3rd Polytope

Fig. 4: Inner Estimations of 3-D Loadability Region at Node 10, 14, and 19

(a) The Starting Polytope Pro-
jected on Node 3 and 7

(b) The 1st Polytope Projected
on Node 3 and 7

(c) The 2nd Polytope Projected
on Node 3 and 7

(d) The 3rd Polytope Projected
on Node 3 and 7

Fig. 5: 2-D Projections of Inner Estimations of 4-D Loadability Region at Node 3, 7, 16, and 20

subspace at node 3, 7, and 20. The projections of loadability
region are illustrated in Figure 6(i) and 6(j) by the yellow
balls. The relative volumes of these polytopes are presented
in Figure 7(b). Although the starting polytope, labeled index-0
in the figure, only occupies 10.20% of the loadability region,
the third polytope, labeled index-3, fills 95.19% of the total
feasibility region.

C. Feasibility Screening with Inner Polytope Estimations

As discussed before, the major advantage of the inner poly-
tope estimation is to provide a simple but accurate description
of the actual loadability region. We take this advantage to
screen different loading scenarios, and compare to the actual
feasibility checking based on an optimization method. At a
given load profile, minimizing a constant zero objective func-
tion subjected to network constraints to solve node pressures
and source injections.

Consider three variable loads at node 10, 14, and 19 ranging
in [0, 22.5], [0, 31], and [0, 5.5], respectively. Each range is
evenly discretized by 21 points. There are 9261 many 3-D
load combinations in total to verify. Screening whether these
load profiles are within the third inner polytope (shown in
Figure 4(d)) takes about 0.039 seconds. However, checking
the feasibility of these load profiles takes about 2575 seconds
on the same computer. The gain of the computational speed
is around 6.6 × 104 with a compromise of 1.1% (computed
by 1−Rp) conservativeness. A logarithmic comparison of the
execution time is depicted on the left part of Figure 8.

In another scenario with four variable loads at node 3,
7, 16, and 20 with ranges of [0, 25.5], [0, 23], [0, 19], and
[0, 6.5], respectively. Each load range is again evenly dis-
cretized by 21 points. Therefore, there are 194481 many 4-D

load combinations to verify. Screening if these load profiles
are within the third inner polytope (shown in Figure 6(d)
and 6(h)) takes about 0.095 seconds. However, checking the
feasibility of these load profiles takes about 230377 seconds
on the same computer. The gain of the computational speed is
around 2.43× 106 accompanied with a compromise of 4.81%
conservativeness. A logarithmic comparison of the execution
time is depicted on the right part of Figure 8.

These numerical results suggest that the inner polytope
estimation can serve as an easy alternative of the actual
loadability region for screening load profiles with limited
conservativeness.

VII. CONCLUSION

This paper discusses how to make a good estimation of
the loadability region of the natural gas flow problem for fast
feasibility screenings. It starts with the description of classic
gas flow model. Then, it defines the injection region and the
loadability region, and rigorously establishes the convexity
results for both regions under certain sufficient conditions.
Based on the convexity property, it further applied a sequential
optimization algorithm that constructs a monotone sequence
of inner polytopes to approaching the loadability region. The
elements in the sequence provide good estimations for the
loadability region with controlled conservativeness. Finally,
the paper demonstrates correctness of the theory and conver-
gence of the algorithm on a modified realistic gas network.

The convexity result is specifically tailored for structured
gas networks. One future direction is to extend the established
result to other systems, for example, cyclic gas networks,
or water systems. Another direction of interests would be
enhancing the scalability of the proposed method by designing
new update schemes for constructing convex hulls.
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(a) The Starting Polytope Pro-
jected on Node 3, 7, and 16

(b) The 1st Polytope Projected
on Node 3, 7, and 16

(c) The 2nd Polytope Projected
on Node 3, 7, and 16

(d) The 3rd Polytope Projected
on Node 3, 7, and 16

(e) The Starting Polytope Pro-
jected on Node 3, 7, and 20

(f) The 1st Polytope Projected
on Node 3, 7, and 20

(g) The 2nd Polytope Projected
on Node 3, 7, and 20

(h) The 3rd Polytope Projected
on Node 3, 7, and 20

(i) Loadability Region Projected
on Node 3, 7, and 19

(j) Loadability Region Projected
on Node 3, 7, and 20

Fig. 6: 3-D Projections of Inner Estimations and Loadability Region at Node 3, 7, 16, and 20

0 1 2 3

Index of Monotone Inner Polytope

0

0.2

0.4

0.6

0.8

1

R
el

at
iv

e 
V

ol
um

e

(a) 3-D Relative Volume

0 1 2 3

Index of Monotone Inner  Polytope

0

0.2

0.4

0.6

0.8

1

R
el

at
iv

e 
V

ol
um

e

(b) 4-D Relative Volume

Fig. 7: Relative Volume of Inner Polytopes
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APPENDIX A
PROOF OF CONVEXITY

Proof of Theorem 1: Let φa ∈ L be a feasible load
profile with the associated Pa, ψa and Ki,j,a. Let φb ∈ L be
another feasible load profile with the associated Pb, ψb and
Ki,j,b. Consider

φc := (1− µ)φa + µφb (25)

where µ ∈ [0, 1]. By Lemma 1 we know that ψc = (1−µ)ψa+
µψb is the only branch flow profile.

Now let’s remove the compressor and split the network Gc
into two sub-networks G1 and G2.

Since

φi,c = ψi,j,c = (1− µ)ψi,j,a + µψi,j,b (26a)
φj,c = ψi,j,c = (1− µ)ψi,j,a + µψi,j,b (26b)

we have φi,c = φj,c automatically. Therefore, for the split sub-
networks, (10a) is the only constraint we need to consider at
φc.

Consider G1 and G2 separately, Lemma 2 guarantees that
each sub-network at least has one pressure profile. So we
need to check if these pressure profiles are feasible and
can be matched by (10a) for some Ki,j,c ∈ [1,Kmax].
Mathematically, we need to show the following is non-empty.

P1,c ≥ P1,min (27a)
−P1,c ≥ −P1,max (27b)

C1P1,c = U1 (27c)
P2,c ≥ P2,min (27d)
−P2,c ≥ −P2,max (27e)

C2P2,c = U2 (27f)
Ki,j,cP1,i,c − P2,j,c = 0 (27g)

Ki,j,c ≥ 1 (27h)
−Ki,j,c ≥ −Kmax (27i)

where U1 :=
(
(1 − µ)

√
C1P1,a + µ

√
C1P1,b

)2
, U2 :=(

(1−µ)
√
C2P2,a +µ

√
C2P2,b

)2
, subscript 1 and 2 indicate

quantities associated with sub-network 1 and sub-network 2
respectively; subscript a and b represent quantities associated
with the first feasible solution and the second feasible solution
respectively.

Note that (27g)-(27i) is equivalent to the following

KeiP1,c − ejP2,c ≥ 0 (28a)
−eiP1,c + ejP2,c ≥ 0 (28b)

where K := Kmax for simplicity, ei and ej are the row vectors
that associate the fictitious nodes corresponds to the same
compressor. Therefore, we need to show that the following
primal problem (P) is feasible.

min JP = 0TP1,c + 0TP2,c (29a)
s.t. P1,c ≥ P1,min (29b)

−P1,c ≥ −P1,max (29c)
C1P1,c = U1 (29d)
P2,c ≥ P2,min (29e)
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−P2,c ≥ −P2,max (29f)
C2P2,c = U2 (29g)
KeiP1,c − ejP2,c ≥ 0 (29h)
−eiP1,c + ejP2,c ≥ 0 (29i)

Consider the dual problem (D)

max JD = PT1,minα1 − PT1,maxβ1 + UT1 γ1

+PT2,minα2 − PT2,maxβ2 + UT2 γ2 (30a)

s.t. α1 − β1 + CT
1 γ1 +KeTi θ1 − eTi θ2 = 0 (30b)

α2 − β2 + CT
2 γ2 − eTj θ1 + eTj θ2 = 0 (30c)

α1, β1, θ1, α2, β2, θ2 ≥ 0 (30d)
γ1, γ2 free (30e)

Multiplying (30b) and (30c) on the left hand side with ei
and ej , respectively

ei(α1 − β1 + CT
1 γ1) +Kθ1 − θ2 = 0 (31a)

ej(α2 − β2 + CT
2 γ2)− θ1 + θ2 = 0 (31b)

Thus, we solve θ1 and θ2

θ1 =
1

1−K
(eiV1 + ejV2) (32a)

θ2 =
1

1−K
(eiV1 +KejV2) (32b)

where V1 := α1 − β1 + CT
1 γ1 and V2 := α2 − β2 + CT

2 γ2.
Substituting (32) into (30b) and (30c), and considering

θ1, θ2 ≥ 0 in (30d) we have

(I1 − eTi ei)V1 = 0 (33a)
(I2 − eTj ej)V2 = 0 (33b)
eiV1 + ejV2 ≤ 0 (33c)

eiV1 +KejV2 ≤ 0 (33d)

where I1 and I2 are the identity matrices associated with the
two sub-networks.

Further define η1 := α1 − β1 and η2 := α2 − β2, then (33)
is equivalent to

η1,k1 = −CT1,k1γ1, k1 6= i (34a)

η2,k2 = −CT2,k2γ2, k2 6= j (34b)

η1,i + η2,j ≤ −CT1,iγ1 − CT2,jγ2 (34c)

η1,i +Kη2,j ≤ −CT1,iγ1 −KCT2,jγ2 (34d)

where ηl,s is the s-th entry of ηl, and CTl,s is the s-th row of
CTl , for l = 1, 2.

Considering the sum of positively scaled (34c) and (34d)
we have

ζ1(η1,i + η2,j) + ζ2(η1,i +Kη2,j) ≤
ζ1(−CT1,iγ1 − CT2,jγ2) + ζ2(−CT1,iγ1 −KCT2,jγ2) (35)

where ζ1, ζ2 ≥ 0.
Define ω1 := ζ1 + ζ2 and ω2 := ζ1 + Kζ2, then (35) is

equivalent to

ω1η1,i + ω2η2,j ≤ −ω1C
T
1,iγ1 − ω2ζ2C

T
2,jγ2 (36)

for any ω1 and ω2 satisfying

ω2 − ω1 ≥ 0 (37a)
Kω1 − ω2 ≥ 0 (37b)

Inequality (36) will be revisited later in the proof.
Now let’s replace α1, α2 by η1, η2 in the dual problem (D),

and formulate an equivalent problem (D2)

max JD2 = (PT1,min − PT1,max)β1 + PT1,minη1

+(PT2,min − PT2,max)β2 + PT2,minη2

+UT1 γ1 + UT2 γ2 (38a)
s.t. (34) (38b)

β1 ≥ −η1 (38c)
β2 ≥ −η2 (38d)
β1, β2 ≥ 0 (38e)
γ1, γ2, η1, η2 free (38f)

Since β1, β2 only appear in (38a), (38c), (38d), and (38e),
we can further eliminate β1, β2 from problem (D2) and
formulate a new equivalent problem (D3).

max JD3 = (PT1,min − PT1,max)max[0,−η1] + PT1,minη1

+(PT2,min − PT2,max)max[0,−η2] + PT2,minη2

+UT1 γ1 + UT2 γ2 (39a)
s.t. (34) (39b)

γ1, γ2, η1, η2 free (39c)

where the max[·, ·] operator in (39a) takes pointwise maxi-
mum value.

Substituting (34a) and (34b) into (39a) yields

max JD3 = UT1 γ1 + UT2 γ2 +(∑
k1 6=i

(P1,min,k1 − P1,max,k1)max[0, CT1,k1γ1]

+(P1,min,i − P1,max,i)max[0,−η1,i]−∑
k1 6=i

P1,min,k1C
T
1,k1γ1 + P1,min,iη1,i

)
+( ∑

k2 6=j

(P2,min,k2 − P2,max,k2)max[0, CT2,k2γ2]

+(P2,min,j − P2,max,j)max[0,−η2,j ]−∑
k2 6=j

P2,min,k2C
T
2,k2γ2 + P2,min,jη2,j

)
(40a)

s.t. (34c), (34d) (40b)
γ1, γ2, η1, η2 free (40c)

Problem (40) is equivalent to

max JD3
= UT1 γ1 + UT2 γ2 +(
−
∑
k1 6=i

P̃1,k1C
T
1,k1γ1 + P̃1,iη1,i

)
+(

−
∑
k2 6=j

P̃2,k2C
T
2,k2γ2 + P̃2,jη2,j

)
(41a)
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s.t. (34c), (34d) (41b)
γ1, γ2, η1, η2 free (41c)

where

P̃1,k1 =

{
P1,min,k1 , if CT1,k1γ1 < 0

P1,max,k1 , if CT1,k1γ1 ≥ 0

P̃2,k2 =

{
P2,min,k2 , if CT2,k2γ2 < 0

P2,max,k2 , if CT2,k2γ2 ≥ 0

P̃1,i =

{
P1,min,i, if η1,i > 0

P1,max,i, if η1,i ≤ 0

P̃2,j =

{
P2,min,j , if η2,j > 0

P2,max,j , if η2,j ≤ 0

Note that (41a) can be bounded by

JD3
≤ −

∑
k1 6=i

P̂1,k1C
T
1,k1γ1 + P̂1,iη1,i + UT1 γ1 +

−
∑
k2 6=j

P̂2,k2C
T
2,k2γ2 + P̂2,jη2,j + UT2 γ2 (42)

as long as any P̂l,s ∈ [Pl,min,s, Pl,max,s] for l = 1, 2 and every
s. If P̂l,s also satisfies (37), we have (36) which suggests that
(42) is further bounded by B where

B = −
∑
k1 6=i

P̂1,k1C
T
1,k1γ1 − P̂1,iγ1 + UT1 γ1

−
∑
k2 6=j

P̂2,k2C
T
2,k2γ2 − P̂2,jC

T
2,jγ2 + UT2 γ2

= (UT1 − P̂T1 CT1 )γ1 + (UT2 − P̂T2 CT2 )γ2 (43)

According to Condition 3, we have Pl,max,s = Pmax and
Pl,min,s = Pmin for all l = 1, 2 and s. So there exists at
least a scalar P0 in the intersection of all the pressure ranges.
Substituting P̂l,s = P0 in (43) for all l and s yields a specific
bound denoted by B0

B0 = B(1P0,1P0, γ1, γ2)

= UT1 γ1 + UT2 γ2 − P0(1TCT1 γ1 + 1TCT2 γ2)

= UT1 γ1 + UT2 γ2 (44)

On the other hand, consider P1,µ = (1−µ)P1,a+µP1,b and
P2,µ = (1−µ)P2,a+µP2,b. Since (P1,a, P2,a) and (P1,b, P2,b)
are two feasible pressure profiles, they both satisfy (37). So
P1,µ and P2,µ satisfy (37) as well. Thus, substituting P̂1 =
P1,µ and P̂2 = P2,µ into (43) we have

JD3
≤ B(P1,µ, P2,µ, γ1, γ2)

= (UT1 − PT1,µCT1 )γ1 + (UT2 − PT2,µCT2 )γ2

= −µ(1− µ)(WT
1 γ1 +WT

2 γ2) (45)

where W1 :=
(√

C1P1,a −
√
C1P1,b

)2
and W2 :=(√

C2P2,a −
√
C2P2,b

)2
.

Next, we are going to show that for any B0(γ?1 , γ
?
2) > 0

at some γ?1 and γ?2 , there exists another bound which is non-
positive. The basic idea is to find a feasible pressure profile
(P ?1 , P

?
2 ) satisfying (37) and making B(P ?1 , P

?
2 , γ

?
1 , γ

?
2) ≤ 0.

Suppose at some given γ?1 and γ?2 we have B0 > 0, consider
the index set Ω associated with γ?1 and γ?2 such that

Ω := {s | γ?l,s > 0, l = 1, 2} (46)

We are going to construct the desired pressure profile (P ?1 , P
?
2 )

in the following way. To start with, let the set of source node be
S, and assign each source node pressure to Pmax temporarily.

1) Pick an unvisited source node is ∈ S, record its down-
stream node pressures until reaching the first merging
node, say, im. The downstream pressures are assigned
successively by the following way: if a branch from
node-n to node m with pressure Pn determined and
Pm undetermined. If the corresponding γ /∈ Ω, taking
Pm = Pn; else, taking Pm = Pn − Pµ,n + Pµ,m,
where Pµ,m = (1 − µ)Pa,m + µPb,m and Pµ,n =
(1− µ)Pa,n + µPb,n.

2) Consider a merging node-im with m many branches
entering it. For every entering branch denote its up-
stream node index set (including im) as Ik, where
k = 1, · · · ,m. If all the node pressures for every
set Ik have been assigned, the pressure Pim on node-
im has m choices {Pim,1, · · · , Pim,m}. Take Pim as
the minimum value Pim,min from {Pim,1, · · · , Pim,m}.
Update the node pressures PIk for every set Ik by
PIk − Pim,k + Pim,min.

3) If a merging node-im and all of its upstream node
pressures have been determined, adding im as a new
source node to S. Repeat Step 1) and 2) until every
node pressure is determined.

This process eventually provides us a desired pressure
profile (P ?1 , P

?
2 ). Firstly, it is a feasible pressure profile in

the sense of being within pressure limits. Since the source
pressures have been assigned to Pmax at the beginning, in
Step 1 a downstream pressure Pn ≥ Pµ,n by the monotonicity
of pressure along the flow direction. In Step 2, since every
Pim,k ≥ Pµ,im, we also have Pim ≥ Pµ,im at current step
(but can be updated by a further Step 2). However, the last
merging node which has no downstream merging node will
retain the pressure Pim ≥ Pµ,im because no further Step 2
will be executed. It serves as the only source node for the rest
undetermined nodes as well. Therefore, by repeating Step 1,
any downstream pressure Pn ≥ Pµ,n. By Condition 3 from
Section IV, since Pmin ≤ Pµ ≤ Pmax, we also have Pmin ≤
P ? ≤ Pmax. On the other hand, we assign the compressor’s
output pressure Poutput as the value of min(KP ?input, Pmax),
where P ?input is the determined compressor’s input pressure.
Then Poutput ≥ Pµ,output as well. Hence, the same arguments
also hold for the compressor’s downstream subgraph.

Let’s substitute (P ?1 , P
?
2 , γ

?
1 , γ

?
2) in B. It actually replaces

each positive term associated with γ? ∈ Ω by the corre-
sponding non-positive term in B(P1,µ, P2,µ, γ

?
1 , γ

?
2). Thus,

B(P ?1 , P
?
2 , γ

?
1 , γ

?
2) ≤ 0. Therefore, we have shown that

JD3
≤ 0 for every (γ1, γ2), suggesting that the dual problem

is bounded. By the strong duality theorem of linear program-
ming, the primal problem (P) is feasible, which concludes the
convexity.
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APPENDIX B
PARAMETERS OF MODIFIED BELGIUM GAS NETWORK

TABLE I: Node Parameters

Node Index Type Load (kSCM/min) πmax (Bar) πmin (Bar)
1 2 0 66 30
2 2 0 66 30
3 1 2.7208 66 30
4 1 0 66 30
5 2 0 66 30
6 1 2.8014 66 30
7 1 1.6500 66 30
8 2 0 66 30
9 1 0 66 30
10 1 6.4200 66 30
11 1 0 66 30
12 1 3.4720 66 30
13 1 8.0000 66 30
14 1 9.0000 66 30
15 1 2.7560 66 30
16 1 1.8400 66 30
17 1 0 66 30
18 1 0 66 30
19 1 1.1540 66 30
20 1 2.0000 66 30
21 3 0 66 30
22 3 0 66 30
23 3 0 66 30
24 3 0 66 30

Type 1 is the load node. Type 2 is the source node. Type 3 is the
fictitious node associated with a compressor.
kSCM/min means 103 standard cubic meters per minute

TABLE II: Source Parameters

Node Index φmax (kSCM/min) φmin (kSCM/min)
1 18.1 0
2 6.4 0
5 23.8 0
8 21.5 0

TABLE III: Pipeline and Compressor Parameters

From Node To Node λ
1 2 17.496668
2 3 11.664448
3 4 2.672950
5 6 8.048349
6 7 4.071689
7 4 4.109421
4 11 8.318121
8 21 8.810786
22 9 8.810786
9 10 2.101347
10 11 2.881077
11 12 1.416588
12 13 1.437417
13 14 3.499335
14 15 1.749667
15 16 0.699865
11 17 0.024809
17 23 0.046192
24 18 2.006192
18 19 1.000821
19 20 0.013416

From Node To Node Kmax

21 22 1.5
23 24 1.5
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