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Abstract
We propose a near-optimal method for highly smooth convex optimization. More precisely, in the
oracle model where one obtains the p”* order Taylor expansion of a function at the query point, we
. =~ 3p+1 .
propose a method with rate of convergence O(1/k ™2 ) after k queries to the oracle for any convex
function whose p*" order derivative is Lipschitz.

Keywords: Convex optimization, unconstrained minimization, tensor methods, oracle complexity,
smoothness

1. Introduction

In this paper we generalize the important phenomenon of acceleration in smooth convex optimiza-
tion Nemirovski and Yudin (1983); Nemirovski (1982); Nesterov (1983) to higher orders of smooth-
ness. We consider a p"-order Taylor expansion oracle, that is given a query point z € R? it returns
a p'* order Taylor expansion of the objective function f at the point x:

Folys) = flz) + ) %vif(x) ly — ]’
=1

We propose a new optimization method based on such oracle, see Algorithm 1, which we term ac-
celerated Taylor descent (ATD). We prove that it attains a nearly optimal rate of convergence under
higher order smoothness (the matching lower bounds were recently proven in Agarwal and Hazan
(2018); Arjevani et al. (2018)), namely after O(k) calls to the oracle it achieves error O(1/ K ).
This improves upon the O(1/kPT!) derived in Y. (2018) (both rates match for p = 1, i.e., the clas-
sical acceleration setting), and it matches the rate given in Monteiro and Svaiter (2013) for p = 2.
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Theorem 1 Let f denote a convex function whose p** derivative is L,,-Lipschitz and let x* denote
a minimizer of f. Then ATD satisfies, with ¢, = 2P~ (p + 1)%/(]9 - 1),
o o« o Ly [P
f(yk)_f(x)g £ ZM : (1)

2

Furthermore each iteration of ATD can be implemented in 9] (1) calls to a pth-order Taylor expan-
sion oracle. More precisely, given a precision € > 0, at each iteration k, using at most

LpHx*”pH
€

30plogy p + logy

calls to the p*-order Taylor expansion oracle we find either a point y such that f(y) — f(z*) < e,
or we find yj.

Our method is largely inspired by Monteiro and Svaiter (2013), which focuses on p = 2, and we
recall their framework in Section 2. We then specialize this framework to higher order smoothness
in Section 3, where we derive and analyze ATD. A subtle point of ATD is that an iteration requires
more than one call to the oracle due to the “line-search” [line 4, Algorithm 1]. We prove that 5(1)
calls suffice to implement an iteration in Section 4.

We note that the independent work Gasnikov et al. (2018), currently only available in Russian,
derive a similar result to (1). From our understanding of their work it seems however that they do not
work out the precise complexity of the binary search step (second part of the statement in Theorem
1, see also Section 4). Finally we note that yet another independent work Jiang et al. (2018) was
posted on the arxiv a couple of days prior to us, with a similar result to Theorem 1. Interestingly it
seems that their argument to control the complexity of the binary search is different (at least on the
surface) from ours.

Remark 2 The definition of aj41 was chosen such that A1 Ag+1 = aiﬂ. To see this, note that
aj41 Is a solution to aiﬂ — Ae110k+1 — Agr1Ax = 0, which is equivalent as Ay 1 = Ay + ag.

2. Monteiro-Svaiter acceleration framework

Recall that Nesterov’s accelerated gradient descent Nesterov (1983, 2004) produces a sequence of
the form:

Yet1 = Tk — M1V (Tk) 5 2
for some step size A\;41 and “momentum” point . In this section we consider a variant proposed
by Monteiro and Svaiter which replaces the gradient step by a form of “implicit gradient step”,
namely:

Y1 = T — N1 VI (Y1) -
The rest of the section is merely a rewriting of Monteiro and Svaiter (2013), with the objective to
motivate and prove the following result:

Theorem 3 Let (yi)r>1 be a sequence of points in R and (Ak)k>1 a sequence in Ry. De-
fine (ap)k>1 such that A\ A, = a% where A;, = Zle a;. Define also for any k > 0, x, =

k . . ~
— > i1 @iV f(y;) (in particular xy = 0) and Ty, := j’;:ll TE + Afi

Y- Finally assume that

k1 = @k = M1 VI (k)| < llyrsr — el - 3
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Algorithm 1 Accelerated Taylor Descent

1: Input: convex function f : R? — R such that V7 f is L,-Lipschitz.
2: Set Ag = 0,209 = 70 =20
3:for k=0tok=K —1 do
4:  Compute a pair A1 > 0 and yi41 € R? such that
1 L,- —2||P
Lo Y1 — T < P
2 (p—1)! p+1
where I
s = avgmin { (555 + 2y~ 7Pt |
y !
and
Ak+1 + \/Aiﬂ +4Ng1 A A
~ k aj
apt1 = s Agr1 = A + agq1,and 7y = Ly
2 A1 Ap1
5: Update Tpa1 = T — ak+1Vf(yk+1)
6: end for
7: return yg
Then one has for any = € R?,
2 )?
f(yk)—f(m)éﬁ. 4)
(Zh V)
Furthermore if one has the following refined guarantee, for some o € [0,1],
[9k+1 = (@k = M Vi ()| < 0 g1 — Tl &)
then one also has i
Ai T s
—Zi|]f < . 6
;)\iﬂyz Ti1|| =1_,2 (6)

To illustrate the power of Theorem 3, observe that for a L;-smooth function (first-order smooth-
ness) one has that Nesterov’s accelerated gradient descent (2) directly satisfies (3) provided that
Ak+1 = L% (i.e., the classical step-size for smooth convex optimization). Using (4) this immedi-
ately shows that (2) has a rate of convergence of O(1/k?)

The key to higher-order acceleration will be to show that in fact one can take Ay to be an
increasing function of Ay, thanks to a careful use of (6). This will be done in Section 3.

We now embark on the road leading to Theorem 3.

2.1. Estimate sequence style analysis

Similarly to the original construction by Nemirovski Nemirovski and Yudin (1983); Nemirovski
(1982) (and taking inspiration from the conjugate gradient method) the starting point is to consider
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a linear combination of past gradients: xj := — Ele a;V f(y;), where both the coefficients (a;)
and the query points (y;) are yet to be defined. In the spirit of Nesterov’s estimate sequence analysis,
a key observation for such linear combination of gradients is that it minimizes an approximate lower
bound on f:

Lemma4 Let i(z) = i||z||? and define by induction i (z) = ¥_1(2) + apfi(x, yx). Then
ar = =S¥ a;Vf(y) is the minimizer of Yy, and ¢p(z) < Apf(z) + Hl|z||> where Ay =
k
D i1 Qi
The next idea is to produce a “control sequence” (z),>1 demonstrating that ¢, is not too far
below Ay, f, which in turn would directly yield a convergence rate for z;, of order 1/A:

Lemma 5 Let (z1) be a sequence such that

Yi(k) — Arf(2k) 2 0. 7

Then one has for any x,
< —. 8
f(zk)_f($)+2Ak (®)

Proof One has (recall Lemma 4):

Acf () < () < Br(2) < Auf(@) + g ]

2.2. A proof by induction

Our goal is now to come up with sequences (ag, Yk, zi) satisfying (7). The following lemma,
resulting from elementary calculations, reveals a simple condition to obtain (7) from an induction
argument:

Lemma 6 One has for any =,

V1 (®) — Aprr f (yra1) — (On(or) — Arf(21)

a A 1
> A1V (Yrgr) - < Ly 4k Zlc_yk+1> + =l — )
Ags1 Ag41 2

Proof First we note that (the first equality follows from the fact that the Hessian of 1, remains the
identity for any k):

1 1
Vr(r) = Yr(or) + §H$ — ap||?, and Yyi1(2) = Py(2p) + §Hx — 2k |® + aks 1 f1 (@, yrs)

so that )
Yrt1(x) — Yr(xr) = apr1 fr(@, Ye1) + §||93 — ]2 ©)
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Now we want to make appear the term Ay f(2r11) — Ak f(2k) as a lower bound on the right hand
side of (9) when evaluated at x = zj 1. Using the inequality f1 (2, yx+1) < f(2r) we have:

app1f1(@, yer1) = Aprrfi(@ Yet1) — Aefi(@, Yegr)
= Apifil@, yerr) — AV (et) - (2 — 2) — Aefi(2r, Yetr)
Ay,
= Agnfi <33 1 (v — Zk)a?/k—&-l) — A f1(2k, Ykg1)
ket

a A
> A1) — Aef(zr) + A Vi) - | e + =2z — g1 )
Apt1 Agn

which concludes the proof. |

From Lemma 6 we see that it is natural to take for the control sequence zj := yx, so that:

Yry1(z) — Ak f (Yer1) — (Un(or) — A fr(ye)) (10)
Ap41 Ay L 2
> AV (Yrs) - <Ak+1x + y yk+1> + §||CU —x]|7. (11

We would like to pick the query point yx1 so that (11) is nonnegative when evaluated at = x4
(to satisfy (7)). One difficulty is that x4 itself depends on yj1, so in fact we will pick yx41 so
that the right side is nonnegative for all x. We write this as follows:

2
Lemma 7 Denoting Agy1 := A

a;—i—A

Vrt1(Tpg1) — Ak+lf(yk+1) — (Yr(zr) — Akf(yk))

Ay _ -
> A <||yk+1 — 2 =y — @ AkHw(ka))H?) .
2Xk1

In particular, we have in light of (5)
k

1— o2 A; ~
Vr(zk) — Acf(yx) = 5 > THyz‘ — i
i=1 "

Proof We apply Lemma 6 with z; = y;, and x = x 1, and note that (with z := Z’Zi T+

Yk):

Ak+1

Akl Ak 1
Vf(yk+1)-( 2+ yk—ykﬂ) - |z — ax?
Apt1 2Ak41

Ak
A . A
k1 <x A yk> .
Afy1 A1

~ (arq Ay, )
T — T + L
< Ay, Apt1 Y

Vrt1(Trr1) — Ak f (Y1) — (W (@n) — A f ()

) 1 -
> Ajy1 - min {Vf(yk-i-l) (T = Y1) + |z — xk:||2} :
z€Rd 2A k11

1 2

2441

= Vf(yrs1) (T — Yrs1) +

2
A1

2
2aj44

= Vfrs1) (T — Yrs1) +

This yields:

It only remains to compute the value of this minimum, which is an easy exercise. |
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2.3. Proof of Theorem 3

For the first conclusion in Theorem 3, it suffices to combine Lemma 7 with Lemma 5, and to use
the following observation:

Lemma 8 Let (\;) be a sequence of nonnegative numbers. Define (ay) to be another sequence
of nonnegative numbers such that A\ A, = a%, where Ay, = Zle a;. In other words one has

AN AN Ay
k= 2

a . Furthermore one also has:
1 k

\/Ak- Z 22; \/)\i.
1=

Proof It suffices to observe that:

Ak—F\/A%%—4AkAk_1 A /N 2
> Ek + VA AR—1 > ( L Akl) — A1

2

ap =

The second conclusion in Theorem 3 follows from Lemma 7 and Lemma 4.

3. Accelerated Taylor Descent
Nesterov’s accelerated gradient descent (2) (with A\, = 1/L1) can be rewritten as:
. - Ly ~
Yrt1 = argmin fi(y, Tx) + ?Hy — Z?.
yER4

We naturally propose to use the following generalization for higher-order smoothness, which we
term accelerated Taylor descent (ATD):

: ~ L -
ykt1 = argmin f(y, Zx) + — |y — [P (12)
The term || - ||P*! is added to ensure that the function being optimized is strictly convex. In Sec-

tion 3.1 we first show that ATD satisfies (3) for a special value of Ay defined in terms of yy 1.
We point out that there is an intricate issue here, in the sense that y; 1 depends on A\ (through
the definition of Z1), and thus we will have to select the the pair (yg11, Ak+1) simultaneously rather
than sequentially. This is detailed in Section 3.2. Finally in Section 3.3 we use (6) with the special
values of (\;) to derive the rate of convergence from Theorem 1.

3.1. ATD and implicit gradient descent with large step size

The following lemma shows that minimizing the p!* order Taylor expansion (12) can be viewed as
an implicit gradient step for some “large” step size:

Lemma 9 Equation (5) holds true with o = 1/2 for (12), provided that one has:

Ly Y41 — Tg|P! <P

<A :
- (p—1)! Tp+l

1
5 13)

6
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Proof Observe that the optimality condition gives:

- L, - (p+1 ~ ~ e
Vo fo(Yrs1, Tn) + p(p|)(yk+1 — )|k — TP =0, (14)

In particular we get:

p!
Ly-(p+1) - lyrs1 — Zp|P 1

Yk+1— (T = M1 VI (k1)) = M1t VI (Y1) — Vo fo(Yrt1, Th) -

By doing a Taylor expansion of the gradient function one obtains:

L
IVf(y) = Vyfply,z)| < p%’lly —z|?,
so that we find:

lYer1 — (T — M1 VI (We1)) |
p! ~
— NV y fo(Yrt1, T
s D) ger — 1| 1Velobeen, Tl
Ly-(p+ 1)y — TP 1’)
p!

A —
k+1 I

L -
< )\k+1p7nyk+1 — T [P +

_ L o
< lyk+1 — k| <>\k+1p],p\|yk+1 — TPt + ‘/\kH

~ n p+1
et (2 o2 )
p p

where we used (14) in the second last equation and we let  := )\k+1L”'”y’“(;1_—I)E!’“|W in the last
equation. The result follows from the assumption 1/2 < n < p/(p + 1) in (13). [ |

3.2. A continuity argument

We now claim that there exists a pair (yx+1, Ak+1) that satisfies simultaneously (12) and (13). This
is a direct consequence of the following lemma.

Lemma 10 Let A > 0, x,y € R such that f(z) # f(x*). Define the following functions:

A+ VAZH4NA a(X) A
B 2

= e A

a(A)

y(2) = argmin {fp<w,z> + 2 - zupﬂ} 900 = Aly(z(V) — 2P

weR?
Then we have g(Ry) = R,.

Proof First we claim that g() is a continuous function of A. The only non-trivial part of this
statement is that y(z) is a continuous function of z. The latter statement follows easily from the
strict convexity of the function being optimized, see also Section 4 for more details.

Next we claim that g(0) = 0, and furthermore since f(x) # f(z*) we also have y(z) # =
which in turns gives g(+o00) = 4o00. This concludes the proof. |
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3.3. Proof of (1) in Theorem 1

Recall from Lemma 5 that the rate of convergence of ATD is ||z*||2/(2A). We now finally give an
estimate of Ay:

3p+1

Lemma 11 One has, withc, = 2P~ (p+1) 2

/(p—1)),

1 3p+1
Ap > =N

R

Proof Using Lemma 9 (and in particular (13)) in (6) we obtain, with C}, = 8 - (ﬁ) pj,

< Cyllz* || (15)

||M?r

L

Now by reverse Holder inequality, i.e. || fg|[1 > || f|l2 L llgl] =t for ¢ > 1, and invoking this inequality

_ _ 3p+l -1 (p+1)
withg =1+ (p+1) Q(ZH) so that — = —="=7, we have
) ~ 3D Eo o1 [ & ) ~otm
OIVTED SN I I Dot B Pore
APT j=1 j=1 \r~!
J J
(16)
Combining (15) and (16) and using by Lemma 8 we have for all £ > 1 that
1 ’ 1 ko pm1 ﬁﬁf
3p+1
L (Tvm) e (3
jelk] 4Gyl 2y \i=
—1
Next we apply Lemma 12 (see below) with o = Zﬂ, By, = A3p+1 and c = w2 ”1 =,
x*
9 p—1
2
By>|—=-ck )
p+1
3p+1
or in other words, A; > (z% -c- k:) : , which concludes the proof. |

Lemma 12 Given a non-decreasing positive sequence B; such that By > c - Z?:l Bj. Then, we

have that )
-1 a1
Bk > <Oc C- k‘)
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Proof We extend B; = BM' Note that
[t]

By =Bfy = c- ZB >c/Bd3

We can upper bound this integral inequality B; > U; where U; = B; and

t
Ug :c-/ Usds.
0

Taking derivatives on both sides, we have

a—

1
and hence dUdt = 2d¢ Therefore, we have B, > U; = (<1c- (t — 1) + By~ 1) 1. Finally,
the result follows from Ba I>e |

4. Complexity of the binary search step

In this section, we show how to find Ap; satisfying equation (13). Many of the proofs in this
section ar deferred to Appendix A.

For k = 0, it is trivial since Zo = 0. From now on, we fix some k& > 0. To simplify the notation,
we define 79 = (1 — 0)xy, + Oyx, yo = argmin, F(y — Ty, Tg) with

L
F(z,z) = fplz + z,2) + ﬁ]\z\\p+l,

and zg = yg — Tg. Note that the Ay, 1 corresponding to € is given by Ay, 1 = (1_69)2 Aj.. Hence, our

goal is to find 6 such that

(1-0)? A, - L,
06 (p—1)

Note that ¢(0) = 400 and (1) = 0. Hence, we can use binary search to find 6 that is close to 6*
such that ((0*) = 5 (or any value in (3, ]%)) The main difficulty is to show how close ¢ need to
be so that ((0) € [3, -F1], or in other words to control the Lipschitz constant of ¢(6).

§<(9)§]% with ((0) =

I26]P~*

N

To bound the Lipschitz constant of ¢(6), we need to bound ||2¢|| and || z||. First, we give
upper bounds on ||-4 zy|| and ||zg|| < 12p3||2*|.

Lemma 13 We have:
<5(p+ 1) l|x*]].

Lemma 14 We have that ||zg|| < 12p3||2*|| forall 0 < 6 < 1.

Next, we have a lower bound of ||zy||. We also prove Lipschitzness of 6 — f(yg).
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Lemma 15 We have

p' .

Furthermore 6 — f(yg) is Llpschltz, with Lipschitz constant upper bounded by
Ly - (12p° [l |)P*1.

Proof By the optimality of 2y, we have that

L,- 1
Lot Dtz =0

Ve FplTo + 20, T0) + —— |

By doing a Taylor expansion of the gradient function, one obtains:
- ~ - L
IV fp(To + 20, 9) = V[ (Zo + 20)|| < pffH%Hp-

Hence, we have ||V f(Zg + zp)|| < WHZ@HP and

f@wzf@b+@)Sf@U+L¢2?HDWMW%+ww—ﬂM

Since Ty is convex combination of zj and yy, Lemma 19 shows that ||z —x*|| < 4||z*|| and Lemma

14 shows that || z|| < 12p3||2*||. Combining both, we have ||Zg + zg — z*|| < (12p3 + 4)||2*|| and

hence

Ly-(p+2)
!

fyo) — f(z%) < 2017 - (12p° + 4) [l

Rearranging gives the first inequality.
For the Lipschitz statement we note that, as above, we have:

Ly, - (p+2
) = o) < 2 EED gy — g
Ly-(p+2 B ~ o~
= y - (12p° 2P - (T — Zor[| + 120 — 2o]])-
Lemma 19 shows that [|zg — Zg || = [0 — 0| - lyx — k|| < 5-||z*||- |0 — 0'|. Lemma 13 shows that
llzg — zo/|| < 5(p+ 1)2||z*| - |0 — '|. Combining both, we have

-(120° |2 )7 (5+ 5(p + D))l - 10 — ']

fye) — fyo) < M

We now give a bound on the Lipschitz constant ¢(6).

Lemma 16 Denote

3\p+1 * [ p—1 LpHﬂlf*Hp+1
wp(ﬁ) = 4(12]) ) -1 + AkLpH(IZ H + W 5

and A(0) = f(yg) — . Then one has

'mc‘%ﬂ@u@ﬂ@-

10
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The next lemma is a straightforward calculus exercise which allows to us to analyze binary
search with guarantees of the form given in Lemma 16.

Lemma 17 Let g : [0,1] — Ry and 6* € [0,1] such that g(6*) = &. Let w > 0 such that any
0 € [0,1] with |0 — 6% < 53— satisfies

iosa®) <e- (145 +a®)

Then one also has g(0) € [% %

Proof Let  be the largest number such that |6 — 6*| < h implies g(6) € [3, 2]. It suffices to show
h > ﬁ. Proceed by contradiction and suppose that h < ﬁ. For any 6 such that |§ — 6*| < h, by
the assumption on g and h, we have

2
599(9)‘ <w-(g0) +1+2(0) <w- <§+1+ <§> ) 199w

Hence, for any@ such that [#—6*| < h, we have |g(0) —g(6*)| < h-Fw < 5. Since g is continuous
and g(0*) = 12 this contradicts the assumption of h being the largest. Therefore |6 — 6*| < 40w

implies that g(6) € [3, Z] as desired. [

Now, we can prove our main theorem of this section.

Theorem 18 Let ¢ > 0. At iteration k, using at most 30plog, p + logs [ww calls to the

h order Taylor oracle we find either a point y such that f(y) — f(z*) < € or we find My, that
satisfies (13).

Proof First note that we can assume A, < ||z*|?/(2¢), for otherwise f(yx) — f(z*) < e by Lemma
5. Now using log,(1/0) binary search step on ¢, let us find € such that |§ — 6*| < ¢ for some 6*
with ((6*) = 5.

If A(f) < e then we are done, so let us assume this is not the case. By the Lipschitz constant
bound from Lemma 15, as well as choosing ¢ smaller than £/2 divided by this Lipschitz constant,
we obtain that A(6’) > /2 for any ¢ such that |0 — 6’| < 26 (so in particular for any ¢’ such that
|0/ — 6*| < &). We now want to apply Lemma 17 to conclude that ((6) € [%, 2]. For this we need
to compute a value for w using Lemma 16 (and we will want § small enough so that § < ﬁ). One
can easily verify that the following value of w works given the above:

Lo ||z ||p+1
w < 4(12p%)PH1 (1 + ALyl [P + %)

2 L ||lz*|[PH
< 4(12p%)P <1 Ll H Lpllz*|P~t + ”Hx’>

e/2
p+1
< 16- (12p%)PH . [p”x | 1 .

€

Hence we can choose

1 L *||p+1 L *||p+1
5 _ 640.(12p>3(p+1)' [ pngf —‘ §p30p_ { p\i” —‘

11
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and binary search finishes in log,(1/9) = 30plog, p + log, [%*”HW steps. [

Finally, we give the bound for ||z — z*|| and ||y — z*||.
Lemma 19 We have that ||z, — 2*| < ||z*|| and ||y — x*|| < 4]|z*|| for all k.

Proof From Lemma 7 we have

=
Uit (Tes1) = Apsr f (1) = D 2 ( (1 =)y - 35@'—1”2)

=1

Since from Lemma 4

1, ., . R T
V1 (Thg1) + in — Tpp1]? = Vg1 (@) < A f(2*) + iHm [

altogether this gives

k+1
A;

>, (0= 0 = Fial?) < Aealh” = Sl + 5071 = Gl = P

therefore we have that ||z — x*|| < ||z*|| for all k. Let Dy, = |lyx — «*||. Using 7} = Akilyk +
Z’Z*l z1, we have

~ Ak Ak+1

* *
T —x || < Dy + ™.
H H 11k+1 11k+1 H H

Dy, + A;: |lz*|| + ||yk+1 — Tk||- Rescaling and summing over k, we

Hence, we have Dy <
have

Ak+1

A1
Ay

~ Ay, -
Dir < oI+ s = @l 5l = Tl + G s = Tl +
k+1

1 k+1
<™+ —— > Ajlly; — @i
™| Ak+1; illys — Tl

S AN KLy
S l'* + J ._E._l 2
[l e E_ )\j\lyy -1l
]|

< ||lz*|| +
<l S

< 4|z

where we used A; is increasing and (6) in the second to last equation, and Lemma 8 and o = % for
the last. u
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Appendix A. Proofs from Section 4

Here we provide proofs of lemmas from Section 4.
Proof [Proof of Lemma 13] To compute the derivative of zy, we note by optimality condition that

V. F (29, %) = 0.

Taking derivatives with respect to € on both sides gives

d d
2 ~y @ 2 ~y. %= _
V.. F(z0,Tp) d9Z0 + Vi, F(z0,7p) dexg 0.

Hence, we have p
-1 ~
0= (V2.F(29,70)) VZ,F(29,%9) - (y — )- 17
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To bound % zp, it suffices to compute V2, F(z,z) and V2, F(z, z).
For V2, F(z, ), we have

L
V2. F(z ) = V2 + 2,2) + V2 [];’nzupﬂ .

By doing a Taylor expansion of the Hessian function, one obtains:

L .
IV fo(z +z,2) = V2 f(z +2)|| < L |l2|P

(p—1)!
and hence
L _ L,(p+1) _ L _
ViF = V? - —=r P 4 2B 2P = 2R 2P
2P () = VS 2) = Tl TR e
where we used that f is convex and
VP = e+ Dl - T+ (o + D = |z - 227 (18)

For VZ,F(z,z), we recall that F(z,z) = >0 £ D' f(z)[2]" + %Hz”pﬂ, and hence

1
< (-1

F(zm) +

D ()]

M@

szF(z, x) =

.
I

1

v -1

N N

D @) - V2 ﬁf,’uzupﬂ |

Therefore, we have

-1 B —1 (DT f(z)[2]P Ly ip
(VEZF(z,x)) (VEIF(z,x)) =1+ (ViZF(z,:c)) ( -1 - V2 [p,HZH +1]> )

and

H(szF(zax))_l (Vsz(Z,x))H <14 p! DPFLf(z)[2]Pt e [I;!D‘zupﬂ]

Lyp||z|[p~1 (p—1)!
p! < Ly 1, Lp-(p+1p 1)
<1+ P+ 22T R e
LI G- o
=(p+1)°

where we used (18) and smoothness for the second inequality. Now, (17) and Lemma 19 below
show

d *
Izl < (p + D2 lye — axll < 50+ 1)% - [l

Proof [Proof of Lemma 14] By doing a Taylor expansion of the function f, one obtains:

To(Zo + 20, T9) > f(To + 29) — [[z9]|P+1.

Lp
(p+1)!

14
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Hence, we have that

~ - ~ .. L -
F(z9,79) = fp(To + 20, 70) + ﬁH%H”H > [T + 29) + [

L,-p

Rearranging the term, we have that

H ||p+1 (p+ 1)
Ly-p

(p+1)!
Ly,-p

- (F(z9, Tp) — min f(z)) < - (f(Zg) — min f(z))

where we used that F'(zg,7g) < F(0,79) = f(Tp).
For 6 = 1, we have Ty = y;, and hence

1. (p+1)! . (p+1)! 12
il < B g0) = min () < P 1o

where we used (8) at the end. Using Lemma 13 and Young’s inequality, we have

1
pt 1t \wiT 2 "
loll < (H) ¥ 1757 + 5+ 1)2 - 2]

2p- A - Ly
1
2 * p_l (p+1)' )p_l 2 *
< ——||x2*|| + +5(p + 1)?||x7]|.
< el 2 ()T s+ 0P
3p+1 Sprl
. kT2 1 2P (p41)
Using A 2 57, ot 2 & et 304 & =~y —» we have
1
2 p 1 (p+1)‘ Cp) 2 * 3 *
2ol < + +5(p+1 x| <12 x|,
He!_<p+1 P () 0+ 1)?) o] < 127"
Proof [Proof of Lemma 16] Note that
d 2 1 20 * go~o
2 £ _Z 1
Lemma 13 shows that
2 1 [Eall
—lo —+-+5 p—1 .
' 2 ¢(e ‘ g T O D
The facts that ) 9 AL
k" Ltp -1
— <1 — 1R P
e (R RSO L
and that )
1 1— —1)!.
7§2+( 0) p (p—1) 4(9)’
0 0 Ay - Ly - ||2g]P T
yield:
24 - L _ (p—1)!-¢(0) 5 |||
— log ¢(6 ‘ 44— )Pt + +5(p+1)*(p—1 .
‘ A G LANY oy A o o Sl Al P
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It only remains to plug in Lemma 14 and Lemma 15 as follows: For the second term, we have

2Ak H GHP 1« 2Ak : LP ) (12p3‘|1"*”)p—1
(p—1)!- C( ) ¢(6)

For the third term, we have

(p=11¢0) _ =D
Ay Ly oot = Ay Ly - [l
(0= DU 120" Ly - (0 +2) - (125° + )]
STUACL, A <
(12p° * )

3p+1

. k=2 w1
Using A > o7, ot 2 Gzt 20d € =~y —» we have

1

(p—D!-¢O) _ 2 p+ 17 Lyl (1298 a7)*

A Ly Tl T = (oDl A) <@
32 L 'Hx*HpH

(12p°) 'W'C(Q)

<11zt L 'lﬂ(c;)”pﬂ ((6).

S 2p+1(p + 1)3p2+1

For the last term, we have

* 12 3| * | \P—1]] %
504 02— DI < 504 1200 — 1 120 )
20l |20/

wig1 Lp-(p+2)-(12p% +4)||z*|?
§5(p+1)3-(12p3||x H)p 1, =p ( ) ( )H ”

pl-A(0)
Ly - [la* [P+
<4-.(12 3\p+1 =P
<4-(12p°) A(d)
Combining all terms, we have the result
24y - Lp - (12p°||2*])P~* svp1, Lp - [l ]PF
— log ¢(6 ‘ 4+ L +4-(12pP)Ptt . 20 (¢(0) + 1
i o) W " A O

justifying the claimed upper bound.
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