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Abstract—In this paper, we consider the problem of designing
additive noise mechanisms for data release subject to a local
information privacy constraint. While there has been significant
prior work on devising additive noise mechanisms for differential
privacy (such as Laplacian and Gaussian mechanisms), for
the notion of information privacy, which accounts for prior-
knowledge about the data, there are no such general purpose
additive noise mechanisms. To this end, we devise a prior-aware
Laplacian noise mechanism, which satisfies local information
privacy. We show that adding context awareness (i.e., via the
knowledge of prior of the data) improves the tradeoff between
utility and privacy when compared to context-unaware mecha-
nisms.

I. INTRODUCTION

Differential privacy (DP) [1] has been considered a de facto
standard notion for private data analysis and aggregation. In-
tuitively, in DP, an adversary can not infer the presence or the
absence of an individual contributing to the released output.
DP notion has been considered in two contexts: 1) centralized
setting, where a trusted service provider releases data; and
2) the localized setting, where a user can locally perturb
and disclose the data to an untrusted data curator/aggregator.
Recently, local privacy setting has gained attention in the liter-
ature. Randomized response (RR) [2] was the earliest privacy
preserving mechanism used for the local setting. However,
the original RR mechanism does not have formal privacy
guarantees. To this end, local differential privacy (LDP) was
proposed as a local variant of DP. In the literature, many
schemes were proposed under the LDP notion for private data
aggregation such as [3]–[5].

It is worth noting that both localized and centralized DP
are context-free privacy notions, i.e., there is no assumption
on the underlying prior on data of the users, and thus the
privacy guarantees are strong and hold for worst-case set-
tings (any realization of the data). In contrast, context-aware
privacy notions such as mutual information privacy (MIP)
and information privacy [6] and local information privacy
(LIP) [7] consider the priors of users’ data in their definitions
(also see [8] for a data-driven context-aware privacy definition
and references therein). In fact, context-aware notions can
lead to mechanisms with better utility-privacy tradeoff by
incorporating the priors of users’ data. In many applications,
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prior knowledge about the data is often publicly available, for
instance, location data in location-based services and periodic
surveys [9].

For DP, there are well-known general purpose mechanisms
such as Laplacian [1], exponential [10] and randomized re-
sponse [3] which have been widely adopted in practice. To
the best of our knowledge, general purpose context-aware
mechanisms have not been explored in the existing literature.

Contributions: The contributions of this paper are sum-
marized as follows: 1) We discuss the approximate case of
LIP and its relationship to the approximate LDP. We formally
show that (ε, δ)-LDP implies (ε, δ)-LIP. Conversely, we show
that (ε, δ)-LIP implies

(
2ε, (eε+1)δ

Pmin

)
-LDP, where Pmin =

minx PX(x), is the minimum probability over the given data
prior. Thus, LIP relaxes LDP notion for the approximate
case as well. 2) We then present a context-aware Laplacian
mechanism which satisfies (ε, 0)-LIP for the local privacy
setting. The notion of context-awareness is incorporated by
taking into account the prior knowledge of user’s data. More
specifically, the additive Laplace noise is made dependent
on the prior distribution by making its variance inversely
proportional to Pmin. Intuitively, this is because a smaller Pmin

means that the data distribution is skewed, and rare instances
can potentially leak more information. Therefore, for smaller
Pmin, the noise variance is large, i.e., we add more noise. On
the other extreme, when Pmin = 1

|X | (i.e., uniform prior), we
add the least amount of noise.

II. PRIVACY DEFINITIONS AND PROPERTIES

We consider the problem of local privacy-preserving data
release, where a user perturbs his input data X ∈ D,D =
{x1, x2, . . . , xm} and outputs Y to an untrusted data aggre-
gator. For the scope of this paper, we consider two context-
aware privacy metrics, namely mutual information privacy,
and information privacy. We next define these metrics, along
with local differential privacy, and briefly discuss the inter-
relationships between these metrics.

A. Context-free privacy notion
Definition 1: (ε-Local Differential Privacy (LDP) [3]). A

randomized mechanism M : X → Y which takes an input X
and outputs Y satisfies ε-LDP for some ε ∈ R+, if for any
x, x′ ∈ D and for all Sout ∈ Range(M), we have

Pr(Y ∈ Sout|X = x) ≤ eεPr(Y ∈ Sout|X = x′). (1)
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x1
<latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit>

x2
<latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit>

x1
<latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit>

x2
<latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit>

PX(x)
<latexit sha1_base64="+RNxRFw/zVoQ1Zclz1rdKmw8Rlc=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ2RdBj0YvHCrZdaJeSTdM2NJtdk1mxLP0TXjwo4tW/481/Y9ruQVtfCDy8M0Nm3jCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMtR9Sw6VQvIECJfcTzWkUSt4KRzfTeuuRayNidY/jhAcRHSjRF4yitfx6N/MnlaezbqnsVt2ZyDJ4OZQhV71b+ur0YpZGXCGT1Ji25yYYZFSjYJJPip3U8ISyER3wtkVFI26CbLbvhJxap0f6sbZPIZm5vycyGhkzjkLbGVEcmsXa1Pyv1k6xfxVkQiUpcsXmH/VTSTAm0+NJT2jOUI4tUKaF3ZWwIdWUoY2oaEPwFk9ehuZ51bN8d1GuXedxFOAYTqACHlxCDW6hDg1gIOEZXuHNeXBenHfnY9664uQzR/BHzucPdJyPkg==</latexit><latexit sha1_base64="+RNxRFw/zVoQ1Zclz1rdKmw8Rlc=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ2RdBj0YvHCrZdaJeSTdM2NJtdk1mxLP0TXjwo4tW/481/Y9ruQVtfCDy8M0Nm3jCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMtR9Sw6VQvIECJfcTzWkUSt4KRzfTeuuRayNidY/jhAcRHSjRF4yitfx6N/MnlaezbqnsVt2ZyDJ4OZQhV71b+ur0YpZGXCGT1Ji25yYYZFSjYJJPip3U8ISyER3wtkVFI26CbLbvhJxap0f6sbZPIZm5vycyGhkzjkLbGVEcmsXa1Pyv1k6xfxVkQiUpcsXmH/VTSTAm0+NJT2jOUI4tUKaF3ZWwIdWUoY2oaEPwFk9ehuZ51bN8d1GuXedxFOAYTqACHlxCDW6hDg1gIOEZXuHNeXBenHfnY9664uQzR/BHzucPdJyPkg==</latexit><latexit sha1_base64="+RNxRFw/zVoQ1Zclz1rdKmw8Rlc=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ2RdBj0YvHCrZdaJeSTdM2NJtdk1mxLP0TXjwo4tW/481/Y9ruQVtfCDy8M0Nm3jCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMtR9Sw6VQvIECJfcTzWkUSt4KRzfTeuuRayNidY/jhAcRHSjRF4yitfx6N/MnlaezbqnsVt2ZyDJ4OZQhV71b+ur0YpZGXCGT1Ji25yYYZFSjYJJPip3U8ISyER3wtkVFI26CbLbvhJxap0f6sbZPIZm5vycyGhkzjkLbGVEcmsXa1Pyv1k6xfxVkQiUpcsXmH/VTSTAm0+NJT2jOUI4tUKaF3ZWwIdWUoY2oaEPwFk9ehuZ51bN8d1GuXedxFOAYTqACHlxCDW6hDg1gIOEZXuHNeXBenHfnY9664uQzR/BHzucPdJyPkg==</latexit><latexit sha1_base64="+RNxRFw/zVoQ1Zclz1rdKmw8Rlc=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ2RdBj0YvHCrZdaJeSTdM2NJtdk1mxLP0TXjwo4tW/481/Y9ruQVtfCDy8M0Nm3jCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMtR9Sw6VQvIECJfcTzWkUSt4KRzfTeuuRayNidY/jhAcRHSjRF4yitfx6N/MnlaezbqnsVt2ZyDJ4OZQhV71b+ur0YpZGXCGT1Ji25yYYZFSjYJJPip3U8ISyER3wtkVFI26CbLbvhJxap0f6sbZPIZm5vycyGhkzjkLbGVEcmsXa1Pyv1k6xfxVkQiUpcsXmH/VTSTAm0+NJT2jOUI4tUKaF3ZWwIdWUoY2oaEPwFk9ehuZ51bN8d1GuXedxFOAYTqACHlxCDW6hDg1gIOEZXuHNeXBenHfnY9664uQzR/BHzucPdJyPkg==</latexit>

X<latexit sha1_base64="O1GCNFOLEfXrH+80JBkvTQl62o4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ3UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AtbuM3A==</latexit><latexit sha1_base64="O1GCNFOLEfXrH+80JBkvTQl62o4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ3UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AtbuM3A==</latexit><latexit sha1_base64="O1GCNFOLEfXrH+80JBkvTQl62o4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ3UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AtbuM3A==</latexit><latexit sha1_base64="O1GCNFOLEfXrH+80JBkvTQl62o4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ3UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AtbuM3A==</latexit>

Prior Distribution

LDP

LIP for 

Y<latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit><latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit><latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit><latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit>x1
<latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit>

x2
<latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit>

PX(x)
<latexit sha1_base64="+RNxRFw/zVoQ1Zclz1rdKmw8Rlc=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ2RdBj0YvHCrZdaJeSTdM2NJtdk1mxLP0TXjwo4tW/481/Y9ruQVtfCDy8M0Nm3jCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMtR9Sw6VQvIECJfcTzWkUSt4KRzfTeuuRayNidY/jhAcRHSjRF4yitfx6N/MnlaezbqnsVt2ZyDJ4OZQhV71b+ur0YpZGXCGT1Ji25yYYZFSjYJJPip3U8ISyER3wtkVFI26CbLbvhJxap0f6sbZPIZm5vycyGhkzjkLbGVEcmsXa1Pyv1k6xfxVkQiUpcsXmH/VTSTAm0+NJT2jOUI4tUKaF3ZWwIdWUoY2oaEPwFk9ehuZ51bN8d1GuXedxFOAYTqACHlxCDW6hDg1gIOEZXuHNeXBenHfnY9664uQzR/BHzucPdJyPkg==</latexit><latexit sha1_base64="+RNxRFw/zVoQ1Zclz1rdKmw8Rlc=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ2RdBj0YvHCrZdaJeSTdM2NJtdk1mxLP0TXjwo4tW/481/Y9ruQVtfCDy8M0Nm3jCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMtR9Sw6VQvIECJfcTzWkUSt4KRzfTeuuRayNidY/jhAcRHSjRF4yitfx6N/MnlaezbqnsVt2ZyDJ4OZQhV71b+ur0YpZGXCGT1Ji25yYYZFSjYJJPip3U8ISyER3wtkVFI26CbLbvhJxap0f6sbZPIZm5vycyGhkzjkLbGVEcmsXa1Pyv1k6xfxVkQiUpcsXmH/VTSTAm0+NJT2jOUI4tUKaF3ZWwIdWUoY2oaEPwFk9ehuZ51bN8d1GuXedxFOAYTqACHlxCDW6hDg1gIOEZXuHNeXBenHfnY9664uQzR/BHzucPdJyPkg==</latexit><latexit sha1_base64="+RNxRFw/zVoQ1Zclz1rdKmw8Rlc=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ2RdBj0YvHCrZdaJeSTdM2NJtdk1mxLP0TXjwo4tW/481/Y9ruQVtfCDy8M0Nm3jCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMtR9Sw6VQvIECJfcTzWkUSt4KRzfTeuuRayNidY/jhAcRHSjRF4yitfx6N/MnlaezbqnsVt2ZyDJ4OZQhV71b+ur0YpZGXCGT1Ji25yYYZFSjYJJPip3U8ISyER3wtkVFI26CbLbvhJxap0f6sbZPIZm5vycyGhkzjkLbGVEcmsXa1Pyv1k6xfxVkQiUpcsXmH/VTSTAm0+NJT2jOUI4tUKaF3ZWwIdWUoY2oaEPwFk9ehuZ51bN8d1GuXedxFOAYTqACHlxCDW6hDg1gIOEZXuHNeXBenHfnY9664uQzR/BHzucPdJyPkg==</latexit><latexit sha1_base64="+RNxRFw/zVoQ1Zclz1rdKmw8Rlc=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ2RdBj0YvHCrZdaJeSTdM2NJtdk1mxLP0TXjwo4tW/481/Y9ruQVtfCDy8M0Nm3jCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMtR9Sw6VQvIECJfcTzWkUSt4KRzfTeuuRayNidY/jhAcRHSjRF4yitfx6N/MnlaezbqnsVt2ZyDJ4OZQhV71b+ur0YpZGXCGT1Ji25yYYZFSjYJJPip3U8ISyER3wtkVFI26CbLbvhJxap0f6sbZPIZm5vycyGhkzjkLbGVEcmsXa1Pyv1k6xfxVkQiUpcsXmH/VTSTAm0+NJT2jOUI4tUKaF3ZWwIdWUoY2oaEPwFk9ehuZ51bN8d1GuXedxFOAYTqACHlxCDW6hDg1gIOEZXuHNeXBenHfnY9664uQzR/BHzucPdJyPkg==</latexit>

X<latexit sha1_base64="O1GCNFOLEfXrH+80JBkvTQl62o4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ3UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AtbuM3A==</latexit><latexit sha1_base64="O1GCNFOLEfXrH+80JBkvTQl62o4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ3UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AtbuM3A==</latexit><latexit sha1_base64="O1GCNFOLEfXrH+80JBkvTQl62o4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ3UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AtbuM3A==</latexit><latexit sha1_base64="O1GCNFOLEfXrH+80JBkvTQl62o4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ3UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AtbuM3A==</latexit>

0.5

0.7
0.3

Y<latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit><latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit><latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit><latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit>

fY |X(y|x)
<latexit sha1_base64="lrMzifoI7iXt53+R4odTuf5mPHk=">AAAB83icbZDLSsNAFIZPvNZ6q7p0M1iEuimJCLosunFZwV6kDWUynbRDJ5MwFzGkfQ03LhRx68u4822ctllo6w8DH/85h3PmDxLOlHbdb2dldW19Y7OwVdze2d3bLx0cNlVsJKENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRjfTeuuRSsVica/ThPoRHggWMoK1tbphL3sYtyeVdPx01iuV3ao7E1oGL4cy5Kr3Sl/dfkxMRIUmHCvV8dxE+xmWmhFOJ8WuUTTBZIQHtGNR4IgqP5vdPEGn1umjMJb2CY1m7u+JDEdKpVFgOyOsh2qxNjX/q3WMDq/8jInEaCrIfFFoONIxmgaA+kxSonlqARPJ7K2IDLHERNuYijYEb/HLy9A8r3qW7y7Ktes8jgIcwwlUwINLqMEt1KEBBBJ4hld4c4zz4rw7H/PWFSefOYI/cj5/APBAkZo=</latexit><latexit sha1_base64="lrMzifoI7iXt53+R4odTuf5mPHk=">AAAB83icbZDLSsNAFIZPvNZ6q7p0M1iEuimJCLosunFZwV6kDWUynbRDJ5MwFzGkfQ03LhRx68u4822ctllo6w8DH/85h3PmDxLOlHbdb2dldW19Y7OwVdze2d3bLx0cNlVsJKENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRjfTeuuRSsVica/ThPoRHggWMoK1tbphL3sYtyeVdPx01iuV3ao7E1oGL4cy5Kr3Sl/dfkxMRIUmHCvV8dxE+xmWmhFOJ8WuUTTBZIQHtGNR4IgqP5vdPEGn1umjMJb2CY1m7u+JDEdKpVFgOyOsh2qxNjX/q3WMDq/8jInEaCrIfFFoONIxmgaA+kxSonlqARPJ7K2IDLHERNuYijYEb/HLy9A8r3qW7y7Ktes8jgIcwwlUwINLqMEt1KEBBBJ4hld4c4zz4rw7H/PWFSefOYI/cj5/APBAkZo=</latexit><latexit sha1_base64="lrMzifoI7iXt53+R4odTuf5mPHk=">AAAB83icbZDLSsNAFIZPvNZ6q7p0M1iEuimJCLosunFZwV6kDWUynbRDJ5MwFzGkfQ03LhRx68u4822ctllo6w8DH/85h3PmDxLOlHbdb2dldW19Y7OwVdze2d3bLx0cNlVsJKENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRjfTeuuRSsVica/ThPoRHggWMoK1tbphL3sYtyeVdPx01iuV3ao7E1oGL4cy5Kr3Sl/dfkxMRIUmHCvV8dxE+xmWmhFOJ8WuUTTBZIQHtGNR4IgqP5vdPEGn1umjMJb2CY1m7u+JDEdKpVFgOyOsh2qxNjX/q3WMDq/8jInEaCrIfFFoONIxmgaA+kxSonlqARPJ7K2IDLHERNuYijYEb/HLy9A8r3qW7y7Ktes8jgIcwwlUwINLqMEt1KEBBBJ4hld4c4zz4rw7H/PWFSefOYI/cj5/APBAkZo=</latexit><latexit sha1_base64="lrMzifoI7iXt53+R4odTuf5mPHk=">AAAB83icbZDLSsNAFIZPvNZ6q7p0M1iEuimJCLosunFZwV6kDWUynbRDJ5MwFzGkfQ03LhRx68u4822ctllo6w8DH/85h3PmDxLOlHbdb2dldW19Y7OwVdze2d3bLx0cNlVsJKENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRjfTeuuRSsVica/ThPoRHggWMoK1tbphL3sYtyeVdPx01iuV3ao7E1oGL4cy5Kr3Sl/dfkxMRIUmHCvV8dxE+xmWmhFOJ8WuUTTBZIQHtGNR4IgqP5vdPEGn1umjMJb2CY1m7u+JDEdKpVFgOyOsh2qxNjX/q3WMDq/8jInEaCrIfFFoONIxmgaA+kxSonlqARPJ7K2IDLHERNuYijYEb/HLy9A8r3qW7y7Ktes8jgIcwwlUwINLqMEt1KEBBBJ4hld4c4zz4rw7H/PWFSefOYI/cj5/APBAkZo=</latexit>

x1
<latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit>

x2
<latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit>

LIP for 

Y<latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit><latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit><latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit><latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit>

bLDP
<latexit sha1_base64="ogaB4Bk7WqUqt29FSzSoNpBnX1g=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9BjUgwcPEcwDkjXMTmaTIbMPZnrVsOx/ePGgiFf/xZt/4yTZgyYWNBRV3XR3ebEUGm3721pYXFpeWS2sFdc3Nre2Szu7DR0livE6i2SkWh7VXIqQ11Gg5K1YcRp4kje94eXYbz5wpUUU3uEo5m5A+6HwBaNopHuvm3aQP2F6c1XLsm6pbFfsCcg8cXJShhy1bumr04tYEvAQmaRatx07RjelCgWTPCt2Es1jyoa0z9uGhjTg2k0nV2fk0Cg94kfKVIhkov6eSGmg9SjwTGdAcaBnvbH4n9dO0D93UxHGCfKQTRf5iSQYkXEEpCcUZyhHhlCmhLmVsAFVlKEJqmhCcGZfnieN44pzUnFuT8vVizyOAuzDARyBA2dQhWuoQR0YKHiGV3izHq0X6936mLYuWPnMHvyB9fkD2O6Suw==</latexit>

bP1

LIP<latexit sha1_base64="IfQUATMbATCsMr5mbpiQZwCMwus=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0GwCrsqaBm0UbCIYB6QrMvsZJIMmX0wc1cMw7Y2/oqNhSK2/oGdf+NskkITD1w4nHMv994TJIIrcJxvq7CwuLS8Ulwtra1vbG7Z2zsNFaeSsjqNRSxbAVFM8IjVgYNgrUQyEgaCNYPhRe4375lUPI5uYZQwLyT9iPc4JWAk38aBrzvAHkBfX9Wy7E53QgIDSoSuZb52s8y3y07FGQPPE3dKymiKmm9/dboxTUMWARVEqbbrJOBpIoFTwbJSJ1UsIXRI+qxtaERCpjw9/iTDB0bp4l4sTUWAx+rvCU1CpUZhYDrzO9Wsl4v/ee0Uemee5lGSAovoZFEvFRhinMeCu1wyCmJkCKGSm1sxHRBJKJjwSiYEd/bledI4qrjHFffmpFw9n8ZRRHtoHx0iF52iKrpENVRHFD2iZ/SK3qwn68V6tz4mrQVrOrOL/sD6/AHC0JsB</latexit>

bP2

LIP<latexit sha1_base64="VNEiaF8pqA080Utr4aTX5f0QHX4=">AAACCXicbVC7SgNBFJ31GeMramkzGASrsBsFLYM2ChYrmAck6zI7mSRDZh/M3BXDsK2Nv2JjoYitf2Dn3zhJttDEAxcO59zLvfcEieAKbPvbWlhcWl5ZLawV1zc2t7ZLO7sNFaeSsjqNRSxbAVFM8IjVgYNgrUQyEgaCNYPhxdhv3jOpeBzdwihhXkj6Ee9xSsBIfgkHvu4AewB9feVm2Z3uhAQGlAjtZr6uZplfKtsVewI8T5yclFEO1y99dboxTUMWARVEqbZjJ+BpIoFTwbJiJ1UsIXRI+qxtaERCpjw9+STDh0bp4l4sTUWAJ+rvCU1CpUZhYDrHd6pZbyz+57VT6J15mkdJCiyi00W9VGCI8TgW3OWSURAjQwiV3NyK6YBIQsGEVzQhOLMvz5NGteIcV5ybk3LtPI+jgPbRATpCDjpFNXSJXFRHFD2iZ/SK3qwn68V6tz6mrQtWPrOH/sD6/AHEVpsC</latexit>

Prior Distribution

P1
<latexit sha1_base64="JIgk5hcTbj5ngWsSuscWLTEsHPM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQZdFNy4r2Ae0IUymk3boZBJmJkIN+RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMacf5tipr6xubW9Xt2s7u3n7dPjjsqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3hZ+75FKxWLxoGcJ9SI8FixkBGsj+XZ9GGE9IZhn7dzP3Ny3G07TmQOtErckDSjR9u2v4SgmaUSFJhwrNXCdRHsZlpoRTvPaMFU0wWSKx3RgqMARVV42D56jU6OMUBhL84RGc/X3RoYjpWZRYCaLmGrZK8T/vEGqw2svYyJJNRVkcShMOdIxKlpAIyYp0XxmCCaSmayITLDERJuuaqYEd/nLq6R73nQvmu79ZaN1U9ZRhWM4gTNw4QpacAdt6ACBFJ7hFd6sJ+vFerc+FqMVq9w5gj+wPn8A+j+TSg==</latexit>

P2
<latexit sha1_base64="gQNjd0JmbpEHvSqwSZKiBQnmA+Y=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRV0GXRjcsK9gFtCJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DMnSDhT2nG+rbX1jc2t7cpOdXdv/6BmHx51VZxKQjsk5rHsB1hRzgTtaKY57SeS4ijgtBdMbwu/90ilYrF40LOEehEeCxYygrWRfLs2jLCeEMyzdu5nzdy3607DmQOtErckdSjR9u2v4SgmaUSFJhwrNXCdRHsZlpoRTvPqMFU0wWSKx3RgqMARVV42D56jM6OMUBhL84RGc/X3RoYjpWZRYCaLmGrZK8T/vEGqw2svYyJJNRVkcShMOdIxKlpAIyYp0XxmCCaSmayITLDERJuuqqYEd/nLq6TbbLgXDff+st66KeuowAmcwjm4cAUtuIM2dIBACs/wCm/Wk/VivVsfi9E1q9w5hj+wPn8A+8STSw==</latexit>

bLDP � bP2

LIP � bP1

LIP<latexit sha1_base64="0yLOnTUEUd95mrXI8eXrhoaKWzI=">AAACQ3icjVC7SgNBFJ31bXxFLW0Gg2AVdlXQMqiFgkUEo2I2LrOTmzhk9uHMXTEM+282/oCdP2BjoYit4CQGfBYeGDiccy73zglTKTS67r0zNDwyOjY+MVmYmp6ZnSvOLxzrJFMcajyRiToNmQYpYqihQAmnqQIWhRJOws5Ozz+5AqVFEh9hN4VGxNqxaAnO0EpB8SwMjI9wjeZgt5rn1G/DJf3U9q12bvyI4QVn0lTzwKz9K+XleVAsuWW3D/qbeANSIgNUg+Kd30x4FkGMXDKt656bYsMwhYJLyAt+piFlvMPaULc0ZhHohul3kNMVqzRpK1H2xUj76tcJwyKtu1Fok7079U+vJ/7l1TNsbTWMiNMMIeYfi1qZpJjQXqG0KRRwlF1LGFfC3kr5BVOMo629YEvwfn75NzleK3vrZe9wo1TZHtQxQZbIMlklHtkkFbJHqqRGOLkhD+SJPDu3zqPz4rx+RIecwcwi+Qbn7R2nrbO9</latexit>

P1
<latexit sha1_base64="JIgk5hcTbj5ngWsSuscWLTEsHPM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQZdFNy4r2Ae0IUymk3boZBJmJkIN+RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMacf5tipr6xubW9Xt2s7u3n7dPjjsqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3hZ+75FKxWLxoGcJ9SI8FixkBGsj+XZ9GGE9IZhn7dzP3Ny3G07TmQOtErckDSjR9u2v4SgmaUSFJhwrNXCdRHsZlpoRTvPaMFU0wWSKx3RgqMARVV42D56jU6OMUBhL84RGc/X3RoYjpWZRYCaLmGrZK8T/vEGqw2svYyJJNRVkcShMOdIxKlpAIyYp0XxmCCaSmayITLDERJuuaqYEd/nLq6R73nQvmu79ZaN1U9ZRhWM4gTNw4QpacAdt6ACBFJ7hFd6sJ+vFerc+FqMVq9w5gj+wPn8A+j+TSg==</latexit>

P2
<latexit sha1_base64="gQNjd0JmbpEHvSqwSZKiBQnmA+Y=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRV0GXRjcsK9gFtCJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DMnSDhT2nG+rbX1jc2t7cpOdXdv/6BmHx51VZxKQjsk5rHsB1hRzgTtaKY57SeS4ijgtBdMbwu/90ilYrF40LOEehEeCxYygrWRfLs2jLCeEMyzdu5nzdy3607DmQOtErckdSjR9u2v4SgmaUSFJhwrNXCdRHsZlpoRTvPqMFU0wWSKx3RgqMARVV42D56jM6OMUBhL84RGc/X3RoYjpWZRYCaLmGrZK8T/vEGqw2svYyJJNRVkcShMOdIxKlpAIyYp0XxmCCaSmayITLDERJuuqqYEd/nLq6TbbLgXDff+st66KeuowAmcwjm4cAUtuIM2dIBACs/wCm/Wk/VivVsfi9E1q9w5hj+wPn8A+8STSw==</latexit>l

<latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit><latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit><latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit><latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit>

u<latexit sha1_base64="0ivuOvsA1zGj29z/88YG+b8aLnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWY6KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/hr4z5</latexit><latexit sha1_base64="0ivuOvsA1zGj29z/88YG+b8aLnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWY6KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/hr4z5</latexit><latexit sha1_base64="0ivuOvsA1zGj29z/88YG+b8aLnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWY6KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/hr4z5</latexit><latexit sha1_base64="0ivuOvsA1zGj29z/88YG+b8aLnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWY6KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/hr4z5</latexit>

l
<latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit><latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit><latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit><latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit>
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Fig. 1: Comparison between context-free mechanism and context-aware mechanism under the same privacy level ε.

LDP guarantees that each user’s perturbed data has a similar
output probability for any two input instances, x, x′ ∈ D.
B. Context-aware privacy notions

Definition 2: (ε-Mutual Information Privacy (MIP) [6]). A
randomized mechanism M : X → Y which takes an input X
and outputs Y satisfies ε-MIP for some ε ∈ R+, if the mutual
information between X and Y , i.e., I(X;Y ) satisfies

I(X;Y ) ≤ ε. (2)

Definition 3: (ε-Local Information Privacy (LIP) [7]). A
randomized mechanism M : X → Y which takes an input
X and outputs Y satisfies ε-LIP for some ε ∈ R+, if for any
x ∈ D and for all sets Sout ⊆ Range(M), we have

e−ε ≤ Pr(X = x, Y ∈ Sout)

PX(x)Pr(Y ∈ Sout)
≤ eε, (3)

where PX(x) denotes the prior of input data X taking value
x. Using Bayes’ rule, the above definition can be re-written
as

e−ε ≤ Pr(X = x|Y ∈ Sout)

PX(x)
≤ eε. (4)

Remark 1: From the above, it is clear that LIP essentially
guarantees that the ratio of posterior (upon observing Y ) to
prior is bounded. Hence, having the knowledge of a user’s
prior, an adversary can not infer too much additional informa-
tion about any input X by observing any output Y .

Remark 2: Since MI is the expected value of the ratio of
posterior and prior distributions, thus, it is immediate that LIP
is a stronger privacy notion than MIP. In essence, MIP provides
an average privacy guarantee while LIP provides a privacy
guarantee for every pair of input and output realizations.

Remark 3: With regards to the relationship between LDP
and LIP, it was shown in [7] that ε-LIP implies 2ε-LDP while
ε-LDP implies ε-LIP. To conclude, LIP is stronger than MIP
but weaker than LDP and thus a stronger candidate for context-
aware privacy guarantees.
Next, we define the approximate LIP as follows.

Definition 4: ((ε, δ)-Local Information Privacy (LIP)). A
randomized mechanism M : X → Y which takes an input

X and outputs Y satisfies (ε, δ)-LIP for some ε ∈ R+, if for
any x ∈ D and for all sets Sout ⊆ Range(M), we have

Pr(Y ∈ Sout, X = x) ≤ eεPr(Y ∈ Sout)PX(x) + δ, (5)
Pr(Y ∈ Sout)PX(x) ≤ eεPr(Y ∈ Sout, X = x) + δ. (6)

In the following Proposition, we show the relationship
between approximate LDP and approximate LIP.

Proposition 1: If a mechanismM satisfies (ε, δ)-LDP, then
it also satisfies (ε, δ)-LIP. Conversely, ifM satisfies (ε, δ)-LIP,
then it satisfies

(
2ε, (eε+1)δ

Pmin

)
-LDP, where Pmin > 0.

Proof: We start proving the first part. If a mechanism M
satisfies (ε, δ)-LDP, then we have

Pr(Y ∈ Sout|X = x′) ≤ eεPr(Y ∈ Sout|X = x) + δ.

Now we have the following:

Pr(Y ∈ Sout) =
∑
x′

Pr(Y ∈ Sout|X = x′)PX(x′)

≤
∑
x′

(eεPr(Y ∈ Sout|X = x) + δ)PX(x′)

= eεPr(Y ∈ Sout|X = x) + δ,

which yields,

Pr(Y ∈ Sout)PX(x) ≤ eεPr(Y ∈ Sout, X = x) + PX(x)δ

≤ eεPr(Y ∈ Sout, X = x) + δ.

By switching the inputs, we can readily prove that

Pr(Y ∈ Sout, X = x) ≤ eεPr(Y ∈ Sout)PX(x) + δ,

which implies that the mechanismM also satisfies (ε, δ)-LIP.
Now we prove the second part. If M satisfies (ε, δ)-LIP,

then from Definition 4, we have

Pr(Y ∈ Sout) ≤ eεPr(Y ∈ Sout|X = x′) + δ/PX(x′)

≤ eεPr(Y ∈ Sout|X = x′) + δ/Pmin. (7)

Furthermore, from Definition 4, we also have

Pr(Y ∈ Sout|X = x) ≤ eεPr(Y ∈ Sout) + δ/Pmin.

Hence, from the above equation, we have



Pr(Y ∈ Sout) ≥ e−εPr(Y ∈ Sout|X = x)− e−εδ/Pmin. (8)

Plugging (8) in (7), we obtain the following,

Pr(Y ∈ Sout|X = x) ≤ e2εPr(Y ∈ Sout|X = x′) +
(eε + 1)δ

Pmin
,

which completes the proof of Proposition 1. �
Remark 4: This result can be viewed as the generalization of

the results in [6], [7], which show that ε-LIP implies 2ε-LDP.
In contrast to the pure case (δ = 0), the above proposition
shows that the relationship between approximate LIP and
approximate LDP depends on the underlying prior of the data.

III. PRELIMINARIES ON LAPLACIAN MECHANISM

Consider the setting when a single user has to release
the local data X to an untrusted data curator. To achieve
privacy, we perturb the data X by adding independent random
noise N drawn from Laplacian distribution. The noise-adding
mechanism will output

Y = X +N, (9)

where N ∼ Lap(0, b) is a random variable with probability
density function

fN (n) =
1

2b
e−
|n|
b , (10)

where b is the noise parameter that describes the Laplacian
distribution. Note that b controls the width of the distribution,
and the variance is 2b2. It has been shown in [1] that if we
pick the noise parameter b as

bLDP =
∆X

ε
(11)

satsifies ε-LDP, where ∆X is the query sensitivity. Formally,
the local sensitivity, ∆X is defined as follows.

Definition 5: (Local Sensitivity). Let an input X ∈
[xmin, xmax]. Then, for a real-valued query f(X) = X (i.e.,
identity query), the sensitivity of X is defined as

∆X , max
xi,xj

|Xi −Xj | (12)

= xmax − xmin. (13)

As the support of the Laplacian mechanism is infinite, the
output of the Laplacian mechanism can have undesired values
(e.g., the value of the output falls outside a certain specified
range). To circumvent this issue, for the scope of this work,
we focus on the bounded Laplacian mechanism [11].

Definition 6: (Bounded Laplacian Mechanism [11]). Given
b > 0 and a domain interval [l, u] ⊂ R, l ≤ u. The bounded
Laplacian mechanism MB : X → Y , ∀y ∈ [l, u] is given by
the following conditional density function:

fY |X(y|x) =

{
0, if y /∈ [l, u],

1
Cx(b)

1
2be
− |y−x|b , if y ∈ [l, u],

(14)

where Cx(b) =
∫ u
l

1
2be

−|y−x|
b dy is a normalization constant

which depends on X .

Remark 5: We set ∆X = u−l, however, in the most general
case [l, u] is a powerset of [xmin, xmax] .

Next, we present two Lemmas concerning Cx(b) presented
in [11], where these Lemmas will be useful in the design of
the noise parameter b.

Lemma 1: The normalization constant Cx(b) is written as
follows:

Cx(b) = 1− 1

2

(
e−

x−l
b + e−

u−x
b

)
. (15)

It can be readily shown that the result of the integration yields
(15). It is worth noting that for a fixed b, the minimum value
of Cx is attained when x = l or x = u.

Lemma 2: Let Cx(b) be given by Definition 6. Then for a
fixed b and ∆X = u− l, we have

max
x,x′

Cx(b)

Cx′(b)
e
|x′−x|
b = max

x′,z

Cx′+z(b)

Cx′(b)
e
z
b = e

∆X
b . (16)

Outline of the proof: By the symmetry of Cx(b) around x =
l+u

2 , we can assume that x ≥ x′. Also, as shown in [11],
∂
∂z

(
Cx′+z
Cx′

e
z
b

)
≥ 0 whenever x′+z ≤ u. Therefore, the value

of z that maximize the ratio is ∆X . Also, ∂
∂x′

(
Cx′+z
Cx′

e
z
b

)
≤ 0

and the minimum value of x′ is l.
Remark 6: For the context-free bounded Laplacian mecha-

nism, it has been shown in [11] that when ∆X = u − l, the
noise obtained in (11) satisfies ε-LDP. In the next Section, we
present our main results.

We note that the definition of LDP is independent of the
priors, in which we can not adjust the perturbation parameters
based on the priors. In the next Section, we show the advantage
of devising mechanisms that are dependent on the priors which
satisfy LIP. Fig. 1 gives an illustration of the differences
between context-free and context-aware mechanisms.

IV. MAIN RESULTS AND DISCUSSIONS

In this Section, we present our main result on context-aware
Laplacian mechanism which satisfies (ε, 0)-LIP. In particular,
we show how to design the noise parameter b as a function
of the prior knowledge about the user’s input data X1 in the
following Theorem. Before presenting the result, we highlight
that for the context-aware Laplacian mechanism design, there
are two methodologies to design the noise parameter b: 1)
first case, which we term as instance independent, where we
design b as a function of the prior distribution, however, each
instance is perturbed by the same amount of noise. 2) second
case being instance dependent, where we design the functional
b(x) as a function of the prior of every input instance x such
that we add less noise for the high probability instances, and
vice versa (see Fig. 2). For the scope of this paper, we focus
on the first case, and the second setting of instant dependent
mechanism design is left for future work.

1Note that the adversary may have inaccurate prior knowledge about user’s
data inputs. This scenario is left as a future work.
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u
<latexit sha1_base64="0ivuOvsA1zGj29z/88YG+b8aLnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWY6KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/hr4z5</latexit><latexit sha1_base64="0ivuOvsA1zGj29z/88YG+b8aLnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWY6KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/hr4z5</latexit><latexit sha1_base64="0ivuOvsA1zGj29z/88YG+b8aLnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWY6KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/hr4z5</latexit><latexit sha1_base64="0ivuOvsA1zGj29z/88YG+b8aLnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWY6KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/hr4z5</latexit>

x1
<latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit>

x2
<latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit>

fY |X(y|x)
<latexit sha1_base64="lrMzifoI7iXt53+R4odTuf5mPHk=">AAAB83icbZDLSsNAFIZPvNZ6q7p0M1iEuimJCLosunFZwV6kDWUynbRDJ5MwFzGkfQ03LhRx68u4822ctllo6w8DH/85h3PmDxLOlHbdb2dldW19Y7OwVdze2d3bLx0cNlVsJKENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRjfTeuuRSsVica/ThPoRHggWMoK1tbphL3sYtyeVdPx01iuV3ao7E1oGL4cy5Kr3Sl/dfkxMRIUmHCvV8dxE+xmWmhFOJ8WuUTTBZIQHtGNR4IgqP5vdPEGn1umjMJb2CY1m7u+JDEdKpVFgOyOsh2qxNjX/q3WMDq/8jInEaCrIfFFoONIxmgaA+kxSonlqARPJ7K2IDLHERNuYijYEb/HLy9A8r3qW7y7Ktes8jgIcwwlUwINLqMEt1KEBBBJ4hld4c4zz4rw7H/PWFSefOYI/cj5/APBAkZo=</latexit><latexit sha1_base64="lrMzifoI7iXt53+R4odTuf5mPHk=">AAAB83icbZDLSsNAFIZPvNZ6q7p0M1iEuimJCLosunFZwV6kDWUynbRDJ5MwFzGkfQ03LhRx68u4822ctllo6w8DH/85h3PmDxLOlHbdb2dldW19Y7OwVdze2d3bLx0cNlVsJKENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRjfTeuuRSsVica/ThPoRHggWMoK1tbphL3sYtyeVdPx01iuV3ao7E1oGL4cy5Kr3Sl/dfkxMRIUmHCvV8dxE+xmWmhFOJ8WuUTTBZIQHtGNR4IgqP5vdPEGn1umjMJb2CY1m7u+JDEdKpVFgOyOsh2qxNjX/q3WMDq/8jInEaCrIfFFoONIxmgaA+kxSonlqARPJ7K2IDLHERNuYijYEb/HLy9A8r3qW7y7Ktes8jgIcwwlUwINLqMEt1KEBBBJ4hld4c4zz4rw7H/PWFSefOYI/cj5/APBAkZo=</latexit><latexit sha1_base64="lrMzifoI7iXt53+R4odTuf5mPHk=">AAAB83icbZDLSsNAFIZPvNZ6q7p0M1iEuimJCLosunFZwV6kDWUynbRDJ5MwFzGkfQ03LhRx68u4822ctllo6w8DH/85h3PmDxLOlHbdb2dldW19Y7OwVdze2d3bLx0cNlVsJKENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRjfTeuuRSsVica/ThPoRHggWMoK1tbphL3sYtyeVdPx01iuV3ao7E1oGL4cy5Kr3Sl/dfkxMRIUmHCvV8dxE+xmWmhFOJ8WuUTTBZIQHtGNR4IgqP5vdPEGn1umjMJb2CY1m7u+JDEdKpVFgOyOsh2qxNjX/q3WMDq/8jInEaCrIfFFoONIxmgaA+kxSonlqARPJ7K2IDLHERNuYijYEb/HLy9A8r3qW7y7Ktes8jgIcwwlUwINLqMEt1KEBBBJ4hld4c4zz4rw7H/PWFSefOYI/cj5/APBAkZo=</latexit><latexit sha1_base64="lrMzifoI7iXt53+R4odTuf5mPHk=">AAAB83icbZDLSsNAFIZPvNZ6q7p0M1iEuimJCLosunFZwV6kDWUynbRDJ5MwFzGkfQ03LhRx68u4822ctllo6w8DH/85h3PmDxLOlHbdb2dldW19Y7OwVdze2d3bLx0cNlVsJKENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRjfTeuuRSsVica/ThPoRHggWMoK1tbphL3sYtyeVdPx01iuV3ao7E1oGL4cy5Kr3Sl/dfkxMRIUmHCvV8dxE+xmWmhFOJ8WuUTTBZIQHtGNR4IgqP5vdPEGn1umjMJb2CY1m7u+JDEdKpVFgOyOsh2qxNjX/q3WMDq/8jInEaCrIfFFoONIxmgaA+kxSonlqARPJ7K2IDLHERNuYijYEb/HLy9A8r3qW7y7Ktes8jgIcwwlUwINLqMEt1KEBBBJ4hld4c4zz4rw7H/PWFSefOYI/cj5/APBAkZo=</latexit>

l
<latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit><latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit><latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit><latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit>

Y<latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit><latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit><latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit><latexit sha1_base64="45RxAjus7J8fHMzWOdPWZptgqnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfshbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXks780kQT+iQ8lDzqixVuOhX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Atz+M3Q==</latexit>
u

<latexit sha1_base64="0ivuOvsA1zGj29z/88YG+b8aLnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWY6KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/hr4z5</latexit><latexit sha1_base64="0ivuOvsA1zGj29z/88YG+b8aLnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWY6KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/hr4z5</latexit><latexit sha1_base64="0ivuOvsA1zGj29z/88YG+b8aLnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWY6KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/hr4z5</latexit><latexit sha1_base64="0ivuOvsA1zGj29z/88YG+b8aLnI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWY6KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/hr4z5</latexit>

fY |X(y|x)
<latexit sha1_base64="lrMzifoI7iXt53+R4odTuf5mPHk=">AAAB83icbZDLSsNAFIZPvNZ6q7p0M1iEuimJCLosunFZwV6kDWUynbRDJ5MwFzGkfQ03LhRx68u4822ctllo6w8DH/85h3PmDxLOlHbdb2dldW19Y7OwVdze2d3bLx0cNlVsJKENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRjfTeuuRSsVica/ThPoRHggWMoK1tbphL3sYtyeVdPx01iuV3ao7E1oGL4cy5Kr3Sl/dfkxMRIUmHCvV8dxE+xmWmhFOJ8WuUTTBZIQHtGNR4IgqP5vdPEGn1umjMJb2CY1m7u+JDEdKpVFgOyOsh2qxNjX/q3WMDq/8jInEaCrIfFFoONIxmgaA+kxSonlqARPJ7K2IDLHERNuYijYEb/HLy9A8r3qW7y7Ktes8jgIcwwlUwINLqMEt1KEBBBJ4hld4c4zz4rw7H/PWFSefOYI/cj5/APBAkZo=</latexit><latexit sha1_base64="lrMzifoI7iXt53+R4odTuf5mPHk=">AAAB83icbZDLSsNAFIZPvNZ6q7p0M1iEuimJCLosunFZwV6kDWUynbRDJ5MwFzGkfQ03LhRx68u4822ctllo6w8DH/85h3PmDxLOlHbdb2dldW19Y7OwVdze2d3bLx0cNlVsJKENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRjfTeuuRSsVica/ThPoRHggWMoK1tbphL3sYtyeVdPx01iuV3ao7E1oGL4cy5Kr3Sl/dfkxMRIUmHCvV8dxE+xmWmhFOJ8WuUTTBZIQHtGNR4IgqP5vdPEGn1umjMJb2CY1m7u+JDEdKpVFgOyOsh2qxNjX/q3WMDq/8jInEaCrIfFFoONIxmgaA+kxSonlqARPJ7K2IDLHERNuYijYEb/HLy9A8r3qW7y7Ktes8jgIcwwlUwINLqMEt1KEBBBJ4hld4c4zz4rw7H/PWFSefOYI/cj5/APBAkZo=</latexit><latexit sha1_base64="lrMzifoI7iXt53+R4odTuf5mPHk=">AAAB83icbZDLSsNAFIZPvNZ6q7p0M1iEuimJCLosunFZwV6kDWUynbRDJ5MwFzGkfQ03LhRx68u4822ctllo6w8DH/85h3PmDxLOlHbdb2dldW19Y7OwVdze2d3bLx0cNlVsJKENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRjfTeuuRSsVica/ThPoRHggWMoK1tbphL3sYtyeVdPx01iuV3ao7E1oGL4cy5Kr3Sl/dfkxMRIUmHCvV8dxE+xmWmhFOJ8WuUTTBZIQHtGNR4IgqP5vdPEGn1umjMJb2CY1m7u+JDEdKpVFgOyOsh2qxNjX/q3WMDq/8jInEaCrIfFFoONIxmgaA+kxSonlqARPJ7K2IDLHERNuYijYEb/HLy9A8r3qW7y7Ktes8jgIcwwlUwINLqMEt1KEBBBJ4hld4c4zz4rw7H/PWFSefOYI/cj5/APBAkZo=</latexit><latexit sha1_base64="lrMzifoI7iXt53+R4odTuf5mPHk=">AAAB83icbZDLSsNAFIZPvNZ6q7p0M1iEuimJCLosunFZwV6kDWUynbRDJ5MwFzGkfQ03LhRx68u4822ctllo6w8DH/85h3PmDxLOlHbdb2dldW19Y7OwVdze2d3bLx0cNlVsJKENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRjfTeuuRSsVica/ThPoRHggWMoK1tbphL3sYtyeVdPx01iuV3ao7E1oGL4cy5Kr3Sl/dfkxMRIUmHCvV8dxE+xmWmhFOJ8WuUTTBZIQHtGNR4IgqP5vdPEGn1umjMJb2CY1m7u+JDEdKpVFgOyOsh2qxNjX/q3WMDq/8jInEaCrIfFFoONIxmgaA+kxSonlqARPJ7K2IDLHERNuYijYEb/HLy9A8r3qW7y7Ktes8jgIcwwlUwINLqMEt1KEBBBJ4hld4c4zz4rw7H/PWFSefOYI/cj5/APBAkZo=</latexit>

x1
<latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit><latexit sha1_base64="/DpTjckb7sWNaeVP2iccVYSCN1c=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLf+pn3vTfrXm1t25yCp4BdSgULNf/eoNEpbFXCGT1Jiu56YY5FSjYJJPK73M8JSyMR3yrkVFY26CfL7slJxZZ0CiRNunkMzd3xM5jY2ZxKHtjCmOzHJtZv5X62YYXQe5UGmGXLHFR1EmCSZkdjkZCM0ZyokFyrSwuxI2opoytPlUbAje8smr0Lqoe5bvL2uNmyKOMpzAKZyDB1fQgDtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Y+czx/QSI6s</latexit>

x2
<latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit><latexit sha1_base64="l3k9OXCaPMgqMfRuiYIwtaCikAY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vp3V24+oNE/kg5mkGMR0KHnEGTXW8p/6eX3ar1TdmjsXWQWvgCoUavYrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWpQ0Rh3k82Wn5Nw6AxIlyj5pyNz9PZHTWOtJHNrOmJqRXq7NzP9q3cxE10HOZZoZlGzxUZQJYhIyu5wMuEJmxMQCZYrbXQkbUUWZsfmUbQje8smr0KrXPMv3l9XGTRFHCU7hDC7AgytowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4I+czx/RzY6t</latexit>
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Fig. 2: Instance independent vs. Instance dependent context aware
mechanisms.

Theorem 1: Let MB be the bounded Laplacian mechanism
given in Definition 6 and let ε ≥ 0 and δ = 0. Then,
{MB(x)|y ∈ [l, u]} satisfies ε-LIP if

bLIP =


∆X

log
(
eε−Pmin
1−Pmin

) , ε < log( 1
Pmin

)

∆X
ε , otherwise,

(17)

where Pmin is the minimum probability value of the distribu-
tion PX(x).

The proof of Theorem 1 is presented in the Appendix. From
Theorem 1, we make the following observations: the noise pa-
rameter bLIP is picked as a function of Pmin = minx PX(x),
the minimum probability over the data prior. Furthermore, for
ε < log( 1

Pmin
), we observe that context-aware mechanism

satisfying LIP adds less noise compared to context-unaware
Laplacian mechanism satisfying LDP. Finally, we note that
both mechanisms become equivalent in the limit Pmin → 0.

Remark 7: (Comparison of Utility). We numerically com-
pare the performance of context-free and context-aware Lapla-
cian mechanisms for different probability distributions. To
assess the performance i.e., utility, we define the following
cost function2:

MSE , E
[
(Y −X)2

]
(18)

=
∑
x∈D

PX(x)

2bCx(b)

∫ u−x

l−x
n2e−

|n|
b dn. (19)

The expected cost is a function of the prior distribution PX , the
noise distribution fN and the bounds on the released output
l, u. If the output support is unbounded, i.e., l → −∞ and
u → ∞, then MSE = E

[
N2
]

= 2b2. We used MATLAB in
order to compute the expression in (19).

Remark 8: (Numerical Comparison). In Fig. 3, we plot
the utility function of context-free Laplacian mechanism and
the context-aware Laplacian mechanism. We can see that our
mechanism outperforms the conventional Laplacian mecha-
nism, this is due to the relaxed definition of LIP where the
noise parameter b is adjusted to the priors, i.e., as Pmin

increases, we require less noise. If |X | = m, then Pmin ≤ 1
m .

We note that the best utility is attained when Pmin = 1
m , i.e.,

the priors are uniformly distributed.
2The details are skipped due to space limitation.
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Fig. 3: MSE vs. ε for X = {0, 1.5, 3}, where ∆X = 3, |X | = 3
and [l, u] = [0, 3]. We consider two distributions: P1

X = { 5
15
, 5
15
, 5
15
}

and P2
X = { 6

15
, 5
15
, 4
15
}, and P3

X = { 8
15
, 5
15
, 2
15
}.

V. CONCLUSION

In this paper, we considered the problem of mechanism de-
sign under local information privacy constraints. We discussed
the approximate case of local information privacy and showed
its relationship to local differential privacy. We proposed
a context-aware Laplacian mechanism which satisfies local
information privacy. We showed better utility-privacy tradeoff
for the proposed mechanism compared to the context-free
Laplacian mechanism. There are several interesting directions
for future work. First, it would be interesting to devise
instance dependent Laplacian mechanisms which satisfy LIP
constraints. Second, an interesting scenario is where the
knowledge about the underlying prior distribution is limited.
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APPENDIX

In this Section, we present the main steps behind the proof
of the Theorem 1 in Section IV. We derive the minimum
amount of noise needed to ensure ε-LIP for any input data
X ∈ D. We can write the LIP definition as

Pr(Y ∈ Sout)PX(x)

Pr(Y ∈ Sout, X = x)
=

Pr(Y ∈ Sout)

Pr(Y ∈ Sout|X = x)
.

For any arbitrary Sout ⊆ Range(M), and any pair x, x′, we
have the following sequence of inequalities:

Pr(Y ∈ Sout)

Pr(Y ∈ Sout|X = x)
=

∑
x′ Pr(Y ∈ Sout|X = x′)PX(x′)

Pr(Y ∈ Sout|X = x)

(20)

=

∑
x′ PX(x′)

∫
Sout

1
Cx′

1
2be
− |y−x

′|
b dy∫

Sout

1
Cx

1
2be
− |y−x|b dy

= PX(x) +
∑
x′ 6=x

PX(x′)
Cx
Cx′

∫
Sout

e−
|y−x′|
b dy∫

Sout
e−
|y−x′+x′−x|

b dy

(a)

≤ PX(x) +
∑
x′ 6=x

PX(x′)
Cx
Cx′

∫
Sout

e−
|y−x′|
b dy∫

Sout
e−
|x′−x|
b e−

|y−x′|
b dy

= PX(x) +
∑
x′ 6=x

PX(x′)
Cx
Cx′

e
|x′−x|
b

(b)

≤ PX(x) +
∑
x′ 6=x

PX(x′)e
∆X
b

= PX(x) + e
∆X
b (1− PX(x)),

where (a) follows from triangle inequality and (b) follows
directly from Lemma 2. In order to upper bound the ratio

Pr(Y ∈Sout)
Pr(Y ∈Sout|X=x) by eε, we have

PX(x) + e
∆X
b (1− PX(x)) ≤ eε ⇒ e

∆X
b ≤ eε − PX(x)

1− PX(x)
.

We choose the same noise parameter bLIP for every input data
X . Here, we pick the worst bLIP in order to satisfy ε-LIP
for every X . Therefore, we pick the noise parameter bLIP as
follows:

bLIP ≥ max
PX(x)

∆X

log
(
eε−PX(x)
1−PX(x)

) . (21)

We note that eε−PX(x)
1−PX(x) is an increasing function in PX(x),

i.e.,

∂

∂PX(x)

(
eε − PX(x)

1− PX(x)

)
=

eε − 1

(1− PX(x))2
≥ 0.

Therefore, we pick PX(x) that minimize the denominator
of (21). Hence, from the above argument, we arrive at the
following choice of the noise parameter bLIP:

bLIP =
∆X

log
(
eε−Pmin

1−Pmin

) . (22)

Now, we derive another lower bound for the amount of noise
needed to satisfy ε-LIP. Starting from (20), we have the
following sequence of inequalities:

Pr(Y ∈ Sout)

Pr(Y ∈ Sout|X = x)
=

∑
x′ PX(x′)

∫
Sout

1
Cx′

1
2be
− |y−x

′|
b dy∫

Sout

1
Cx

1
2be
− |y−x|b dy

= PX(x) +
∑
x′ 6=x

PX(x′)
Cx
Cx′

∫
Sout

e−
|y−x+x−x′|

b dy∫
Sout

e−
|y−x|
b dy

(a)

≥ PX(x) +
∑
x′ 6=x

PX(x′)
Cx
Cx′

e
−|x−x′|

b

(b)

≥ PX(x) +
∑
x′ 6=x

PX(x′)e
−∆X
b (23)

= PX(x) + e
−∆X
b (1− PX(x)),

where (a) follows from triangle inequality and (b) follows
directly from Lemma 2. In order to lower bound the ratio

Pr(Y ∈Sout)
Pr(Y ∈Sout|X=x) by e−ε, we have

PX(x) + e
−∆X
b (1− PX(x)) ≥ e−ε ⇒ e

−∆X
b ≥ e−ε − PX(x)

1− PX(x)
.

Therefore, we pick the noise parameter bLIP as follows:

bLIP ≥ max
PX(x)

∆X

log
(

1−PX(x)
e−ε−PX(x)

) . (24)

We note that 1−PX(x)
e−ε−PX(x) is an increasing function in PX(x),

i.e.,
∂

∂PX(x)

(
1− PX(x)

e−ε − PX(x)

)
=

1− e−ε
(e−ε − PX(x))2

≥ 0.

Therefore, we pick PX(x) that minimizes the denominator of
(24). This leads to the following choice for the noise parameter
bLIP:

bLIP =
∆X

log
(

1−Pmin

e−ε−Pmin

) . (25)

We pick the parameter bLIP as the maximum of (22) and (25).
Therefore, we get the following:

bLIP =
∆X

min
[
log
(
eε−Pmin

1−Pmin

)
, log

(
1−Pmin

e−ε−Pmin

)] . (26)

Now, we wan check which term in the denominator of (26) is
smaller by computing the following:(
eε − Pmin

1− Pmin

)
−
(

1− Pmin

e−ε − Pmin

)
=

(2− eε − e−ε)Pmin

(1− Pmin)(e−ε − Pmin)
.

(27)

Note that ea + e−a ≥ 2 for all a ∈ R. Therefore, (2 − eε −
e−ε) ≤ 0. To this end, (27) is negative when (e−ε−Pmin) > 0,
i.e., ε < log( 1

Pmin
).

Next, we check the difference between the denominators in
the expressions of (11) and (26). It is easy to see that bLIP ≤
bLDP for ε < log

(
1

Pmin

)
.

This completes the proof of Theorem 1.


