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ABSTRACT ARTICLE HISTORY

We study bulk/edge aspects of continuous honeycomb lattices in a Received 31 January 2019
magnetic field. We compute the bulk index of Bloch eigenbundles: it Accepted 18 June 2019
equals 2 or -2, with sign depending on nearby Dirac points and on

the magnetic field. We then prove the existence of two topologically KEYWORDS
Ly . . . A Edge states; Schrodinger
protected unidirectional waves propagating along line defects. This operators;

shows the bulk/edge correspondence for our class of Hamiltonians. topological insulators

1. Introduction

This note focuses on bulk/edge aspects of continuous, asymptotically periodic
Hamiltonians Ps. These operators model electronic transport between honeycomb latti-
ces, when a magnetic field breaks time-reversal symmetry. Related models have sug-
gested an analogy between photonic structures and topological insulators [1, 2].

In an asymptotic regime, [3, 4] mathematically constructed edge states bifurcating
from Dirac points energies. Here, we relate their existence to a non-zero bulk invariant.
This demonstrates their persistence outside the perturbative regime.

1.1. Bulk index

The bulk operators associated to P;s are

Pos & A+ V46 WP & —Ap + V=5 W, where : (1.1)

e Ve C®(R*R) is even, periodic with respect to the equilateral lattice A and
invariant under the 21/3-rotation R—see Section 2.1.
e W=1(A-V+V-A)and A € C*(R* R?) is odd and periodic w.r.t. A.

Our first result computes the bulk index of Ps +. Let 45,(&) < --- < 45(&) < -+ - be the
eigenvalues of Ps_. on Floquet spaces L%—see Section 2.1. Generically, Py admits
Dirac points (&,, E,) and (—¢,, E,)—see [5]. These come with pairs (¢, $,) € L2 with
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kerLi (Po.+ —E,) = Co; @ Co,, ¢, (Rx) = eZin/3¢1(x)v ¢, (Rx) = €_2m/3¢2 (x).

We write E, = 49.,(&,) = Aont1(&,) and we assume:

don(&) = Aont1(&) <= &€ {&,,—¢,} modulo the dual lattice 2nA”; (1.2)

H*d;f <¢17W¢1>L§* 7& 07 and lnf{é >0: Elé S sz ié,n(é) = /15,11-&-1 (é)} >0. (13)

When (1.2) holds, (1.3) is generically satisfied. Let ¢4 be the infimum in (1.3). The
assumptions (1.3) and (1.2) allow to construct a smooth bundle E;+ over the torus
R?/(2rA*) when d € (0,0;) : the fiber at ¢ is the L2-eigenspace of P;_ corresponding
to A51(&), ..., A5.4(&). Following the physics literature, the bulk index of Ps+ is the
Chern number ¢;(E; +)—see Section 2.2. We similarly define ¢;(E;_).

Theorem 1. Assume that (1.2) and (1.3) hold. Then for every ¢ € (0,0;),
a(Es) = —sgn(0,) and ¢;(E;s_) = sgn(0,).

1.2. Edge index and the bulk-edge correspondence

Let v € A—representing the direction of an edge. The operator Ps considered in [6] is

IP’ad:ef—ARz +V+0-ks W.
Above, K5 is a domain wall across Rv : there exists ¥ € C°(R,R) equal to +1 near
o0 such that ks(x) = k(5(k', x)), where K € A" is dual to v—see Section 3.1. See [1,
4] for related models. The operators Ps + in (1.1) are the limits of Ps as (k',x) — *oc.
The operator P; is not a periodic operator with respect to A. It is however periodic
with respect to Zv. For { € R, let P5[{] be the operator equal to Ps, but acting on
def

L= {u €L, (]Rz, (C), u(x+v) = eiiu(x),J
R?/Zv

|u(x)Pdx < oo}.

Fix J, € (0,0;) and assume that there exists E, € C*(R/(27Z),R) with
Vi, 1,7 €10,2m), A5, a(Ck+ 1K) <Ey(8) < Ag, nia (Ck + 7K. (1.4)

Then for every { € R, E,({) is not in the essential spectrum of Ps [{]. This allows to
define the edge index ./ of P5 as the spectral flow of Ps —E,. It is the signed number
of eigenvalues of Ps [(] that cross the gap containing E,({) downwards as { sweeps
[0,27]. See [7] for an introduction to spectral flow.

Theorem 2. Assume that (1.2), (1.3), and (1.4) hold, and that ({,,v) ¢ nZ. Then
N =c1(Es, 1 )—c1(Es,—) = —2 - sgn(0,). (1.5)

Because the spectral flow is a topological invariant, Theorem 2 is stable under gap-
preserving perturbations of Ps[{]. The condition (&,,v) ¢ nZ excludes armchair-type
edges; we will deal with such edges in an upcoming work.

When 6 < 1, edge states of operators similar to Ps were constructed in [3, 4, 6]
under the no-fold condition. This condition requires that the dispersion surfaces
E—2on(€) and & 2o ,+1(E) do not fold over E, except at {&,, —¢,} + 2nA"—see [3,
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Section 1.3]. Theorem 2 implies that if Ps [{] has a continuously open gap for every { €
[0,27], two edge states must exist, even when the no-fold condition at 6 =0 fails. These
edge states shall arise from resonant states bifurcating into the edge of the continuous
spectrum—see [3, Section 1.4] and the conjecture there.

Theorem 2 is an index-like result: it relates a topological index (the Chern number)
to an analytic index (the spectral flow). It expresses the bulk-edge correspondence for
continuous honeycomb Hamiltonian. This is a ubiquitous principle in mathematical
physics [8-16]. Theorem 2 advances the current understanding via:

e An analysis on a continuous, asymptotically periodic model; see also [17-19] for
the quantum Hall effect; [20] for Dirac operators; [21] for a K-theoretic
approach; and [22] for dislocation systems.

e The explicit formula (1.5) for the bulk/edge indexes, which demonstrates the sig-
nificance of Dirac points (or more generally degeneracies in the Bloch bands) in
the production of topologically protected edge states.

It would be interesting to investigate the validity of Theorems 1 and 2 for ¢ outside
(0,04); or with disorder [19, 20, 23-26]. There are more general analysis which address
the bulk-edge correspondence in the presence of randomness [9, 16]. Their K-theoretic
framework seems too general to compute explicitly the value of the index. In particular,
they do not predict when topologically protected edge states exist.

Theorem 2 demonstrates the existence of topologically stable time-harmonic waves
propagating along line defects in graphene. A recent analysis on Dirac operators [27]
suggests that these waves should be insensitive to back-scattering by local obstacles. We
plan to mathematically analyze this phenomena.

1.3. Sketches of proofs

The proof of Theorem 1 relies on three main steps:

e As a topological invariant, the Chern number does not depend on & € (0,8;) : in
this range, the bundles E; » are diffeomorphic to one another. Hence it suffices
to compute ¢;(Es +) for small 6 only. We then write the Chern number as the
integral of the trace of the Berry curvature Bs(&). This formula involves the pro-
jector IT5(&) to the n-th lowest-energy eigenspaces of Ps 1 (§).

e  When ¢ is away from Dirac momenta {&,, —&,} + 2nA*, I15(&) (and its deriva-
tives) converges uniformly to ITy(§). Hence Bs(&) converges uniformly to By(&).
Because of symmetries, By(&) = 0 : momenta away from {&,,—&,} + 2nA. do
not contribute to the Chern number.

e For ¢ near &,, we show that after rescaling, Ps () converges in the resolvent
sense to the two-band model Mj;(&) studied in [1]. This convergence transfers to
IT5(€) and its derivatives, hence to Bs(&). The last part of the proof computes
the Berry curvature and Chern number associated to the low-lying eigenbundle
of M5(&), eventually leading to ¢;(Es +) = —sgn(6y).
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In [6, Corollary 4], we showed that under a condition stronger than (1.4), the edge
index of P; equals —2 -sgn(0,). That proof relied on a resolvent estimate for Ps[(].
Theorem 2 holds more generally. It differs from [6, Corollary 4] because it applies to
cases where the no-fold condition fails. This failure is an obstacle to construct edge
states. The existence of long-lived states was instead conjectured [3, Section 1.4].

In the setting of Theorem 2, the operator P [(] has an essential L*[{]-gap, but P;[{]
may not have an essential spectral gap for small é. Therefore, the resolvent estimate [6,
Theorem 2] does not hold. In order to nonetheless prove Theorem 2, we construct a
modified operator Ps, with three essential properties:

e It has the same spectral flow as Ps—E, when & = §,;
e It looks like Ps for momenta/energy near (&,,E,) and J near 0.
e It retains an essential L*[C]-gap as & € (0, 3,] decreases to 0.

We can then apply the techniques of [6] to compute the spectral flow of P;—E,.
This relies on a resolvent expansion of P;. There are two main steps:

e We use the limiting two-band model Mj;(&) to approach P (&), and we inte-
grate these estimates to expand the bulk resolvents (P5, [¢]—z) .
e  We construct a parametric based on the bulk operators Ps . [C].

A family of Dirac operators—which quantizes the limiting two-band model near
infinity—controls the effective dynamics near each of the two Dirac points. Each family
has spectral flow equal to —sgn(6,), which implies that P; has spectral
flow —2 - sgn(6,).

These Dirac operators arised in previous work [3, 4, 28] where they were used to
construct some edge states as adiabatic modulations of the Dirac point Bloch modes.
These constructions rely on a sophisticated Lyapounov-Schmidt reduction combined
with multiscale analysis. Working at the level of the resolvent has the advantage of pro-
ducing all edge states. This knowledge is necessary to compute the edge index—see [22,
29] for bulk/edge analysis of dislocated models.

1.4. Notations
We will use the following notations:

e D(z,r) C C denotes the disk centered at z € C, of radius r.
e If H is a Hilbert space and A : H — H is bounded, the norm of A is

def
|Ally = sup [Ayy,.
Wl =1

e If Ac:'H— H is a bounded operator and f:(0,g] — R, we write A, =
Oy(f(e)) when there exists C >0 such that ||A||,, < Cf(e) for & € (0, &).
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o If{eR/(2nZ)+— H(C) is a continuous family of self-adjoint operators such that
0¢ Zess(H(C)), Sf(H) denotes the spectral flow of H through zero as ( spans
[0,27t]—see [7] for a comprehensive introduction.

2. Proof of Theorem 1
2.1. Dirac points and their bifurcations

Here, we review honeycomb Schrodinger operators, Dirac points and gap openings via
conjugation symmetry breaking. Let A = Zv, ® Zv, be the equilateral Z*-lattice:

vi=a V3 WV =a V3 ,
1 —1
where a >0 is a constant such that Det[v;,v,] = 1. The dual basis k;, k, consists of two

vectors in (R*)" which satisfy (k;, v;) = ;. The dual lattice is A* = Zk, © Zk,. The cor-
responding fundamental cell and dual fundamental cell are

Ldéf{svl +S/V2 : S,S/ € [0, 1>}, ]L*(g{’[kl + T/kz : T»'El € [0,271)}.

Honeycomb potential are smooth functions R?> — R that are even, A-periodic and
invariant under 27/3-rotations—see [6, Definition 1]. Let V be a honeycomb potential
and Py = —Ap: + V. Since Py is periodic w.r.t. A, it acts on

L ot {u e 2 (R%,C) : u(x+ w) = e“"u(x)x e R, w e A},

loc

for all ¢ € R% Sobolev spaces H; are defined analogously. We denote by Py(¢) the
operator Py acting on L%; it has discrete spectrum g (&) < --- < 2g(8) < ...

Definition 1. A pair (£,,E,) € R* x R is a Dirac point of Py if:

i E. is a L% -eigenvalue of Py(,) of multiplicity 2;
ii. There exists an orthonormal basis {¢,, $,} of kerj> (Py(&,)—E.) such that
¢1(Rx) = ezin/3¢1(x)7 $y(x) = $1(%), ¢,(Rx) = eizm/Sd’z(x)' (2.1)
iii. There exist n > 1 and vp >0 such that for & close to &,

don(E) = Ea—vp - |E—E,] + O(E=E,),
doni1(8) = Ex +vp - [E=E,] + O(E—E,)%

In a seminal paper [5], Fefferman and Weinstein showed that for a generic choice of
V, Py admit Dirac points (¢,, E,). Different perspectives—on the proof and on the con-
text—have appeared since [4, 28, 30-33]. Because of (2.1), £, € {éf, éf } + 2nA* with

A def 2T
é* = ?

BdifZTE

.= ?(kl +2k;,) = —&*  mod 27A*.

*

2k + ka), €

Since P, is invariant under spatial inversion, (¢, E,) is a Dirac point of Py if and
only if (¢%,E,) is another Dirac point of Py. In the rest of the paper, we assume that
(&4, Ey) is a Dirac point of Py, associated to the n-th band, and such that (1.2) holds:
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Jon(8) = Jonr1 (&) = &€ {& &8} + 2nA”.

We take {¢y, ¢,} C L satisfying (2.1).
Introduce the operators

e e 1| O
P+ & PyoW = —Ap: + VESW, W=A D, + D, - A, D, & - [a ]
i| 0,
where A € C*(R?* R?) is periodic w.r.t. A and A(x) = A(—x). They are conjugation-
breaking perturbations of Py; they represent graphene-like structures affected by a mag-
netic field. The work [4] considers other conjugation-breaking operators, and constructs
edge states in a perturbative adiabatic regime. We define

5, L inf{5>0: 3¢ € R, 25n(&) = Jsmir(6)}.
For d € (0,4;), the n-th L-gap of P5 (&) is open:
inf (25,41(8)—2.4(£)) > 0. (2.2)
¢eR

If (1.2) holds and 0, = (¢, We¢, >L2 # 0 then J; >0—see Lemma 2.3. This means
that breaking conjugation invariance opens the n-th gap of Ps(¢). In the rest of the
paper, we work with d € (0,0;); in particular, (2.2) always holds.

2.2. Bulk index

We review the definition of bulk index. For ¢ € (0,0;), the gap condition (2.2) holds.
We can then define a rank-n vector bundle Es, over the two-torus T? = R?/(2nA*) :
the fiber at a point ¢ € T? is the vector space

Es+(&) & é Kery: (Ps(£)—7a,(&)) C L2,

When provided with its natural structure, this bundle is smooth because of the gap
condition (2.2) and [34, Section VIL.1.3, Theorem 1.7]. In order to define the bulk
index, we first look at E; ; as a bundle over R* instead of T?. Since R? is contractible,
this bundle is trivial—see [35, pp. 15]. Therefore it admits a smooth orthonormal frame

EER = (s (€)oo al©) €12 x oo x I @3

For every o6 € (0,6;), the orthogonal projector Ils(&) : L% — Lé onto [Es varies
smoothly with ¢—this means that e (¥ TI;(¢)e/* forms a smooth family of operators
on Lj. The operator I15(&) relates to the orthonormal frame (2.3) via

€€R2:>H5 ZIPOJ ®lrb5] )

Let I (]RZ,E(H) be the space of smooth sections of the bundle E; ; over R?; fix ¢ €
[(R* Es ). We write ¢ = > 105 Wy the coordinates o;; are smooth functions
R? — C. For ¢ € R?, we set
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def Zdaa; W&; &) +05i(¢) - T5(8) (3lﬁ5,j(é)),where

SN RN
dos (& defz&:;éjm ~dy, a‘ﬁa,j(f)gzei@’@' <e 85,;] >'dfm-

m=1

We observe that Vo is an element of I'(R* E;, ® T*R?).

If 6 € I'(T?* Es. ), we can see ¢ as an element of I'(R*,E; ;). Then Vo happens to
be an element of I'(T* E;, ® T*T?)." Since V satisfies Leibnitz’s rule, V is a connec-
tion on the bundle Es_ — T2, It is called the Berry connection; its curvature is the
Berry curvature [36, 37].

The trace of the Berry curvature, Bs(&)d&, Ad&, has an expression in terms of ITs(¢)
that is manifestly gauge-invariant, i.e. independent of the choice of frame in (2.3):

Bs (&) o Tr(T15(&) [Ve, I5(8), Ve, TT5(8)] ) where

O(e A, (E)e6®) . (2.4)
aém - e <’7>:L6—>L€.

We mention that B;(&) is purely imaginary. Indeed, using that IT;(&) is self-adjoint
and that the trace is cyclic, B;(&) equals

Tr([Ve, I15(8)", Ve, IT5(8) JT15(8)") = Tr(Ms(8) [V, I15(8), Ve, s (8)]) = —Bs(&).

The Chern number of E; ., or bulk index, is the integral of the first Chern class
Bs(&)dé over T

def (g x
Ve, [5(8) = e

i

(Eé )= 2n

J By (&) - dé. 2.5)

See for instance [20, (15)]. This is a topological integer—see e.g. [38, pp. 49]. In par-
ticular, it does not depend on 0 € (0,0;). To prove Theorem 1 we will compute
c1(Es+) in the limit § — 0 : because of topological invariance,

d€ (0,05) = a1(Bsy) = 5hnol+ c1(Es ).

2.3. Berry curvature of the unperturbed operator

Let By — T2 be the bundle with fibers
n
Eo(¢) = jE:B1 kerLg (Po(&)—204(8)) C L, Po(&) = —Ape + Vi L7 — L.
If (2.2) holds, the restriction of Ey to T2\ ({&4, &8} + 27A*) is a smooth vector bun-

dle of rank n (when provided with its canonical structure). The trace of the Berry
curvature By of this bundle is defined via (2.4). We show here that By(&) = 0 for every

"For a proof when n=1, we refer to [22, Section 4]; the same argument applies to n> 1. It relies on the fact that the
frame (s, ..., ¥5,) defines coordinates on [Es ;. with unitary transition functions.
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Ee T2\ ({&4 &8 + 2nA*) because Py is invariant under both Z (spatial inversion) and
C (complex conjugation).

Fix &€ T2\ ({&, ) +2nA%). Since CPy(&)C' =Py(—¢), we deduce that
Cl‘[o(é)Cf1 = ITy(—¢). It follows that

Bo(€) = Tr(C - To(&) [Ve, (), Vi, Io(&)] - € ")
= Tr(Mo(=&) [V, Tlo(—=8), Ve, Tlo(—)]) = Bo(—<).

Since By(¢) is a purely imaginary number, we deduce that By(—¢) = —By(&). Since
IRy (E)I " = Po(—¢), ITp(E)Z " = Mp(—¢) and

Bo(&) = Tr(Z - [o(&) [Ve, 1o (€), Ve, I(8)] - 77
= Tr(o(=&) [Ve, To(=£), Ve, o (=&)]) = Bo(—&).
Hence By (&) = Bo(—¢); and By (&) = 0 for every & € T2\ ({&2, 8 + 27A%).

(2.6)

Remark 2.1. Fefferman et al. [3] studied an operator #; that shares many of the char-
acteristics of Ps, but that is invariant under spatial inversion instead of complex conju-
gation. They produced two edge states for 2;[(] as adiabatic combinations of the Dirac
point Bloch modes with eigenvectors of an emerging Dirac operator. The associated
time-harmonic waves propagate in opposite directions. In [6] we proved that all edge
states take this form, and showed that the corresponding spectral flow vanishes. This
agrees with the bulk-edge correspondence. Indeed, the bulk operators are invariant
under C : the trace of the Berry curvature is odd—see (2.6). Since the Chern number is
the integral of the Berry curvature, it vanishes.

2.4. Away from Dirac momenta

In this section, we study Bs(¢) when & is small and ¢ is away from {&*, &8} 4 2nA".
Define

p(&) & dist(¢, {&4, &7} + 2nA").

Lemma 2.1. Under (1.2), for every ¢ >0, there exists C> 0 such that
5 € [0,8;) = sup{|B5(&)| : p(¢) > &} < Co.

Proof. Fix ¢>0. We observe that the family of bounded operators on L?
(6,8) € [0,8;) x {£ € R?: p(¢) = e} e O (£)e (2.7)
is smooth because of (1.2) and [34, Section VII.1.3, Theorem 1.7]. Therefore, the estimate
I15(8) [V, IT5(8), Ve, I15(8)] = Mo(&) [Ve, o (&), V&, ITo(&)] + €2(0)

holds uniformly for £ in compact subsets of R? with p(&) > e. Since (2.7) varies period-
ically with &, it holds uniformly on {¢ € R*: p(¢) > ¢}. The remainder ¢/2(d) is an
operator of rank at most 2n because the leading order terms are of rank n. "Therefore
we can take the trace on both sides and deduce
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Tr(I5(¢) [V, IT5(E), Ve, I5(8)]) = Tr(TIp(&) [V, o (€), Ve, I4(8)]) + 0(6),

uniformly for ¢ € R* with p(&) > &. Hence B (&) = Bo(&) + O(5). Since By(¢) = 0, the
proof is complete. O

2.5. Near Dirac momenta

Fix a Dirac point (&,, E,) of Py. In this section, we estimate Bs. We first prove spectral esti-
mates at pairs momentum/energy (&, z) near (&,, E, ). We recall the identity [3, Proposition
4.5] —see [6, Lemma 2.1] for the version needed here: there exists v, € C with |v,| = vg
such that

o 1[0,
W€ B = €, vn = 2, (- D0l D 1| 00| 28)

Introduce the matrix

E.+3d0, v, (é_é*)
(fi*) E*_ég*

For every ¢ € R* and > 0, the matrix M;(¢) has two distinct eigenvalues

M;(¢) =

], 0. = (¢, W), .

15 (&) = Exrs(8), 15(8) = \/Hé SR E=E P 0r 0,

The difference between the two eigenvalues of M5(&) is 275(&). Hence,

2 € D(k5 (), 15(8)) = la—45 ()] = 13(9)- (2.9)
The spectral theorem shows that for z € dD(uy (&), r5(&)), Ms(€)—2z is invertible and
(z=M;(&) ™ = O (r5()7") = O (3 + [E=E) 7). (2.10)

Introduce the operator

C b d)lv

Lemma 2.2. Assume that 0, # 0. There exist do and & >0 such that if

8 € (0,00), |E=&4| <&,z € ID (5 (), 75(8)) (2.11)
then P  (&)—z : HE — L is invertible and

(z=Po(8)) " = To(&)" - (z=Ms(&) " Jol) + Cpa(1).

Proof.

1. We proved an analogous statement in [6, Lemma 4.3] for different values of the
parameters ¢ and z. Here we require |—¢,| <¢g and z € dD(us(&),rs5(¢))
instead of |¢—¢,| < 6% and z € D(E,, 0 - r5(&)) for some 0 € (0,1). The same
strategy works here. Introduce the ¢-dependent family of vector spaces
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() =C- 49 @ C- g, c 12

We split L% as 77(£)® ¥ (¢)". With respect to this decomposition, we write
P54 (&) as a block-by-block operator:

O T S

Below, we use (-, -) instead of (-, ). to denote the Hermitian product on LZ.
Bounds for the operators B;(&) &) and Cs(&) were obtained in [6, (4.8)]:

Bé‘(é) = (91/*(5_)LH1/~(5) (7’5(5)), C&(é) = (9'1/“<é)*>"f”(é)L(r($(€))‘ (2-13)

Step 3 in the proof of [6, Lemma 4.3] applies here. It uses that Dy(¢) has no
eigenvalues near E, and that Ds(&)—Dg(&) = 0;2(0). It shows that if (2.11) holds
then Dj(¢)—z is invertible from #7(&)* N H: to ¥ (€)" and

(Dg(é)—Z)il = 0»¢/‘(£)L(1)- (2.14)

We now study As(&)—z. This operator acts on the two-dimensional space 77 (&);
its matrix in the basis {e/¢= % ¢, €& )Y is

(€5, (P5(E) — 2)e o0 py) (175, (P5(E) — 2)el 54 ¢y)
(€78, (P5(E) — 2)e o0 py) (175 gy, (B5(E) — 2)elc54 )
(2.15)
As in [6, Step 4, Lemma 4.3] the matrix elements in (2.15) are

(0), (Ps(&) = 2) ) = (Eam|E—EuP—2) S + (), (OW +2(E = &) - Do) hy)-

Because of (2.8), (¢,,2(& —&,) - Dy¢py) = vu(E—=E,); [6, Lemma 2.1] shows that
(¢;,2( — &) - Dy¢p;) vanishes. Moreover, [6, Lemma 7.3] shows that
(b, Why) = (¢, W) =0 and (¢}, W) = 0, = —(¢,, W¢,). We deduce
that the matrix (2.15) is equal to M(&)—z + Oz (E—&,)°. Using a Neumann ser-
ies argument based on (2.15), when (2.11) holds, A;(¢)—z is invertible; and

(As(8)—2) 7 = 1p(O)" - (M5(&)—2) " - To(&) + Oy ('Zg}' )

=To(&)" - (Ms(&)—2) 7" - Ig(&) + Oy (1).

(2.16)

Above, To(¢) : 7'(£) — C? is the coordinate map. Because of (2.10), we also get
(A5(8)—2) " = Oy (rs(O) 7). (2.17)

Schur’s lemma allows to invert block-by-block operators of the form (2.12) under
certain conditions on the blocks; see [29, Lemma 4.1] for the version needed
here. We checked that Ds(&)—z: 7 (&) — 77(&) is invertible. It remains to
check that:
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As(8)—z—Bs(&) - (Ds(€)—2) " - C5(&) - ¥ (&) — 77(&) is invertible. (2.18)
We observe that because of (2.13) and (2.14),
Bé(é) : (Drs(é)_z)_l . Cb(i) = @1(5) (r(S(é)z)'

Therefore a Neumann series argument based on (2.17) shows that (2.18) holds.
Thanks to (2.16), it also shows that the inverse is equal to

(A5(8)—2) " + Oy (1) = 1o(&)" - (M(E)—2) " - Ip(€) + Oy (1).

We apply Schur’s lemma. From (2.12), we obtain that Ps(&)—z: Hé — Lé is invert-
ible when (2.11) holds; and moreover
)t = (DO M=) Lo(&) 0

(Ps(&)—z 0 0 +@L§(1)

=10(9)" - (M5(8)—2)"" - Jo(&) + 02 (1),

This completes the proof. O
Lemma 2.3. If (1.2) holds, then 0, # 0 and 6; > 0 for a generic choice of W.

Proof.
1. Recall that 0, = (¢, W¢;);» and observe that

0, = <¢)1;ADx¢1>L§* + <DX¢17A¢1>L§* = <¢T1 D¢y — (DxﬁTl) ) ¢1aA>L§*'

Because of the unique continuation principle for elliptic problems—see [39,
Theorem 17.2.6]—¢, cannot vanish on an open set. We deduce that if

$1Dxp,—Dxpy ) = ¢12Dx <&>
)
vanishes uniformly, then ¢, and ¢, are linearly dependent. This is impossible
because ¢, € L* ¢ and Lé NnL* o = {0}. We deduce that the condition 0, # 0 is
equivalent to requiring that A does not lie in the hyperplane normal to ¢, -
D¢, —(Dyéh,) - ¢,. This is a generic condition.
2. Define y5 (&) = 0D(uy (¢),r5(£)). Lemma 2.2 implies that

b eRa @) de
75 (6

def 1
2mi

O ) 3o - e+ 0 ()

IT5 (¢)

2mi ).,

def

5 (@) + 0 (rs(8)).

=+

Because of the spectral theorem, IT5 (¢) is a projector. If f;, f, are normalized ele-
ments in the range of I3 (&) then

fi =05 (&) = ms(Efi + 0n2 (rs(€)?).
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Since 75(¢) is a rank-one projector—see (2.9) —f; and f, cannot be orthogonal.
We deduce that I15 (¢) has rank one. In other words Ps (&) has precisely one
eigenvalue in each disk D(ujy (&),rs(¢)) for (£,0) close enough to (¢&,,0).
Because of [40, Appendix A.l], these two eigenvalues must be 4;,(¢) and
2snt1(€). We deduce that

han(8) - TI; (&) = ii'(’)z (P51 () - dz

2mi

[u—y

=0o&) g 7 (M) - dz - JolE) + (rs(6)%)

= 145 (9) - 3o(&) ma()To (&) + Oz (r5(&)°).

A similar identity holds for 1;,(&) - IT (¢). Taking the trace, we deduce that
Jn(€) = 115 (&) + O(rs(8)?) = Ee—15(8) + O(r5(8)?),

Jomi1(€) = 3 (&) + O(rs()*) = Ev 4 15(&) + 0(r5(8)°).

Assume that §; = 0. Then for any k € N, there exist £, € L* and 0 < — 0 as
k — oo, with A5, ,(&) = As,nt1(Ek). After passing to a subsequence, we can
assume that & converges to a point— . Because of [40, Appendix A.l],

Ion(Ek) = Aon(Es) and As,ni1(Ex) — Aon+1(Es). It follows that Ag,(Ey) =
Jon+1(€so). We deduce from (1.2) that &, € {&4,E8Y:(2.9) and (2.19) yield

B+ 13, (6) + O(r,(8) = Eemrs (60) + 0(m (9)7).

(2.19)

This is not possible unless d; = 0 for k large enough, which contradicts d; > 0. We con-
clude that d; > 0. O

Let

¢ € R?* > bs(&) be the trace of the Berry curvature associated to the line bundle

with fiber kerc (M(&)—p5 (€)) over R2.

Lemma 2.4. There exist 6y >0 and & > 0 such that

Proof.

3 € (0,00), |E—E,] <eo = By(&) = bs(&) + O(rs(&) ).

Let Q5(¢) : L% — Lé the projector on

n—1
]@ kerLé (P(§7+(f)—ﬂ(5j(f)).

The eigenvalues 491(&,), ..., Aon—1(&) of Po(&,) are separated from the rest of
the spectrum of Py(&,) because E, = Ao ,(&,) = Zont1(&,) has multiplicity pre-
cisely 2. Because of [34, Section VIII.1.3 Theorem 1.7], the family (9, &) — Qs(&)
is smooth on a neighborhood of (0, &,). In particular, under these conditions,

Tr(Qs(&)[Ve, (&), V£,Qs(8)]) = 0(1).
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For 0>0, let Il () be the projector on kerj:(Ps(£)—454(¢)). Because of
(2.19), for (8, &) near (0,&,), 25,(¢) is a simple eigenvalue of P (¢). Therefore
for (0, &) near (0, ¢&,) the projector IT5(&) splits orthogonally as

(&) = I (&) + Qs(8). (2.20)

We recall that Bs(¢) is gauge independent—i.e. it does not depend on the choice
of frame in (2.3). Pick a frame in (2.3) associated to the orthogonal decompos-
ition (2.20). The associated Berry connection and curvature split accordingly to
components for I (£) and Qs(&). In other words, the curvature endomorphism
is a two-form valued diagonal by block matrix, with respect to the decomposition
(2.20). Therefore,

Bs(&) = Tr(Qs(&) [V, Qs(8), V&, Qs()]) + Tr(TTy (&) [Ve, T (€), Ve, I (6)])
= Tr(IT; (&) [V, IT; (&), Ve, IT; (€)]) + O(1).
(2.21)

One could also invoke the additivity of Chern classes for the first line of (2.21).

2. Recall that y5 (&) = 0D(uy (&), rs5(E)) oriented clockwise. When (&,0) is suffi-
ciently close to (¢,,0), we saw in Step 2 of the proof of Lemma 2.3 that P;_ (&)
has a unique eigenvalue in D(uj (&),r5(¢)), which is 45,(&). The Cauchy for-
mula yields

5 (&) = > l% o (Z—P5,+(é))71d2- (2.22)

Let 3 (&) be the projector on the eigenvalue uj (&) of Mj(&). We use Lemma
2.2 and that y5 () has length O(r5(£)) to get

I6) = 0o 5 (= b(e) e o(E) + O ()

= Jo(é)* : 735(5) 'Jo(f) + 0L§(Té(5>)-
3. We study V¢ IT; (¢)—defined in (2.4):

O(e 95 (£)e'l )efi(é,x>
351

The projector e “S¥1I; (£)e“* is associated to e “¥P;(¢)el“) instead of
Ps(&). The same Cauchy formula as (2.22) gives

" . 1 " " -1
e_’<g’x)Hg(é)e’<‘-’x> = —J) (z — e_’<‘-*x)IP(;7+(§)e’<c’x>) dz. (2.24)
3]

2mi ).~
s

Ve I (&) =9 ¢fle . 12— I (2.23)

Observe that e Y Ps(£)elSY) = (D, + £)* + V + W. Hence,
O(e NP, | (£)ele)
¢,

We use [22, Lemma A.6]—a result to differentiate Cauchy integrals when the
contour depends on the parameter—to differentiate (2.24) w.r.t. £;. We get

=2(Dy, + &) = 279D, ¥,
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1

_+ (z _ e_i@’x)Pé.Jr(é)e"(év")) -1 8(6—1‘(5.)6)]}135’_'_(é)ei@,x))
75 () ’

9¢,

. . —1

1 -1

e e Ly e e e -1
_+ (z _ e—z<<,x>]p5v+(§)ez<c,x>> eilERp e (z _ e-1<g.,x>P51+(§)el<g,x>) s
75 ()

o

1

ey ._ﬁ; (+=Pse (&) 2Dy, - (P51 (8)) e 66,
75 (6

2mi
We deduce from (2.23) that

! jﬁ (P54 (8) ™" 2Dy, - (= P51 (0)) de. (2.25)
75 (8

" 2mi

Ve I15(€)

We recall that (z—M(¢)) ™" = O (rs(€)™") when z € 75 (&). Because of Lemma
2.2, (z—Ps 4 (6)) ' = g% (r5(¢)”") when z € y5(¢). Since the contour y;(¢) has
length  O(rs(&)), we deduce from (2.25) that V¢ II5(E) = 0p (rs(&)7H).
Moreover, Lemma 2.2 combined with (2.25) shows that V; IT5 (¢) equals

« 1
Jo(&)

2

§ (M) D2l - (e Ms(&) e 3o(E) + 0.
75 (€

As in Step 4 in the proof of Lemma 2.2,
OM;(¢)
¢

We use (z—I\/JLs(f))f1 = (QCz(r(;(f)fl) when z € 75 (&); 5 (£) has length O(rs(&));
|E—=¢&,] - r(;(é)*l = O(1); to deduce that V¢ II5 (¢) equals, modulo OOL§(1)7

0 v,

BP0 = [

] 0=t = O (E=e)).

00 5 (e T 10 e -
.0 (1 4 « Omy (&)
= Jo(&) e, (2_7”{{)%(6) (Z — M;(&)) dZ) “Jo(&)+ = Jo(&)" - 821 Jo().

A similar calculation leads to

oMy (&) (o
8552 *(/Lg(”o(f) )7

4. We conclude that
I (&) [V IT5 (&), Ve, IT5 (8)]
= 10(9)" - 75 (&) [06,5 (8), 0,5 (9)] - Jo(&) + Oz (r(&) 7).
Since the terms on both sides have rank at most 1, the remainder term has rank

at most 2 and we can take the trace of (2.26), without changing the magnitude of
the remainder. This yields

Tr(IT; (&) [Ve, I (8), Ve IT; (8)]) = Tr(m; (&) [Ve w5 (), Ve (8)]) + 0(rs(6) 7).

oll; (<)
s

Om5 (9
9¢

= o(&) 3ol&) + 01:(0).

(2.26)
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Above we used the cyclicity of the trace and the formula Jo(&)Jo(¢)" = Ide2 to
get rid of the terms Jo(&) and Jo(¢)". The proof is complete thanks to (2.21).

Observe that because r5(¢) is bounded below by vp|E—£&,|, for every & >0,

J dé < J‘an -dr _ 271.9‘ (2.27)
D(&, )

)1s(8) ~ Jo ver vr

We deduce from Lemma 2.4 and (2.27) that for every ¢ € (0,¢) and 0 € (0, dy), there
exists a constant C, such that

S C()S.

i i
Jm(c;,s)B"‘(f)df _EJ bs(&)dE

2n D(¢, 2)

Fix & such that & < ¢y and 4Cpe; < 1. Then

1
<-. 2.28
S (2.28)

LJ I&;(é)dé—ij bs(£)dE
2n D(&,,81) 2m D(&, 1)

The next lemma computes explicitly b5(¢) and the associated Chern number.
Lemma 2.5. Let ¢ be the number fixed above. As 6 — 0,

j bo()de = — -sgn(0.) + 0(0).
D(&, 1)

i

21
Proof.
1. We first assume that 0, > 0. Observe that
e 1 e 50* : _*
W (@5(6)) = E. + 00, M(D, M@ £ |1 €| o0 o T
F
(2.29)

Above C is canonically identified with R?.
2. We compute the Berry curvature b(¢) associated to the negative energy eigen-
bundle for M(&), using [41, (23)]:

¢ £ £
] 0 0
(3 JEL— S I [N ) AR
201 )" 12 9, 12 9, 12
- (2.30)
. &1 1 0 .
S T e B 1Y I I ) I S
2
20+ | 1] \Jo] o)) 20+

3. Because of (2.29), b(&)d& = @j(bs(E)dE). Moreover,

q)5 <ID) (07 VQFT(S;)) = ]D)(é*a 81)'

It follows that
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i i . - L
MJD(g*,gl)bé(é)dé - ZnJD<O7 VQF_;]) 5(bs(£)dE) = o JD (OVQF—2> b(&)de.

F F

We now use the formula (2.30) to compute this integral: we have
i 1 dé 1
Py b(&)d¢ = —— ———5 = —-+009).
sz]D o, JF4 (e 4”JJD> 0, ZE8L (1+ |f|2)3/2 2" ) (2.31)
) )

F

In the last equality we used that ¢; is a fixed constant.

4. We now deal with the case 0, <0. In this case, the value (2.31) corresponds to
the positive energy eigenbundle of M (&, + 60,1, '¢). The positive and negative
eigenbundles direct sum to the trivial bundle R? x C, whose total Berry curva-
ture vanishes. We deduce that when 0, <0 and ¢ goes to zero,

i

1
JD(C'WMW&: Jn(o b(&)dE =5 +000).

27 vEer
g0

This completes the proof. O

i
21

2.6. Proof of Theorem 1

We are now ready to prove Theorem 1. Fix & as in (2.28). Because of the definition of
the first Chern class (2.5),

i i i
a(Es4) = EL*BM@dé “ o fe)ﬂ‘* Bo(C)dl+ E]ZA:B JD@ &)
p(&)>e o "

Bs(&)dé.  (2.32)

Because of Lemma 2.1, the first integral is O(d). The sum in (2.32) reduces to integrals
of traces of Berry curvatures bs(&) associated to low-energy eigenbundles M;(¢), modulo
an error term that is at most 2 - 1/4 = 1/2 because of (2.28). Lemma 2.5 computes these
integrals and shows that their sum equals —sgn(0,) + O(d). We end up with:

lc1(Es+) + sgn(6,)] < % + 0(6).

Making 0 — 0 and using that ¢;(Es ) and sgn(0,) are both integers, we conclude
that ¢;(E 5) = —sgn(6,).

We can go from P;, to P;_ by simply switching W to —W. This changes 0, to
—0,. Therefore ¢;(E_ ;) = sgn(0,). This completes the proof of Theorem 1.

3. Proof of Theorem 2
3.1. The edge problem

We review the definition of the edge operator P; introduced in [6, Section 1.7]. This
operator models interface effect between two materials—described respectively by P
and P; _—along a rational edge Rv,v € A. Write v = a;v, + a,v, with ay,a, € Z rela-
tively prime and set
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W déf b1V1 —+ b2V27 albz—azbl = 17b17b2 S Z)

k< boky—biky, K —ayk, + ark,.
The operator Ps is —Ag: +V + 6 - k5 - W, where the function x5 € C*(R* R) is a
domain wall across Rv :

—1 when x < —L,

Ks(x) = K(5<k/7x>)’ 3L >0, k(1) = { 1 when x > L.

Since (k’,v) = 0, the operator Ps is periodic w.r.t. Zv (though it is not periodic w.r.t.
A). We denote by Ps[(] the operator formally equal to Ps, but acting on

Lzm = {u © leoc(RZ’C)v u(x+v) = eiCu(x),J
R?/Zv

|u(x)[Pdx < oo}.

The bulk operators Ps +[(] prescribe the essential spectrum of Ps[(] :
z:ess(Pé [(D = z:ess (P(S,Jr [C]) U Zess (]P)bf[é])

When (1.4) is satisfied, the operator Ps[(] has an L?*[{]-gap, containing the energy
level E,({). The edge index 4" of Ps in this gap is defined as the signed number of
eigenvalues of the family Ps[{]—E,({) crossing E, downward as { spans [0,27]. It is a
topological invariant of the system; we refer to [7] for a comprehensive introduction. In
this section we prove the bulk-edge correspondence: the edge index of Ps can be com-
puted from the bulk index of the operators P; .

3.2. Description of the problem
Fix ¢ € (0,9;) such that (1.4) holds. Define

7€(0,27]

5, inf{5>0 V(€ 10,2m), sup Asn(Ck+ 1K) = 1[%1£ ]/157H(Ck—|— ‘Ek/)}.
1€[0,2n

In [6, Corollary 4] we showed that the spectral flow of Ps—E, is —2-sgn(,) for
every 0 € (0,0,). Therefore, if J, € (0,J.) then Theorem 2 holds.

However, generally J. < d;. This happens for instance when the no-fold condition of
Fefferman-Lee-Thorp-Weinstein [3, Section 1.3] fails. If {, = (&,,v), the failure of the
no-fold condition is equivalent to

Jr e 0,2n], {(k+ k' & & +2nA., Aon((ik+ TK') = E, or Zon1((k + 1K) = E,.

Since &, € {,k+ RK, in this situation J, = 0—this can be proved using standard per-
turbative theory of eigenvalues [34]. In other words, for ¢ small, P ,[(,] does not have
a spectral gap.

One could nonetheless envision situations where a spectral gap of Ps ;. [(,] eventually
opens as 0 grows enough—i.e. to a value J, <J; for which (1.4) holds. We refer to
Figure 1. In such situations, Theorem 2 is more general than [6, Corollary 4]. We will
derive Theorem 2 following the approach of [6].
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0 =0, E 0—0
/\(5,77,+1 (5)

gap

/\r)i,n (E)

2 47%/3 T

Figure 1. The red curves represent sections of the n-th and n+ 1-th dispersion surfaces of P _. for
quasi-momentum ¢ € {,k -+ RK'. The gray area on the vertical axis is the L2[¢,]-spectrum of P; .[{,].
For 6 small, the n-th and n+ 1-th dispersion surfaces of P; . are separated though Ps_[(,] does not
have a spectral gap. We have J, =0 and we cannot properly define Sf(IPs). As o increases to 0y,
the operator Ps, . [(,] has a spectral gap—a necessary condition to define Sf(Ps). This illustrates the
problematic of Section 3.2.

3.3. Preparative steps

We fix Es(¢) depending smoothly on (J,¢) € [0,8;) x R?*, 2nA*-periodic in &, such
that:

&g & e} +amA*, 5 €(0,8.) = Zsn(E) <Ei+Es(&) < s (&)

E, + Es (&) = E,((¢,v)); and E5(&) =0 for (0,&) near (O,Ef) and (0, 55). 5.1)

The first condition is possible because of (1.3); the second one is possible because of
(1.4). The third one is possible because E, is not an eigenvalue of Ps | (£) for & near Ef
and éf and 0 near 0—see (2.19). We refer to Figure 2.

Define T[] the operator formally equal to E;(Dy), but acting on L?[{] :

e 1€
T5[(] &f —J Es(Ck+<k') -1d2  dr. (3.2)
21 [0,27‘[] Ck+ks
Let P;[(] = Ps[{]—Ts[(]. Because of (3.1), for 6 € (0,04),E, does not belong to the
spectrum of the operators P +(£)—Es(¢). Hence Ps[(] has an essential spectral gap at
energy E,. We have the spectral flow equalities:

N = Sf(Ps,—E,—FE,) = Sf(Ps,—E,—T;,) = Sf(Ps,—E.) = Sf(Ps—E,). (3.3)

The first equality is simply the definition of .4". The second one comes from Tj, [{] =
E,({) - Id2. Indeed, because of (3.2),

1 E(0) [©
T5[¢] J Es(Ck + TK') - IdLg . dr = > J IdL%k dt = E,({) - Id2.
Ck+tkr [ Ck+thr ¢

S 2m [0,27] T Jjo,2n]

The third equality in (3.3) is the definition of Ps [(]; the last one holds because for
0 € (0,0;), Ps[(]—E. has a gap containing 0, hence its spectral flow does not depend on
0. Because of (3.3), we can obtain ./ by taking the limit of Sf(Ps—E,) as 6 — 0.



1424 (&) A.DROUOT

3.4. Proof of Theorem 2

We now follow the approach of [6]: we derive a resolvent estimate for Ps[(] as 6 — 0.
The first step is an estimate on the bulk resolvent (P [{]—E.)~" where Ps+[{] =
Ps.+[(] + Ts[¢] and (4,() is near (E,,{,), as in [6, Section 5]. Introduce:

R : 12(R?/Zv,C?) — I2(R,C?), (Rf)(H) & Jl fsv+ t')ds;
R 1R, C?) — 2(RY/Zv,C7), (R'g)(x) < g((K,x));
Uy I2(R,C?) — L2(R,C?), (Usf)(t) & £(51).

Let P(u) be the operator

ef | 0, K 0 W) 0, 0 e k, k
D(N)d:f[y*k/ i@] r + U {*f VO]+[O _0] fd_fk—<|k|>k- (3.4)

Above, v, ¢ is the complex number defined according to (2.8). We let P+ (p) :
H'(R,C?) — L*(R,C?) be the formal limits of P(u) as t — *oo—i.e. replacing x in
(3.4) by £1.

Theorem 3. Assume that (1.2) holds and that 0, # 0,(, = ({,,v) € nZ. Fix p, >0 and
€ > 0. There exists 69 >0 such that if

0 €(0,00), HE (—hy 1), 2 € ]D)(o, 0+ 12 - 120 _€>’
gzg*—’_éu: /IZE*‘F&Z

then the operators Ps +[(]—A : H*[{] — L?*[(] are invertible. Furthermore,

(Ps,e[0]-2) " =S+5(u, ) ag(677),

(K- D) (Ps=l(-2) " =82, (12 )+@Lzm< o),

where : S"’é /“‘7 é l z,ué (€.x) R* ué(/@‘*( ) )7lugl . Re*iﬂ(?([,x) (]51 7
0 b,

D il ) lt()[x .U —ipd (0, x) d)l

Sié('u’ z) = 5 (k/ ) ! 'R (D+< ) ) Z/[ - Re ! l¢2]

Proof. We explain why the proof of Theorem 3 is the same as [6, Theorem 3], without
giving full details. There we processed with three main steps:

e  We proved resolvent estimates on Lé for & € Ck + RK', away from &_;

e  We proved resolvent estimates on Lé for § € Ck + RK' near &_;
e We integrated these estimates over the segment Ck + [0,27] - K.

To reproduce the first step, we must check that Pjs (&) has a spectral gap near E,,
when ¢ is away from &, and 0 is small. The eigenvalues of Ps_ (&) are 4;5;(&)—Es(E).
Because of (3.1), 2s.,(&)—Es(&) gets closed to E, only if ¢ approaches & or ¢ modulo



COMMUNICATIONS IN PARTIAL DIFFERENTIAL EQUATIONS e 1425

E 0 =0
A&IH»I (é)
E,(G)
)\6.71 (é)
4n/3 7 >

Figure 2. The horizontal level E,({,) separates the n-th and n+ 1-th dispersion curves of P .
When § decreases to 0, these curves remain separated but the separation level E, + Es(&) has to
be curved.

2nA*. We must guarantee that & and ¢® do not both belong to {,k + Rk + 2mA*.
This is equivalent to {, ¢ nZ—which is assumed in Theorem 3. Hence the first step in
the proof of [6, Theorem 3] goes through with only minor modifications: an analog of
[6, Lemma 4.1] holds.

Since E;(¢) vanishes near &,, adding the operator Es(&) - Id;2 does not modify Ps . (&)
for & near &,. Thus the second step in the proof of [6, Theorem €3] is unchanged.

Because the first and second step lead to the same results as in [6, Section 4], the third
step (the integration process) is identical. This completes the proof of Theorem 3. O

As in [6, Section 6], we use the bulk resolvent estimates of Theorem 3 to derive
resolvent estimate for the edge operator P;[(]. We introduce a parametrix:

def 1 Ko

Q&(Cv}') déf ZXi,& ’ (Pé,i[d_l)_l7 L1xs = P

A calculation shows:
(Poll=3) - Qo6 /)14 = 3 (Pold)=2) ey (Posli)=2) 14

= Z Pé.t —A + Ks - 5W:5W) e (P(s,t[ﬂ—i)fl

-y S w8+ Y [D,z VTl ] - (P el=2)

:ZQ x7X+5} - K‘) 5W> (P[0 +Z Ts[C, 1+ 5] - (Ps.=[{— )_1~

The next lemma proves that the terms [T5[(], 7+ 5] - (Ps,+[(]—4)"" are negligible.

Lemma 3.1. Assume that the conditions of Theorem 3 are satisfied. Then
[T(S[g]aXt,é] ' (Pé,i[g]_l)_l = (9]42[& (52/3)

The basic idea is that because of Theorem 3, (Ps+[{]—4) " localizes to frequencies
near ¢, modulo lower order terms; while Ts[(] essentially localizes to frequencies away
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from &,. Semiclassical analysis provides the natural tool to prove Lemma 3.1. We use
the notations of [42, Section 4]. We say that a smooth function (¢,7) € R*+a(t, 1) €
C (possibly depending on ¢ € (0, J,]) belongs to the symbol class S when:

Vo,p €N, sup{|8§‘8§a(t, 7)1 (t,1,0) € R* x (0, 5b]} < 00.

See [42, Section 4.4]. For a € S, we denote by a" the Weyl quantization of a with
semiclassical parameter 0—see [42, (4.1.1)]. This is a bounded operator on L*—see [42,
Theorem 4.23]. Moreover, if b € S, then

AV — (o) & 2% {a,0}" + 0p2(), (3.5)

where {a, b} is the Poisson bracket of a and b. The formula (3.5) follows from [42,
Theorem 4.18 and (4.4.15)] which writes ab" as a semiclassical operator with symbol

0
ab + 2_i{a’ b} + 0s(5%);
and [42, Theorem 4.23]: the quantization of a symbol Og(d%) is (12 (6%).

Proof of Lemma 3.1.
1. Let y,¥ € C°(R,C) bounded together with their derivatives, with uniform
bounds as J goes to zero. We observe that

[W(Dy), Usy)] = Us[¥ (D), 15" (3.6)

Note that W(0D;) is a semiclassical pseudodifferential operator with symbol
(t,7)— W(7); and y is also a semiclassical pseudodifferential operator with sym-
bol (t,7)— y(t) because of [42, (4.1.6)]. We deduce from (3.5) that

[¥(0D:), 1] = ?{‘P, Y+ 0:(8%). (3.7)

In particular, the operator (3.6) is 012(9).
2. Assume that in addition, ¥ vanishes in a ¢-independent neighborhood of 0. Then
we can write (3.7) as

[¥(5Dy), 7] =0 - (M : f> + 012(82).

i
We use (3.5) to deduce that
w
g t
wion). )= o- (LAY o4 g (62)

Thanks to (3.6), if ¥ vanishes in a ¢-independent neighborhood of 0 then

M) . 5Dt + (QLZ(éz) - (QH1—>L2(53/2)'

[¥(Dy), Usy)|Us =0 'Ua(
(3.8)

3. For f € L?[{], set F(s,t) = f(sv+t/). If G is a bounded operator on L*(R), we
define
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Gf(sv+ /) = (GF(s,-))(1).
Observe that [|G||.;; < |19l

|Gf|iz[c] = J; JR|Gf(sv + ') *dsdt = J; JRIQF(S, N (B[ dsdt

1 1
=[Gt < 1618, [ 1705 s = 11
We now observe that if f € L*[{], then
([Ts[l), 2= 51f) (sv + 1) = (ug1 - [Es(Ck+ 6K'Dy), 1+ | - USF(s, -)) ). (39

To prove (3.9), we fix f € LZ[ {] which we expand in Fourier series w.r.t. Zv :

Z ¢ i({+m)( kx k/ >)

me2nz

Since  efctm) k) €Ly, and  E;(¢) depends periodically on ¢

Es(D,)eCtmikx) — i(Gtmkx) 5 ((k 4 Dy). Tt follows that

(EsDa)f)(sv+ /) = 3 e (Es(ck + K D)fyn) (1) = <E5(§k+k’Dt)F(s,~))(t).

me2nZ

It suffices to recall that Tj is formally equal to Es(Dy) (though acting on L*[(])
to conclude the proof of (3.9).

We now apply Step 1 to W(7) = Es((k + tK') and y = y. =15*. We deduce that
I[Ta12], 2 o]l < 45" - [Es(Ch + 3K DY), 2] - Usll 2 = O(3).
Using Theorem 3, we see that
[T51), 75] - (Po2E]=2) 7" = [To2), 25 - So(ts2) + Opap (872,

4. To conclude the proof, we show that [Ts[(], . s]-Ss(u,z) = Opp(0). Let

D(x) = [, (x), b, (x)] . We write [T5[0], 7+ 5] - So(p,2) =6 ' Ty - T,
where

Tey = [Tam e 0] -OR*-Us : H' — L*[{],

Ty = (Di(u)—z)‘lu(gl . Reinollx) f;ll :LZ[C] ~H.
2

We observe that T+ 5 = Op2—p (6'/2).
We recall that Ts[(] is the operator formally equal to E;(D,) but acting on L*[(].
Thanks to this identification, we have

[Tt5 [C]a Xt,é] 0= [Eé(Dx)a Xi,é] - O=0- [Ed(Dx_é*_:uék), Xi,é] :
Above, we used that Es is periodic and that ® € L2 _uok- We deduce that
Ti,l = |:E(3(D é* /“Lék) X+ o]R u() (DR* [ (5(k/Dt_£*_:u5k)7 (ub;{i)]ué
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We now apply (3.8) with y = y. and W(1) = Es(tk’'—&,—uok); we observe that W
vanishes in a J-independent neighborhood of 0 because Es(¢) vanishes when ¢ is near
¢, We deduce that T+ = O p2p (6*/%). Since [T5[C), xs o) - So(pts2) = 0 ' Ty - T,
we deduce that [Ts[(], zs ] - Ss(1,2) = Oz (6°). The proof of the lemma is com-
plete. O

We conclude from Lemma 3.1 and the discussion preceding it that

(Ps[C]=2) - Qs(L, 2) = 1d + Ks(C, 2) + Opapg (672,
— K2
SOEDY ([Di,xi,g} = 5W) (Pold-2)

e 2

The operator KC5({,A) and Qs({,A) satisfy the same expansions as Ks({, 1) and
Qs(L, 4) in [6, Section 6.1], because Theorem 3 provides the same resolvent estimates as
[6, Theorem 3]. Therefore, the proof of [6, Theorem 2] applies without further changes.
It yields:

Theorem 4. Assume that (1.2) holds and that 0, # 0,(, & nZ; fix , >0 and €>0. Let
Y (u) denote the L*-spectrum of D(u). There exists 5 >0 such that if

1E (—Hy M), 0 € (0,00),2 € D(O, 0% 4 12 - y%|£|2—e>,dist(2(/¢),z) > e,
C:C*+5M7)“ZE*+5Z

then Ps[(]—/ is invertible and its resolvent (Ps[{]—2)"" equals

o |

The family u+— P(u) has spectral flow equal to —sgn(0,) as u runs through R—see
[6, Section 3.2]. Since there are two Dirac points, we recover a spectral flow of Ps—E,
equal to —2 - sgn(0,) for small o—see the proof of [6, Corollary 4]. The identity (3.3)
completes the proof of Theorem 2.

T _
1_ |:¢1:| e*iﬂ()‘((,)t) . R*Z/{5 . (/}D)(H>_Z)71 uglR . ei,ué((.,x} [i;:| + @LZ[C]((Sfl/S).
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