Journal of Number Theory 210 (2020) 1-131

Journal of Number Theory

Contents lists available at ScienceDirect

JOURNAL OF

www.elsevier.com /locate/jnt

General Section

The local zeta function in enumerating quartic fields | g

Check for
Updates

Robert D. Hough !

Department of Mathematics, Stony Brook University, 100 Nicolls Road,

Stony Brook, NY 11794, United

States of America

ARTICLE INFO

ABSTRACT

Article history:

Received 26 July 2018

Received in revised form 20
November 2019

Accepted 30 December 2019
Available online 21 January 2020
Communicated by D. Goldfeld

An exact formula is obtained for the Fourier transform of the
local condition of maximality modulo primes p > 3 in the
prehomogeneous vector space 2 ® Symz(Zg) parametrizing
quartic fields, thus solving the local ‘quartic case’ in enu-
merating quartic fields.

© 2020 Elsevier Inc. All rights reserved.

Keywords:

Quartic number fields
Prehomogeneous vector space
Group action

Orbit decomposition
Exponential sum

1. Introduction

In [9] Taniguchi and Thorne estimated the number of cubic fields with discriminant of

size at most X, obtaining an asymptotic with a secondary main term and the current best

known power saving error term. The method used the theory of Shintani zeta functions [7]

enumerating the class numbers of binary cubic forms, together with a sieve sifting forms

which are non-maximal at

finitely many primes. An important ingredient in the sieve

was an evaluation of the Fourier transform of the local indicator function of cubic rings
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over Z, which are non-maximal [8], which showed that this signal is strongly localized.
The purpose of this article is to obtain a corresponding exact formula for the Fourier
transform of the indicator function of non-maximal quartic rings over Z,, thus solving
the ‘local quartic case’ in enumerating number fields by discriminant. This formula may
be used to obtain refined estimates for the equidistribution of the shapes of quartic fields
paired with their cubic resolvent rings [5].

One reason that a refined error term is known for the count of cubic fields is that
cubic fields may be identified with maximal cubic rings via the ring of integers, and
cubic rings are parametrized by the prehomogeneous vector space of binary cubic forms,
which has a rich algebraic structure. In the quartic case, there is a parallel structure
in which pairs (@, R) where @ is a quartic ring and R is its cubic resolvent ring are
parametrized by the prehomogeneous vector space of pairs of ternary quadratic forms [2].
In [6] Sato and Shintani developed the theory of zeta functions enumerating class numbers
of integral orbits in general prehomogeneous vector spaces. In [12] Wright and Yukie
explain how zeta functions of prehomogeneous vector spaces may be used to enumerate
étale quadratic, cubic, quartic and quintic number fields, and in [13] Yukie developed
many of the analytic properties in the quartic case, identifying the order and location of
the poles of the quartic zeta function. In [5] the author introduced an analogue of the
zeta function in the quartic case, twisted by a cusp form evaluated at the lattice shape
of each ring, and proved that the resulting object is entire. This avoided some technical
difficulties in treating the quartic zeta function, where the residues are still unknown,
and made it possible to obtain equidistribution results for the shape of quartic fields via
the zeta function method. The current work permits obtaining refined estimates in the
cuspidal spectrum of the shape of quartic fields, since an exact formula for the coefficients
may be used in the dual zeta function which appears there.

In [1], [2], and [3] Bhargava obtained parameterizations of integral cubic, quartic and
quintic rings, in particular giving local conditions modulo p? describing the maximality of
such rings. Here the exact formula for the Fourier transform of the set of maximal quartic
rings over Z, is obtained by describing the relevant orbit structure of GL3 x GL2(Z/p*Z)
acting on pairs of ternary quadratic forms 2@ Sym?((Z/p®Z)?) and evaluating the orbital
exponential sums. This method of evaluating the Fourier transform has the advantage
that it extends to treat other local conditions besides the condition of maximality.

1.1. The space 2 ® Sym?(R?)

Let R be a commutative ring with unit. A quartic ring over R is a free rank 4 R-module
with a ring structure. Elements of the space of ternary quadratic forms over R, Sym? (R3)
are written

(1.1)

oo Q
o QN
~Rolo e
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corresponding to the form

u
(u,v,w)A (U) = au® + buv + cuw + dv? + evw + fuw?. (1.2)
w

Forms are typically indicated by showing only those elements on or above the diagonal.
There is a natural inner product on Sym?(R?),

bb/ / /
[A, A :trAtA'zaa'+7+%+dd’+%+ff’. (1.3)

An element g € GL3(R) acts on Sym?*(R?) by g- (A) = gAg’. Note that
[g-A, (g - Al =trgAlg'(g ) Ag =trgAtA'g ! =tr A'A = [A, A]. (1.4)

The space V(R) = 2 ® Sym?(R?) consists of pairs of ternary quadratic forms (A, B).
The group G(R) = GL3(R) x GL3(R) acts on V(R) with the GL3 factor acting on each

ternary quadratic form separately, and the GL2(R) factor forming linear combinations

of the two forms, that is (g3, g2 = (CCL Z)) € G(R) act by

(93,92) - (A, B) = (ag3Ag} + bgs Bgh, cgs Agh + dgs Bgh). (1.5)

The inner product on 2 ® Sym?(R?) is

(A4, B), (A, B)] = tr Gg‘:ﬁﬂ] 5 giD —[A.A)+ BB, (1.6)
Thus, with (¢71)" = ((95 )", (92 1)),
[9-(A,B), (g7 )" - (A", B")] = [(A,B), (4, B')]. (L.7)

With this action, 2 ® Sym?(R?) is a prehomogeneous vector space, see [6].
In [2] the following theorem is proved parameterizing quartic rings.

Theorem ([2], Theorem 1). There is a canonical bijection between the set of GL3(Z) x
GLy(Z)-orbits on the space (2@ Sym?*(Z3))* of pairs of integral ternary quadratic forms
and the set of isomorphism classes of pairs (Q,S), where Q is a quartic ring over Z and
S is a cubic resolvent ring of Q.

It is also verified that the condition that a quartic ring is maximal may be checked locally
by tensoring with Z, for each prime p, and that the condition that a quartic ring over
Z, is maximal can be checked modulo p?. Call a pair of ternary quadratic forms over Z,
maximal if it is associated to quartic ring over Z, which is maximal.
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The basic object of study in this article are the orbital exponential sums, for x,& €
V(Z/p*L)}

pe= 3 o (salo-1) (18)

9€G(Z/p*Z

the Fourier transform of the indicator functions of maximal and non-maximal forms is
a linear combination of such sums. The size and distribution of these sums for varying ¢
describe the distribution of the orbit containing the point  within the space V(Z/p*Z).
In [10] the orbits of the space V(Z/pZ) are enumerated and the orbital exponential sums,
for z,£ € V(Z/pZ),

S@o= > o len) (1.9)

9€G(Z/pZ)

are calculated. The orbits are listed in the table below. Throughout ¢ denotes a non-
square modulo p and

N\&

s(a,b,c,d) = (p—1)*p"(p+1)°(p* + p+1)=. (1.10)

The orbits labeled &4 — &, indicate the intersection type of the pair of ternary quadratic
forms, while the remaining orbits follow the naming convention of [10].

Orbit | Representative Orbit size Stabilizer size
Oy {(0,0) 1 s(5,4,2,2)
Oprz | (0, w?) 5(1,0,1,2) [s(4,4,1,0)
Opi1 |(0,vw) 5(1,1,2 2)/2 |2s(4,3,0,0)
Opa |(0,v2 — fw?) 5(2,1,1,2)/2 [2s(3,3,1,0)
Opns | (0,u? — vw) s(2,2,1,2) 5(3,2,1,0)
Ocs | (w?,vw) 5(2,1,2,2) 5(3,3,0,0)
Ocns | (vw, uw) s(2,3,1,2) s(3,1,1,0)
Op11 | (w2, ) 5(2,2,2,2)/2 |2s(3,2,0,0)
Opa ('vw v? + fw?) s(3,2,1,2)/2 |2s(2,2,1,0)
O |(w?, uw + v?) 5(3,2,2,2)  [s(2,2,0,0) (1.11)
Oy31 | (vw, uw + v?) 5(3,3,2,2) s(2,1,0,0)
0212 | (w?, uv) s(2,4,2,2)/2 |2s(3,0,0,0)
Oy | (w?,u? — fv?) s(3,4,1,2)/2 |2s(2,0,1,0)
01211 | (v — w2, uw) s(3,4,2,2)/2 |2s(2,0,0,0)
Or29 | (v? — fw?, vw) s(3,4,2,2)/2 |2s(2,0,0,0)
O1111 | (uw — vw, uv —vw) |s(4,4,2,2)/24|24s(1,0,0,0)
O112 | (vw,u? —v? — tw?) |s(4,4,2,2)/4 |4s(1,0,0,0)
Oz | (vw,u? — w2 — tw?)|s(4,4,2,2)/8 |8s(1,0,0,0)
015 |(ww — 02, Bs) 5(4,4,2,2)/3 [3s(1,0,0,0)
01 |(uw — %, By) 5(4,4,2,2)/4 |4s(1,0,0,0)

2 The notation e(-) indicates the additive character on R, e(z) = e2™*®. The notation, for positive integer
m, en(xz) =€ (m) is also used.
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The items Bs and B, indicate Bs = uv + asv? + bsvw + csw? and By = u? + aquv +
byv? + cavw + dyw? where X3 + a3 X? + b3 X +c3 and X* + a4 X3 + b4 X% + c4 X +dy are
irreducible over Z /pZ.

In this article the orbits modulo p? relevant to the condition of maximality are
identified, along with the relevant exponential sums. An illustrative theorem from the
calculation is as follows. Let 1,on.max be the indicator function of forms in V(Z/p?Z)
which correspond to quartic rings non-maximal at p.

Theorem 1. For p > 3 the Fourier transform

1r;-\max (5) = Z ]-non-max ($)6p2 ([{17, 5])

z€V(Z/p*Z)

is supported on the modp orbits Oy, Op12, Op11 and Op2. It satisfies

—_—
‘supp Lion-max

L —

1 non-max

— 2p 1 2p®8 4 4p?7 — 8p26 _ 19p5 — 2p2 1 20p?3 + 24p?2 — 5p2!
1

—17p20 — 5pt9 4 3pt8 4 oplT — 9pl6 4 15 4 pl4

—

2
— 16 popts L optt 313 yp12 41 4 340 | 3,30 38 3T

1 non-max

—opls 4 plt _9p1d _ 512 4 9p10 48

An exact formula for the Fourier transform is given following the calculation of the
relevant orbital exponential sums in Section 6. For applications, an important feature
of this calculation is that the Fourier transform has small support, and that the L'
norm saves a power of p!> compared to a naive application of Cauchy-Schwarz using the
already strong bound for the support. In practice, the exact evaluation of the Fourier
transform can quantify the intuition that the condition of maximality is captured sig-
nificantly modulo p, with a small refinement modulo p?. One potential application of
the exact formula is to the enumeration of quartic fields. In this connection, a sieve is
introduced to sift for maximal quartic rings. Dualizing the resulting sums introduces the
Fourier transform of the condition of maximality, where an exact formula for the coef-
ficients may be inserted, see for instance the author’s preprint [5] treating the shape of
quartic fields. In this article, the exact formula for the Fourier transform at 2 and 3 has
been omitted since the classification of the orbits is a little different in these cases. The
orbit classification may be performed using a computer algebra system in these cases.

One conceptual reason for the small size of the support is that if £ Z 0 mod p, the
orbital exponential sum Sp2(x,&) can be shown to vanish unless the modp orbit of x
contains elements orthogonal to the p-adic tangent space of the orbit O at £ mod p. A
second key observation is that the mod p? orbits above a mod p orbit &, are in bijection
with the orbits of the action of the modp stabilizer GG, acting on a quotient by the
tangent space. These key observations are explained in Sections 3 and 4, prior to the
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determination of the relevant orbits and evaluation of the corresponding exponential
sums.

This paper contains a significant number of explicit matrix calculations, and, while
self-contained, is intended to be read along with supporting Mathematica files currently
available from the author’s homepage https://www.math.stonybrook.edu/~rdhough/.
The corresponding Mathematica notebook [11] is indicated in bold. Small cases of the
orbit decompositions were obtained in Magma [4].

1.2. Organization of the paper

The paper is organized as follows.

e Section 2 collects together the statements describing the maximality condition at p
and the local densities calculated by Bhargava in [2].

e Section 3 introduces the concept of a p-adic tangent space to a pair of forms, and
describes the theory regarding how this is used to calculate the orbital exponential
sums. In particular, many of the sums are shown to vanish in this Section.

e Section 4 proves a bijection between the modp? orbits above a given modp orbit,
and the orbits of the mod p stabilizer acting on a quotient space. The mod p? orbits
are then classified using this relationship.

e Section 5 performs the orbital exponential sums in coordinates, using the classifica-
tion of the orbits.

e Section 6 collects together the exponential sums to calculate the Fourier transform
of the condition of maximality and proves Theorem 1.

1.3. Background and notation

Throughout, p denotes a fixed odd prime, p > 3 and ¢ denotes a fixed quadratic
non-residue mod p. Given a commutative ring R with unit, Sme(R”) denotes n-ary
quadratic forms with coefficients in R, identified with n X n symmetric matrices with R
coefficients. In this work, R will always be one of the rings Z,Z,,Z /pZ = F, or Z|p?Z.
M, (R) denotes n x n matrices over R. V(R) denotes the space 2 ® Sym?(R?) of pairs

(A, B) of ternary quadratic forms over R. The algebraic group G(R) = GL3(R) x GLo(R)

acts on V(R) with (g3, g2 = (CCL Z)) € G(R) acting by

(93, 92) - (A, B) = (agsAgh + bgs Bg}, cgs Agh + dgs Bgh). (1.12)

Given a form z, write |||/ for the maximum absolute value of the coefficients. In the
case that x is defined over Z /pZ or Z/p*Z, choose representatives in Z for the coefficients
which have minimal absolute value.


https://www.math.stonybrook.edu/~rdhough/

R.D. Hough / Journal of Number Theory 210 (2020) 1-131 7

The following lemma recalls the classical orbit description of GL2(F,) x GL1(F,)
acting on Sme(FZ)7 in which the GLs factor acts by change of variable, and the GL;
factor acts by multiplication by a scalar.

Lemma 1. The action of GLy(F,) x GL1(F,) on the space Sym? (F2) of binary quadratic
forms in variables u,v has four orbits with representatives 0,u?, uv, and u? — (v2.

Proof. If the form is non-zero and reducible, map one linear factor to u. The second

2

linear factor is either the same, which obtains u”, or different, in which case it may

be mapped to v. If the form is non-zero and irreducible, then the coefficient on u? is
non-zero, and thus, by completing the square, the uv coefficient may be set to 0. After

scaling the variables and multiplying by a scalar, the form u? — fv? is obtained. O

A related smaller group action is also used.

Lemma 2. When the subgroup (2 s) x GL1(F,) of GLa(F,) x GL1(F,) acts on the
space Sym2(F12)) of binary quadratic forms in variables uw,v there are siz orbits with
representatives 0,u?, v2, u(u + v), uv, u? — (v2.

Proof. Given a non-zero quadratic form ziu® + xzouv + x3v?, if the 1 coordinate is
non-zero then any equivalent form will have non-vanishing u? coordinate since r # 0
and v may only be scaled by the action. In this case, make a change of variables in u to
eliminate the x5 coordinate. After scaling and dilating u and v, the form is equivalent
to one of u2,u? — v? or u? — fv?, each of which is inequivalent since the first is a double
line, the second is a quadratic reducible with distinct linear factors, and the third is

2 is equivalent to u(u + v).

irreducible. Under a change of coordinates u? — v
Those non-zero forms with x7; = 0 are inequivalent to those above and contain v as
a factor. After possibly making a change of variable in u and after dilating and scaling

the form is equivalent to either uv or v?, which are inequivalent. O

Given a group G acting on a set 2, G, = Stabg(z) denotes the stabilizer in G of
the point x € Z". €, = {g-x : g € G} denotes the orbit containing z. Given a pair of
ternary quadratic forms x, €, mod p indicates the orbit of z € V(F),) under the action
of G(F,), while &, mod p? indicates the orbit of z in V(Z/p*Z) under the action of
G(Z/p*Z).

Given a positive integer m, the notations e(z) = 2™ and e, (z) = ¢ " are used for

complex exponentials. The Legendre symbol is indicated 5 ) which satisfies

3 (Z) = 0. (1.13)

a mod p

The quadratic Gauss sum modulo p is indicated
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T= Z ep(n?). (1.14)

neF,

This satisfies, for a £ 0 mod p,
T (a) = Z ep(an?). (1.15)

2 _ (=L
Also, T —<p )p.
2. Conditions of maximality

A quartic ring over Z is maximal if it is not a proper subring of another quartic
ring. Maximality is a condition which may be checked locally. In [2] it is shown that
the condition of maximality may be checked modulo p?, and congruences identifying
maximal quartic rings are given. The conclusions of [2], pp. 1355-1360 are summarized
in the following lemma.

Lemma 3. A quartic ring maximal at p comes from one of the following orbits modulo p
O1111, Oz, O3, Oz, Oy, O1211, O12, 01212, O2, 0131, Oya. (2.1)

Of the orbits listed, all elements of the modp orbits
O1111, O112, O13, 022, 04 (2.2)

are maximal. An element of O\211, 0129, O1212, O131, 012 is non-maximal if and only if
it is G(Z /p*Z) equivalent to a form

0mod p?> Omodp Omodp Omodp x =
% % x x|, (2.3)
* *
A form in Oy is non-mazximal if and only if (A, B) is equivalent to a form
0mod p> Omodp? 0modp k%
0 mod p?> 0 mod p * K (2.4)
* *

Note that the forms A, B have been exchanged compared to [2].

Proof. This is stated in geometric terms, rather than as orbits under the group action
in [2]. The two notions coincide except in the case of a single point of intersection of
multiplicity 4. Note that the elements satisfying the geometric condition T,El) of [2]
correspond to the orbit &4, and those satisfying the condition 7, ;2) are the union of the
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two orbits @11 U Opo and are non-maximal. Indeed, the representative (w2, uw + v2)
of the orbit €4 has w? = 0, uw + v? = 0 intersecting at a single point (1,0,0) of
multiplicity 4, and has uw + v? irreducible, thus satisfying the geometric condition of
T,gl), while the representatives (w?,v?) and (vw,v? + fw?) of Op11 and Opy again have
a single point (1,0, 0) of intersection of multiplicity 4, but are equivalent to forms with
both forms reducible, meeting the geometric condition of T,@, see [2] p. 1353. Since
O14] = (p=1)*p?(p+1)*(P*+p+1) and [Op11|+|Op2| = (p—1)*p* (p+1)(p*+p+1), these
orbits make up the full count of elements in T,gl)(l‘l) and T,@(l‘*), see [2], Lemma 21. O

The density of maximal elements within the modp orbits is also determined by [2]
and is summarized in the following lemma.

Lemma 4. The following table lists those mod p orbits which contain maximal forms, and
the density of mazimal forms within each such orbit.

Orbit | 01111|0112| 013|022 | 04| 01211 | 0122|0212 | Oz | 0131|014
Density|1 1 1 1 |1 |t o|et (E)Z —p2§1 e (25)
p p p p p p

3. The orbital exponential sums

Let 1pax denote the indicator function on V(Z/p?Z) of those forms corresponding to
rings maximal at p, 1non-max = 1 — Lmax. For & € V(Z/p?Z), the Fourier transforms are

L = > luax(@ep (2.€) . loommax = P00 — Lnaw. (3.1)
z€V(Z/p3Z)

Since the condition of maximality is invariant under the action of G(Z/p?Z), the Fourier
transform is the linear combination of orbital exponential sums.

Definition 1. Given z,£ € V(Z/p*Z), define their orbital exponential sum

S, &)= Y eplly-z€). (3-2)

9€G(Z/p*Z)
Define, also, the unweighted orbital exponential sum

Sp2(z,€)

= . 3.3
| Stabg(z /p2z) (%)] (3:3)

S = Y ep(lr€)

z' €0, mod p?

When ¢ = p&; is an element of pV(Z), the exponential sum reduces to the modp
exponential sum

sz(£7€) :p135p(x’§1) :p13 Z €p ([g'xagl])' (34)

9€G(Z/pZ)
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These are obtained in [10].

As an intermediate step between the orbital exponential sums and the full Fourier
transform of 1,,.x and 1,on-max, €xXponential sums taken over those maximal elements
above a mod p orbit are calculated.

Definition 2. Given z € V(Z/pZ) and ¢ € V(Z/p*Z), define the mazimal exponential
sum

M, &)= > ep(lr€)). (3.5)
a:IEV(Z/pQZ)

2’ €0, mod p
maximal

Since the condition of maximality is G(Z/p®Z)-invariant, the maximal exponential
sums may be expressed as a sum over unweighted orbital exponential sums,

M (x,€) = > S (! €). (3.6)

0, mod p2:ﬁzrcﬁz mod p
maximal

The following lemma reduces the number of orbits &, mod p which need to be con-
sidered in determining the Fourier transforms of 1,,,x and 1yon-max-

Lemma 5. If £ £ 0 mod p, then for all x,

> e () =0. (3.7)
leV(Z/p2Z)
z' €0, mod p

Similarly, if x 0 mod p, then for all &,

> e =0 (3.5
¢ eV(Z/p’L)
§'€0¢ mod p

Thus
M) == D ep(E). (3.9)
2’ eV (Z/p*Z)

z' €0, mod p
non-mazximal

In particular, if O, mod p contains only mazximal, or only non-mazximal elements, then
for all £ # 0 mod p,

M(z,€) = 0. (3.10)
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Proof. For the first claim, write

) ep2<[x',f]>:]% ) S e (@ + pat,€)) (3.11)

«' €V(Z/p>Z) x""€V(Z/pZ) 2’ eV (Z/p°ZL)

2’ €0, mod p 2z’ €0, mod p
1
= Y e@dm > el"d)=0
z' €V (Z/p*7) 2" eV (Z/pZ)

2’ €0, mod p

The claim with the roles of x and ¢ reversed follows by symmetry.

The third statement is now obvious.

If &, mod p contains only non-maximal elements then the sum defining 4 (x,§) is
empty, hence 0, which combined with the second claim, proves the third claim. O

As a consequence of Lemmas 4 and 5, when £ # 0 mod p,
Liax(§) = Z M (2,€) (3.12)

with x ranging over representatives for 0211, 0129, 01212, Os2, 0131, 014 mod p.
3.1. Annihilator spaces

An important observation in passing from mod p orbits and orbital exponential sums
to mod p? orbits and orbital exponential sums is that the group action may be linearized
p-adically.

Definition 3. Given a form z € V(Z/p*Z), define the annihilator subspace, or p-adic
tangent space V,, associated to x to be a subspace of V(Z/p?Z) defined by

(I +pM3(Z/pZ),I +pM2(Z/pZ)) - = x + pV,. (3.13)
Identify V, naturally as a subspace of V(Z/pZ).

The notion of p-adic tangent space depends only on z mod p and not on the residue
modulo p2.

The orbits &1111, O112, O13, O, O4, which have full dimension and contain only max-
imal elements, have annihilator subspaces equal to V(Z/pZ). This fact is not needed to
calculate the Fourier transform and is not explicitly proved here. However, a verification
is provided in annihilator_spaces.nb. The annihilator subspaces of orbit representatives
of the remaining non-zero orbits are listed below, with computation postponed to Ap-
pendix A.
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Orbit | Representative| Annihilator subspace
0 0 O 0 0 =
ﬁDIQ (0,w2) ( 0 O) < 0 *)
* *
0 0 O 0 * =%
Op11 |(0, vw) ( 0 *> < * *)
0 *
0 0 O 0 * =
Ops |(0,v? — (w?) ( z 0 ) ( * *)
—zl *
z 0 O x k%
Opns | (0,u? — vw) ( 0 —%) < * *)
0 *
0 0 =z 0 5 *
Ocs |(w?,vw) ( 0 *)( * *)
* *
0 % = z 5 %
Gons |(vw,u0) ( ; ) ( ; )
* *
0 % 0 0 0 =
Op11 |(w?,v?) ( * *) ( * *)
* * (3.14)
0 3 3 0 y =20
Opo | (vw,v? + (w?) * % * %
* *
00 y+3 Yo ok %
Oy (w2, uw + v?) ( z * > ( * %
* *
0 5 = Z % ok
Oys1 | (vw, uw + v?) ( * *) ( * *>
* *
0 * =% x k%
Oy212 | (w?, uv) ( 0 *) ( * *)
* *
z 0 * * k%
Oz |(w?,u? — (v?) ( —20 *)( * *)
* *
0 * =* *  *x X
01211 | (02 — w?, uw) ( * *) ( * *>
* *
0 * * k%
O129 |(v? — tw?, uw) ( * *) ( * *)
* *

One important way in which the annihilator subspaces are used is to show that many

of the orbital exponential sums vanish.

Lemma 6. For x,& € V(Z/p?Z) the orbital exponential sum may be expressed

Sp (@, &)= Y

9€G(Z/p?Z)

ep ([g-2,€]) 1(g - @ € V¢ mod p). (3.15)
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Proof. Since (I + pM;5(Z/pZ),I + pMs(Z/pZ)) is a subgroup of G(Z/p*Z), the orbital
exponential sums may be written

Sp(r,0) = Y. epllg-x,€) (3.16)

9€G(Z/p*Z)

- pi 3 > e (I +pg)g-x.€))

91€M3(Z/pZ)x M>(Z/pZ) 9€G(Z/p*Z)

= > % > ep> ([g-2,(I+pg1)t-£])

9€G(Z/p*1) 91EM3(Z/pZ)x M2(Z/pZ)

Since (I + pg1)! - € is uniform on & + pV¢ as g1 runs over M3(Z/pZ) x M2(Z/pZ), and
since V¢ is a vector space, the inner sum vanishes unless g - € V§L mod p. Hence,

Sp@ = Y epllg-a€)llg-aeVimodp). O (3.17)
9€G(Z/pZ)

By symmetry, the condition g* - ¢ € V.- mod p may also be imposed. In fact the
conditions g - x € Vgl mod p and g* - £ € V- mod p are equivalent.

Lemma 7. For any z,& € V(Z/p?Z) and g € G(Z/p*Z), g -x € Vg if and only if
t 1
g - g € Vz .

Proof. One has

g-T€ ng' & Vg1 € My x My, [g-z,(I+pg1)" €] = [g-2,& mod p° (3.18)
& Vg1 € My x My, [(I+pg1)g-z,& = [, g" - &] mod p?
& Vg1 € M3 x My, [g(I +pg~g19) - x,£] = [z, 9" - §] mod p
& Vg1 € My x My, [(I+pg'g19)-2,9" & = [z,9" - € mod p*
s¢-cecVi O

In addition to the notion of an annihilator subspace, a second useful notion in evalu-
ating the exponential sums is that of an action set acting on a pair of forms.

Definition 4. Given forms x,£ € V(Z/pZ), define the action set
Gre={9 € G(Z/pL): ¢"-& € V,;" mod p}. (3.19)

Note that, by Lemma 6, the condition G, ¢ # () is a necessary condition for Sz (z, ) #
0, a fact which restricts consideration to a small number of mod p orbit pairings.
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Lemma 8. The following table lists all pairs (O, O¢) of non-zero orbits modulo p such
that O, contains both mazimal and non-maximal elements, and such that x € O, £ € Ok
have G, ¢ # 0.

Oy |0

011 |Op12,0p11, 014
0131 |Op12,0cs
01212|0Op12,Op11, Op2 (3.20)
Oy |Op11,0p2
01211|0p12

0123 |Opi2

Proof. The annihilator subspaces Vj29, V211, Vo2 and Vj212 associated to the standard
representatives in the corresponding orbits annihilate the second quadratic form, see
the last four rows of (3.14). Thus these orbits may be paired only with frequencies
¢ from orbits of type D, which have representatives for which the second quadratic
form vanishes. In the first quadratic form, each of these spaces annihilate all coefficients
associated to the w variable, and hence G, ¢ = 0 unless £ is equivalent to a D orbit
with a representative that depends only on u and v. This eliminates &p,,s. The spaces
VI%Q, Vlén are one dimensional and contain only a double line, so &;29 and ;217 may
be paired only with &pq2. The orbit &pi2 may not be paired with sz since a double

2 v? which are related by a square. Since a quadratic form

line has coefficients on u
u? + auv +v? may be made reducible or irreducible by adjusting a, both &p1; and Ops
may be paired with @y2. The pairs (u?,0), (u? —v%,0) and (u? — fv%,0) show that all D
orbits besides 0p,,s may be paired with &;212.

When z is the standard representative for &sq, Gy¢ # (0 implies that ¢ has a
representative of the form (clu2 + 2couv, —02u2), with ¢y, co scalars. Using the G action,
one may have ¢; # 0 (Opj2) or c3 # 0 (Ocs) but not both, since if ¢z # 0 then a multiple
of the second form may be added to the first to force ¢; = 0. Thus these are all of the
pairings with G, ¢ # 0.

When z is the standard representative for 04, G, ¢ # () implies that & has a repre-
sentative of the form

(c1u? 4 couv + c3(v? — 2uw), 2czu?) (3.21)

with ¢q, o, c3 scalars. When c3 = 0 one may obtain &pq2 and Opi1; by taking either ¢;
or ¢y non-zero. When c¢3 # 0 one may impose ¢; = 0 by adding a multiple of the second
form to the first, and ¢y = 0 by replacing w with w + av for some scalar a. The ¢z # 0
case obtains £ € 014. O

The transpose of the action sets for each pair contained in Lemma 8 are listed in the
following table, with the proofs given in Appendix B.
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The introduction
exponential sums.

(3.22)

of the action set permits a simplified representation of the orbital

Lemma 9. Let © = xo + px1, § = o + p&1 from the above table with ||2ols, |§0lloe < §-
The orbital exponential sum Sy2(x,€) has evaluation Sy2(x, &) = p'3.7(x,£) with

(@, &)= Y ep(lrr,g-&ol + [r0,9-&)- (3.23)

g€eGL ¢

Proof. By examination of (3.22), for g € G, ., [r0,9 - &] = 0. Here we use that z¢ and

&o are equal modulo p? to their representative given in (3.22), due to the constraint on

the maximum of the coefficients. Hence

Sp2 (,

£) = > ep2 ([zo + pr1,9 - (S0 + Pé1))) (3.24)
9E€G(Z/p*Z),9 mod peC, ,
_ 3 ep ([zo, 9 &)+ [21,9 - &))

9€G(Z/p?Z),g mod peGY, ,
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= Y e(w,g-&l+[r1,9- &)

gEG’w’)g mod p

=p"(a,€),
which proves the claim. O

Lemmas 5, 8 and 9 demonstrate that in order to obtain 1/1an and 1r;_\max at
¢ #£ 0 mod p it suffices to consider orbital exponential sums S(x,&) in which &, mod p
contains both maximal and non-maximal elements, and in which ¢ appears paired
with €, in Lemma 8. In particular, the maximal or non-maximal mod p? orbits above
O14,0431, Oy212, 092, 01211 and 025 mod p need to be determined, and all mod p? orbits
need to be determined above Opi2, Op11, Ops, Ocs and O14 mod p. This classification
is performed in the next Section.

4. The quotient group action and mod p? orbits

The following Section reduces the determination of the mod p? orbits above a mod p
orbit with representative x to the determination of the orbits of a quotient space under
the mod p stabilizer of . Then the necessary mod p? orbits are classified. The stabilizer
groups of the following orbit representatives are needed below.

Orbit|Repr. Stabilizer Stab. size

ﬁD12 (0,’[1)2) (6 t) 8(4,4,1,0)
x,t € ( Z/pZ ,€ f,yEZ/pZ ad —bc # 0

r r
x
Ul a S ,
ﬁDll (O,Uw) ( t i) (b t > (Z/ i) 28(4,3,0,0)

x,r,8,t € (Z/pZ) ,a,b,y € Z/pZ

> Q

a y 1 s
2 _p2
Ops |(0,02 — tw?) | \b sel -+ etmett 25(3,3,1,0)
r,x € Z/pZ) a,b,y € Z/pZ,
(c,e) # (0 (Z/pZ)
r 1
a s 2
Ocs | (w?, vw) b e St(é slt) ’ 5(3,3,0,0)
r,s,t e Z/pZ ,a,b,c € Z/pZ
2_ t_4 2 2
O (w2, uw + v?) 2 — (a2 + th) % t% ’ 5(2,2,0,0)
xs

s,te Z/pZ ,a,b € Z/pZ
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Orbit |Repr. Stabilizer Stab. size

2Bl

s
a t t 1),
O131 | (vw, uw + v?) 2 pcali ) 5(2,1,0,0)
s,t € (Z/pZ)*,a € Z/pZ

r 1 T 1
t2 |_| t2
@71212 (’U)Q,’U,’U> ( ’ t) ( %) (s t) ( %>, 28(37070a0)

c (& 1
+el + =
Os2 (w27u2 _ZUQ) ( ‘ ‘ S) ( c’f-’lez’l)7 28(2707170)

(c.e) #(0,0) € (Z/pZ)? s € (Z/pL)*
Or211 | (v? — w2, uw) (S +t ) <t12 L) ,8,t € (Z/pL)* 2s5(2,0,0,0)
t st
S 1
Or29 |(v? — fw? uw) < +t ) <t_2 L) ,8,t € (Z)pL)* 25(2,0,0,0)
t st
(4.1)

The stabilizers may be checked by verifying that the claimed stabilizer does fix the form
and comparing the size with the orbit sizes in (1.11), see mod_p_ orbit_ stabilizer.nb
for the verification.

Lemma 10. For each standard orbit representative x of an orbit

ﬁD127 ﬁDll) ﬁDQa ﬁCSa ﬁ147 ﬁ131, ﬁ1212, 6)22a ﬁlzlly 0122 (42)
of V(Z/pZ) listed in (4.3), the stabilizer subgroup G, acts on V(Z/pZ)/Vy. The or-
bits of V(Z/p*Z) under G(Z/p*7Z) above O, mod p are in bijection with the orbits of

V(Z/pZ)]V, under G,.

Proof. For each orbit representative, let P, be the algebraic group listed in the table
below. Note that P.(Z/pZ) D G,.

Orbit |Repr. P, V.

* ok . 0 0 O 0 0 =
ﬁDIQ (0,’1,02) * * (* *> 0 O 0 *

* % % * *

* N 0 0 O 0 *x =*
Op11 |(0,vw) Xk ok <* *> 0 = -

ko k% 0 *

* 0 0 0 0 * =
Ops (0,02 —w?)[| = * = (I *> z 0 %k

* * —z0 *
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Orbit|Repr. P, Ve
* B 0 0 =z 0 5 =
Ocs (w2,vw) <* * ) (* *> < 0 *) ( * ok
* ok % * *
* 00 y+3 Y
2 ) [ e
* ok % *
* 0 5 = z ok
O3y |(vw,uw +v?) || = * (I *> ok * ok
* * *
* ok 0 = =% * ok %
0212 | (w?, uv) k% (* *> 0 = * ok (43)
* * *
E S z * * ok
O |(whu? —?) [« = (* *> -zl x *
* *
* N 0 % = * ok %
Or211 | (02 — w2, ww) % ( *> % x ok
* * *
* N 0 = = * ok %k
Or29 |(v? — lw? uw) * ( *> %k x %
* * *

By examination, over Q, P,(Q) -z C V,(Q), see action__contained__tangent__space.nb.
Over Z/pZ, G, preserves V, since if ¢ € G, and y € V, then for some m €
M3(Z/pZ) x Ma(Z/pZ),

py=UT+pm)-x—=x (4.4)

and thus

pg-y=g-I+pm)-z—g-x=I+pgmg )(g-z)—(9-2) € pVgw =pVaz. (4.5)

Thus G, acts on V/V,.

To obtain the orbits over Z /p*Z, given a form xq act by G to bring it to a form x +pz’
where z is one of the standard representative forms listed in the table, considered to be
a form with integer coefficients. Next, by acting by (I + pMs(Z/pZ),I + pMs(Z/pZ)),
consider this to be an element in « + p - (V(Z/pZ)/V,) where V, is the annihilator
subspace of z. Given g € G(Z/p*Z) with g - x = 2 mod p, then g € G, < P, mod p,
so write g = go + pg1 with go € Py(Z). Let m € M3(Z/pZ) x M2(Z/pZ) be such that
g = go(I + pm). Calculate

g+ (@ +p2') = go- (I +pm) - = + pe’) mod pVs (46)
= go - (z + pz’ + pV,) mod pV,

= go - = + pgo - ' mod pV.

Notice that go - ¢ € V;(Z) and hence gg - ¢ — x € pV,(Z). Hence
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g (x+pz')=x+(go -z — )+ pgo - 2’ mod pV, (4.7)
=2 + pgo - ¥’ mod pV.

It follows that @ + pz; = @ + pxe under G(Z/p?Z) if and only if 71 = x5 mod V, under
G,. O

The following lemma determines the size of the mod p? stabilizers in terms of the size
of the stabilizer of the G, action on V/V.

Lemma 11. Let x be a standard representative for one of the orbits
ﬁD127 ﬁDlla ﬁDZ; ﬁCSa ﬁl‘la ﬁl?’la 612127 6227 612113 6)122 (48)

taken over Z and let ¥’ = x + px1. Then the following relationship between stabilizers
holds

|Staba(z/p2z) ()] = p™*~4"™ V= |Stabe, (21)] . (4.9)
In particular, the orbit sizes are related by
|G(2./p*Z) - /| = p*™ Y= - |G(Z/pZ) - x mod p| - |G - 71 mod V|, (4.10)

and the density of the orbit G(Z/p*Z) - x' within O, mod p is equal to the density of
G, -xqymod V, in V/V,,

|G(Z/p2Z)~x" |Gy - z1 mod V| (4.11)
p2|G(Z/pZ) - =] V/Val ' .

Proof. Let g € G(Z/p*Z) stabilize 2/, so g - x = ¥ mod p and write g = go + pg; with
go € P.(Z). Factor, on the left this time, g = (I + pm) - g, and write

(I +pm)go - (x + px1) = (I +pm)(go - T + pgo - 1) (4.12)
= (I +pm)-(z+ (9o = —x) + pgo - 1) mod p*
E((I+pm)-x+(90~x—a:)+pgo-x1)modpz.

Since (I + pm)-x —x € pV, and go - ¢ — x € pV,, it follows that go - 1 = 1 mod V.
As m varies in the 13 dimensional vector space M3(Z/pZ) x M2(Z/pZ), the map (I +
pm)-x —x € pV, is a linear map onto, with kernel of dimension 13 — dim V.. Hence after

13=dim Vo ways to choose m.

choosing gy in |Stabg, (z1)| ways, there are p
To obtain the relations among the orbit sizes, calculate, using the Orbit-Stabilizer

Theorem
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|G(Z/p2Z) . (E/| — |G(Z/p2z>| -
|Stabg(z/pzz)(3? )|
_ |G(Z/p2Z>|pdiIIIV’”—13
B [Stabg, (x1)|
v, 1G@HT) Gl
|Stabe(z /pz) (2)| [Stabe, (1))

= pdimVe L |G(Z/pZ) - x mod p| - |Gy - 21 mod V| .

(4.13)

The relation among densities is obtained by rearranging the relation among orbit
sizes. O

4.1. The mod p? orbits relevant to mazximality

First the mod p? orbits are considered above mod p orbits containing both maximal
and non-maximal orbits. Recall the density of maximal elements in orbits of this type,

Orbit|Density |dim(V/V,)

O\a % 3

0131 % . 2

0212 (’%1) 2 (4.14)
Oy2 p;§1 2

0211 ”p%l 1

p—1
ﬁ122 > 1

In the case of 052, 01211 and 024 the non-maximal orbits are most easily classified.

Lemma 12. The non-mazximal elements above the orbits Os2, 01211 and Or29 consist in a
single G(Z /p*Z) orbit corresponding to the singleton 0 orbit in V/V,.

Proof. In each case, the zero orbit has an element which satisfies the congruence condi-
tions of Lemma 3, so these orbits all consist of non-maximal elements. By Lemma 11,
these orbits already make up the full density of non-maximal elements (see the table
above). O

4.1.1. Case of 14
0 0 y+3 Yy ok ok
The orthogonal complement to V, = z * * * | is spanned by

* *
{’Ul, ’112,’1}3}'7

1 00 0 0 0 010 0 0 0 0 0 -1 2 00
( 00)( oo>,< oo>< 00),( | o>< 00).(4.15)
0 0 0 0 0 0
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The stabilizer G is given by

S 2
—2as
Gx: 7 t , _ w2\ 2 1 |- (416)
b a £ s )5 2

S

@
Jr 3;‘03

Lemma 13. The orbits and stabilizers of V/V, under the G, action are summarized below.

Orbit representative Orbit size Stabilz’zer
e 00 0 0 O L 0
0 0 #{A=1}
ecFX/{a" 2 cF)} €€FX/{CL' cz e F)
0 ¢ O 0 0 O L 0
0 0 0 0 s (p—1)p SE ( i 1 )7
0 0 #{e3=1} 35 s3 s2g2
ecF)/{z’ :z e F)} EEFX/{:U cxeF)}
0 1
0 0 2 0 0 & 0
(7)) o0) ] (?f” o) (L 8
0
e==1
S 0 1
0 0 20 0 0 2 0
_ 2ae 0 ,
<f )( 00)% (b S)(%%%)
0 e==1
0 0 0 0 0
0 0 0 1 G,
0 0

(4.17)
The orbits of the first type correspond to the mazimal orbits under the G(Z /p*Z) action.

Proof. See 014_ stabilizers.nb, where the calculation in this lemma is performed in
Mathematica.

To check the stabilizer of the orbits of the first type, note that a is forced to be 0
by considering the wv coefficient, which then forces b to be 0 by considering the ww
coefficient. The u? coefficient becomes ‘:—ie, which obtains the relation i—j = 1. The
inequivalence of orbits having differing e is checked similarly.

To calculate the stabilizer of the second orbit, note that a is forced to be 0, since it
is not possible to produce a u? term which would be required to avoid a vs component.
i—: = 1 is obtained by considering the uv
coefficient. This also proves the inequivalence of orbits having differing e. For the final

Evidently b is arbitrary, and the relation

two orbits, note that the span of v3 is preserved by the action. The square and non-square
leading coefficients are inequivalent. Since the remaining orbits all have differing sizes,
each of the orbits listed is inequivalent from the others.
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Those orbits not of the first type make up a % fraction of all of the elements of V/V.
Thus at least one, and thus all orbits of the first type are maximal, and these exhaust

the maximal orbits by density. O
* IR
* * * | is spanned by
* *

1 0 0\/0 00 01 0\ /=100
vy = 0 0 0 0,09 = 0 0 0 0. (4.18)
0 0 0 0

The acting group is

4.1.2. Case of 0131

* Dol

0
The orthogonal complement to V, = (

8 s
G.’E = a t 2 (_t_sl L) . (419)

Lemma 14. The mazimal orbits above Oys; in the G(Z/p*Z) correspond to the orbits of

e 0 0\ /0 0 O
( 0 8)( 0 8), ceF)/{a® :xcF}} (4.20)

in the action on V/V,. In the action on V/V,, each of these orbits has size (p—Lp

#{3=1}"
Proof. When G, acts it maps v; to
3 2 2
* * % (4.21)
* *

and thus the stabilizer of Av; satisfies 3 = t3 and a = 0, see 0131__stabilizers.nb. Hence
there are #{e®> = 1} orbits ev; with e € F /{z® : x € F}, each of size #{);1:)’1’}. These
orbits together are maximal or non-maximal, and hence by density they are maximal

and exhaust the maximal orbits. O

4.1.8. Case of 1212

0 * = ¥ ok %
The annihilated subspace is V,, = < 0 *) ( * *) . The acting group is

Gw:( ) t>< =

(4.22)

e
—
~_
C
VRS
vy
<
~
~_—
7 N
Sl
al=
~__
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Lemma 15. The orbits of the G, action on V/V, in the case x € 01212 are given in the
following table

Orbit representative Orbit size| Stabilizer size| Type
0 0 O 0 0 O
( 1 0) < 0 0) p—1 2(p —1)2 Non-mazimal
0 0
0 0 O 0 0 O
¢ 0 0 0)lp—1 2(p —1)2 Non-mazimal
0 0
1 00 0 0 O
_ 4.23
( 1 0) ( 0 O) % 8(p—1) Mazimal (4.23)
0 0
70 0\ /0 00 .
0 00 @ 8(p—1) Maximal
0 0
1 00 0 0 O ,
¢ 0 0 0 @ 4(p—1) Mazimal
0 0

Proof. According to the congruence condition, the orbits with representatives

00 0y\/0 00\ /00 O0\/0 00
( 10)( 0 0>7< ¢ o)( 0 o) (4.24)
0 0 0 0

are both non-maximal. These orbits are inequivalent, since the non-zero elements scale
by a square under the action. Each has stabilizer

<s t it) (ti %) (4.25)

Hence both orbits have size p — 1. Together with the zero orbit, these exhaust the
non-maximal orbits, by density.
The stabilizer of the orbits with representatives

1 0 0 0 0 O ¢ 0 0 0 0 O
< 1 0) ( 0 O)7 ( 12 O) ( 0 O) (4.26)
0 0 0 0
is
t t
( leg ) ( 1 ) U <t61 ) ( 1 ) , €1,69 € {£1}. (4.27)
teg t2eq tea t2¢;

1 0 0 0 0 O
In the case of {0 0 O | the stabilizer is
0 0

=
Tl




24 R.D. Hough / Journal of Number Theory 210 (2020) 1-131

t 1
tel (t2 1 ) s €1,€3 € {:l:l} (428)
teo t2er

since the square and non-square coordinate cannot be exchanged. These exhaust the
maximal orbits, by density. O

4.2. The mod p? orbits which appear as frequencies

The remaining orbits of V/V, are classified projectively, which suffices in calculating
the Fourier transform, see Lemma 21 below. Equivalently, the acting group is taken to
be G, x GL1, in which GL; acts by multiplication by a scalar.

4.2.1. Case of Ocs
The acting group is

r A
G, x GLy = <a s ) (tg)\ A ) . (4.29)
b ¢ t st? st

0 0 0 2
Vz< 0 )( * *) (4.30)

Lemma 16. When x is the standard representative of Ocs mod p, there are 11 orbits of
G, x GL1 acting on V/V,, listed in the following table, together with the orbit size, and
the relations on G, x GL1 describing each orbit stabilizer.

The action is on V/V,,

* ¥ W

Orbit representative Orbit size| Stabilizer relations

1 0 0 0 0
OO)( 0
0

0
1

(p—1p?la=b=c=0,7°X=12

o
o

0
0 $2A = 2

OO O

(p—1)72 |PA=t2rA=t

—
!
o o

(p—1)2p |s?A =121\ =st,a=0

~ I~ I~~~
| |/
o
o O
oo oo oo oo
~ N ™ N~~~
bS]
|
—_

o
o
OO OO O

b=c=0,a(a+s)=0
ifa=0:5=r71r\=1t>
ifa+s=0:a=r71r’\=1t

(eI

/\/\/\o/\/\
)

[even i an)

\—/
/N
(=)

o O
o OO
\/
5

N =
o

S

w
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Orbit representative Orbit size | Stabilizer relations

01 0 0 0 0
0 0 0 (p—1)p* l[a=0,c=0,rs\ =t

0

0

0

0

0
0
0 1 0 1 0 0
00)(00)
0 0
0 0 0
)
0
0 0 1 0 0
00)( 0) p—1 A=t
0 0
0 0 0 1 0
HI&h
0 0
0 0 0 0
e
0 0

Proof. See OCs__stabilizers.nb, where the calculations in this lemma are performed in

(p—1)2%p*la=0,c=0,rs\ =12 12\ = st

—_

0 .y
0 m a:b:c:07S:iT,r2)\:t2
(4.31)

o o

o o

(p—1Dp |a=0,r’\=st

[
(
[
(
(

o o
o o

Mathematica.
Identify the upper left two by two elements of the first quadratic form with Symz(Fg).

The group (Z s) x GL; acts on Sym? (Ff,) with six orbits, having representatives 0,

u?, v?, u(u + v), uwv, u? — fv?, see Lemma 2. In addition to one of these in the first
quadratic form, there can be included either a uw term in the first quadratic form, or a
u? term in the second.

The 0 form can include either uw in the first form, or w2

in the second, but not
both, since if the u? coefficient is non-zero in the second quadratic form, making the
transformation u — u + av can reduce the pair of forms to one equivalent to (0,4?) mod
V.

The u? orbit cannot include either term, since subtracting a multiple of the first
form from the second eliminates a u? term in the second quadratic form, and replacing
u — u + bw can eliminate the uw term in the first.

The v? orbit can include either term, but not both by the same argument as in the
case of 0.

u(u 4+ v) cannot include either term for the same reason that u? cannot.

uwv can include the u? term in the second form, but not a ww term, which could be
eliminated by replacing v — v 4 cw.

u? — fv? cannot include either term by the same argument as in the u? case.

The above give the 11 orbits listed. The stabilizer conditions have been verified to
guarantee stabilization of the form. If any of the stabilizer groups were larger than the
one listed, or if any of the 11 orbits listed were equivalent, then there would not be
sufficiently many points to cover the space, so that it follows that the 11 orbits are
inequivalent and the stabilizers are correct. O
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4.2.2. Case of Ops
The acting group is

x
Gy, xGLi=[a ¢ e (T t> . (4.32)
b *el =c s

The action is on the space V/V, with

0 0 0 0 * =
V, = ( z 0 ) ( * *) . (4.33)
—z0 *

Lemma 17. In the case of Opa, the action of G, x GLy on V/V,, has eleven orbits, listed
with a representative, size and stabilizer in the following table.

Orbit representative Orbit size Stabilizer
1 00 000 z 0 0 1
1 0 0 0 0 (p—1)p? 0 ¢ e (x“’ )
0 0 0 +el +c t
(L))
T z?
oy ooy ) U
0 0 2 T 1
Ul 2x —=x <m2 )
+x t

x 1
1 0 0 0 0 O ( B N )(x_z t)
0 1 0 0 s | (p=1)2p3 (p+1 X
3a 0 0 (» )12'(11 ) . )
(-1=0) U +v/ 1z )(;2 t)
FV-—1lz
1 0 0 0 0 O
1 k 0 01, | (p-1)2p30p+1
3 b 0] |evrem |,
0 — Ak? , )

L
Y=}
O

/N
w g |~
~

N———

(p—Dp*(p+1) (x c

OO OO
\—/\—/

(p—1)*p*(p+1) (m ¢

A/~
» B~
.

~

o
]

VRS L N —~
—
[enNan)

(p=1)(p+1) (
2
[

[an}

OO
(e RerNan)
\—/




Descriptions of the x’d cases are given below.
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Orbit representative Orbit size Stabilizer
x 1
o2
00 0\ /L 00 ‘ ¢ ) ( L)
7 ( 1 O) ( 0 ()> (pfl);(zﬂrl) (b . +e s 1902
0 0 ula e <m 1
b el sz
€z +1
0 0 0 0 0 O) a c¢ (g t>
0 1 0 0),|@e-ne+) b +c
8a ( )0 0 2 xT (ﬂ )
—-1=0 Ul a e e2l
b tel st
0 0 0 0 0 O
8h Lok 00 ) |e=nwn N
(—4k? =0,(-1#0)
x +1
0 0 0 1 00 a c¢ <c 1)
0 1 0 0 y | ( _1)2( +1) b +c $ z2
9a 0 0 £ 2 = x +1
—-1=0 Ul a e el
( ) b el ( s
0 0 0 1 00
9% Lok 0 0] |e-nle N
-4k =0,(-1#£0)
0 0 O 1 0 0 x r
10 0 0 0 O p—1 a c e ( 1 )
0 0 b +el +c)\% a2
0 0 O 0 0 0
11 0 0 0 0 1 G, x GL,
0 0
(4.34)

Proof. To prove correctness, it suffices to verify the stabilizers and prove that the orbits

of the same size are inequivalent, since then all points are accounted for.

Verification that equal sized orbits are inequivalent To prove that orbits 2 and 3 are

inequivalent, consider the action

Cc

The first quadratic form becomes

r(zu 4+ av + bw)(zu + (a + 2¢)v + (b £ 2el)w).

x
a e <£ t> - (u* + 2uv, 0) mod V.
b +el =c

(4.35)

(4.36)
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To fix the u? coefficient, r = J;. For the uv and uw terms to vanish, (a +2¢) = —a and
(b =+ 2ef) = —b. Hence the v? and w? terms become

1
—(—a®v? = b*w?) = —

= (a® + b%071)v? mod (v? — fw?). (4.37)

1
22
The vw coefficient is %gb. When —1 = [, a? + b*/~! = 0 if and only if a = b = 0, but
this causes the acting matrix to be singular, a contradiction. When —1 # O substitute
a = =2,b= 150 that the system to be solved is ab = k, a*>+b*¢~! = —1 or a%—% =1,
or a4—+—aQ—|—k—£2 = 0. This has no solution, since the discriminant 1—% #0 & (—4k? = 0.

To check that orbits 6 and 8 are inequivalent, acting on the representative in 6 maps
the first quadratic form to

- (Pv? £ 2celvw + e202w?) = r - ((® + 20)v* + 2cefvw) mod v* — fw?. (4.38)

When —1 = 0O, ¢ + €2/ = 0 if and only if ¢ = e = 0, which makes the acting matrix
singular. When —1 # O, there is no solution to

+cel

ey ke Pk+cel +e*lk=0 (4.39)

in (c,e) # (0,0) since £ — 4k? = O implies that the discriminant ¢2 — 4¢k? # 0. The
inequivalence of orbits 7 and 9 follows similarly.

Calculation of stabilizers The following calculations are performed in OD2__ stabilizers.
nb. Throughout the acting group is assumed given in coordinates as

T
a c e (Z t) (4.40)
b Z+el =c
00 O 0 * *
and recall V, = z 0 * ok |,
4 *

(1.) The pair of forms are (u?,0). The u? coefficients force s = 0, = 2. The uv and
uw coefficients force a = b = 0.

(2.) The pair of forms are (u? + 2uv,0). The u? coefficients force s = 0, r = 2. The
GL3 action carries

u(u+ 20) = (zu+ av + bw)(azu + (a + 2¢)v + (b + 2d)w), d=+2el (4.41)

To make the uw term 0, (2b + 2d) = 0 so b = —d. To make the vw term 0,
a-(2b+2d)+2bc=0s0b=0or c=0.
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o (Case 1, b =0): In this case d = 0 so (zu + av)(zu + (a + 2¢)v) = su(u + 2v),

and s = T% If a = 0 then ¢ = x which gives the solutions
z 1
. <z t) , (4.42)
+x
If @ # 0 then a = 2x and ¢ = —x which obtains the solutions

(2@; 2 ix) (% t). (4.43)

o (Case 2,b#0, b= —d, ¢ =0): In this case

(zu + av + bw)(zu + av — bw) = z?u® + 2azuv + a*v? — b*w? (4.44)

= 2%u? + 2azuv + (a0 — b*)w? mod v? — fw?.

Since b # 0, a?¢ — b? # 0, so this does not produce solutions.
1

(3a.) The pair of forms are (u? 4+ 2vw,0). The u? coefficients force 7 = & and s = 0.

The uv and uw coefficients force a = b = 0. The GL3 action carries

20w —2(cv £ efw)(ev £ cw) (4.45)
= 2cev? + 2(c? + e20)vw + 2celw?
= 4dcev® + 2(c? + e20)vw mod v? — fw?
Thus ce = 0. The case ¢ = 0 may be ruled out, since the ratio between the u? and

2vw coefficient becomes a non-square in this case. The case e = 0, ¢ # 0 obtains
the stabilizer claimed.

(3b.) The pair of forms are (u? 4+ v? + 2kvw,0). The u? coefficients force r = & and

s = 0. The uv and uw coefficients force a = b = 0. Under the GL3 action,

v(v + 2kw) —(cv £ efw)((cv + elw) + 2k(ev + cw)) (4.46)
= (¢? + 4cek + e20)v? £ (2¢%k + 2cel + 2%k )vw mod (v? — fw?).

To stabilize,
E(c? + 4cek + €20) = +(c*k + cel + e2(k). (4.47)
The plus case leads to (4k? — £)ce = 0, or ce = 0. Note that ¢ = 0, e # 0 does not

lead to a solution, since it is not possible that e?¢ = z2. This obtains two solutions,
with e =0 and ¢ = +x.



30 R.D. Hough / Journal of Number Theory 210 (2020) 1-131

Solving the quadratic equation, the minus case obtains

c (4k* + 0) & (4k* —0) c 1

- - =-2kor — —. 4.4

e 4k TG RY (4.48)
Subject to the quadratic condition 2¢?k%+(4k?+/)ce+2¢e%0k = 0, the form becomes

1

5% (€ — 4K?) cev® — (£ — 4k*)cevw. (4.49)

Thus the condition to be a stabilizer becomes,

L

CAR2Y e — 2
ok (€ — 4k?) ce = 2. (4.50)

Since ¢ — 4k? = 0O, ¢ = —2k leads to a pair of solutions. Meanwhile £ = fﬁ leads
to none, since its product with —2k is not a square.
(4.) The pair of forms are (2uv,0). Under the GL3 action,

2uv — 2(zu + av + bw)(cv £ elw). (4.51)

Considering the uw coefficient forces e = 0. Considering the vw and v? coefficients

forces a = b = 0. The uv coefficient gives r = =

(5.) The pair of forms are (2uv,u?). This is the same as (4.), except that now ¢ = 2.
(6.) The pair of forms are (v2,0). The GL3 actions carries v? + (cv & efw)?, so the vw
coefficient implies ce = 0. This leads to the two cases given.

(7.) The pair of forms are (v2,u?). This is the same as (6.), with the additional require-

ment that now ¢t = 2.
x

(8a.) The pair of forms are (2vw,0). Under the GL3 action,
2uw — 2(cv & elw)(ev + cw) = deev? £ 2(c? + e20)vw mod v? — fw?.  (4.52)

Hence ce = 0, which leads to the two solutions given.
(8b.) The pair of forms are (v? + 2kvw,0). Under the GL3 action,

v(v 4 2kw) —(cv + efw)((cv £ elw) + 2k(ev + cw)) (4.53)
= (% + deek + e20)v? £ (2¢%k 4 2cel + 2e*0k)vw mod (v — fw?).

To stabilize,

k(c? + 4cek + €20) = £(c*k + cel + e2Lk). (4.54)
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The plus case leads to (4k* — £)ce = 0, or ce = 0. Both ¢ # 0 and e # 0 lead to
solutions. Solving the quadratic equation, the minus case obtains

g I C s EZU:: (4k2 — 6). (4.55)

This gives two further solutions.

(9a.) The pair of forms are (2vw,u?). This case is the same as (8a.) with the further
restriction ¢ = 1,%

(9b.) The pair of forms are (v? + 2kvw,u?). This case is the same as (8b.) with the
further restriction t =

1
2
(10.) The pair of forms are (0,
(11.) The pair of forms are (0,

u?). The only restriction is ¢t = 2.
0). There is no constraint. 0O

4.2.8. Case of Op11
The acting group is

GIXGL1:<Z * *> (I Ju(% ) *> <I *) (4.56)

of size 2(p — 1)°p3. This acts on V/V, with

0 0 0 0 =+ =
V, = ( 0 *) ( * *) ) (4.57)
0 *

Lemma 18. In the case of Op11 the space V/V,, splits into 20 orbits with representatives,
sizes and stabilizers given in the following table.

Orbit representative Orbit size | Stabilizer

r 1
10 0y /0 00 ( * )( *)
1( 0 0)( 0 o) (p—1)p ¥
0

e )0
Con(oe) N
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(4.58)
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Proof. To verify correctness, it suffices to check that the orbits of the same size are
inequivalent, and that the stabilizers are correct, since the count of elements exhausts
V/V,.

Verification that equal sized orbits are inequivalent The verification that 2. and 4. are
inequivalent follows from the fact that u? 4 2uv and u? — fv? are inequivalent under the
action of GLs x GL; on Sme(FZ). The same is true of 3. and 6. since both orbits are
invariant under swapping v and w. 9. and 10. are inequivalent since the second quadratic
form contains a u? term. 14. and 15. are inequivalent because when acting on v? + w?,
the ratio between the coefficients on v? and w? changes by a square. The same holds for
17. and 18.

Calculation of stabilizers The fact that each of the listed stabilizers does in fact stabilize
the form is checked in OD11_ stabilizers.nb. The following proofs guarantee that the
actual stabilizing group is no larger.

Assume throughout that the acting group is given in coordinates as

T T
GexGLi=|a s (x )|_| a s (“ )_GluGQ. (4.59)
b t)\Y ~# b ot y z

Recall that
0 0 O 0 * =*
Ve = 0 = * k| (4.60)
0 *

(1.) The pair of forms is (u?,0). The uv and uw coefficients in the first form force
a =b=0. The u? coefficients imply x = %2 and y = 0.

(2.) The pair of forms is (u? + 2uv,0). By considering the u? coefficient of the second
form, y = 0. Consider the action only on the first form where u(u + 2v) mod vw
must be preserved. The action either preserves or exchanges the two lines u = 0
and u + 2v = 0, which obtains the stabilizer claimed.

(3.) The pair of forms is (u?+ 2uv + 2uw, 0). The u? coefficient in the second quadratic
form forces y = 0. Depending on the choice of ¢, there are two ways of factoring
u? + 2uv + 2uw + cvw into a pair of linear factors. If ¢ = 0 the factorization is
u(u + 2v + 2w). If ¢ # 0 then both linear factors contain a w term, one contains a
v term and the other contains a w term. Up to scaling the two forms, this obtains
(u+2v)(u+2w) = u? + 2uv + 2uw + dvw. To preserve u(u + 2v + 2w) mod vw, the
GLj3 action can first either swap v and w, or not, then map u = 0 to any of the four
linesu=0,u+2v4+2w=0,u+2v=0o0r u+2w =0, and map u+2v+2w =0
to the other line in the corresponding factorization. This obtains the eight parts
of the stabilizer given.
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The pair of forms is (u? — fv?,0). By considering the u? coefficient of the second
form, y = 0. By considering the uv and uw coefficients of the first form, a = b = 0.
By considering the w? coefficient of the first form, the acting group is contained in
G1. By considering the u? and v? coefficients of the first form, s = +r and 2 = T%
The pair of forms is (u? + 2uw — fv?,0). By considering the u? coefficient of the
second form, y = 0, so it suffices to consider the action on the first form. First
consider the possibility that the action is from G5. This maps u(u + 2w) — fv?
(ru+av+bw)(ru-+av+bw+2sv) —t2fw? mod vw. To obtain that the uv coefficient
is 0, 2s + a = —a, but this makes the v? coefficient —a? which is not the negative
of a non-square. Hence the acting matrix is from G;. This maps u(u + 2w) — fv?
(ru-+av+bw) (ru+av+bw+2tw) —s20v? mod vw. By considering the uv coordinate,
a = 0. It follows that the mapping either fixes u = 0 and v + 2w = 0 or exchanges
them. These two possibilities obtain the two parts of the stabilizers given.

2 coefficient in the

The pair of forms is (u? — fv? — fw?,0). By considering the u
second form, y = 0, so it is sufficient to consider the action on the first form. By
considering the uv and uw coeflicients, a = b = 0. Either exchanging v = 0 and
w = 0 or not leads to the stabilizer claimed.

The pair of forms is (2uw, 0). Since there is no u? coefficient in either form, y and z
are arbitrary, and it suffices to consider stabilization of the first form. To preserve
2uv mod vw, note that u — ru+ av + bw with r # 0, and hence the uw coefficient
forces v = 0 to be preserved. The v? coefficient forces a = 0. Now b is arbitrary,
which obtains the stabilizer given.

The pair of forms is (2uv + 2uw, 0). Since there is no u? coefficient in either form,
y and z are arbitrary, and it suffices to consider stabilization of the first form. To
preserve 2u(v + w) mod vw, note that the only way to factor 2uv + 2uw + cow
into a pair of linear forms is with ¢ = 0. Hence the lines u = 0 and v + w = 0 are
preserved. Note that v and w may be preserved or exchanged, which leads to the
stabilizer given.

The pair of forms is (2uv + w?,0). Since there is no u? coefficient in either form, y
and z are arbitrary, and it suffices to consider stabilization of the first form. Since
there is no uw coefficient, v must be mapped to a scalar times itself. The same is
then true of w. Considering the v? coefficient fixes a = 0, while b is arbitrary.
The pair of forms is (2uv,u?). This is the same as 7, except that the u? term in
the second form fixes z.

The pair of forms is (2uv + 2uw, u?). This is the same as 8, except that the u?
term in the second form fixes z.

The pair of forms is (2uv + w?,u?). This is the same as 9, except that the u? term
in the second form fixes z.

For the remainder of the forms, r,a,b are arbitrary since the first form does not
depend on u.

The pair of forms is (v2,0). The only constraints are that v = 0 is preserved, and
that x is fixed.
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(14.) The pair of forms is (v?+w?,0). v = 0 and w = 0 may either be fixed or exchanged,
the scaling of both variables has the same square.

(15.) The pair of forms is (v? + fw?,0). This is the same as 14, except that if v and w
are exchanged, a further scaling is necessary to preserve the ratio of the v2 and w?
coefficients.

(16.) The pair of forms is (v2,u2). This is the same as 13, except that the u? term in
the second form fixes z.

(17.) The pair of forms is (v? +w?,u?). This is the same as 14, except that the u? term
in the second form fixes z.

(18.) The pair of forms is (v? + fw? u?). This is the same as 15, except that the u? term
in the second form fixes z.

(19.) The pair of forms is (0,u?). The only constraint is that the u? term in the second
form fixes z.

(20.) The pair of forms is (0,0). No constraint. O

4.2.4. Case of Opq2
The acting group is

* *
Gy X GLy = [ * (: *> (4.61)
* * *

The action is on the space V/V,,

0 0 0\ /0 0 x
Vm< 0 0)( 0 *> (4.62)

Lemma 19. Treat Sym2(F§) as ternary quadratic forms in variables u,v,w. The group

T
<>|< * ) x GL1 acts on Sme(Fg)/(wQ), with the first factor acting by linear change
% %

of wvariable, and the GL1 factor acting by multiplying the form by a scalar. Under this
action, Sym? (F2)/(w?) has siz orbits, with representatives

0 0 O 0 0 1
( oo),( oo>
0 0
1 0 0 1 0 0
I
0 0
0 1 0
c.(OO)
0

1 0 0
—¢ 0.
0
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Proof. The change of variable preserves (w?), so the usual action of GLs x GL; on
Sym?*(F2) descends to the quotient. Identify the quotient by (uw, vw, w?) with Sym?(F2)
acted on by GLy(F,) x GL1(F,). By Lemma 1, this action has four orbits with repre-
sentatives

(") C o) a) (%) (59

Extend these orbits to the quotient by (w?) by fibering uw and vw over each Sym? (Ff,)
orbit. Above 0, uw and vw are equivalent. This obtains the orbits listed a. Above u?,
translating u by w can eliminate a uw term, so that the possibilities are v? and u? + vw,
which are inequivalent, obtaining the b. orbits. Above wwv, translating u and v by w can
eliminate uw and vw terms, so the only c. orbit is uv. The same applies to u? — fv?, so
this is the only orbit ind. O

The orbits of V/V, under G, x GL; are obtained by fibering the second quadratic
form in u, v, treated as Sym2 (Ff)) over the orbits listed in Lemma 19, as described in the
lemma that follows.

Lemma 20. In the case of Opiz2, the action of G, x GLy on V/V, has 23 orbits, listed
with a representative, size and stabilizer in the following table.

Type a.| Orbit representative Orbit size Stabilizer
0 0 O 0 0 O
1. ( 0 O)( 0 O) 1 G, x GLg
0 0
0 0 0 1 0 0 R N
2. ( 0 0)( 0 0) (p—1+1) ( * ><* i)
0 0 x ok ok 52
s *
00 0\ /0 10 < t ><* L)
3. ( 0 0>< 0 0) (Pfl)g(pﬂ) * *8* st
0 0 u<t )( 1)
Xk % T
000y /L 0 0 ; c e "
4. ( 0 o)( —( 0) =li’p (j:eé +c ><* ! )
0 0 * * * c2—e2/
0 0 1\ /1 0 0 s * 1
5. ( 0 0)( 0 0) (p—1)2(p+1)< * )(st 1>
0 0 x x * s
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Type a.| Orbit representative Orbit size Stabilizer
0 0 1 0 0 O r 1
6. ( 0 0) < 1 0) (p—1)%p(p+1) ( 5 > (” 1)
0 0 okt o
0 0 1 0 1 0 r 1
7. ( 0 0) < 0 0) (p—1)%p(p+1) ( S > (” 1)
0 0 x x t s
e
S st 1>
8. (0 8 (1)> <0 i 8) (p—1)"p(pt1) £ ok t) TS
0 0 -5 2s -1
U s <9t 1>
(* * t) *ooe
0 0 1 1 0 0 . s 1
9. ( 0 0)( —t o)% ( +s )(t 1)
0 0 « o+ t) \F 5
0 0 1 0 00 s % 1
10. ( 0 O) < 0 0) p—1Dp+1) ( * > (f *)
0 0 x* x t
(4.64)
Type b.| Orbit representative Orbit size Stabilizer
T 0 0\ /0 00 s * )
1. ( 0 o)( 0 o) (p—1p2(p+1) ( . )(— )
0 0 * % *
T 0 0\ /0 10 s a 7
12. ( 0 0) ( 0 O) (p—1)%p%(p+1) ( t > ( 530 >
0 0 * ok T s2t st
T 0 0\ /0 00 s 1
13. < 0 O) ( 1 O) (p—1)%p3(p+1) ( t ) (32 1)
0 0 * % 2
1 0 0\ /0 0 0 s —4 1
14, ( 0 1)( 0 o) (p—1)22(p +1) ¢ (— )
0 0 a % = '
1 0 0y/0 10 s -4 1
15. 0 1 0 0)l(p=17°p’(p+1) t Sa 1
0 0 a  x eT? st
1 00 0 0 O S 1
16. ( 0 1)( 1 0) (p—1)3p3(p+1) t 2) (52 1)
0 0 * ST t2

(4.65)
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Type c.|Orbit representative Orbit size Stabilizer
& 1
01 0\ /0 00 \ t (St *>
17 0 0 0 0 ||e=br(p+1) *
' 0 0 ’ 5 1
Ut <st )
. *
01 0 1 0 0 s 1
18. 0 0 0 0][(p—1)2%p*p+1) t <St L)
0 0 * 52
S £1
01 0\ /1 00 +s ( 12)
19 0 0 1 0 (=1 (p+1) N s
' 0 0 ! 5 =
Ul £s ( s2 )
* 52
0 1 0\ /1 00 - =5 < Lz)
20 0 0 ¢ 0 (p—=1)"p"(p+1) * s
' 0 0 ! +s 4L
L Sé (Sz 1 >
* 524
(4.66)
Type d.| Orbit representative Orbit size | Stabilizer
1 0 0 0 0 O 5 c e 1
21. — 0 0 0] |2 +el +c <c2_eze )
0 0 * *
S 1
52
1 0 0\ /0 00 » ( s > ( g)
29 7 0 1 0 (p—1)°p"(p+1) * s
' 0 0 ! s =i
L sl ( s 1 )
* 5202 20
1 0 0 010 s L
ST N (e [0
3,4 S
23a. 0 0 (I’*Uélw S* »
* 82/
1 0 0 0 k£ O
—£ 0 1 0}, . s
-1 +1
23b. 0 0 (p—1) Z (p+1) *
1—4k?#0,(-1#0)

A description of the stabilizer x is given in the proof.

(4.67)
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Proof. To classify the orbits of type a., when the first form is 0, the action on the second
form is the same as GLy x GL; acting on Sym? (Fg) which has the four orbits claimed.
When the first form is uw, since w = 0 is preserved by the group action, modulo w,

u = 0 is preserved, so that the action becomes * : x GL; acting on Sym? (Fg) By

Lemma 2, this action has six orbits, which gives the six orbits claimed.

To classify the orbits of type b., note that, by subtracting a multiple of the first form
from the second, the u? term in the second form may be eliminated, so that it takes the
form cjuv + cov?. When the first form is 42, to stabilize the first quadratic form, v must

be replaced by a multiple of itself. Thus the action on the second quadratic form is by
* ok
*

Meanwhile, if ¢o # 0 then the uv term may be eliminated by replacing v with v + au for

x GL1, and wv is inequivalent with v? since the factor « cannot be eliminated.

an appropriate a. Thus there are three inequivalent orbits with representatives 0, uv and
v? under this action. When the first form is u? + 2vw, the first form may be stabilized
by adjusting v by w and v by u simultaneously to keep the uw term 0. Thus the action
on the second quadratic form (which does not depend on w) is the same, so there are
three orbits in this case, also.

To classify the orbits of type c., by subtracting a multiple of the first form from the
second it may be assumed that the second form is of type ciu? 4 cpv?. To stabilize the
first form, modulo w the lines u = 0 and v = 0 are either fixed or exchanged. If only one
of ¢1, co is non-zero, it may be assumed that ¢; # 0 by exchanging w,v. Since the lines
are preserved or exchanged, this is inequivalent to the orbits with both ¢; and ¢ # 0,
and the orbits where ¢; and ¢y are related by a square or non-square are inequivalent,
since the scaling in individual coordinates is quadratic.

To classify the orbits of type d., by subtracting a multiple of the first form from the
second it may be assumed that the second form is of the type ciuv + cpv?. To preserve

the first quadratic form, the change of variables in u, v takes the form ( :i:ce Y :Ec) . This

maps v? in the second form to
(eu £ cv)? = e*u? & 2ceuv + *v? = £2ceun + (¢* + e20)v? mod u? — (v* (4.68)

after subtracting a multiple of the first form to clear the u? term. If —1 # O modulo
p then c? + €20 # 0 so wv and v? are inequivalent. Otherwise, v? and 2kuv + v? are
inequivalent since ce = k(c? + €2() leads to an irreducible quadratic. These are all of the
inequivalent orbits, since testing a non-zero form as equivalent to v? leads to a quadratic
equation which is either soluble (equivalent) or not (inequivalent).

Note that, since the orbits have already been classified, it suffices to check that each
claimed stabilizer does in fact fix the form, since the orbits exactly cover the space. This
verification is performed in OD12_ stabilizers.nb, except for in the case 23b. In the case
of 23 b., the stabilizer is obtained as follows. To preserve the top quadratic form, the
stabilizer takes the form
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c e 1
+el +c (CL;Q" ) . (4.69)
0 0 % c2—e2( t
The GL3 part maps
v(v + 2ku) — (eu £ cv)((2ck + e)u £ (2elk + ¢)v). (4.70)
Subtracting down to eliminate the coefficient on 42, which determines s, this becomes
+ (2¢%k + 2ce + 2e*0k) uv + (¢® + dcelk + *0)v>. (4.71)

To satisfy the stabilizer condition it is necessary and sufficient that the ratio of the uv
and v? coefficients satisfies

+ (2c2k + 2ce + 2€2£k)

= 2k. 4.72
c? + dcelk + €24 K (4.72)

For the + condition to be satisfied, it follows that
(1 — 40k?*)ce = 0, (4.73)

which implies that ce = 0. Both ¢ = 0 and e = 0 lead to solutions fixing ¢. The minus
case obtains

—(c2k + ce + €*lk) = Pk + dcelk? + (k. (4.74)

This leads to a reducible quadratic equation in ¢ and e with two non-zero projective
solutions. O

5. Evaluation of exponential sums

The following table lists those modulo p orbits which contain maximal and non-
maximal elements, and representatives modulo p? for all maximal, or all non-maximal
orbits. The classification of maximal and non-maximal mod p? orbits appears in Lem-
mas 12, 13, 14, and 15. By Lemma 5, in order to evaluate the Fourier transform of the
maximal set at frequencies not divisible by p it suffices to consider only those mod p?
orbits listed here.
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mod p orbit|mod p? orbit representative |Justification
00 0\/0 o0 1
0121, 1 0 0 0 This is the only non-maximal orbit
00 0\/0 0 %
O24 1 0 0 0 This is the only non-maximal orbit
0 00 I 0 0
Oy2 0 0 —£ 0 This is the only non-maximal orbit
1 0
e 0 0\ /0 0 %
0 0 1 0/, . .
04 1 0 These are all of the maximal orbits
cceFf/{z* 2 e F}}
ep 0 O 0o 0 I
0o i 10
0131 3 o) |These are all of the maximal orbits
cceFf/{z? 2z e F}}
p 0 0\ /0 3 0O
p 0 0 o],
1 0
p 0 0\ /0 0
0122 p O 0 0], |These are all of the maximal orbits
1 0
p 0 0\ /0 % 0
p 0 0 o0
1 0

(5.1)

The size of the stabilizer in G(Z/p?Z) of each orbit listed above is given in the following
table. These were obtained by multiplying the size of the stabilizer of the corresponding

orbit in the G, action on V/V, by p

dim G—dim V

 — pl3—dim V,
=D

mod p orbit|[mod p? orbit representative |Stabilizer size
00 0 00 3
0121, 10 0 0 2(p —1)%p?
1 0
00 O 00 %
0124 1 0 o 0 2(p — 1)%p?
) 0
0 0 O T 0 0
Oy 0 0 ~£ 0 [20- 12+ 1)
1 0
e 0 0\ /0 0 1
0 0 1 0],
014 1 0 (p— Dp#{e* =1}
ecFX/{z' :z e F}}
ep 0 O 0 0 %
0 % 10/, 3 3
O3, 6 0 (p— Dp’#{e’ =1}
ecFX/{z? :z e F}}
p 0 0\ /0 3 0
01242 p O 0 0 8(p — 1)P3
1 0
fp 0 0\ /0 7 O
01212 p 0 0 0 8(p — 1)p?
1 0
fp 0 0\ /0 £ 0
01212 D (1) 0 0 4(p - 1)p?
0

, see Lemma 11.
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In evaluating the exponential sums write the time domain variable x = x¢ + pr; and

frequency variable & = £y + p&; where ||2o||o, [[£0]|oc < §. In this section it is useful to

recall the formulas (see Lemma 9)

Sp2(x,8) = p'.F (x,6), (5.3)
S (2,§) = Z ep ([z1,9 o] + [70,9 - &)
gEG’w’)g

and (see the beginning of Section 3)

P! (x,€)

S o(z,€) = 5.4
P* ($ 6) |StabG(Z/p2Z)(x)| ( )
M (,€) = > Ty (2, €)
O, mod p2:ﬁmlcﬁm mod p
maximal

=— > Y2 (', €).

0, mod p2:0zzcﬁm mod p
non-maximal

The following lemma justifies classifying the G, x GL; action on V/V,, in the case
of &.

Lemma 21. Let x € 01211, 0129, Os2, 014, 0131 or O1212 mod p and write £ = & + p&1
satisfying Gpe # 0. Let X € F . Then

%(.’E,&) +P§1) :%(1’750 +p>\§1)' (55)

Proof. Let = zo + pz1 be a mod p? orbit representative from (5.1). Note that, by its
definition the action set G ¢ is invariant by multiplication by a scalar matrix in GLs.

By Lemma 9,
(@& +prr) = D ep([ro,Ag- &l + [21,9- &) (5.6)
gEG;g
= Z €p ([.17079 : 51] + [)\_11‘179 . fO:I)
gEG;YE

=S (w0 + pA w1, & + péa).
In the case of 211, 0129 and Oz, x1 = 0, so

137 (x, & + pA&) pt.7 (x, & + pér)
M (z, A6 = L =— = M (x, . (5.7
(x 50 +p 61) ’StabG(Z/pZZ) (II})’ ‘StabG(Z/pZZ)(l‘)‘ (‘T €0+p€1) ( )
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In the case of @4, 031 and 0212, multiplying 1 by A~! permutes the maximal mod p?
orbits above the mod p orbit, while leaving the stabilizer size unchanged, see (5.2). Since
M (x,€) is a sum of .7 (x, &) weighted by p'® times the inverse of the stabilizer, summed
over these orbits, it follows that . (z, &y + pA&1) = A (x,&o + p&1) in this case, also. O

5.1. The exponential sums pair (01211, Opi2)

In this case,

8
o
Il
N
o
—= O
IOO
—_
v
o
o O
S Onl=
A%
o
|
N
—_
o O
o OO
\—/
N
o
o O
OO O
v
—
o
oo
N—

and z; = 0. The action set is

ail a2 a13 b b
Gl o= a b ( H béi) . (5.9)
c d

The stabilizer has size

‘Stabg(z/zﬁz)(l‘)‘ = 2(]) — 1)2])2. (510)

)OI DR RS W WS I W GB 8
e €T (89 (9 (Y 6
<d>eF§,>\eF; (Z)eF;i (d) EF2

NS ST RS S ) TS )

The GLy condition on (Ccl 2) may be fibered as follows
€F

In the summations that follow, unless otherwise indicated summations over matrices are
constrained by the fact that the pairs of matrices are contained in GL3 x GLs. If 31 — X5
is indicated then ay1,b11,bos € F;, a12,a13,b12 € F), and the remaining variables range
according to the fibration above.

Representatives and exponential sum pairings are given in the table below. Since this
is the single non-maximal orbit,

(2,

M (x,§) = W

(5.12)

This table is generated in exponential_sums_ 01211__0D12.nb.
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Orbit| £ [0,9 - &1 S (z,§) M (z, §)
0 0 0\ /0 0 0 :
1. ( 0 0> < 0 0) 0 (p71)5p4(p+1) ,M;(P*U
0 0
00 0)/0 00 o
2. 0 (1) 0 8 bi1 (b2 — d?) (p — 1)°p* —e=lrp
0 0 0 0 0 O
3. 0 % 0 8 b11(ab — cd) —2(p — 1)*p* (p—1)%p*®
0O 0 O 0 0 0
4. —L ? 0 8 b1 (—a’l + b2 + %0 — d?) 0 0
0 0 0\/0 0 1 s
5. 00 00 b11 (b2 — d?) + bazard —(p—1)%p*(2p — 1) | L2=He =D
0 0 0Y /0 0 1 o
6. 1 8 0 8 bi1(a® — c®) + bazaiid (p—1)3p* —{p=Dp®
00 0\ /0 0 1 -
7. ( 0 %) ( 0 8) bi1(ab — ed) + basaird 2(p — 1)3p* —(p —1)p*®
0 0 O 0 0 1
bi1(a(a + 2b) — c(c + 2d)) 2 4 15
. 1 1 0 0 —2(p—1
8 ( 0> < 0) A bysarrd (p—1)p P
0O 0 O 0 0 1 b11(7a2€+b2+02lfd2)
9. —£ 0 0 0 0 0
1 0/ | +b22a11d
00 0\ /0 0 1 -
o (8 8)( 8 8) e s
0 0 O 0 0 O
11. 0 8 0 (1) b12(b% — d?) + bagaisd 0 0
N O 0 N[0 8 0 [ bu2ab—2cd) + b2 (0? —d?) |, 0
0 1 +bazaizd
13, 0 (1) 8 0 8 8 b11(a2 _ 62) + b12(b2 _ d2) 0 0
0 1 +bozaizd
0 0 O 0 1 0 2 2
bia(b% — d?)
14. 0 0 0 0 0 0
( 0> < 1) +b22(ari1c+ aizd)
1
s 00 N[0 5 0 [ bui2ab—2cd) + 012 (0? - d?) |, 0
0 1 +b22(aiic+ aizd)
A A Y L A T PP e o
’ 0 1 +b22(a11c+ ai3d)
0 0 O 0 0 O
17. ( 0 8> < 0 é) b12(2[lb — QCd) -+ b22(a12d -+ (l13C) 0 0
18 VAR bii(b? — d?) + bia(2ab — 2¢d) | 0
' 1 0 +b22(ai2d + aizc)
0 0 0\/0 0 0 bii(a> +b° — & —d°)
19. 10 0 1 +b12(2ab — 2¢d) 0 0
1 0 +boz(a12d + aisc)
00 0\ /0 0 0 bii(a* €+ 0" — 7 —d%)
20. L0 0 1 +b12(2ab — 2¢d) 0 0
1 0 +b22(a12d 4 aisc)
0 0 O 0O 0 O 2 2 2 2
21. 00 ¢ o) |ba(=atl 4 b el = dT) 0 0
0 1 +b22(—aizcl + a13d)
0 0 0\ /0 0 o0)\]bi(a®=2c%
22. < 1 0) ( —¢ 0) +b1a(—al + b2 4 24 — d?) 0 0
0 L) | 4baz(—ar2¢t 4 a13d)
0 0 0\ /0 0 0)]bii(2ab—2cd)
23a. 0 1 —0 0 || +b1a(—a%t + b + %0 — d?) 0 0
0 L) | 4baz(—ar2ct 4 a13d)
0 0 0\ /0 0 0\]bii(a®+ 2abk —c? — 2cdk)
23b. < 1 k) ( - 0) +bi2(—a?l + 0% + 2 — d?) 0 0
0 L) | 4b2a(—aiacl + a13d)
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1. In this case [zg,g-&1] =0, so

S (2,€) = |Gael = (0~ 1)°p" (p+ 1). (5.13)
2. In this case
[z0,9 - &] = b11(* — d?). (5.14)
The fibration gives
T = > ep(bra (b* — d?)).

(* ; ’;)(bn ‘)
c d
Substitute b := b+ d, d := b — d to obtain

Si=(p-1%" > ep(bubd).

b1 EF;,( ,b,dEFP

The sum over d vanishes unless b = 0, so ¥; = (p—1)3pS. The remaining summations
may be performed similarly,

Ty = Z ep(bri(b® — d*))
e

=@-1%" Y elbubd)

b11€F} ,b,deF,

= (-1
Y3 = Z =@-1°%
( Ccl 8) <bn I)
¥y = > ep(b11(b? — d?))
( 8 Z) <b11 I)

=@-1%" D ep(bubd)



Thus

3. In this case

R.D. Hough / Journal of Number Theory 210 (2020) 1-131

Ss=p Z 1=(p—1)3p*

o))
0 0

F(2,6) =) — %y — U3 =Ny + 35 = (p— 1)°ph.

[%0,9 - &1] = bi1(ab — cd).

The fibration gives

Summation in b, d vanishes unless a = ¢ = 0. Thus %1 = (p — 1)3p°.

= > ep(bi1(ab— cd))

(* . Z)(bu ‘)
c d

Sy = > ep(br1 (b% — d?)N)

ES ES ES b
( bA b)(” :)
i\ d

Substitute b :=b+d, d:=b—d so Xy = (p — 1)*p*.

Thus

4. In this case

[xo,g . fl] = b11(—a2€ + b2 + 20— d2) = b11(—(a2 — Cz)g + b — d2)

S = > 1=(p—-1)%°

L(@,8)=@p-1°'p-(p-1) —2p+1] = —2(p — 1)*p".

The fibration gives
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(5.15)

(5.16)

(5.17)

(5.18)
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= > ep(bri(—(a® = )+ (b* —d%)))
* * * b "
( : 2)( 11 )
=(p-1)%H° > ep(bri(—acl + bd))
a,b,c,d€F,,b11 EFY
=(p-1°p
Yy = > ep(bin (b? — d®) (=22 + 1))

ES ES ES b
( bA b)(” :)
i\ d

Since —A2/ 4 1 # 0 this factor may be eliminated by a change of variable in the by,
summation. Substitute b:= b+ d, d :== b — d to obtain Xy = (p — 1)*p*. Similarly,

S5 = > ep(~bui(a® = A)0) = (p - 1)°p*
ok ok by
a 0
( c 0 < *)
S = > ep(bur (0* = &) = (p— 1)°p"

Thus
L(2,6) =(p-1)°p(p—(p-1)—1)=0. (5.19)
5. In this case
(20,9 &) = bia (B? — d?) + bazayy d. (5.20)

Summing in boy gives —1 if d # 0 and p — 1 if d = 0. Thus,

(x,€) = —%1 S epbu(b - d%) + 3 ep(b11b%)

—1
b g€eGL ¢ P * *
( b) (bll *)
*

o %

(5.21)
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=—(p-D"' - (p-1%"
=—(p—1)°*p"(2p - 1).
6. In this case

[1‘079 . 51] = bu(CL2 — 02) + basaqid. (522)

Sum over byy as before to obtain

F@) =5 T el )
g€eG ¢
+ I% 3 ep(bi1(a® — ¢2)). (5.23)

[

The ¢ = 0 term in the second sum may be added without altering the sum, since

Z ep(b11a2) =0. (524)

b11EF} ,a€F,

Thus, substituting a + ¢ and a — ¢ for a and c as before,

2.
S (@, &) = o1 +(p—1)%° (5.25)
=—-(-D%'+@-1)°
=(p—1)°"
7. In this case
[{L‘(),g . 51] = bu(ab — Cd) + basaqid. (526)
Sum in bys to find
1
Y(x,f) = 7pj Z 6p(b11(ab — Cd)) -+ p%l Z ep(bnab)
9EG, ¢ * ok x\ g .
( . b)( ne)
c 0
3.
=t a1y
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8. In this case

[an g- gl} = bll(a(a + 2b) - C(C + 2d)) + b22a11d. (527)

Sum in bos to find

L (x, &) = _p%l Z ep(bu(a(&—FQb) —c(ec+2d)))
g€eG ¢
p 2
o1 > ep(b11(a(a+ 2b) — ?))

The first sum is the sum from 3. In the second sum, replace a := a + b to obtain

y($>§) = —i+(p—1)p4 Z ep(bu(az —b2 —02))

p—1
bi1,b,c€EF) ,a€F,

The sum may be evaluated in terms of the Gauss sum

T= Z ep (nz) . (5.28)

nekF,

Here and below, (5) indicates the Legendre symbol. When b1 # 0,

> e (bun?) =7 (lll) . (5.29)

nekF, p

Also,

3y (%) =0. (5.30)

The Gauss sum satisfies

e (_pl> P. (5.31)

With these facts in hand,
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S (@,€) =2(p—1)%" + (- 1p* Y T(%) (T<_Z“) —1>2

b11€F)
=2(p—1)°p* —2(p—1)%p°
=—2(p—1)*p*".
9. In this case
[.’Eo,g . 51] = b11( (a — C )f + ( d2)) + b22a11d. (532)
Sum in bys to find
4. D 2 2 2
S @, §) = ———7 + =7 > ep(bin(—al + b + c20))
D p—1
k * * b "
. b)< n )
c 0

10. In this case

(5.33)

Summing in bas,

11.-23. These sums vanish on summing in a3, a1z and bys.
5.2. The exponential sums pair (O129, Op12)

In this case,

0 0 O 0 0
o = 1 0 0
—/

and x; = 0. The action set is

10 0\/0 00
50:< 0 o)( 0 o) (5.34)
0 0

O Ol
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a1l a2 i3 b b
ce=( @ )" 0z). (539
c

which is fibered as before. The stabilizer has size |Stabg(z,y2z) ()| = 2(p — 1)%p?.
Representatives and exponential sum pairings are given in the table below. Since this
is the single non-maximal orbit,

11
p S (z,§)
See exponential _sums_ 0122__0D12.nb.
Orbit|&1 [0, 9 - &1] S (x,§) M (z,8)
0 0 0\ /0 0 0 T
1. 00 0 0} |0 (p—1)5p*(p+1) _%
0 0
0 0 0\ /0 0 0
2 00 0 0) |bu(e?—a0) —(p— 1)4pt(p+ 1) | V24D
1
0 0 0 0 0 O
3. 0o 2 0 0] |bi1(ab— cdf) 0 0
B 0
0O 0 O 0 0 O
4. —¢ (1’ 0 8 bii(—a204 b2 + 22 — d2¢) [2(p— 1)*p*(p+ 1) |=(p — D)p(p+1)
0 0 0\ /0 0 1 o
5. 0 (1) 0 8 b11(b% — d%¢) + ba2a1rd (p—1)%p* —
0 0 0\ /0 0 1 ) .
6. 10 0 0] |bi1(a? = c26) + basarrd (p—1)3p* = A
0 0
00 0\ /0 0 1
7. ( 0 %) ( 0 8) bll(ab — Cdg) + bosaird 0 0
0 0 0\ /0 0 1\ [by(a(a+2b)— c(c+2d)e)
8. 1 1 0 0 0 0
0 0 +bazai1d
0 0 0\ /0 0 1\|by1(—a2l+0b>+c22—d2¢
> ( - 0)( ’ 0) N : —2(p —1)%p* p*
1 0/ | +bosaird
0 0 0\ /0 0 T
10. 0 0 0 0| [braird —(p—1)*p* =Lp_
0 0
0 0 O 0 0 O
11. 0 8 0 ? b12(62—d2£)+b22a13d 0 0
0 0 0\ /0 0 0 b11(2ab — 2cdl)
12. 01 0 0 0 0
0 1 +b12(b? — d?£) + basaisd
0 0 0\ /0 0 0\ |byi(a®—c)
13. 1 0 0 0 0 0
0 1 +b12(b? — d?0) + bazaizd
0 0 0 01 0 b12(b2—d2€)
14. 0 0 0 0 0 0
0 1 +b22(ar1c + aisd)
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Orbit & [z0,9 - &1] S (x,€) M ()
0 0 O 0 1 0 b11(2ab - QCdZ) -+ l)lz(b2 - dzé)
15. 0 1 0 O 0 0
0 1 +ba2(ai1c + aizd)
0 0 0\ /0 1 0\ |byi(a?—c20)+bra(b? — d20)
16. 1 0 0 0 0 0
0 1 +bo2(ar1c + a13d)
0 0 0\ /0 0 0 b12(2ab — 2cdl)
17. 0 0 0 1 0 0
0 0 +ba2(a12d + a13c)
0 0 0 0O 0 0 b11(b2 — dQZ) + b12(2ab — 2cdl)
18. 0 0 0 1 0 0
1 0 +ba2(a12d + a13c)
0 0 0 0 0 0 b11(a2+b2 —CQK—dQK)
19. 10 01 0 0
1 0 +b12(2ab — 2¢dl) + baz(ar2d + ai3c)
0 0 0 0 0 0 bll(a2€ + b2 — 2% — d2€)
20. 20 01 0 0
1 0 +b12(2ab — 28(1[) + bao (a12d + a13C)
0 0 0 0O 0 O blz(—a2£ + b2 + 202 — dzf)
21. 0 0 —£ 0 0 0
0 L)1 4boo(—aract + arzd)
b11(a? — c%¢)
0 0 0 0O 0 O
22. 1 8 L (1) +b1a(—a2l 4+ b2 + 202 — d20) 0 0
+ba2(—ai2¢f + ai3d)
b11(2ab — 2cdl)
0 0 0 0O 0 O
23a. 0 (1) —L (1) +b12(—a20 + b2 + 262 — d2¢) 0 0
+ba2(—ai2¢l + ar3d)
b11(a? + 2abk — c2€ — 2cdlk)
0O 0 O 0o 0 0
23b. 1 IS —L ? +b12(_a2£ + b2 + CQZQ _ d2e) 0 0
+ba2(—ai2¢cl + ai3d)
The exponential sums are as follows.
1. In this case [zg,g - &1] = 0 so that
5.4
S (,8) = |Gael = (p—1)°p (p+1). (5.37)
2. In this case
[z0,9 - &1] = bi1 (b* — d20). (5.38)

Since b, d are not 0 simultaneously, b2 — d?¢ # 0, and the sum over by; is —1, so
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|Gl

o1 - e D'ptp+1). (5.39)

S (x,§) =
3. In this case
(20,9 - &1] = b11(ab — cd?). (5.40)
The fibration gives

¥ = ep(br1(ab — cdl)) = (p — 1)3]95

o %

(*
(* " Z)(bn ‘)
d\ d *

Summation in b and d gives 72 (%) = —p, independent of bj1A. Thus Yo = —(p —
1)*p*.

¥y = ep(b11(b* — d*0)\)

Thus
F(,€) =0. (5.41)
4. In this case
(20,9 - &1 = by (—a?l + b + 0% — d%0). (5.42)
The fibration gives
= > ep(biy(—al + b + 2% — d20))

R
c d ¥
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Expanding in Gauss sums, summation in a,b,c,d gives p? independent of by, so
Y= (p—1)*°.

Sy = > ep(bry (0% — d20)(=A20 + 1))
X ok ok by *
b b
( A d)< *>

Since —A2¢ + 1 # 0, summation in b?> and d? obtains —p as in ¥y of 3., so that
Yy = —(p — 1)*p*. Similarly,

3 = Z ep(bri(—a?l + c*0?)) = —(p — 1)%p?
* * * bll N
a 0
( c 0 < *)
D DR R i

Thus

S (2,6) =2(p — 1)°p*(p +1). (5.43)
. In this case
[€0, 9 - &1 = b1y (b* — d*0) + bagayyd. (5.44)

The sum over by is —1 since b? — d?¢ # 0. Sum in by to find

_ |Gl p * I I * ok

. In this case
[ZE(), qg- fl] = bn(az — 624) + basaqid. (545)

As for 5., S (x,€) = (p — 1)3pt.
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7. In this case
[0, 9 - &1] = b11(ab — cdl) + bazaqrd. (5.46)

Sum in bys to find

S (x,8) = _1% Z ep(b11(ab — cdl)) + Z% Z ep(b11ab)

g€eGY,
3 (* 2 Z)<b11 *)
c 0 *

The first sum is the same as for 3., which is 0, while in the second sum, b;1b # 0 so
that the sum over a, which now runs over F,,, is 0. Thus . (x,€) = 0.
8. In this case

[l‘o,g : 51] = bll(a(a + Qb) - C(C + Qd)ﬁ) + bzgand. (547)

Sum in bys to find

1

S (x,8) = pr— > eplbui(ala+ 2b) — c(c + 2d)0))
gEGfLE
p 2
o > ep(br1(a(a + 2b) — ¢20))

—
*
o *

. Z)(bu ‘)

After making a column operation on GLg, the first sum is equal to the sum from
3., which is 0. The second sum may be evaluated by replacing a := a + b, which is
permissible since a ranges in F,,, so that a(a + 2b) becomes a? — b%. This obtains

S (,6) = (p—1)p* > ep(bii(a® — b — c*0))

bi1,b,c€EF} ,a€F,

oo (3 0(2)-) (29

b11EFY

= 0.
9. In this case
(20,9 - &1] = bi1(—al + b + 2% — d*0) + bysaqy d. (5.48)

Sum in bys to find
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€)= -y P 3 ep(biy (—a%C + 12 + 202))

st S () (o

p
b11€F,

=-2(p—-1)**(p+1)+2(p - 1)*°
=—2(p - 1)*p".

10. In this case

[z0,9 - 1] = baoanrd.

Summing in bag,

* * *
y(x,@:—']%'w#( . ) (" 7)

=—(-1%'@+1)+@p-1*"°
=—(p-1)"p"

11.-23. These sums vanish on summing in a3, a3 and bys.

5.3. The exponential sums pair (Osz, Op11)

For this pair, the standard representatives are

00 0\y\/1 0 0 0
2o = 0 0 — 0, &=
1 0

The acting set is

(el SIS
jes e llan)

a cM ais b b
Gt :{(c a\ a23> ( 1 12)}.
z,§ boa
as3s3

(5.49)

(5.51)

The range of summation is (a,c) € Fg \{(0,0)}, A, az3,b11,b22 € F), and ay3, az3,b12 €

F,. Thus |G, ¢| = (p — 1)°p3(p + 1). The stabilizer has size

|Stabe(z/p2z) ()| = 2(p — 1)*p*(p + 1).

(5.52)
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Representatives and exponential sum pairings are given in the table below. Since this
is the single non-maximal orbit,

10
p S (2, §)
M(2,8) = — 5 (5.53)
2p—1)*(p+1)
See exponential_sums_ 022_ OD11.nb.
Orbit [ &1 [z0,9 - &1] S (x,€) M (z, €)
0 0 0\ /0 0 0
1. 0 0 0 0 biza3s + baa(a?s — a3;6) 0 0
0 1
0 0 0\ /0 0 0 2
2. 00 0 1 brzazst 0
0 1 baz(aiy — aj3f — 2aa23 AL + 2a13cAL)
0 0 0\ /0 0 1 biza3;+
3. 0 o 0 1 bo2(2aa13 + afy — aZ5¢ — 2a23cl 0 0
0 1 —2aa33\ + 2a13¢)L)
4 0 g g 0 Se 8 brzads+ 0 0
0 1 b22(a?3 — a%:;ﬁ +a?x20% — 22268
0 0 0\ /0 0 1 biza3;+
5. 0 0 —£ 0 b22(2aa13 + a%s — ag3f — 2a23ct 0 0
0 1 +a22202 — 222¢8)
0 0 0\ /—¢ 0 0)]|biza3s+
6. 0 0 =2 0 || baz(a2y — a2l — a2y + 262 0 0
0 1 +a2)\262762)\243)
0 0 0\ /0 0 0
7. 0 0 0 1 bao(—2aa23 Al + 2a13cAl) 0 0
0 0
0 0 0\ /0 0 1
8. 0 o 0 1 baa(a13(2a + 2eAL) — a3 (2arl + 2¢0)) |0 0
0 0
0 0 0\ /1L 0 0
9. 00 0 1 boa(a? — 2L — 2aa23 ML + 2a13cAL) 0 0
0 0
0 0 0\ /0 0 0
10. 0 ? 0 (1) bi1aZs + boa(—2aaz3 M + 2a13¢Al) 0 0
0 0 0\ /0 0 1 2
11. 0 0 0 1 birags+ 0
1 0 b22(a13(2a + 2cAl) — az3(2aXl + 2¢l))
0 0 0\ /1L 0 0 2
12. 00 0 1 briasst 0
1 0 bas(a® — c“f — 2aaz3 Al + 2a13cAl)
0 0 0\ /0 0 0 2 13
13. 0 0 10 boo(—a2 + c20)A2¢ —(p—D*pPp+1) |[2=1) 2"
0 0
0 0 0\ /1 0 0 2 13
14. 0 o 10 baa(a? — c26)(1 — A20) —(p-D*pPp+1) |2=H2C
0 0
0 0 0\ /€ 0 0O 13
15. ) 10 boo (a2 — c20)(1 — A2)¢ (p—-1)3pP(p+1)? |-=br @+
0 0
0 0 0\ /0 0 0 . T
16. 0 0 Lo br1ads + baz(—a? + c20)A2¢ -1 p+1) |-E=Pr
0 0 0\ /1 0 0 13
17. 00 Lo br1a3s + baz(a? — c20)(1 — A20) -2+ |-=Dr”
0 0 0\ /£ 0 O [T
18. 0 <1) 1 8 bi1a3s + baz(a® — 20)(1 — A%)e —(p — 1)2p(p + 1)2 | 22EL)
0 0 0\ /0 0 0 ) 210
19. 00 0 8 biia3s —(p - D (p+1) | =127
0 0 0\ /0 0 0 3 13
20. 0 o 0 0 0 (p-15pP(p+1) |-e=t"r"
0 0
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The exponential sums are as follows.

59

1.-12. These sums vanish. For sums 1.-6., sum in b1 to force azz = 0. For sums 7.-12.

sum in a13 and agz to force a = ¢ = 0. In either case, this makes the acting matrix

singular.
13. In this case

(20,9 - €1] = baa(—a® + CONL.
Since (—a? + c2f) # 0, sum in by to obtain

_1Gagl _

S €)=

~(p =1 (p+1).
14. In this case
[Z0,9 - &1] = baz(a® — PE) (1 — N?0).
Since (a? — ¢20)(1 — A2) # 0, sum in by to obtain as for 13,
S (2,6 == -1’ (p+1).
15. In this case
[€0, 9 - &1] = baa(a® — c20)(1 — N?)L.
Changing variables in bos,

S (x,€) = > ep(baa(a® — 20)(1 — A2)0)

a c\M  aig
(c a\ @3)(511 thi)

as33

=(p-D%(+1) D epbn(l—N?)
bgz,)\e(Z/pZ)X

=(p-1*(p+1)>"
16. In this case
(20,9 - &1] = bi1a3s 4 baz(—a® + 2E)N2L.

Sum in b;; to obtain . (xz,§) = % =(p-13p3(p+1).

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)
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17. In this case
(20,9 - &1] = bi1a3s + bag(a® — 2€) (1 — N20). (5.60)

Sum in b7 to obtain . (x,&) = % =(p-17°p*(p+1).
18. In this case

[{Eo,g . 51] = bua%g + b22(a2 - 026)(1 - )\2)€ (561)

Sum in b1; to obtain . (z,§) = % =—(p-1)%*(p+ 1)~
19. In this case

[0,9 - &1] = buiass. (5.62)
Sum in b7 to obtain . (x,&) = _lpcffld =—(p-1D*%(p+1).
20. In this case
(20,9 -&] =0 (5.63)

s0 S(2,8) = |Goel = (p— 1)°p’(p + 1).
5.4. The exponential sums pair (Oa2, Op2)

Take standard representatives

000\ /1 0 0 ¢ B 0\ /0 0 O
x():( 0 0)( —¢ o), §0=< 1 o)( 0 o) (5.64)
1 0 0 0

with fu? + 2Buwv + v? irreducible. The acting set is (g = <Lcl Z))

a b a3 b b
G;é: g=|c d as (11 12>,[u2—Evz,g-(€u2+2ﬂuv—|—v2)]=O .

b
a3 22
(5.65)
As determined in Appendix B, |G, ¢| = (p — 1)*p®(p + 1)2. The stabilizer has size

|Stabez/p2z) (2)| = 2(0 = 1)*p* (0 + 1). (5.66)

Representatives and exponential sum pairings are given in the table below. Since this
is the single non-maximal orbit,

P (x,8)

0 = T e 1)

(5.67)
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See exponential_sums_022_ 0D2.nb.
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Orbit [ & [0, 9 - &1] S (z,§) A (%, §)
0 0 0\ /0 0 O
1. 0 8 0 (1) bi2aZs + bag(aZy — aZzl) 0 0
0 0 0\ /0 0 0 2
b12a33
2. 0 0 0 1 0
( 0) ( 1) +bao (ot%3 + 2a13b — a§3 — 2ag3dl)
0 0 0\ /0 I 0\[, o2
3. 0 0 0 0 33 0 0
0) 1) +bo2(a?s + 2ab — a2zl — 2cdl)
0 0 0\ /0 0 O
4. 0 0 0 1]|2b22(a13b — as3de) 0 0
0 0
0 0 0\ /0 0 O
5. 00 0 1 ||bi1a3s + 2b22(a1zb — azzdl) 0 0
1 0
0 0 0\ /0 0 0 s
6. 0 0 10| |baa(b? — d20) —(p—1)%p(p + 1)2 | 2=Lip_"(p+1)
0 0
0 0 0\ /0 0 O 13
7. 0 0 10| |b11a2s + baa(b® — d20) (p—1)%p*(p+1)? |2
33 2
1 0
0 0 0\ /0 1T O > 13
8a. 0 0 0 0| |2b22(ab — cdt) (p—1D*"3(p+1) |-=r"
0 0
0 0 0\ /0 k O > 13
8b. 0 0 1 0| |ba2(d® + 2abk — d?¢ — 2cdek) -1 p+1) |-e=t2"
0 0
0 0 0\ /0 T 0 =
9a. 0 (1) 0 8 bi1a2s + baa(2ab — 2cdl) —(p—-1)%p*(p+1) |2=Dr "
0 0 0\ /0 kK 0 2
biiazs+ 3 3 (p—1)p!3
9b. 0 0 10 —(p—1 1) | 2= —
< 1) ( o) bz (b2 + 2abk — d20 — 2cdlk) (=17 (p+1) 2
0 0 0\ /0 0 0 13
10 0 0 0 0]|bi1a2, —(p—1)°p%(p + 1)?| =L2 "(p41)
1 0
0 0 0\ /0 0 O 2 13
11 0 0) 0 0) 0 (-1 p+1)? |- E=pm el
0 0
The exponential sums are as follows.

1.-5. These sums vanish on summing in by2, a13 and ass.

6. In this case,

Since b? — d?/ # 0, summing in by gives —1, so

S (x,6) = o1 =—(p-

7. In this case,

[xo,g . 61] = bgg(b2 — d2€)

—|Gag
1

1)*p*(p + 1)

[0,9-&] = b11a§3 + b22(b2 - d2€).

Summing in by; and b each give —1, so

(5.68)

(5.69)

(5.70)
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|Gl

(p—12 (r =1 (p + 1% (5.71)

S (x,8) =
8a. p =1 mod 4. In this case,
(20,9 - §1] = 2b22(ab — cdl). (5.72)

By summing in bas,

G,
‘y(l‘?f) = - |p _’51

+ ]%# {g€ G;,E DUt — 0*, g w] =0, [u® — g (W +0%)] =0}

|G$,§

p—1
* %# {g € Gx,ﬁ : [g (U2 —éUQ),uU] =0, [g (’LL2 —6’02),6’&2 +Uz] = 0}

The conditions on g are equivalent to g acting on u? — £v? by a scalar. Thus

c el x
y(x’g)pr?erfl#{(ie +c *> (* :)}
*

=—(p-1’p(p+1)*+2(p—-1)°p*(p+1)
=(p-D'%(p+1).

9a. p =1 mod 4. In this case,
[.1‘079 . 61] = b110§3 + b22(2ab — 20(16) (573)

The sum in by7 is —1, so

H (@, = = = —(p = )+ 1), (5.74)
10. In this case,
[€0,9-&] = b11a§3. (5.75)
The sum in by is —1, so
Hw.6) =~ 1y, (5.76)

11. & = 0. In this case .7 (x,€) = |G el = (p— 1)p3(p+ 1)2.
The relation 9b. = —f—f'l holds as in the a. case. Since the sum of e,([x,&]) over ¢ in
a full mod p orbit vanishes by Lemma 5, 8a. = 8b. and 9a. = 9b.
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5.5. The exponential sums pair (01212, Op12)

For this pair,

0 0 0\ /0
1 0
z 0 0 0 0 0
x1::< y 0) ( 0 0) (5.78)
0 0

with z,y equal to either 1 or ¢. The acting set is

Y A A W “© DN (b by
Gz75 = a Z bos Ll a1 a92 CLC213 by | (5.79)
C &

Write this as G;’&l U Gt:r,E,T This obtains

(el I
o O
o
=)
Il
N
—
o O
OO O
v
N
(an)
o O
[evllan N an]
v
—
o
\]
\]
S—

and

[£1,9 - &) = b (za?, +ya3,). (5.80)
Note that
0 1 0 10
Gre1=Greo- |1 0 0 (0 1) . (5.81)
0 0 1
010
Since x¢ is invariant under [ 1 0 O | while in 2 this exchanges z and y, the expo-
0 0 1

nential sums may be written by setting
e 00 0 00
) = 0 0 0 0], (5.82)
0 0

L@, =Y > el g-&)+[r0,9-&)). (5.83)

e=r.y geGt

[21,9- &) = bi1a? e and

The sum over G;@l is fibered as for the pairs (01211, Opi2) and (029, Op12).
The stabilizer has size

p
p

—p® w=y
S0 ety (5.84)

}Stabg(z/zﬁz)(l‘)} = {ig
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Representatives and exponential sum pairings are given in the table below. Summing
over the three maximal orbits

5(x 10
M (2, €) = 3 2% #;Zp ‘5;)(9”’5). (5.85)
(@) e{(L1),(1,0),(6.0)) P
See exponential_sums_01212_ 0D12.nb.
Orbit | &1 [z0,9 - &1] + [#}, 9 - €] S (x, §) M (z, §)
0 0 0\ /0 0 0
1. 0 0 00 biia? e —2(p— 1)*p*(p+1) —(p—-1)%p™(p+1)
0 0
0 0 0\ /0 0 0O 3.6((—= —u
—1 ==
2. 0 0 0 0 [bi1(a2 e+ d?) P -1 p3(£ =)+ (34) (p—1)%p'*
1 0 +2(p — 1)°p
0 0 0\ /0 0 O
3. ( 0 %) ( 0 0) bll(a¥1£+cd) —2(p — 1)*p* —(p—1)3pt*
0 0
0 0 0\ /0 0 0
4. -t 0 0 0||b11(afye—c?e+d?) 2(p — 1)*p*(p + 1) (r—1)2p"(+1)
1 0
0 0 0\ /0 0 1
5. 00 0 0 bi1(a?ie+d?) +bazarnb  |2(p — 1)3p* (p—1)%pt*
1 0
0 0 0\ /0 0 1 o — 1)%pt
6. 10 0 0 b11 (a2 2y +b b s /[ _ _ —(p—1)p**
[ )00 8) Jeterer b | RS ) s g |
0 0 0\ /0 0 1 2
b a + cd
7. ( 0 %) ( 0 0) :;2(2;11; ) 2(p — 1)3p* (p—1)%p*
0 0
0 00 0 01 bll(a€16+c(c+2d)) —2(p — 1)2174 e 14
8. 11 0 0 12,5 ((=2 —y (p—1)p
0 0/ [ tbe20mid - -0*° ((52) + ()
0 0 0\ /0 0 1 2 2 2 “o(p — 1)2p%
9. —¢ 0 o o ulenie—ett+dy (o 2) P Y —(p—1)p**
1 o/ | +b2za11b + —1)%p ((5)+(P))
0 0 0\ /0 0 1
10. ( 0 0) ( 0 0) bi1a? e+ bazairb 2(p — 1)3p* (p—1)2p'*
0 0
0 0 0\ /0 0 0
11. 0 8 0 ? bi1a?; e+ b12d? 4 basaizh |0 0
0 0 0\ /0 0 0O 2 2
12. 0 1 0 0 bii(agye + 2cd) + bizd 0 0
0 1 +b22a13b
0 0 0\ /0 0 0O 2 2 2
13. 1 0 0 0 bri(agye + %) + biad 0 0
0 1 +b22ai3b
0 0 0\ /0 1 0 2 2
14. 0 0 0 0 briagy €+ bizd 0 0
0 1 +b22(aa11 + a13b)
0 0 0\ /0 1 0 2 2
15. 0 1 0 0 br(agye + 2cd) + bizd 0 0
0 1 +b2z2(a11a + a13b)
0 0 0\ /0 1 0 2 2 2
16. 1 0 0 0 bri(agye+e”) + biad 0 0
0 1 +b22(a11a + a13b)
0 0 0\ /0 0 0 2
17. 0 o 0 1 briajye+ 2bized 0 0
0 0 +b22(a12b + a13a)
0 0 0\ /0 0 0O 2 2
18. 0 0 0 1 bri(agy e+ d%) + 2bized 0 0
1 0 +b22(a12b + a13a)
0 0 0\ /0 0 0O 2 2. 2
19. 1 0 0 1 brifag e+ e +d%) 0 0
1 0 +2b12¢d + baz(a12b + arza)
0 0 0\ /0 0 0 2 2 2
20. £ 0 0 1 brilagye+ et +d%) 0
1 0 +2b12¢d + b2z (a12b + a13a)
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Orbit | &1 [z0, 9 &1] EACRINACI)
0 0 0\ (0 0 0\|bi1a e+ bia(—c2t+ d?)
21. 0 0 -2 0 0 0
0 1| +b22(—a12al + a13b)
0 0 0\ (0 0 0\|[br1(a2 e+ c?) +bra(—c20+ d?)
22. 10 —£ 0 0 0
0 L] +b22(—a12al + a3b)
bll(a%le+2cd)
0 0 0 0 0 0
23a. 0 1 —£ 0 +b1a(—c2 + d?) 0 0
0 1

+b22(—ai2al + aigb)

bll(afle +c2 4+ 2cdk)
0O 0 O 0 0 0
23b. 1 k —£ 0 +b12(—c2€+d2) 0 0
0

+b22(—a12al 4 a13b)

The exponential sums are as follows.

1. In this case
(20,9 - &)+ [21,9- &) = buiaf,e. (5.86)
The sum in by; gives —1, so
—2(p = 1)*p*(p+1). (5.87)
2. In this case

(20,9 &)+ [2], 9 &) = bii(alie + d%). (5.88)

The following sums are evaluated by first summing the quadratic terms to obtain
Gauss sums.

Si= > > ep(bii(ai e + d%))
e
w5 () )

=TV by €Fy

oo () (32)
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Yy = Z > ep(bii(at e+ d?))
B e
g B (03) -0

=T, by €Fp

oo () ()

Y3 = Z Z ep(bllafle)

Y, = _z: Z ep(bu(a%le—i-dg))

Thus
F(@,6) = (p— 1% ((—I) " (7@’)) Fop- % (5.89)
3. In this case

[z0,g- &)+ [2], 9 &) = bui(afie + cd). (5.90)
¥, = Z Z 6p(b11(a%16 + cd))

e=x,y
("))
c d
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First sum in d to force ¢ = 0. The sum in by; is now —1. Thus X; = —2(p — 1)?pS.

22 = Z Z ep(bu(a?le—i-d%\))
=Y /a4 % *
( bA b)(bll I)
d\ d

This sum vanishes by summing over d and .

Y3 = Z Z ep(biiatie)
e=x,y
(e )
c 0
= —2(p-1)*p°
2y

I
% M
Q)
bS]
—~
f—py
iy
—
<
=N
-
[0}
~—

Il
|
[\
—~
=
|
—_
~—
N
i)
[$3

Ss=p Y > ep(biatie) = —2(p — 1)%p".

Thus

S (@,€) = =2(p— 1)'p". (5.91)

. In this case

(20,9 &)+ [2], 9 &] = bii(afie — P+ d?). (5.92)

Y = _Z > ep(bri(adie — 2+ d?)
S e
e g T () )7 6)

E=x,Y b11€F;>7<

=2(p—1)%p°
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Y, = Z Z ep(br1(atie + d*(—=N%0 + 1))
=Y faqq ko ok
( bA b)(b” I)
d\ d

Set apart the d = 0 term, which evaluates to —2(p — 1)3p*. When d # 0, replace
A := d\ to obtain

S =200 - 1% +(p—1p* Y Yo eplbuladie—Nt+d)

€=T,Y b1 a11,\,dEF X
=-2(p—1)°p*
5 () (D))

=LY b1 €Fy

The sum over by; vanishes unless zero or two factors of (%) are chosen when the

product is expanded. Using (ﬁ) = —1 obtains

Sy = =2(p— 1)°p* —2(p — 1)’p* +2(p — 1)%p°
o (()-G) ) (3)
() G) 0 ()

Yy = Z Z ep(bu(a%le — CQZ))

Il
[
S
I
—
N~—
N
i
wt
7~
A/~
SRR
~—
+
A/~
SRR
~—
~
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Y5 =p Z Z ep(briai e) = —2(p — 1)%p".
ETY fayp * %
( 0 0) <b11 i)
0 0
Thus
S (x,8) =2(p—1)°p*(p+1). (5.93)
5. In this case

(20,9 &1] + [#1, g - €] = bi1(afie + d®) + bazaysb. (5.94)

In ¥4,35 and ¥4 below, sum in b to find that the sum vanishes. In the remaining
sums, sum in b1;. This obtains

Xy = Z Z ep(b11(afye + d®) + baaib) =0
e=x,y
e
c d
Xp = Z Z ep(bi1(aiye + d*) + basaiib) = 0
=Ty a1 * *
( bA b) (bll I)
d\ d
Si= ) > ep(bi1af e) = —2(p — 1)°p°
e=x,y
(")t )
c 0

ep(bu(afle + dg) + b22a11b) =0

Si= Y

m
8
<
—
S|
=
—
O O *
S
N~ —
/N
S
firy
_
* %
~—

Y ep(biiaf e) = —2(p — 1)%p.

Il
l M
(]

Thus
S (x,€) =2(p—1)°p". (5.95)
6. In this case

(20,9 - & + [z}, 9 &) = bi1(ai e + ¢®) + baoairb. (5.96)
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Here in X1, Y9 and X4, sum in b to conclude that the sums vanish. In X3, sum first
in a11 and c. In X5, sum in by;. This obtains

Xy = Z Z ep(bri(aiie + c*) + byarb) =0
e=x,y
[ e )
c d
Yy = Z Z ep(bll(a%pf + d2>\2) + b22a11b) =0

Y3 = Z > ep(bi1(af e+ c?))

Sa= )

Thus

7. In this case

(20,9 1] + [2], g - &) = b1 (adi€ + ed) + bazaqsb. (5.98)

As in 5. and 6., sum in b to show that %1, %5,%, = 0. In the remaining sums, sum

in by1. This obtains,
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X = Z Z €p(b11(a%16 + Cd) + b22a11b) =0
e=x,y
(all Z Z) <b11 I)
c d
Yo = Z ep(bll(a%G + d2/\) + bzzanb) =0
=Y fa11 ok ok
( bA b) (bll I)
d\ d
X3 = Z Z ep(blla%e) =-2(p—1)%°
€E=T,Y
e
c 0

X = Z Z ep(b11a3 € + bazairb) = 0

=y (an

OO *
QT ¥
N~——
/N
(=
iy
=
* %
N——

Y ep(biiaf e) = —2(p — 1)°p.

I
(]
(]

Thus
S (x,8) = 2(p - 1)°p". (5.99)
8. In this case
(20,9 - &)+ [z, 9 &] = b1 (adie + clc + 2d)) + baoairb. (5.100)

Sum in b to show that 3q, Y5 and X4 vanish. In X3, sum first in a;; and ¢, while in
Y5 sum in byq first. This obtains,

Y = Z Z €p(b11(a%16 + C(C + Zd)) + bggallb) =0
e=z,y
[
c d
RS Z Z ep(bll(a%16 + d2)\()\ + 2)) + b22@11b) =0

=Y fa;p x x
( bA b)(b“ :)
d\ d
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Yy = 6; > ep(bi1(af e+ c?))
et
o 5 )

=T, b1 €Fy

oo () (3)

Y4 €p(b11a%1€ + b22a11b) =0

1]
(]

Ss=p Y > ep(biiatie) = =2(p — 1)*p".

Thus

S (x,6) = =2(p— 1)*p" = (p— 1)*p° ((_—x) + <_—y>) : (5.101)
9. In this case
(20,9 &) + [z, 9+ &) = bui(afie — Pl + d?) + basairb. (5.102)

Sum in b to show that ¥, Y5 and X4 vanish. In X3 sum in a1y and ¢ first, while in
Y5 sum in byq first. This obtains,

Xy = Z Z ep(bll(afle — 2+ d*) + byzagb) =0
E:.’E,y
e )
c d
Yo = Z Z ep(bri(aiie + d*(—0N* 4+ 1)) + baoay1b) =0
=Y fa11 ok %
( bA b) (bll :)
d\ d
Y3 = Z Z ep(bll(a%ﬁ - c*0))
3
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oo 2 5 (5 ((5))

E=T,Y by €FY

v ((2)+(2)

ep(bn(a%le + d2) + bggallb) =0

Ys=p Z Z ep(bua%le) = —2(p — 1)2p4
e=x,y (all Ek) S) (bll *>
00 *
Thus
S(x,8) = =2(p—1)%p* + (p— 1)%p° ((%) + (%)) : (5.103)
10. In this case
(0,9 &)+ [21,9- &) = b11a§1€ + baoai1h. (5.104)

Sum in b in X1, Y9 and X4 to show that these sums vanish. In X3 and X5 sum in by
first. This obtains

Xy = Z Z ep(br1alye + basayih) =0
€:$7y
(all Z Z) <b11 I)
c d
Xp = Z Z ep(bi1at € + basarrb) =0

ep(briajie) = —2(p — 1)%p°

k
0)
0
Yg = Z Z ep(bi1a € + basarrh) =0
= *
b)
d

i
B
<
—
S|
=
—_
OO *
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Ss=p Y > ep(briai e) = —2(p — 1)%p".

Y fapn ok %
( 0 0) (b“ :)
0 0

Thus

S (w,€) =2(p—1)°p". (5.105)
11.-23. These sums vanish on summing in a3, a1z and bys.

5.6. The exponential sums pair (01212, Op11)

The standard representatives in this case are

00 0\ /0 & o0 1 0 0\ /0 00
x0—< 0 0) 0 o], §O—< —1 0)( 0 o), (5.106)
1 0 0 0
z 0 0\ /0 0 0
A= (T (T o) 5.107)
0 0

The acting set is the subset

*  x a3 b b
GLeC | * ass ( 1 b12) (5.108)
’ ass 22

in which the GL3 factor acts by

and

*

U+ v au+ fu
u—v— Aau — Bov)

thus

(u+v)(u—v) = o®u? — 2 2 (5.109)

Thus

[£1,9 - €] = b (a®z — F2y) A, (5.110)
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The stabilizer has size

8(p—1)p* z=y
3

Ap-Dp’ z#y (5:111)

}Stabg(z/pzz) (x) } =

Representatives and exponential sum pairings are given in the table below. Summing
over the three maximal orbits

2°A0p!0.7 (2, €)

M (2,8) = > 5= 1) (5.112)
p—
z,y ,1),(1,0), (¢,
(z,y)€{(1,1),(1,0),(£,6)}
See exponential_sums_01212__ OD11.nb.
Orbit [ £, [z0,9 - €1] + [z1, 9 - €0) S (z,§) A (z, §)
1. ¢ 8 8 0 8 8 bri(a®e — F2y)X + bizads 0 0
0 1 +bazaizazs
2. 0 8 8 ’ 8 j1 bi(a®z — F2y)r + bizads 0
0 1 +b22(a13az3 — a13B8X + azzal)
0 0 0\ /0 0 2 bi1(a?z — B2y)\ + bi2aZ,
3. 0 0 0 0 +baz(azza(l + ) 0 0
0 L +a13B8(1 — A) + aizaz3)
4. 0 8 8 - —ZZ 8 bia(ee — B29)) +bizay 0 0
0 1 +b2a(atza23 + afAZe)
00 0\ /-t ¢ 1 bi1(e?z — BZY)\ + biza3s
5. 0 0 —¢ 1 +baa(arzazs + a138 0 0
0 1 +agsza + aﬂk2é)
0 0 0\ /-2 0 0
6. 0 0 —2¢ 0 b (a®e — ngM + bizals 0 0
0 1 +b22(aB(A” — 1)€ + a13a23)
0 0 0\ /0 0 1 2 a2
7. 0 0 0 —1 bii(a”z — B7y)A 0 o
0 0 +b22(a2za — a13B)A
0 0 0\ /0 0 2 bii(a’z — BZy)A
8. 0 o 0 0 +ba2(a1sB(l — A) 0 0
0 0 tazza(l + X))
0 0 0\ /1 1 1 2 2
9. 0 0 1 -1 bii(a®z — By)A o .
0 0 +b22(—a13BX + azzaX + af)
0 0 0\ /1 1 1 2 2, a2
10. 0 0 11 bi1(a3s + a®dz — B7Ay) 0 o
1 0 +b22(—a138X + azzaX 4 afb)
0 0 0\ /0 0 2 bi1(ads + o?xz — ZAy)
11. 0 o 00 +ba2(a138(1 — A) 0 0
! 0 +azza(l+ )
0 0 0\ /1 1 1
12. 0 0 1 -1 bri(ag; + a’Ae = 72y) 0 0
1 0 +b22(—a13BX + azzaX + af)
0 0 0\ /1 —1 0 1) > 13
13. 00 10 br1(a2z — B2y)A — bagaBA2 3 4 (zy —{e=1)"p "
< 0)( 0 _(p_l)p(P)
14 Co o)t 2o bu (e’ — B2y)x (p = 1*p°(p+1) @=1p3 1)
. 2 2 4 Ty 2
0 0 +baoaB(l =A%) (r— D2+ 1) (22)
s 1[0 0 ST GRS o) tatete - s2na —(p - 1%° (p=1)2p13
0 0] | +b22aB(e— %) —(p - 1)%pt (22) 2
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Orbit | &1 [z0,9-€1] + [z1,9 - &o] S (z, €) A (x, §)
0 00 1 -10 b11(a2 +a2)\1762)\y) (P—1)2P3 (p—1) 13
N ( ’ (1)> ( ' 8) —bzzas%/\z +p — 1)%p* (22) =z
—(p—1p(p+1)
—(p— P+ 1) (22
R TG T EOTe e R i
1 0 +bozaf(l — A7) @ =
«((5)+ (=)
0 0 O 14¢ 14+¢ 0 +(%) u (Ty)
+ -1+ b11(aq + @Az — B2 Ay) (p—1)2%p° (p—1)p13
- ( ) ?) ( PO )| raase - a2) R C N
0 0 0\ /0 0 0 —r—1)%p° -
19. ( 0 (1)> ( 0 8) bi1(a2s + a®ra — B2Ay) 7(571)324 (%) <P+)2ple‘
0 0 0\ /0 0 0 1P R
20. ( 0 g) ( 0 8) bi1(a?z — B2y)x +(p71)4p4(%) o R
The orbital exponential sums are as follows.
1.-12. These sums vanish on summing over ais3, ass, b1o.
13. Here
(20,9 &)+ [21,9 - &] = bii(a®z — BY)X — basaBA°. (5.113)
The sum over byy is —1 since «, 3, A # 0. Hence,
S (2,€) = > ep(bi1(a®z — B2y)A — bpoafA?)
O[HB) A I (bll * )
b
” 22
——(p-1%" Y elbule’z—p%)
a,B,b11 €F}
bll.fE _blly
e 5 (0(5)) ()
2 5
b11€Fy
Yy
=—(p-1°" - (p-1)°" () :
p
14. Here
[:co,g . 51] + [xl,g . fo] = bu(azx — BQy))\ + bggaﬁ(l — )\2). (5.114)
Thus,
S (x,€) = > ep(bi1(a’z — B2Y)A + basaB(1 — \?)).
a, B, % (bu . )
* b
x 22
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Sum in by and split in to A = +1 and otherwise to obtain

S, =20-1%" Y eplbu(a’z — %))

a,B,b11EFy
—p=3)p-1p" D> e’z —p%)
«,B,b11 EFY
o 5 () CC3)-)
b11€F) p b

=(p-1%'(p+1) <%y) + (-1 (p+1).
15. Here

(20,9 &1] + [21,9 - &o] = b1 (a®z — B2Y)A + bazaB(€ — N?).

Since £ — A2 # 0, the sum in byy is —1. Hence, as in 13.,

77

(5.115)

S (,8) = > ep(bi1(0®z — B2Y)A + bypaB(L — A2))

(a’ﬁ’ /\ z) (bll b;)

=—(p—1)%p? Z ep(bur(a’x — B%y))

a,B,b11€F}

=—(p- 1" (p-1)*p* (%y) :

16. Here

(20,9 - &)+ 21,9 - &) = bi1(a3s + a®Ax — BZAy) — baoaBA%.

The sum in byy is —1. Then replace b7 := b1 A and sum in A to obtain

(5.116)

S (x,€) = > ep(bi(a2s + a® Az — B2Ny) — baoaSA?)

(a,ﬂ,A z)<bu b;)

=(-p" Y elul’s-5%))

a,B,b11€Fy

= (-1’ + (p—1)%" (%) :
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17. Here
[€0,9 &) + [z1,9 - &) = bii (o Az — B2 Ay + a§3) — by B(N? —1). (5.117)
Sum in bys which obtains —1 unless A = £1. Thus

S (w,8) = > ep(b11(a2s + 0® Az — B2Ay) + b B(1 — A2))

e )

*

1
- > ep(bii(ads + a®Az — B2\y))

=y 3 ep(bin(a2y + a®Az — f2Ay)

A== a, * bll N
*
( *) ( b22>

In the first sum, substitute by := b11 A, then sum in A. In the second sum, sum in «,

B and as3 to obtain Gauss sums. Hence,

S, =@p-1p° DY eplbu(c’z— %))

a,B,b11€EFy

S5 () ) () )6 (3))
ot (()+(3)6)+ )

=—(-p'p+1) (:;}/) — (-1’ +1)
o= ((5)+ (5)+ () (5)
18. Here

(20,9 &)+ [21,9 - €] = bi1(a3s + oAz — BZAy) + bosa (£ — N\?). (5.118)

The sum in by is —1. Then replace b1 := b11 A and sum in A. This obtains
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L (x,8) = Z ep(b11(a3s + a® Az — BZAY) + basaB(€ — A?))
a, BN % b .
e )

=@-1p" Y elbu(a’r—5))

a,8,b11€Fy
X
=(p-1%*"+(@-1)>%" (—y> -
p
19. Here

(20,9 &)+ [21,9 - &) = bri(a3s + oAz — B2Ay). (5.119)

This is the same as 18 without the sum over bys. Hence,

S (@,§) = > ep(bii (a3 + oAz — B2)y))
a B, A\ .
( :)( ! b22)

=—(p-1%" Y ebula®s-p5Y)

a,B,b11EFy
x
=—(p-1%" - (p-1)°" (—y) :
p
20. Here

(20,9 - &) + [#1,9 - &] = bui(a®z — BPy)A. (5.120)

Replace b11 := b1 A. Hence,
S (2,€) = > ep(bii(a®z — *y)N)
a, B, A % (bn . )
* b
" 22
=@-D"+ -1 (%) :
5.7. The exponential sums pair (01212, Ops)

Standard representatives are

0 0 O 0
To = 0 0
1

[en]NIE
SO O
\_/

I

=}

|
7N

|
~

—_= O
o OO
v
N

(an]

o O
o OO
v
—

ot

—_

[N}

—
S~—



80 R.D. Hough / Journal of Number Theory 210 (2020) 1-131

and

z 0 0\ /0 0 0
x1:< y 0)( 0 0). (5.122)
0 0

The acting set is

a ¢l as b b
G;{:{(c)\ a a23>(11 b;z)} (5.123)
as33

The range of summation is (a,c) € Ff, \{(0,0)}, A, azs,b11,b22 € F)S, and ay3, az3,b12 €
F,.
The GL3 action maps

—lu? 4% = — L(au + chv)? + (clu + alv)?

= (=d%l + A0%)u? + (a*N? — A A2)v? mod ww.

Thus

[£1,9 - &o] = bui(a® = 0)(—bx + N°y). (5.124)
The stabilizer has size
8(p—1)p* z=y
Stab = . 12
[Stabacz ez (@) {4(19— Dp® x#y (5:120)

Representatives and exponential sum pairings are given in the table below. Summing
over the three maximal orbits

2. (2,6)

=) (5.126)

(z,y)e{(1,1),(1,0),(£,0)}
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See exponential_sums_01212__ 0D2.nb.

81

Orbit &1 20,9 &)+ (21,9 &o] S (z,§) M (z,§)
0 0 0\ /0 0 0Y\]_ CR) —
1. ( 0 o)( 0 0) +Z“(‘; +Z Otz = A7y) 0 0
0 1 12Qa33 22013023
0 0 0\ /0 0 0Y\]|-bua®—c0(z—Ay)
2. ( 0 o) ( 0 1> +bizaZ, 0 0
0 L)1 +ba2(arzazs + arza + asscl)
0 0 0\ /0 1 0Y]|-bu(a®—c0(z—Ay)
3. ( 0 o) ( 0 0> +bi2a3, 0 0
0 L)1 +baa(arzazs + a’x + 220
0 0 O 0 0 O _ 2 _ 2 _\2
4 0 0 0 1 bi1(a ) (Lx — Ny) 0 o
0 0 +bas(arza) + azzcl)
0 0 O 0 0 O _ 2 _ 2 22
5. 0 0 0 1 bu(tz ) (Lr — A7y) 0
1 0/ | +birazs + baz(aizaX + azscl)
6. O 0 o[ Y 9)| bl -t~y (r—1)%° (r=1)2p13
0 0/ | +bazacas —(p—1)°p* (22) z
-(p—-1)%p°
—1)2p4 (zy
000 000 7b11(¢12 - 022)(&” - )‘Zy) He -1 ( P ) (p—1)p'3
7. 0 0 10 . ) s BNCESS
1 0/ | +biiass + bacacAl +(p—1)%p ((%)
+(3)-(51)
2, 3
ao. 105 SN[ b 5| bule® - ol — Ny —(p-1P(p+1)  ppB )
0 0) | +boz(aA + c2Ae) +o - D e+ 1) (=) 2
2, 3
8b. O 0 0) (0 T 0)|tule® —ctowm =ty (=17 +1) =13t
0 0| +boz(aeht + a2xk + 2Nek) | +(p — 1)2p*(p + 1) (%) 2
oa. [0 0 0) (% o 0)] tue® =0 —x2y) (P =P +1) PP ptn)
1 0) | +hiads +b@r+ N0 |~ -Vt +1) (2) 2
2 2 2
0 0 0\ /0 k 0\ b —c Otz —A%) (r—Dp3(p+1) 15
9b. 0 0 1 0 +b11a§3 Dt . (zy> P (2p+1)
! 0/ bon(acht + a2 Ak + c2ALk) (P=Dpip+ D (5
2, 3
w (0 (Y0 o) e - ntm - N7y —(p- 1P (p+1) oD pin)
1 0 +b11a§3 +—1)%p*(p+1) (%”) 2
0 0 0\ /0 0 0O —1)%p3(p+1
11. 00 0 0)[=bi1(a® — 20)(fx — A2y) (e =1 v (p+1) RN [C= diaeEsy
0 0 -(»—-1)°p (p+1)(7)
1.-5. These sums vanish on summing in by2,a13 and ass.
6. Here

[‘,EOag : 51} +

[xlag . EO] =

7b11(a

2 ) (tx — Ny) + bagac)L.

(5.127)

Note that a? — ¢2¢ # 0. Thus summation over b;; obtains —1 if fz — A2y # 0 and
p — 1 otherwise. Thus,

S (x,§)

el * b .
e a\ * ( 1 )
3

>

bao

—-(p—1)p° >

(a,¢)#(0,0),X,b22€F 5

ep (b11 (a2

ep(bazacAl)

— P0)(—Llx 4+ N2y) + bagacAl)
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+ (p - 1)]74 Z 6p(b22ac)\£).
A2=lzy !
(a,c);a'ﬁ(O,O)71)22€F‘;<

Since the number of solutions to £z — A2y =01is 1 — %), and since the sum over
a is 0 unless ¢ = 0, in which case it is p — 1, it follows that

S (@,6) = =(p—1)"p* + (p - 1)°p* (1 - (?))
=(p-1°%"—(p-1)%" (%) :
7. Here

[20,9 - &] + [21,9 - &] = —bu1(a® — ) (£x — N?y) + bi1ads + basacAl.  (5.128)

Thus
S (z,€) = Z ep(br1((a® — 0 (—bx + N2y) + a33) + bagacAl)
a ¢l x b
(c)\ a *) ( o * )
N b2

Sum in byy to obtain

1
S (x,8) = ] > ep(br1((a® — 0)(—Llx + N?y) + a33))
a o * b .
cA a)\ * ( 1 b )
N 22
- > ep(bri((a® = P0)(~Lw + Ny) + a3y))
P a cl x b .
cA a\  * < 1 b >,ac:0
" 22
_ 1 p
= 7p—121+p—122

Here, setting apart the case —fz + A%y = 0, and adding and subtracting the (a,c) =
(0,0) term,

Si=@-1°+1) D ep(biiady)
A=lay™?!
bi1,azz€F )
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+-1p° D epbul(a® - O (—tx + Ny) + ajy))

A2yt
bi1,a33€F )
a,ceF,

—(p—-1p" D eplbnaiy)
PNET 2 T
b117a33€F;<

In the first and third sums, summation over b1 gives —1, while in the second sum,
summation over a,c gives —p via the Gauss sums, followed by summation over byq
which gives —1 again once the term involving a and ¢ has been removed. This obtains

Ty Ty
=—(p-1°p’(p+1) (1 (>> +(p—1)% <p 2+ ( ))
p b
+(p-1)%° <p 2+ (xy>>
p
x
— -1+ 0+ -1+ ) (2)).
To evaluate X, set apart the ¢ = 0 and a = 0 terms to obtain

So=(p-1p" Y epbn(—a’lr+d*Ny+ajy))

A,a,bi1,a33€Fy

+-0p* D epbn(Plr— Ny +agy)).

)\,C,bll,a:;g.Gl:‘“;<

In these sums, replace A := Aa and X := Ac, then sum the squared variables to obtain
Gauss sums. Thus,

oo 3 ((55) ) () ) () )

b11€FY

oo 5 () () ) ()

b11€F,

e ((2)(0)- () () ()

Hence

F .6 = —~(p— 1+ (p— 1) (?)

e l(3)-(3)-()- ()
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8a. p =1 mod 4. Here
(20,9 &)+ [21,9 - €] = —b11(a® — )bz — N2y) 4 bog (a® X + 2 \0). (5.129)

Here a?X\+c2 M # 0 so the sum in byg is —1. Since the sum in by; is —1 if fz — A2y # 0
and p — 1 otherwise, it follows that

F(2,€) = > ep(b11(a? — 20)(—lx 4+ N2y) + baa(a® X + 2\))
a ¢l x b .
(c)\ a\ *) < 1 b >
" 22
=—(p-1)p’ > ep(baz (@A + ¢*M0))

(a,¢)#(0,0),X,baz €F )

+(p-1)p* > ep(baz(a®X + c*\0))

Al=pzy !

(a,)#(0,0),b22€F
=@-P+1) - (@-1)'0+1) (1 - (?))
==+ +0@-1)%"(p+1) (%) :
8b. p =3 mod 4, £ — 4k? = 0. Here
[20,9-&1]+[x1,9-E0] = —b11(a® — 20) (0x — N2y) 4+ oo (a2 A+ Nk +-ac)l). (5.130)

Note that as a quadratic form in a, ¢, the discriminant is A\2/(¢ — 4k?) # O so that
this form is irreducible. Thus the sum in by is —1 as in 8a, which reduces to that
case,

9a. p =1 mod 4. Here
[.TJ(), qg- 51} + [.%‘1, qg- fo] = —b11(a2 — ng)(gl‘ - )\Qy) +b11a§3 +b22(a2)\+02/\£). (5131)

Since a?\ + 2\ # 0, summing in by obtains —1, so

S0, =~ > (b (0 = A)(~to + Xy) + )

(55 )e i)
— (- P+ 1) — (- D p+ 1) (%) ,

see X1 of 7.
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9b. Here

(20,9 - &)+ [z1, 9 - €o] = —b11(a® — 2)(bx—N2y)+b11a3; +bas(achl + a* Nk + P \lk).

(5.132)
This is equal to 9a., see the calculation in 8b.
10. Here
[€0,9- &)+ [z1,9 - &) = —b11(a2 — c%)(ﬁx — )\Qy) + b11a§3. (5.133)
This is 31 of 7., so
S (z,8) = > ep(br1((a® — E0)(—Llx + Ny) + a33))
a o * b .
cA a\ * ( 1 b )
N 22
_ 2.3 2 4 ry
=—(-Dpp+)+-1)p(+1) (?>~
11. Here
(€0, &+ [x1,9- &) = —bi1(a® — 20)(bx — N2y). (5.134)

Thus, splitting on £z — A%y = 0 or not,
L (x, &) = Z ep(bri(a® — ) (—lx + N%y))
a o x b .
cA a\ * ( 1 b )
N 22
-0+ )+ -1+ 1) (1- (2))
x
=p-1’(p+1)— (-1 (p+1) (f) :
5.8. The exponential sums pair (O131, Opi2)

Standard representatives are

W(”S )("?

o= O

O ONf=
\_/
o
o
|
VR

—
o O
OO O
\_/
N
o
o O
OO O
\/
—~
o
—
o
ot
S—

and
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€
Tr1 =

The acting set is

0

a12 Aa13

a11
Gt:v,E = a b
c d

b2
bao

o

[21,9 - &) = biiale.

)

Thus

GL is fibered as for the pairs (1211, Opi2), (0120, Opi2) and (0212,

The stabilizer has size

|Stabez/p2z) (2)| = (p — Dp*#{e® = 1}.

0 0 0 0 0
00 0 0], ceF)/{z® . cF}}.
0

(5.136)

(5.137)

(5.138)

Opr2).

(5.139)

Representatives and exponential sum pairings are given in the table below. Summing

over the maximal orbits,

p'S (x,€)
(p—D#{e =1}

%(:&f) =

>

e€F; /{x3:x€Fy }

See exponential _sums_ 0131__0D12.nb.

(5.140)

Orbit £ 20,9 &1] + [z1,9 - &o) S (z, €) M (z,§)
0 0 0\ /0 0 0
1. ( 0 8) ( 0 8) biia?e -+ D|-(p-1)°p""(p+1)
0 0 0\ /0 00
2. 00 00 bi1 (a2, e + bd) —(p— 1)*p* —(p—1)°p"*
0 0 0\ /0 0 0
3. ( 0 %) < 0 8) bi1 (a3ye+ 3(ad + be)) 2(p — 1)3p* 2(p — 1)%p*
0 0 0\/0 00
4. L0 0 0 ||bi1(a? e — act + bd) 0 0
1 0
0 0 0\/0 0 I
5. 0 ? 0 8 bi1(af e+ bd) + bazaird —(p—1)*p* —(p—1)%p**
0 0 0\ /0 0 1
6. 1o 0 0 bii(a2 e + ac) + boaird (p—1)%p* (p—1)%p**
0 0 0y /0 0 1
7. ( 0 é) < 0 8) bi1 (af e + 3(ad+be)) + bazannd|(p — 1)°p*(p —2) |(p— Dp™*(p—2)
0 0 0\ /0 0 1 b1 (a2 S ad+ b
R e
22011
0 0 0\ /0 0 I
9. —£ 0 0 0 ||bi1(a? e — acl +bd) + bazarid |0 0
1 0
0 0 0\/0 0 I
10. 0 8 0 8 biial e+ bazaird (p—1)%p* (p—1)°p"
0 0 0\ /0 0 0 2
11. 00 00 b““11€+b12bf (p-1)%p* (p—1)2p™
0 1 +b22(aizd + b7)
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Orbit |£; (0,9 &1] + [#1,9 - o] S (z,€) M (w,§)
N 0 8 (1) 0 8 8 bi1(a? e + ad + bc) + byobd 1% Cp— 1M
0 1 +ba2(a1sd + b%)
0 0 O 0 0 O 2
13. 10 0 0 bu(an e+ ac); b12bd 0 0
0 1 +b22(a1zd 4 b%)
0 0 O 0O 1 O 2
14. 0 0 0 o) |Prranetbizbd , —(p—1)%p* —(p—1)p*
0 1 +b22(aric+ aizd 4 b°)
—(p—1)*p*(p+1
s 0 8 (1) 0 (1) 8 bi1(a? e + ad + be) 4 biobd ( ) o ( ) 4
’ 0 1 +b22(a110+a13d+b2) +p = Dp P
x#{z € F) c2® = e}
16. 0 (1) 8 0 (1) 8 bll(a§1€ + ac) + b12bd 0 0
0 1 +b22(ar1c + arzd + b?)
o (00 o) (T 0 1) |bushiet bizladtbo) 0 0
0 0 +b22(a12d 4 ai1zc + 2ab)
N 0 8 8 0 8 ? bi1(a? e + bd) + bi2(ad + be) 0 0
1 0 +b22(a12d + a13c + 2ab)
o 0 (1) 8 0 8 (1’ bi1(a? e + ac + bd) 4 bi2(ad + be) 0 0
) 1 0 +b2z(a12d + a13c + 2ab)
90, 0 2 8 0 8 (1J bi1(a? e + acl + bd) + by (ad + be) 0 0
1 0 +b22(a12d + a1zc + 2ab)
21 0 8 (0) 0 _OK 8 b11a516+b12(7acl+bd) 0
0 1) | +b2a(—aizcl + arzd — a®€ + b?)
v 0 (1) 8 0 ,Oz 8 bi1(a?, e+ ac) + biz(—acl + bd) 0
0 1 +boa(—aracl + arzd — a’l + b?)
. 0 8 (1) 0 Bg 8 bi1(a? e+ ad + be) + bia(—act + bd) 0
. 0 1) | +b22(—a12cl + arzd — a®€ + b%)
00 0 0 0 o bll(afleJrachakorbck)
23b. ( 1 k) ( —L 0) +b12(—acl 4 bd) 0 0
0 ! +boo(—aizcl + arzd — a®£ + b?)
The exponential sums are as follows.
1. Here
2
(20,9 - & + [x1,9 - §o] = briajye. (5.141)
Thus
2 _ |G$7E| _ 4.4
> ep(briay,€) = — b1 (p—1)"p (p+1). (5.142)
* ok %
* %
*
* %
2. Here
2
[T0,9 - &1] + [T1,9 - §o] = br(ajie + bd). (5.143)
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3. Here
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> ep(br1(adye +bd)) = —(p — 1)%p°
ZZﬂhli)
c d
> ep(br1(afe+bd)) = —(p — 1)°p*
* k b
bA b)( 11 :)
dx d
> ep(briai e) = —(p—1)%p°
ZSM“II)
c 0
> ep(br1(adye + bd)) = —(p — 1)%p*
SZXhlj)
0 d
> ep(briafie) = —(p—1)%p"
SSﬂhlj)
0 0

L@, &) =51 -8y —E3— X4+ X5 = f(p71)4p4.

[%gfﬂ+mﬂfd—m(ﬁﬁ+;m+MQ.

Y=
(*
Yo =
(*
Y3 =
(*
Yy =
(*
25 =P
Y=
Yy =

> ep <b11 (a%le + %(ad + bc)>)

> ep(br1(atie + bd\))

(5.144)

(5.145)
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X3 = ep(briadie) = —(p— 1)%p°

>
[zt
>

Thus
S (x,8) = 2(p - 1)°p". (5.146)
4. Here
(20,9 - &) + [71,9 - &] = bi1(af,€ — acl + bd). (5.147)
¥ = Z ep(bi1(adie — acl +bd)) = —(p — 1)*p°
ES *k * b
( ; b) (h )
c d
S = > ep(bii(adye+bd(—A20 + 1)) = —(p — 1)°p
* * * b %
( bA b) ( 1 *>
d\ d
Y3 = > ep(bii(atie — act)) = —(p — 1)*p*
* * *k b
( ; 0)( n )
c 0
Ya= > ep(br1(aj e +bd)) = —(p—1)%p*
* * * b
( 0 b)( 11 *>
0 d *
Y5 =p > ep(buiai ) = —(p — 1)°p".
k *k k b
( 0 o) ( 1 :)
0 0

Thus
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S (,€) = 0.
5. Here

[73079 ' gl] + [171,9 . 50} = bll(a%lé + bd) + basaqid. (5148)

In X1, Y5 and X4, summation in b vanishes unless d = 0. Thus,

21 = Z €p(b11(a%16 + bd) —+ bggaud) = —(p — 1)2p6
* * *k b
( ; b)< n )
c d
Yo = ep(b11(ai e+ bd) + bagarid) = —(p — 1)*p*
*k *
( oA b) <b11 )
d\ d 22
Y3 = ep(briajie) = —(p — 1)%p°

~

*
o X
OO *
~

24 = Z (bll(&%lﬁ + bd) + bQQCLHd) = —(p — 1)2p4

~
*
O O *
QS *
~
/N
=
[y
—
=
V)
l\')

25 bnalle) (p— 1)2p4.

Thus
S (,8) = —(p—1)"p". (5.149)
6. Here
(20,9 - &1] + [21,9 - &) = bi1(af € + ac) + barand. (5.150)
¥ = Z ep(bu(a%le + ac) + bagagrd) =0

* Z b (bu b*)
c d 22
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Xy = > ep(bii(atie +bdA?) + basarnd) = —(p — 1)%p"
k k * b
( bA b)( 11 b* )
d\ d 22
Y3 = > ep(bir(afie+ac)) = —(p—1)%p
* ok K)oy .
( . o)< n )
c 0
24 = Z ep(b11a§1€ + bggalld) =0
* ok k)
( 0 b ( 11 b* )
0 d 22
S5 =p > (biaie) = —(p — 1)%p"
£k K\
( 0 o(* )
0 0
Thus
S (a,8) = (p—1)°p". (5.151)
. Here
[1}0, qg- €1] + [.’1?1,9 . fo] = b11 <a11€ + = (ad + bC)) + bggaud. (5.152)
Here
Y= Z €p (bu (aue + = (ad + bC)) + bggalld) = —(p — 1)2p5
* 6\ 1y
( a b ( 1 b )
c d 22
22 = (bu (G%G + bd)\) + bggalld) = —(p — 1)3])4
“\(b
( b)\ b)( 1 b
d\ d 22
Y3 = ep(briai e) = —(p—1)%p°
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Yy = Z ep(bua%le + bggaud) =0

Thus
S (x,8) = (p—1)°p*(p—2). (5.153)
8. Here
[0, &)+ [21,9 - &) = bu(a%le + ac+ ad + be) + bagaqd. (5.154)
Thus (in X3, summation in d vanishes if A = —2)
¥ = Z ep(b11(ai € + ac + ad + be) + baaird)
aiil Z z <b11 % >
c d b22
=—(p—1)%°
Yy = > ep(bri(a2 e + bd(A\% + 2X)) + bogay i d)
x %
A b (b“ § )
d\ d ba2
=—(p-2)p*(p—1)
Xy = > ep(bir(afie +ac)) = —(p — 1)%p*
x % %
( ; 0) ()
c 0 *
24 = Z ep(bua?le + bggalld) =0
x k%
0 b (bn * )
0 d b2z
X5=p > ep(briadie) = —(p — 1)%p*.
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Thus
S (x,6) = =2(p—1)°p*.
Here
(20,9 - &1] + [21,9 - &) = bi1 (a2 € — acl + bd) + bagard. (5.155)
Thus
¥ = > ep(b11 (a2 € — acl 4 bd) 4 bagayrd) = —(p — 1)%p°

EQ = 6p(b11(a%16 + bd(*)\Qg + 1)) + b22a11d) = 7(]9 — 1)3]94
* ook .
( i b)< n )
d\ d 22
Y3 = Z ep(bri(aie —acl)) = —(p — 1)*p*
AN
( : 0)( n)
c 0
24 = Z ep(bn(a%le —+ bd) —+ bggalld) = 7(]7 — 1)2])4
* ok k) .
( 0 b)( no)
0 d 22
S5 =p > ep(bniai ) = —(p— 1)*p*.
AN
( 0 0)( ‘)
0 0
Thus . (z,&) = 0.
Here
(20,9 - &1] + [21,9 - &0] = bi1atye + bazand. (5.156)
Thus
21 = Z ep(bua%le + bggalld) =0

all * *
bll * )

b
( c d) ( b2
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Yo = Z €p(b11a%16 + bggaud) =0
k k * bll *
bA b b
d\ d 22
Y3 = > ep(briatie) = —(p—1)%p°
*ok oK)y .
( 0)( 11 )
c 0
Yy = Z €p(b11a§1€ + bggalld) =0
* k%
0 b <b11 * )
0 d b22
Y5 =p > ep(biiaiie) = —(p — 1)*p’
£k K\
( 0 0)( ‘)
0 0
Thus
y(.’l},g) = (p - 1)3p4
11. Here

[l‘o,g ' 51] + ['Ila g- 50} = blla%E + b12bd + b22(a13d + b2)

Summing in a3 forces d = 0. Thus, summing in by, and bas,

S (x,€) = > ep(b11a3 € + baob?)
* * * % %
(e

=(p-17°p"

12. Here

[l‘o,g ' 51] + ['rla g fo} = bll(a%l6 + ad + bC) + b1obd + bzz(algd + b2).

Summing in a;3 forces d = 0. Thus, summing in bog, b, then byq,

Y(x, ) = Z ep(bll(afle + bC) + b22b2)

(5.157)

(5.158)

(5.159)
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2.4
=—-(-17%"
13. Here

(20,9 - &1] + [21,9 - &) = b1 (ai € + ac) + biabd + baz(ar3d + b?). (5.160)

Sum in ay3 to force d = 0. Now sum in a to force ¢ = 0. Thus the sum vanishes.
14. Here

[Z'(),g . 51] —+ [.’El, qg- &)} = bllailﬁ + blzbd + b22(allc + algd + b2) (5161)
Sum in a13 to force d = 0. Hence, summing in by1, ¢ and then byo,

L (x,€) = Z ep(b11a3 € + bas(aric +b%)) = —(p — 1)%p*. (5.162)

oK)

( a b)( )
*
c
15. Here

[(E(), qg- 51] + [1‘17 qg- 50} = bu(afle +ad+ bC) + b12bd + bao (a116+ aizd + b2) (5163)

Sum in aj3 to force d = 0. Thus

S (@, &) = Z ep(bi1(atye + be) + baa(aric + b%)).

Sum in byy; when b2 # —aqic the sum is —1, otherwise p — 1. Hence,

1
S (2,8) = —— Z ep(briatye + bipbe)

+ L Z 6p(b110,%1€ + blle)
* * X
( a b) <b11 *>,b2:—a11c
*
C

In the first sum, sum first in b then in b1; obtaining —1 in both sums. In the second

2 . .
sum, replace ¢ = —ab—n, then replace by1 := % and sum in b1y to obtain
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R > eplbui(caty — b))
* * * b
( a b)( 1 *>,b2:7allc
c *

=—(p—1%" = (p— 1" + #{(a11,b) € (F;)2 cead, = b3)p°
=—(p— 1 p+1) + (p— D)p’#{z € F) 12’ = ¢},

16. Here
(20,9 &) + [21,9 - &] = bii(ad e + ac) + biabd + bas(aric + arzd +b%).  (5.164)

Sum in ay3 to force d = 0. Sum in a to force ¢ = 0. Thus the sum vanishes.
17.-23. Summing in a2, a13 forces ¢ = d = 0 so these sums vanish.

5.9. The exponential sums pair (O131, Ocs)

Standard representatives are

000\ /oo % 0 —1 0\ /1 0 0
Ty = 0 % 1 01, & = 0 0 0 0 (5.165)
0 0 0 0
and
e 0 0 0 0 0
T = 0 8 0 8 ,eeF;/{xB:xeF;}. (5.166)
The acting set is
a a2 ais b
G;g( b a23> (C 5), (5.167)
as3 a
and
(1,9 - &) = (—2acayz + bi2a’)e. (5.168)
The stabilizer has size
|Stabg(z/p2z) (@) = (p — Dp*#{® = 1}. (5.169)

Representatives and exponential sum pairings are given in the table below. Summing
over the maximal orbits,
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10
P (,§)
M (x,8) = > R (5.170)
. . (p—1)#{e =1}
ecFp /{z3:z€F, }
See exponential _sums_ 0131__OCs.nb.
Orbit| &1 [z0,9 - &1] + [1,9 - &o] (&) | A (x,€)
1 0 8 0 8 8 bizazsass + 2 (a33 + a1sass) 0 0
0 1 +(f2aca12 + b12a2)€
00 0\ /0 0 0\ |.
2. 0 1 0| |22+ (—2acaiz + bi2a?)e 0 0
0 0
00 0\ /0 0 1 :
3. 0 1 0] |be (% n a33> + (—2acars + biza®)e |0 0
0 0
00 0\ /0 00 :
4. 0 1 0] |e (% n a23a33> + (—2acara + biza?)e |0 0
1 0
0 O\ /0 0 0 be (bags + 12233 4 q13a33 + asy)
3. ( 8> ( 0 %) +b12 (az3ass + 222) 0 0
+(—2acaiz + bi2a”)e
0 0 0 0 O be 9y, bb
6. 0 0 1 ¢ (2bazs + a12a33) + bbi2ass 0 0
0 0 +(—2acai2 + b12a2)5
. 0 8 0 8 (1) %(25@3 + ai12a33) + bbi2ass + cazzass 0
1 0 +(—2acai2 + bi2a”)e
0 0\ /0 0 0\]|be(_p2r 2)+b
N 0 0 o)l ( +a13a33 + azs) + bi2a23ass 0 0
0 1 +(72aca12 + b12a2)€
0 0 0 0 1
9. 0 0 0] |bcass + (—2acaiz + biza?)e 0 0
0 0
0 0 0 0 O
10. (1) 0 8 cazsass + (—2acaiz + bi2a?)e 0 0
0 0 0 0 O
11. 0 0 0] [(—2acaiz + bi2a?)e 0 0
0 0

Each of these sums vanishes on summing in the indicated variables.

1.-4.

a12

5. ai13
6. as3
7. a12,b12. The dependence on these variables is a12 (2%as3 — 2ace) and byo (bass + a’e).

The corresponding linear forms are independent since p > 3 is assumed.

8 a3

9.-11

. 12
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5.10. The exponential sums pair (014, Op2)

Standard representatives

00 0\ /0 0
T = 0 0 1 , (5.171)
1

e 0 0\ /0 0 O
T = 0 0 0 0),ecFy/{a*:2ecF)} (5.172)
0

The acting set is

O O
A%
o
|
//
—
o O
[evllan N an]
SN——
/-~
o
o O
[evlan N an]

and

a1l a2 ai3 b b
G = a b ( H b;z) (5.173)
c

which is fibered as for the other exponential sums involving &'pq2, and
[£1,9 - &) = buai;e. (5.174)
The stabilizer has size
|Stabg(zpez) ()] = (0 — Dp*#{e’ = 1}. (5.175)

Representatives and exponential sum pairings are given in the table below. Summing
over the maximal orbits,

S (x,€)
M(x, ) = Z P ) -
cerx torperyy P D =1}

See exponential _sums_ 014__0D12.nb.

Orbit | &, [0, g - &1] + [T1,9 - &o] F(x,€) M (z, &)
0 0 0\ /0 0 0
1. ( 0 o) ( 0 0> biiaf,e —(p-1''(p+1) —-(p-1%"%(+1)
0 0
0 0 0\ /0 0 0 )3t
: ( ’ O) ( ’ 0) bui(afy € + d*) o (p—1)*p*
1 0 +(5) - v°
0 0 0\ /0 0 0
3. ( 0 %) ( 0 0) b (a2 e + cd) —(p — 1)%p* —(p— 1)*p*®
0 0
0 0 0\ /0 0 0
4. -2 0 0 0| |bi1(a?e—c2t+d?) (p—1)%p(p+1) (p—1)’p"(p+1)
1 0
0 0 0y /0 01 (-1 —p+1)
5. ( 0 0) ( 0 0) bi1(a e + d?) + bazaird —(p—1p" P> —p+1)
1 0 —(p - 1% ()
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Orbit | &1 [0, g - €1] + [®1,9 - &o] F(x, §) M (x, §)
0 0 0\ /0 0 1
6. ( 1 8) ( 0 8) bii(af e+ ¢®) + bazanrd (» - 1°p* (p—1)%p*
0 0 0\ /0 0 1
7. ( 0 %) < 0 8) bu(a?lﬁ + cd) + basaid —(p — 1)*p* —(p—1)*p*?
0 0 0\ /0 0 1 —( ipt
p—1)'p
8. ( 1 (1)) ( 0 8) b11(a2 e + c2 + 2cd) + basayrd . L. |emDPPeP-1
(L (G-
0 0 O 0 0 1 2pt
—(p—1
9. ( —¢ (1)> ( 0 8) bii(a2,e — 20 + d?) 4 basayid ( ) pv —(p — 1)p*?
- 1% (2)
0 0 0\ /0 0 1
10. 0 8 0 8 b1la?1€ + bazaiid (p — 1)%p* (p—1)°p*®
0 0 0\ /0 0 O bi1aZ, e + byad?
11 12
11. ( 0 8) ( 0 (1)) , (» — 1)°p* (p—1)%*p*
+b22(a1zd + b?)
0 0 0\ /0 0 O b1 (a2, e + 2¢d) + byod?
11 12 E
12. ( 0 (1)) ( 0 (1)) , (p—1)°p* (p—1)°p*?
+ba2(aizd + b%)
13 (O ? 8) (0 8 8) bii(a? e+ c?) + biad? —(p — 1)%p* ( 1)pt®
. —(p — 1)p"“
0 1 +b2(a13d + b*) —(p = 1)%*p° (=)
0 0 0\/0 1 0 bira e+ byod?
11 12 E
14. ( 0 8) ( 0 ?) s —(p —1)%p* —(p—1)p**
+baz(aiic + aizd + b%)
0 0 0\ /0 1 0 bi1(a? e + 2¢d) + by12d?
15. ( 0 (1)) ( 0 (1)> s —(p—1)%p* —(p—-1p*
+baz(aric + azd + b*%)
—(p -1 (p+1)
16 (0 (1) 8> (O (13 8) bii(a2 e+ c?) + biad? —(p - 1)?%p° (_76) 13
. P
0 1 +bas(aric + arzd + b?) +(p — 1)p°
x#{z : z* = —e mod p}
. (0 8 8) (0 8 (1)) biial e+ 2bjacd o o
0 0 +ba2(ai2d + aizc + 2ab)
s (0 8 8) (0 8 (1)> bi1(a3 e+ d*) + 2b1zcd 0 o
1 0 +baz(a12d 4 aisc + 2ab)
Lo (0 (1) 8) (0 8 (1J) bii(a? e+ ¢ + d?) + 2bizcd 0 o
1 0 +baz(a12d 4 aizc + 2ab)
” (0 2 8) (0 8 (1)) bii(af e+ 20+ d?) + 2biacd o
) 0
1 0 +b22(a12d + aizc + 2ab)
21 (0 8 8) (0 ,02 8) biiai e+ bia(—c’e + d?) 0 0
0 1) | 4bya(—ajpcl + arad — a®L + b?)
22 (0 (1) 8) (0 _Og 8) bll(a?1€+c2)+b12(_cze+d2) 0
0 1 +baa(—aizcl + ajzd — a®€ + b%)
0 0 oy (0 o oy (anctzed
23a. ( 0 (1)) ( —¢ (1)> Fbia(—c2e + d?) 0 0
+bog(—arzcl + arzd — a?f + b?)
0 0 o 0 0 o bll(a?1€+c(c+2dk))
23b. ( 1 g) ( —¢ (1J> +b1a(—c?e + d?) 0 0
+bao(—aiz2cl + arzd — a®€ + b?)
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The exponential sums are as follows.
1. Here

[x0,9- &)+ [1,9 - &) = briaiye
Thus, summing in by1,

S (x,8) = Z ep(briatie) = —L?G%EJ =—(p—1)*pp+1).

QEG;,E
2. Here
(20,9 &) + [21,9 - &) = bii(afie + d%).

Thus

El = Z ep(bu(a%le—i—dQ))

S o
Yg = Z ep(briaiie)
o))
c 0
=—(p—-1)*p°
¥y = > ep(bii(af e + d*))

(5.177)

(5.178)

(5.179)



Thus

3. Here

Thus
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oot 5 () ) (8) 0 (5)

b11€F)
> ep(briaiie) = —(p — 1)%p".
*k * *
b11 *
e
L(2,8) = (p—1°p* + (p—1)%p° (%6) : (5.180)

[%0,9 - 61} + [21,9 - &] = bii(ai e + cd). (5.181)

2 ep(bi1(alie+ cd))

( ab) bll *

ep(bui(afie +d*N)) =0

* *
O O * o X

ep(briaiie) = —(p — 1)%p".

S (@,€) = —(p— 1)'p". (5.182)
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4. Here

(21,9 &) + (20,9 &] = bui(afie — L+ d?). (5.183)

El = Z ep(bu(a%le — C2€ + d2))

22 = Z ep(bu(a%le + d2(1 — )\26)))
* * * b
( bA b) ( 1 :)
d\ d
Split off the d = 0 term. In the d # 0 terms replace A := d\. This obtains

Se=(p-17" > ebuahie)+@—1p' Y. eplbulafie+d® —N0)

a11,b11€F \ai1,b11,d€F)

oo % () (0 (3))
(59
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Yy = > ep(b11 (a2 e + d?))

Thus
L(@,6) = (p—1)°p*(p+1). (5.184)
5. Here
(20,9 - &) + [21,9 - o] = bui(afye + d°) + bygaryd. (5.185)
Summing in bgo obtains —1 if d # 0, p — 1 if d = 0, so that

2. P
S (x,§) = ] + 1 > ep(brrafye)

6. Here
(20,9 - &1] + [x1,9 - &] = bii(atye + %) + bagaryd. (5.186)

Summing in bye obtains —1 if d # 0 and p — 1 if d = 0, so that,

S (r,§) = —% + p%l Z ep(bi1(ad e+ c?))
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2. —€

1 1 ()

ST o %
=(p—1)°p".

7. Here

(20,9 - &1] + [21,9 - &) = b1 (a? e + cd) + bagaryd.

Thus, summing in bsy as above,

3.
Sz, &) = _ﬁ + I% Z ep(blla?ﬁ)
* * % %
o))
3 35
=51 (p—1)°p
=—(p—- 1"

8. Here
(20,9 &1] + [21,9 - &) = bii(adie + ¢* + 2¢d) + basaird

Sum in bys to find

S (a,6) = —p?%l + p%l 3 ey (b1 (a2ye + ¢2))

e 3 () ) ()

b11EF,

=(@-1"+ -1+ (p - 1)*° (Z)

=-(p-1'p*+ (1 - (%)) (p — 1)pS.

9. Here

(20,9 - &1] + [21,9 - &] = bi1(adie — *L + d?) + bagay d.

(5.187)

(5.188)

(5.189)
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Sum in bos to find

4.
S8 ===+ % 3 ep(br1 (e — c20))

oo 3 () ) (59
|

p
=—(p-D'(+1)+(p-1)%" - (p—1)%° (

=R

€
=—(p—1)*" = (p—1)*° (—) :
p
10. Here
(20,9 - &1] + [x1,9 - &) = br1al, e + baaird. (5.190)

Sum in bos to find

1.
S (x,§) = ] + ]% > ep(briaie)

=(p-D%'"p+1) - (-1 =@p-1)°%"

In sums 11-16 sum over bys to force d = 0.
11. Here

[an g- 51} + [3717 g- 50] = bllaflﬁ + b12d2 + bgg(awd + b2) (5191)

Thus
L(x, &) = Z ep(briadie + bagb?) = (p — 1)3p?, (5.192)

* % ¥
( . b) (2
*
c
since summation in by and bss each give —1.
12. Here

(20,9 - &) + 21,9 - &) = bi1(afie + 2¢d) + biad® + baz(ai3d + b?). (5.193)
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13.

14.

15.
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Thus
L (x, &) = Z ep(b11a3 e + baob?) = (p — 1)%p?, (5.194)
% *
e
*
c

since summation in by; and by each give —1.
Here

[.’L’o, qg- f1] + [.%‘179 . fo] = bu(a%lé + 02) + b12d2 + bgz(alg,d + bz). (5.195)

Now sum in bgs, obtaining —1, and sum in a1; and ¢ to obtain Gauss sums, to find

S (x,§) = > ep(bii(afe + ¢%) + baob®)

et 3 (0 (5) ) ((3))

Here
(20,9 - &)+ [21,9 - €] = brial e + biad® + baa(aric + arzd + b?). (5.196)

Now sum in b1, obtaining —1, then sum in a1, obtaining —1, and finally sum in
bao, obtaining —1, to obtain

S (x,8) = Z ep(br1aii€ + baa (b* + aqic))
b kX
SERIN
=—(p- 1%

Here
[.ro, qg- El] + [l‘l,g . 50] = bll(afle + ch) + b12d2 + b22(a110 + ai3d + b2) (5197)
After setting d = 0 this is the same sum as in 14., so

S (x,€) = 14. = —(p — 1)*p™. (5.198)
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16. Here

(20,9 - &1+ [21,9 - €] = baa(b® + ar1c + arzd) + biad® + by (¢* + afje).  (5.199)

Thus
S (x,8) = > ep(bi1(afie +c?) + baa(b° + a11c))
* * *
. b) (- 2)
*
C
= p4 Z ep(bu(a%le =+ 62) =+ b22(b2 -+ allc)).

b11,b22,a11,b,cEF)

Summing in byy obtains —1 if b2 + aj1c # 0 and p — 1 otherwise. Splitting the sum
according to this and substituting by, := bcl—; in the second sum obtains

(@, ==p' Y elbulaie+c?)

b11,a11,b,cEFy

+0° > ep(bu(eb* +c*))

bll,b,CEF;<

)G
=—(p—1)p* r(—)-1)(r(—)-1
-1 Y (7 (™ .
b11€F,

—(p =1+ (p — Dp°#{z : 2" = —e mod p}

= [ —€
=—(p-'(+1) - (-1 (p) + (p— 1)p°#{z : 2* = —e mod p}.

17.-23. These sums vanish since summing in a2 and a3 forces ¢ =d = 0.

5.11. The exponential sums pair (014, Opi1)

Standard representatives are
0 0 0 0 0
To = 0 0 1

1

e 0 0\ /0 0 0
x1:< 0 o)( 0 0>,e€F;/{x4:x€F;}. (5.201)
0

The acting set is

Ol

0\ /0 0 0
£ = 0 ( 0 o), (5.200)
0

0

O Ol

and



108 R.D. Hough / Journal of Number Theory 210 (2020) 1-131

a1 a2 i3 (511 b12>|_| a1l a2 aiz <b11 b12) (5202)

Gtz’g B 22 Z;i bao 21 Zzg baa
Here
[71,9 - o] = brrarraize. (5.203)
The stabilizer has size
|Stabez/p2z) (2)| = (p — Dp#{e* = 1}. (5.204)

Representatives and exponential sum pairings are given in the table below. Summing
over the maximal orbits,

9 X
M (z,€) = 3 o 2 1‘;({6’45): T (5.205)

e€F} /{xt:x€Fy}

See exponential_sums_014_ OD11.nb.

Orbit | &3 [z0,9 - &1] + [%1,9 - xo] S, &) | M (x, §)
0 0 O 0 0 O
1. < 0 8) < 0 (1)> biiaiiaize + bizais + bao(aizass + als) 0 0
0 0 0\ /0 0 0O b b2
9. < 0 O) ( 0 1> 11a411a12€ + bi2a3s 0 0
0 1 +ba2(ai2a33 + a1zass + 2az2a23 + a%g)
0 0 O 0 0 1 bi1a11a bioa?
3. < 0 O) < 0 1> 11a411a12€ + bi2aszs 0 0
0 1 +baz(az3(2a21 + 2a22 + az3) + azz(air + a1z + aiz))
0 0 0 0 0 O
4. < 0 8) < —L (1)) biiaiiaize + b12a§3 + baz2(aizazs — a§2€ + 033) 0 0
0 0 0\ /0 0 1\ |p b0
5. < 0 0) < —y O) 11a411a12€ + bi2a3s o 0
0 1 +boa(ar1ass + arzass + 2az1a23 — a3.f + azy)
0 0 0\ /—¢ 0 O0\|p broa2
6. < 0 0) < Y O> 11a411a12€ + bi2aszs o 0
0 1/ | 4+b22(a1sass — (a3, + a3,)¢ + a3s)
0 0 O 0 0 O
7. < 0 8) < 0 (1)> biiaiiaize + baz(aizass + 2azz2a23) 0 0
0 0 0\ /0 0 1 b
8. < 0 0) ( 0 1> 1anndnze 0 0
0 0 +b22(2a23(az1 + a22) + azz(ain + a1z))
0 0 O 1 0 O
9. < 0 8) < 0 (1)> biiaiiaize + baz(ai2ass + a3, + 2a22a23) 0 0
0 0 O 0 0 O
10. 0 (1) 0 (1) bii(airaize + a3s) + baz(aizass + 2a22a23) 0 0
0 0 O 0 0 1 b 2
11. < 0 0) ( 0 1> 11(anaze + az) 0 0
1 0 +ba2(2a23 (a1 + az2) + azz(air + aiz)
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Orbit | &1 [x0,9 - &1] + [®1,9 - wo] S (x, &) | M (w,§)
0 0 0\ /I 0 0O
12. 0 (1) 0 é bi1(ai1a12e + a§3) + baz2(aiza3s + a§1 + 2a22a23) 0 0
0 0 0\ /0 0 0
13. 0 0 10 biiaiiaize + baoal, 0 0
0 0
0 0 0\ /I 0 0O
14. 0 8 1 8 biiaiiaize + bog (a2, + a2y) 0 0
0 0 0\ /f 0 0
15. 0 8 1 8 bi1aiiaize + baz (a3 £ + ady) 0 0
0 0 0\ /0 0 O
16. 0 (1) 1 8 bi1(ar1aize + a2y) + basad, 0 0
0 0 0\ /I 0 0O
17. 0 (1) 1 8 bii(arraize + als) + baa(al, + a3,) 0 0
0 0 0\ /f 0 0
18. 0 (1) 1 8 bi1(ariiaize + as) + bao(aZ £+ a,) 0 0
0 0 0\ /0 0 0O
19. 0 (1) 0 8 bii(ariaize + ’1?,3) 0 0
0 0 0\ /0 0 O
20. 0 0 0 0 bi1aiiarse 0 0
0 0

All of the orbital exponential sums vanish. This is checked as follows.
1.-6. These sums vanish on summing over b;s.
7.-12. These sums vanish on summing over as3 and ai;. The summation in aoz forces
az2 = 0 in each case, so that a;; ranges in F,,.
13.-20. These sums vanish on summing over ai; or ajs.

5.12. The exponential sums pair (014, O14)

Standard representatives are
0 0 O 00
Trog = 0 0 ]_

1

e 0 0\ /0 0 0
T = 00 0 0),ecFy/{a*:zecF)} (5.207)
0

The acting set is

O ONf=
s
o
1
/N
o
— O
oo |
—_
\/
//
[N}
o O
o OO
v
—
o
[N}
o
(2]
S~—

and

(&
Cc

a a2 a3 d b
Gt .= b as3 120 92 = ac, ed = ae. 5.208
z’g

Here
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[21,9 - &) = (d(aly — 2aa13) + 2b12a”)e. (5.209)
The stabilizer has size
’Stabg(z/pzz)(x)’ =(p-— 1)p4#{€4 =1} (5.210)

Representatives and exponential sum pairings are given in the table below. Summing
over the maximal orbits,

9
P’ (z,§)
M (2,€) = > Sl (5.211)
y o (= D#{et =1}
e€Fy /{zt:ze€F }
See exponential_sums__014__014.nb.

Orbit[&; [0,9 & + [x1,9 - @0 S (@, §) | A (x,§)

0 0 0 0 0 O
1. 0 8> ( 0 (1)> biac? + e(arzc + a2y) + (d(a3, — 2aa13) + 2b12a%)e|0 0

0 0 0 0 0 0
2. 0 8> ( 0 (1)) e(2a23b + aizc) + (d(a?y — 2aais) + 2b12a?)e 0 0

0 0 O 0 0 -1
3. 0 (1)> < 1 8 c2d + e(—ac+ b?) + (d(a?, — 2aa13) + 2b12a%)e |0 0

0 0 0 0 0 0
4. < 0 8> ( 0 8) (d(aﬂ — 2(1(113) —|— 2b12a2)€ 0 0

All of the orbital exponential sums vanish, as is checked below.

0 00 0 0O
1. § = 0 0 0 O |. Here
0 1

[€0,9-&] = biac? + e(aizc+ agg)
(20,9 - &) + [21,9 - €] = bi1ac® + e(arzc + a33) + (d(ais — 2aa13) + 2b12a?)e.

Sum in by to find 2a%e + ¢ = 0 or 2a2%e + (%)2 = 0. Sum in a3 to find 2ade = ce

or 2ade = ach. These two conditions are inconsistent, as the first implies 2d?%e = —e?

and the second implies 2d?e = e?, so the sum vanishes.

2. &

0 0 O 0 0 O
0 0 0 1 ). The sum vanishes on summing over bys.
0 0

1 0
4. & = 0. The sum vanishes on summing over bys.

0 0 O 0 0 -1
3. & = 0 0 1 0 ). The sum vanishes on summing over bys.
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6. Summation

Combining the previous sections proves the following theorem.

Theorem 2. The Fourier transform of the maximal set is supported on the mod p orbits
Oy, 0p12,0p11 and Ops. It is given explicitly in the following tables.

1. Case Oy, & = p&g.

Orbit pilQI/In:((p&)) Orbit size

Oo  |(p—1D'p(p+1)%(p° + 20" +4p® + 4p> + 3p+ 1)1

Opiz |—(p—1)°p(p+1)* p-Dp+H@P*+p+1)

Op11 |—(p —1)°p(2p° + 6p* + 4p + 1) (p—Dp(p+1)*(p* +p+1)/2
Opz |(p—1)p(2p* +3p+1) (p—1?plp+1)@* +p+1)/2
Opns [(p—1)°p(2p° +3p + 1) (=1 (p+1)P* +p+1)
Ocs |—p" +5p° = 3p* = 3p> +p* +p (p—1’p(p+1)°@*+p+1)
Ocns |(p—1)°p(20* +3p + 1) (=D’ (p+1)(P* +p+1)
Opu [(p—1)°p(2p° +3p + 1) (r—1)*p*(p+1)*(0* +p+1)/2

Op2 |(p—1)°p(2p° +3p+1) (r=1°p"(p+1)(P* +p+1)/2
O |p(@* =3p° +p+1) (r=1°p* (0 +1)*(p* +p+1)
O3, |p(0* —3p° +p+1) (=1’ (p+1)*(P* +p+1)
Or212|(p—1)°p(3p + 1) (=D (p+1)*(P* +p+1)/2
Oy |=(p—1)p(p+1)? (=D’ (p+D)(P* +p+1)/2
Op21, |p(0* —3p" +p+1) (=1’ 0+ 1)*@0° +p+1)/2
Or25 |p(p® —3p> +p+1) (= 1°p'(p+1)*(0* +p+1)/2
Onn |—p* +p* +p (-1 (p+1)*(P* +p+1)/24
Oz |—p* +p° +p (=1 0+ 1" +p+1)/4
O |-p*+p°+p =1+ 1?0 +p+1)/8
Oz |-p*+p°+p =D (p+1)*@*+p+1)/3
Or |-p*+p°+p -1+ 1)@ +p+1)/4
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2. Case Op12.

(6.2)

Orbit size

(=12 (p+1)*(P*+p+1)

(P =1 (p+1)*(* +p+1)/2
(=1’ +1)(p* +p+1)/2
(p =1 (p+1)%(@* +p+1)
(p—1)°p(p+1)*(@* +p+1)
(p—1°(p+ 1)@ +p+1)

(p =D (p+1)%(@* +p+1)/2
(P =1 (p+1)*(0* +p+1)/2
(p =1+ 1)@ +p+1)
(p =10+ 1)@ +p+1)
(p=1%°(p+1)%(* +p+1)
(=1 (p+ 1)@ +p+1)
(p =1’ + 1)@ +p+1)
=1+ 1)@ +p+1)
(=1 (p+1)*@ +p+1)

(p—12*p*(p+1)*(p* +p+1)/2
(p—12pP(p+1)*(P* +p+1)

(- +1)*@*+p+1)/4
(p—D*(p+1)2(p* +p+1)/4
(-1 (p+1)(P* +p+1)/2

(-1 +1)*@P*+p+1)/4
(- +1)*@*+p+1)/4

—(p—=1°plp+ 13| (p—Dp*(p+ 1)(P* +p+1)

o I Bl I e e =~ = =
U s + 1+ +
< Sl &le| T els al & =
% | R AR A A BRI
Am S IR B N e PN e N I
- — | = = =
= IR RS TR
Q, SEIE T El1l 1l alalEE T 0] 1| al alo|o|o|lolololo
o~
e
=)
Sl ol el wlcl sl sl vl sl ol S| Sla|s|<d| 8|8 L|d|3|S| ]|
— | N »n | F| | o| >~ A A A | =] [ =] =] | N N[ | N
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3. Case Op1y.

(6.3)

(p—1)*p"(p+1)*(p* +p+1)/2
(p—=1°p"p+1)*(p* +p+1)/2
(p—=1)*p"p+1)*@* +p+1)/8
(p—1)p"(p+1)2(p* +p+1)/2
(p—1)'p"°(p+ 1)@ +p+1)/4
(p=1)*p"p+1)*(* +p+1)/8

(p—1)%pP(p+1)*(p* +p+1)

(p—1)p?(p+ 12 (p* +p+1)/2

(p—1°pP(p+1)2(* +p+1)
(p—1°pP(p+1)2(P* +p+1)

(p—1)*°(p+1)*(p* +p+1)/2
(p—1)"p(p+1)2(p* +p+1)
(p—1)%p"(p+1)*(P* +p+1)

(p—1)%p"(p+ 1> +p+1)/4
(p—1)°p"(p+1)*(p* +p+1)/4

(p—12p"(p+1)2(P* +p+1)

(p—1)*" (p+ 1> +p+1)/4
(p—=1)"" (p+1)*P*+p+1)/4
(p=1*p"(p+1)*(P* +p+1)/2
(p—=Dp"(p+1)*(pP* +p+1)/2

(p—1)p°
—(p—1)p?

Orbit| p~ 21 ax (€)| Orbit size

10.
11.

12.
13.
14.
15.
16.
17.
18.
19.
20.

4. Case Ops.

(6.4)

(p—1)Pp(p+1)(P* +p+1)/2
(p—1)'p"°(p+ 1)@ +p+1)/4
(p=1)*p"p+1)*@* +p+1)/4
(=1 (p+1)*(p* +p+1)/2
(="' (p+ 12> +p+1)/2
(=1 (p+1)*(p* +p+1)/4
(=D (p+ 1)@ +p+1)/4
(p—1)°p"(p+1)*(p* +p+1)/4
(=D (p+ 1)’ +p+1)/4
(p—=1*"(p+1)(P* +p+1)/2
(p—12"(p+ 1P +p+1)/2

(p—1)p?

—(p—1)p?

Orbit| p~ 21 ax (€) | Orbit size

10.
11.
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Proof. Since 1y,.x is G(Z/p*Z)-invariant, it is the sum of the indicator functions of some
G(Z/p*Z) orbits on V(Z/p*Z).
When £ € 0 so that £ = péy,

Loae@€) = Y. Liax(@)epe([z, pE1]) (6.5)
€V (Z/p3Z)
= Z Z ep([ﬂ?,fﬂ) Z 1max(x+px1)
OeG(Z/pZ)\V (Z/pZ) x€C mod p 1€V (Z/pZ)

The density

p(0) =p="? Z Lmax(z + pr1) (6.6)
z1€V(Z/pZ)

of maximal orbits above & depends only on the orbit &, and is given in the following
table.

Orbit |04 |O131 |02 |O1212 |O129|C1211| 04| Os2 | 013|011 O1111
Density p=1|p=1 |p~1 (p;l)2 p=11p=1 11 |1 (1 |1 1

(6.7)

P P p? P P P

The Fourier transform above & was thus calculated according to the formula

Tonax (p1) = p'? > wo) Y ellnl), (6.8)

OcG(Z/pZ)\V(Z/pZ) €0 mod p

see modp_sums.nb. The orbital exponential sums ) ., e,([z,§1]) are obtained as the
columns of the matrix M in [10] p. 27, as a function of the orbits of £&; under the G(Z /pZ)
action. The orbit sizes of the mod p orbits were also determined in [10].

The orbit sizes of the orbits in V/V, under the G, action were obtained in Lemmas
19, 17, and 16. The orbit sizes of the orbits in V(Z/p*Z) under G(Z/p*Z) were obtained
from the formula

|ﬁ€ mOdp2|:|ﬁ§o modp"pdimvs"ﬁil CV/V€|7 (6'9)

from Lemma 11.
When £ # 0 mod p, it was verified in Lemma 5 that for ¢ € G(Z/pZ)\V (Z/pZ) with
density of maximal elements 0 or 1,

Z lmax($)€p2([$,§]) =M (x,§) =0. (6.10)

z€V(Z/p*Z)
z€0 mod p

Hence, in the formula
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Tox@© = Y Lnax(@)epe([x,€) (6.11)
z€V(Z/p3Z)
= > M (2, €)
OeG(Z/pZ)\V (Z/pZ)

the sum may be restricted to & € {01211, O129, 01212, Os2, 0131, 014 }. This sum is further
restricted, since by Lemma 9, .#(x,§) = 0 if G ¢ = 0. This proves that fn;(g) =0
unless & € Oy, Op12,0p11,Opsa, Ocs or O1a. For each of those pairs x,£ # 0 mod p
such that G, ¢ # 0, A (x,£) was calculated. This demonstrated that in fact the Fourier
transform vanishes over O¢s and 044, also. The Fourier transform displayed is the result
of adding the columns . (z,§) from the previous section, Sections 5.1, 5.2, 5.5, 5.8 and
5.10 for the Fourier transform above &' py2, Sections 5.3 and 5.6 for the Fourier transform
above Op11, and Sections 5.4 and 5.7 for the Fourier transform above &ps.
For the calculations in this proof, see summation.nb. O

Proof of Theorem 1. The Fourier transform of 1non-max is p**d¢—o — 1/,,1:((5) The for-
mulas obtained in Theorem 1 are the result of combining the formulas for the Fourier
transform with the size of the orbit of each frequency. These calculations are performed
in summation.nb. O

Appendix A. Computation of annihilator subspaces

The annihilator subspaces for standard representatives are as follows. For the compu-
tations in this Appendix, see annihilator_spaces.nb.

(1) Case of Opi2, z = (0,w?).

0 0 0
bi1 b2 air a1z a1 8 8 8 ajl a2 asi
(I+p(b b )) I'+p|ax azx azs 00 0 I+p| a2 a2 as
v @31 as2 433 00 0 a13 azs a3z
0 0 1
0 0 0 0 0 0>
0 0 0 0
=70 0 0\ TP/0 0 13
00 0 as3
1 2a33 + b2z

Thus

&~

|
/N
o
(N}
* ¥ ¥ ¥ OO
N———
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(2) Case of Opi1, z = (0,vw).

a31 a32 as3

b b a1l ai2 ai3
oot (i B

(=N ool
O O OO
coo
~—

a1l a1 asi
0 I+p| a2 a2 a3
1 aiz a3 ass
2
0

00 0 bz
0 i
= /0 0 0\ TP /o &2 :
1 aza+azz+bay
< 0 6) ass 22 2’;3
as2
Thus
0 0 O
0 =*
0
Vo = 0 * =
* %
*
(3) Case of Opa, v = (0,v? — fw?).
0 0 0)
0 0 0
ail a2 ais ail a1 asil
(I+p(2“ 212)) I+p|aa a2 a3 8 8 00 I+p| a2 a2 a3z
21 P22 as1 asz as3 01 0 a13  az3  as3
0 0 —¢
0 0 O 0 0 0
by
_ —bi12
=700 4\ TP /0 ai2 —ai3l '
1 0 2a22 + b2 —a23l+ asze
—0 —2a330 — bao!
Thus
00 O
z 0
—20
* %
* %
*

(4) Case of Opps, z = (0,u* — vw).

[N enNen]

[

)
[

0
0
0 ail a1 asi
1 0 0 I+p| a2 ax asz
0 0 — a1z @23 a33
0

b b ail aiz2 ai3
(I—&—p(b; b;z)) <I+p<a21 agz @23

a3zl a32 a33

=

1
5 0
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asi

0 0 0 biz O 0
0 0 0 b
N 0 0
- /10 TP [2a11 + bao -4 +az1  —% t+am
0 —% —as3 _ﬂ22+a§3+b22
0 —a32
Thus
z 0 O
z
0 —05
Vo = S S
* *
*
(5) Case of Ocs, = (w?,vw).
0 0 0
0 0 0
ailr a2 a3 0 0 1
<I+p(g; 2;2)) I+p|aa a2 az 0O 0 O
az1 az2 as3 0 0 %
1
010
000 00 a13
0 0 0 ap+ %2
1 2a33+l7211
= /0 0 0\ TP /0 s a1z
< o 1L ) azg a22+a233 +b22
0 az2 + b2y
Thus
0 0 =z
0 =x
*k
Vm_ z
0 b) k
* *
*
(6) Case of Ocps, v = (vw, uw).
0 0 O
00 2
b1 bia ail a2 a3 0 % 0
I+p( )) I+p| a2 a2 a2
( bar b2z as1 as2 ass 8 8 é
L oo
2
00 0 0 s aip+bio
< 0 1 > ass a22+a§3+bn
_ 6 + as2
- 0 0 1 p ais asz aji1+aszz+bay
3 2 2
< 0 > 0 ll21;rb'21
0

I+p| a2
ais

(o

ail

a1l
ai2
a13

a21
a22
a3

a1
a22
a23

asi
as2
ass

asi
as2
ass

)

)
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Thus
0 % =
Yook
*
Vz: Yy
z 5 *
0 =
*
(7) Case of Op11, x = (v?, w?).
0 0
a1l a2 ais 01
b1 b2 0 0
I+p I+p|a2 a2 a2
( (b21 bZQ)) ( az1 a32 a33 00
0 0
0 0
0O 0 0 0 ai2 0
1 8 2a22 + b11 Zsz
_ 12
=700 0\ TP/0 o as :
0 0 bo1 a23
1 2a33 + b2z
Thus
0 = O
* %
*
Vo = 0 0 =
* ok
*
(8) Case of Opa, x = (vw,v? + fw?).
0 0
a1 a2 a 00
11 @12 a1 1
(I—l—p(gu g12)) I+p| a2 a2 a2 0 3
21 22 az1 a3z2 as3 0 0
0 1
0 0
00 0 0o %2
< 0 1> as3 + b1 a2'z+a§3+bn
_ i +p azz + b1zl
0 00 0 aiz aizl '
1 2 ( 2a22 + b2z a23£+a32+b§1>
2(133€+b22f
Thus
z ¥y
0 2 2
* ok
*
Ve = 0y =/
*

* ¥

HOO OOoOO

oo

SO0

N——
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a1
I+p| a2
a3

o

ail
ai2
a13

az1
a2
az3

az1
a2
az3

as1
a32
ass

asi
a32
ass

)

)
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(9) Case of Oy, (w? vw + v?).

0 0 0
0 0 0
b1 b ail a2 a3 0 0 1 ail
I+p I+p|aan a2 a3 i I+p| a2
( (bm b22)) ( a3zl az2 ass 8 (1) é a3
1
1 oo
000 0 0 a+
0 0 bi2 a23
1 2a33 + b1y
= /0 0 1% +p a1 aio + %22 a11+as3+bay
2 2
( 1 6) 2as22 + bao %thls.z
0 a31 + b2y
Thus
Z
0 0 y+§
z *
*
Vo = y ok %
* *
*
(10) Case of @31, (vw,uw + v?).
0 0 O
00 %
bi1  bie ail a2 a3 0 % 0 a1
I+0p I+p| a2 a2 a2 I+p| a2
( (b21 bzz)) ( as1 Gas 433 0 0 2 a3
01 6
1
100
0 0 0 ais aip+bio
( 0 ) as3 i b1o a22+azs3+b11
_ as2

+
i

as: ai1tazs+b
ais alZ“l‘% 11+ags+bas

2
2a22 + b2 asz2 + 7“21;4’“

O o= v O

N———

/0 0
1

asi
Thus

z
0 % =
* ok
*

V:

z Z % ok
T
*k

az1
a22
a23

a1
a22
a23

asi
as2
ass

asi
as2
ass3

)

)

119



120

R.D. Hough / Journal of Number Theory 210 (2020) 1-131

(11) Case of 0212, (w? uv).

Thus

0

[N en)

[0

(13) Case of 0211, (v? — w? uw

0
0
bio ail a2 a3 0
b22)) I+p| a2 a2 a23 0
a3l asz2 ass 1
0 0 b a3
0 6 a3
0 2a33 + b11
0 +p ais ai1+azs+bas ﬂ.%
0) az oL
0 ba1
0 % =
0 =x
*
Ve = * k%
* ok
*
0
a1l aiz2 ai3 0
: 0
212)) I+p| a2 ac2 a2 1
22 as1 aszx a3z 0
0
0 b1z 0 ais
0 —b124 az3
1 " 2a33 + b11
0 P 72a11 4+ b2 —ai2l + a2
0 —2(122[—1)22@
0 2
z 0 *
—z20  *
*
Vo = ¥ % %
* ok
*
0 0
0 1
bio ail  ai2 a3 0 0
I+p|ax a2 ags
ba2 0 0
az1 agz2 ass 0 0
1
5 0

—_
OO O\ DO/

OOMI»—‘OOO

0o 0 <I+p
—£ 0

asi '
—aszaf
ba1

o

cov- | oo
~—

(oo

ail
a2
ai3

ail
ai2
ai13

a1l
ai2
ais

a1
a2
az3

az1
a2
a23

a1
az2
a3

asi
as2
ass

as2
ass

azi
as2
ass

)

)
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0 0 ao —a13 + bf
0 2a22 +b11 —a23 + a3
-1 —2a33 — b11
1 +p a1 @23 a11+azztban
6 3 2 a%l

b21 =t
0 az1 — ba1

(14) Case of 029, (v? — fw? uw).

(142 (b

0

=o

|
o~ N

o

SO

V, =
0 0 O
01 0
ail a2 a3 0 0 —¢ a1l
Z;z)) I+p| a2 az2 a2 0 0 1 I+p| a2
az1  as2 a33 ( 0 0 6 ) a13
1
5 00
0 0 a2 —aizl+ 22
0 2a22 +b11 —a23f+ a3
l n —2as33l — b1t

Qaz3

a11+azz+boo .
b2 a%l
21 2
a3y — ba1l

/N
*
* %
* K K X X KX
~__~

Appendix B. Determination of action sets

a1
a2
a3

asi
as2
ass

)

121

For each of the pairings listed in Lemma 8 the action set G, ¢ is calculated. The
calculations in this Appendix are performed in action_ sets.nb.

1. Case (01211, Opi2): For standard representatives

0 0 O 0 0
T = 0
-1

and

1 0

O o=

1 0 0 0 0
e
0
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0 = = x k% x k% *x 0 0
V., = * % * x|, Ve = 00 0 0]. (B.2)
* * 0 0

Since the second form is eliminated by V., in the action on £, it may be assumed
that the GLg action acts on the second quadratic form by an arbitrary scalar.
The action on £ is thus given by

a1l a2 ais b b bi1a?; biiaiiazr biiaiias: 00 0
az1 a2 a3 |, ( 1 b12) €= biia3;  biiazias: 0 0].
azi as2 as3 22 bi1a2, 0

This forces as; = az; = 0, so the action set is

Gre= ( - *) <* I) Gl = (p—1)°p'(p+1). (B-3)

k

2. Case (0429, Op12): For standard representatives

(B.4)

8
|
N
o
=)
|
NOO
\/
(an)
o O
O O
N
Il
A/
—
o O
o OO
v
N
(@)
o O
o OO
\—/

and

the action set is, as for 1.,

* ES *
G';,g=< N ) ( ) Goel = (-1 (p+1).  (B6)
ES3 ES

3. Case (02, Opi1): For standard representatives

0 0 O 1 0 0 01 0 0 0 O
T = ( 0 0) ( -/ 0) , &= ( 0 0) ( 0 O) (B.7)
1 0 0 0
and
z 0 * * % % * % % 0 « 0
V, = —zl * x|, Ve = * ok 0 0]. (B.8)
* * 0 0

Since the second form is eliminated by V,, in the action on &, it may be assumed
that the GL9 action acts on the second quadratic form by an arbitrary scalar.
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The action on £ is thus given by
a b ais by bis 2bi11ab  bii(ad 4 be)  bii(aasz + basi) 0 0 O
c d axn), ( b22) £ = 2b11cd b11(cass + das1) 0 0].
as1 asz as3 2b11a31a32 0

This forces as; = azes = 0 and ab = cd¥, so that

a b x . x
G’;g = (c d *) ( *> , ab = cdl. (B.9)
*

There are (p — 1) choices of a, b, ¢,d with ab # 0 and 2(p — 1)? choices with ab = 0,
so |Gze|l = (p—1)°p®(p + 1). The two parametrizations are equivalent since the
cardinalities are the same.

The action set may be parametrized,

a c\M  aiz
<c aX a23>,<b11 b12>, NEFX (a,0) €F2\{(0,0)}.  (B.10)

bao
ass

. Case (052, Ops): For standard representatives

00 0\ /1L 0 0 ¢ B 0\ /0 0 0
a;:( 0 0)( —¢ o), g:( 1 0)( 0 o), (B.11)
1 0 0 0

with fu? + 2Buv + v? irreducible the annihilated spaces are

z 0 x Xk ok Xk ok zl 2B 0
Ve = —zl x x|, Ve = * ok z 0]. (B.12)
* * 0 0

Since the second form is eliminated by V., in the action on &, it may be assumed
that the GL5 action acts on the second quadratic form by an arbitrary scalar.
The action on £ is thus given by

a b as b by
(( c d a2:3)7( " bij) 5
az1  azz ass

bi1(a®l + 2abB + b*)  bii(act 4+ adf + bef + bd)  bii(aasil + aassB + basi B + bags) °© %3
b11(c?l 4 2¢dB + d?) bii(cazil + cazzf + dazi B + dasz) 09
bi1(a3, £ + 2az1a328 + a3,) 0

Since the lower right entry in the first quadratic form is a quadratic irreducible on
a31 and aze which must vanish, this forces az; = azo = 0. The action set is thus

a b x . 0 b
Gﬁ:{ =|c d x < *> ) [(c d) - (u® 4 2Buv + v?), u? — Evﬂ =0.
*

(B.13)
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To count G, ¢, first note that the number of quadratic irreducibles in Sme(Fp) is

@. The number of irreducibles which are orthogonal to u? — fv? is

#{(\, B) : M(fu? + v?) + 2Buw irreducible} (B.14)
= #{(\,5) : 487 — aX* £ O},

As A runs through Z/pZ, together 4\%¢ and 4\? run through Z/pZ twice. Thus
#{(\8) 48> — N0 £ 0} + #{(\ ) 45 — 4N £ 0} = (p—L)p.  (B.15)

Since

OB 1482 =2 20y = @) b 20y = E 0 (mag)

it follows that

(N B) 462 — 4N £DO) = W. (B.17)

Since the quadratic irreducibles are a single GLo x GL; orbit in SymZ(Fp), which
are uniformly covered by the action of the group on a representative, it follows that

#{9€GLo(Z/pZ): [g- (Cu® + 2Buv +v?),u* — &)2] =0} (B.18)
(p=1) (p+1)
= W(pz —p)(p2 —1)
2
=@-DEp+1)>

Thus |Guel = (p — 1)*'p*(p + 1)°.
Case (04212, Op12): For standard representatives

00 0\ (0 % 0 10 0\ /0 00
T = 0 0 0 0], &= 0 0 0 0 (B.19)
1 0 0 0
and
0 * = EE S EE S * 0 0
Ve = 0 = * ok | Ve = 0 0 0 0]. (B.20)
* * 0 0

Since the second form is eliminated by V,, in the action on &, it may be assumed
that the GL9 action acts on the second quadratic form by an arbitrary scalar.
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The action on £ is thus given by

a1l a2 ais b b bi1a?, biiaiiazr biiaiias 0 0 0
a1 a2 a3 |, ( 1 b12> €= biia3;  biiasias: 0 0]).
azi1 asz2 as3 22 biia3; 0

This forces az; = a11as1 = 0. The action set is

ES ES ES % % ES ES % %
G;f< . >( >u< . )( ) el = 200 — 1" (0 + 1).
* * * *

(B.21)

6. Case (04212, Op11): For standard representatives

00 0\ /0 o0 1 0 0\ /0 00
e=| 00 0 o0f, ¢=( -10 0 0 (B.22)
1 0 0 0

0 * = x ok %k x ok % z 0 0
Ve = 0 = x x|, Ve = * % —z 0. (B.23)
* * 0 0

Since the second form is eliminated by V., in the action on &, it may be assumed
that the GL5 action acts on the second quadratic form by an arbitrary scalar.

The action on £ is thus given by

ai; a2 ais b b
11 bio
azy a2 az |, Do £
asy asz ass
2 2
bii(af, —afy) bii(aiiag — a12a22) bii(aiias; — arzasz) (0 0 0>

= bll(agl — 0,%2) bu(aglagl — 0320,32) 0 0
bii (a3, —a3) 0

Since the first two columns of the GL3 matrix are linearly independent, vanishing of
the w dependence in the first quadratic form forces az; = azo = 0. The action set
maps u? — v? = (u+v)(u — ) to a form c;u? + cav? = ¢1(u + yv)(u — yv) and thus

satisfies

kK k
" * x\ utv—au+pPo y
Gpe C <>k * *) ( >’u—v»—>)\(au—ﬁv)7a7ﬁ’)\€ (Z/pZ)*. (B.24)

The size is |G, ¢| = (p — 1)%p?.
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7. Case (01212, Ops): For standard representatives

0 0 O 0 % 0 —4 0 0 0 0 O
T = 0 0 0 o], &= 1 0 0 0 (B.25)
1 0 0 0
and

0 * = * % % * % % —2z¢ 0 0
Ve = 0 = x x|, Ve = * % z 0]. (B.26)
* * 0 0

Since the second form is eliminated by V, in the action on &, it may be assumed
that the GLg action acts on the second quadratic form by an arbitrary scalar.
The action on £ is thus given by

a b ai13
(( o b @3)7(%)11 212)).5
az1 asz2 as3 22

b11(7a2£ —+ b2) bll(facﬁ + bd) bll(—aaglﬁ + bagg) O O 0
= bll(_CQE + d2) bll(—caglf + dagg) ( ) .
bll(_a§1€+ 05252)

This forces az; = azo = 0. The action set is

a b x v x
Ghe=|c d ( *>, acl = bd. (B.27)

As for 3., |G| = (p — 1)°p*(p + 1), and the action set has parametrization,

*

a o x
<CA aX *> (* i) X e FX, (a,c) € F2\ {(0,0)}. (B.28)

8. Case (0431, Op12): For standard representatives

00 0\ /oo 1} 1 0 0\y/0 00
T = 0 1 1 0], ¢= 00 0 0], (B.29)
0 0 0 0

and

A

Il
—
o
* ol
* % %
~—
VR
ISy

* %
* %X %
~_—
~

Il
/N
*
o %
OO ¥
~
/
*
oo
o OO
~
w

w

=
S~—
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Under the action on & the two forms are proportional, and this can be orthogonal to
V, only if the second form is 0, and thus it may be assumed that the second form is
acted on by a scalar under the GLg action.

The action on £ is thus given by

a1 a2 ais b b bi1a?; biiaiiazr  biiaiias: 0 0 0
az1 a2 a3 |, ( H b;;) €= biia3,  biiazias 0 0].
as1 as2 a33 bi1a3; 0

The v? and w? coefficients force as; = a1 = 0, so the action set is

* * *
Ghe= < * *) (* I) Grel = (p—1)°p*(p+ 1) (B.31)
* *

. Case (0131, Ocs): For standard representatives

00 0\ /00 31 0 -1 0\ /1 0 0O
T = 0 3 1 0], ¢= 0 0 0 0 (B.32)
0 0 0 0

and

* ol
* %
\—/
/
)

* %
* % ¥

0 % % % * x Z
V, = ( ) , Ve = ( * —z) ( 0 O) (B.33)
* 0 0

Since V,, annihilates the dependence on w in both forms, the action on £ has no w
dependence in both forms, and thus this remains true of any linear combination of
the forms. Thus the action by GLg can be inverted with this still the case, so that the
GLj3 action must carry each form to a form independent of w. From the second form,
u?, it follows that u is mapped by the GL3 action to a linear form not containing
w. Now from the first form, 2uv, it follows that v is mapped to a linear form not
containing w.

The action on £ is given by

a1l aiz ai3 bi1  bio
g1 azy a3 |, <b21 bm) €
a33

2
—2bi1a11a12 + bigail;  bii(—aira2e — a12a21) + bizaiiazr 0

= —2bi1as1a22 + b12a3; 0
0
—2by1ar1a12 + basay,  boi(—ai1a22 — ai2a21) + basariaz; 0
—2boyas1azs + baoa3; 0
0

Considering the v? coefficients gives
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az1(—2b11a22 + bi2az1) = 0, a21(—2ba1ags + bazasy) = 0. (B.34)

This forces as; = 0, since otherwise either as; = ase = 0 or the matrix <g;1 2;;)

is singular, both of which are impossible. It now follows from the uv coefficient in
the second quadratic form that —ajja90b21 = 0. Since ag; = 0, the matrix on GL3
would be singular if either a;; = 0 or ass = 0, so that by; = 0.

The action has now been simplified to

a aiz2 ai3 c b a?bio — 2aa12¢c  —abc 0 a’d 0 0
b az |, ( (11/2) €= 0 0 0 0].
as3 0 0

Thus abec = a?d so that the action set is

a ES ES c %
Gto={ b = ( @), el = (0 — 1), (B.35)

a

Case (014, Opy2): For standard representatives

0 0 O 0 0
T = 0 0 1
1
and

0 0 y—f—% Yok % * % % * 0 0
V, = z * * x|, Ve = 00 0 0]. (B.37)
* * 0 0

Since the two forms in the action on ¢ are linearly dependent, to be orthogonal to

O ONl=
7anY
Il
7N
—
o o
o OO
\—/
/
()
o o
o OO
v
—
w
w
()
S~—

V. it is necessary that the second form is 0, and thus it may be assumed that the
second form is acted on by a scalar under the GLy action.
The action on £ is thus given by

ai1 a2 a3 b b bi1a?3; biiaiiazr  biiaiias: 0 00
as a2 a3 |, ( 1 b12> €= biia3,  biiazias: 0 0.
az1 asz2 as3 22 blla%l 0

From the w? coefficient it follows that as; = 0. It now follows from the v? coefficient
that a2, = 0. The action set is

* X

%£=< **)C Q, el = (p— 15 (p + 1). (B.38)
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Case (041, Op11): For standard representatives

0 00 0 0 010 0 00
T = 0 0 1 , &= 0 0 0 0], (B.39)
1 0 0
and
0 0 y+3 Yy ok ok k% 0 = 0
Ve = z * x x|, Ve = * % 0 0. (B.40)
* * 0 0

Since the action on £ results in two forms which are linearly dependent, to be or-
thogonal to V, the second form is 0, and thus it may be assumed that the second
form is acted on by a scalar under the GLo action.

The action on £ is thus given by

a11 a2 ais b b

11 12
a1 Qg2 aG23 |, bao : f
asz1 asz a3z

(25116111&12 bi1(a11a22 + a12a21) b11(a11032+al2a31)> (0 0 0)

O o=

2b11a21 022 bi1(a21a32 + az2as1) 0 0
2b11a31a32 0

It follows from w? coefficient that one of a3, and a3y is 0. Now considering the ww,
vw coordinates, both a3y and ass are zero, or else the GL3 matrix would have a 0
column. It follows from the v? coefficient that as;ase = 0, either of which can hold.

The action set is thus
b3

GLE - * %

*

Case (044, 014): For standard representatives

0 0 O 0 0
T = 0 0 1
1
and

00 y+3 Y
Ve = z * * %
* *

|Gw,f| = 2(p - 1)5]74-

*

*
~—
7N
*
* ¥
~__
C
/N
* %

*
* ¥ ¥
~—
7 N
*
* *
~~_

(B.41)

O On=
A%
I
N
o
= O
OO'
—
\_/
N
[N}
o O
o OO
v
—
©
S
[\
S~—

*
*
~_—
~
\
7N
*
* *
< o* *
~_—
 ~
*
ISR
|
ooN
+
N
~_—
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any combination )\1(1)2 — 2uw) + 2x9u? with A, # 0 cannot be a double line, and
hence by; = 0. By considering the v? and w? coefficients in the second quadratic
form, it follows that as; = ag; = 0. The action on £ is thus given by

ai1 a2 a3 b1 bio
azs as3 |, b 3
azz ass3

2 2
bii(afy — 2a11a13) + 2b12a7;  bii(—ai1a23 + a12a22)  bi1(—ar1ass + aizase)

= bi1a3, biiazzas:
bi1a3,
2[)22&%1 0 0
X 0 0
0

Considering the w? coefficient of the first quadratic form implies azs = 0. The action
thus reduces to

a * x d
b x ,( e) € (B.44)
c

2a%b1s — 2aa13d + a3yd  —aagzd + ajpbd  —acd 2a%¢ 0 0

= b2d 0 0 0

0 0

The action set is thus
a * x 4 s
Gle= b ( e> , b’ = ac,b’d = a®e, |Grel = (p—1)%p*.
c

(B.45)
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