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DYNAMICALLY DEFINED SEQUENCES
WITH SMALL DISCREPANCY

STEFAN STEINERBERGER

ABSTRACT. We study the problem of constructing sequences ()22, on [0,1]
in such a way that

DY = sup #{1§7j§N:xi§az}_
0<z<1 N

xT

is small. A result of Schmidt shows that for all sequences sequences (zn)52
on [0,1] we have D% 2 (log N)N~! for infinitely many N, several classical
constructions attain this growth. We describe a type of uniformly distributed
sequence that seems to be completely novel: given {z1,...,2ny_1}, we con-
struct xy in a greedy manner
N-1
TN = argmink \xﬁlﬁzN—lﬂ kz::l 1 —log (2sin (7|x — zk])).

We prove that D% < (log N)N—1/2 and conjecture that D% < (log N)N—1.
Numerical examples illustrate this conjecture in a very impressive manner.
We also establish a discrepancy bound D%, < (log N)4N~1/2 for an analogous
construction in higher dimensions and conjecture it to be D%, < (log N)¢N—1.

1. INTRODUCTION

1.1. Introduction. Let (z,)52; be a sequence on [0,1] and define the star dis-
crepancy of the first N elements via

1<i<N:zxz <
Dy = sup #{l<i< :cl_x}_
0<z<1 N

x| .

van der Corput asked in 1935 whether there was a sequence for which D% < N~1.
This was disproven by van Aardenne-Ehrenfest [1], Roth [19] showed that for any
sequnce (2,)%%; in [0, 1], we have D} = /log NN~! for infinitely many N. The
sharp result is due to Schmidt [20] who showed that for any sequence (x,)%2; in
[0, 1] there are infinitely many N for which
log N
DY > ng .
Oher proofs of Schmidt’s result were given by Bejian [4], Halasz [12] and Liardet
[15], the best constant is due to Larcher & Puchhammer [14]. Several sequences
attaining this growth have been constructed, we refer to the classical textbooks by
Beck & Chen [3], Dick & Pillichshammer [10], Drmota & Tichy [11] and Kuipers
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& Niederreiter [13]. As soon as one generalizes the problem to sequences in higher

dimensions [0, 1] using the notation = = (x1,...,74) and
. d
#{1<n<NV1<i<d :mn; <z}
Dy = sup : — | | =i,
N z€[0,1]¢ N II

i=1
the problem of finding sharp lower bounds on the discrepancy is open. Roth [19]
proved that any sequence {x,} -, in [0,1]¢ has

log N)?
Dy Z (OgTP for infinitely many N.
An improvement by a double logarithmic factor for d = 2 is due to Beck [2]. The
best known result is due to Bilyk, Lacey, Vagharshakyan [6, 7] and states that for
any sequence (1,,)°%; in [0, 1]¢

log N)&+¢ea
% for infinitely many N

Dy 2
and some €4 > 0 depending only on d. There is no consensus on what the sharp
result should be: the two main conjectures (we refer to [5]) are that for any sequence
there are infinitely many N such that

datl d

py 3 Qs M)+ x) = o Dy2 7(1°gNN )’

Of course, both conjectures coincide for d = 1. The first conjecture has the advan-
tage of being structurally aligned with related conjectures in Harmonic Analysis and
Probability Theory while the second conjecture has the advantage of being matched
by the best known constructions. If the first conjecture were true, this would imply
that in d > 2 dimensions there are sequences more regular than anything we can
currently construct. Many of these classical sequences attaining D% < (log N yAN—L
exploit regular structures derived from Number Theory (irrational rotations on the
torus, regularity in digit expansions), so one could try to understand whether it is
possible to construct sequences with small discrepancy using a different viewpoint.

1.2. Results. This paper is a companion paper to [22] where we showed that mini-
mizing a certain functional can decrease the discrepancy of point sets. Here we show
that this functional also allows us to construct uniformly distributed sequences in
a way that is very different from the usual constructions. Suppose we are given

{z1,...,2ny-1} C [0,1], we construct xy in a greedy manner
N-1
Ty = arg min Z (1 —log (2sin (7|x — zk]))).

ming [z—zk|>N 10 —

If the minimizer is not unique, any choice is admissible. The gap condition miny, |x—
xp| > N —10 ensures that the new point xy is not extremely close to any of the
existing points. We could replace it by miny, |z — x| > N~* for any ¢ € N without
it affecting the main result (except for constants). One can start with any given
set {x1,...,2;,m} C [0,1] and then obtain a sequence in this greedy manner.

Theorem 1. We have, for any sequence thus constructed,
log N
/N Y

Dy S




where the implicit constant depends only on the initial set.

This bound in itself is not impressive (random points behave in a similar manner)
but it is interesting that the outcome of such a greedy algorithm can be controlled at
all. However, we believe that a much stronger statement is true: we conjecture that
one can ignore the condition ming |z — x| > N!0 without fundamentally altering
the sequence and that one will (independently of whether one ignores miny, |x—xy| >
N~ or not) obtain a low-discrepancy sequence.

Conjecture 1. For any initial set {z1,...,z,,} C [0, 1], the greedy
sequence arising out of
N—-1
TN = argml Z 1 —log (2sin (w|x — x])))
k=1
satisfies D% < (log N)N~1. A stronger conjecture would be that
the implicit constant in D% < (log N)N~! does not depend on the
initial set {z1,...,Zm} as N — oc.
If this statement were true, it would give rise to a large number of low-discrepancy
sequences that are constructed by a technique very different from any of the usual
ones. One byproduct of our argument is as follows.

Theorem 2. Suppose we define a sequence in a greedy manner by picking xx in

such a way that
N-1

N
Z cos(2mk( acN —z,)) <0

n=1 k=1 a
then
log N
VN '

We note that it is always possible to choose such a xy since

Dy 5

1 N—-1

/0 chos 27rk ))da::O.

n=1 k=1

Theorem 2 is not very deep and might be close to optimal; presumably there are
various different choices of xy that are admissible and some of them might not
be particularly good for the purpose of constructing low-discrepancy sequences
(though, as Theorem 2 states, they cannot be arbitrarily bad either). The emphasis
of our paper (as well as the numerical experimentation, see §1.3.) is that choosing
the minimum may lead to very good behavior. In particular, an alternative sequence
that may be interesting for further study could be

N-1 N
. cos(2mk(x — x,
o =g i, 5757 sl

n=1 k=1

The even more general case would be

TN = arg min Z flx—zp)
n=1

<z<1

for one-periodic functions f. There are two obvious questions: (1) are there certain
functions f that are particularly suited for producing regular sequences in this
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manner (even purely numerical results would be of interest) and (2) what can be
proven about them? We emphasize that Pausinger’s theorem (see §1.3) suggests
that there might be large families of functions resulting in sequences with very good
distribution properties.

FIGURE 1. X5 (left) and Xj¢ (right) when starting with {0.5,0.95}.

1.3. Basic Numerics. One of the main reasons why Conjecture 1 seems reasonable
is that in numerical examples, the sequence performs extraordinarily well. Given
the first N elements of a sequence (x,,)Y_;, we will associate to it the set

XN:{<%,1””) :1§n§N}C[0,1]2

and use the star-discrepancy D} (Xn) as a sign of quality (see Fig. 1).

N | Dy(Xn) | Dy(Haltong 3) | Dy (Hammersley,) | Kronecker /33
50 0.044 0.067 0.048 0.083
100 0.026 0.049 0.026 0.037
150 | 0.018 0.039 0.017 0.070
200 | 0.013 0.022 0.014 0.026
250 0.012 0.018 0.012 0.026

TABLE 1. Discrepancy Dy (Xn) for the sequence arising from
{0.5,0.95} and the value of classical sets of the same size.

Our sequence is actually comparable (or even superior) in quality to many of the
classical constructions (see also [22]). We compare (see Table 1) the sequence with
the Halton set (using base 2 and 3), the Hammersley sequence (using base 2) and
the Kronecker-type set

V133
Kronecker\/ﬁz{<;,{Nn}> :1§n§N}.
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The choice of v/133 is more or less at random but was selected to give somewhat nice
behavior (except for N = 150, see Table 1). We observe that our sequence, starting
with {0.5,0.95} (which was also more or less chosen at random), is comparable or
superior to the other examples. This behavior seems quite robust under various

N
Dy (Xw)

TABLE 2. Discrepancy D3 (Xy) for the sequence arising from the
initial set {0.5,0.51,0.52,0.53,0.54}.

10
0.32

25
0.12

150
0.022

200

0.06 | 0.032 0.016

50 | 100

initial conditions. We could try to intentionally ’break’ the sequence by starting
with a particularly bad initial configuration. We observe that the sequence auto-
adjusts in a nice way. We illustrate this below for the sequence (z,,) starting with
the initial set of points {0.5,0.51,0.52,0.53,0.54} (see Fig. 2). In both cases we see
that the newly added points initially avoid the clustered regions and then slowly
return to it (though, initially, at a lower density, see Fig. 2). We refer to Table 2
for the behavior of their star discrepancy which is initially quite large (forced by
the clustered initial points) and then stabilizes very quickly.

FIGURE 2. X5 (left) and Xjgo (right) when starting with
{0.5,0.51,0.52,0.53,0.54}.  The sequence initially avoids the
crowded region and then slowly returns to it

We observed numerically that certain initial conditions may be connected to vari-
ants of the van der Corput sequence in base 2. If we start with the set {0.5,1},
then one admissible way of choosing minima leads to the sequence

1113731515 7 11 3 13 5 1

Can this be proven? Can admissible permutations of the van der Corput sequence,
that can arise in this manner, be characterized?



Note added in print: this property has since been proven by Florian Pausinger
[18] who established the following stronger result: if f : [0,1] — R is symmetric,
f(1/2+z) = f(1/2 — z), and uniformly convex, then

N—-1

oy = argmin Z flz —a)

k=1
started with xy = 0 results in either the van der Corput sequence in base 2 or
a permutated van der Corput sequence in base 2 (and these permutations can be
precisely understood). Moreover, all these sequences have the property that D%
has the same value for all of these sequences (i.e. depending only on N, not on the
particular permutation). In particular, as we conjecture to be in true in general, the
condition |z — x| > N!0 is automatically enforced by the minimization problem.

1.4. Higher dimensions. The construction rule for sequences in [0, 1] is slightly
different: suppose we have constructed {z1,...,zx_1} C [0,1]%, then we want the
next element xy = (zn1,ZN,2,--.,TN,q4) tO satisfy

N-1 d N
cos (2mk(zN,; — Zn,j))
1+ d : <1.
I A

k=1

Integrating over [0, 1]? shows that such a x always exists.

Theorem 3. Any such sequence satisfies
(log N)“
VN

where the implicit constant depends only on the initial set.

Dy 5

As in the one-dimensional case, we have the following
Conjecture 2. The greedy algorithm

N-1 d

Ty = argmin E H (1 —log (2sin (7|an,; — xe,;
x
=1 j=1

leads to a sequence with D} < (log N)4N L.

))-

1.5. Outlook. We have introduced the sequence
N—-1
TN = arg min Z (1 —log (2sin (7| — zk]))),

miny |[z—xz|>N—10

shown that it is uniformly distributed and given some indication that it might be a
low-discrepancy sequence. However, as also evidenced by the results of Pausinger
[18], there is no reason to assume that there is anything particularly special about
f(x) =1—log (2sin (7| — xk|)) and similar results might be true at a much greater
level of generality for large families of functions f. Our particular function f is
required to show Dy < N —1/21og N since it has a Fourier-analytic connection
to the Erdés-Turdn inequality, it also has a natural connection to the fractional
Laplacian (we refer to the companion paper [22] for details). Nonetheless, other
functions f may give rise to equally good constructions and, especially in higher
dimensions, it is not at all clear what function f could lead to the best results.



2. PROOFS

2.1. A Lemma. We start by proving a regularity statement for minimizers of the
sum of logarithms. When we apply it to prove the main results, one of the relevant
quantities is inside a logarithm. As a consequence, it is not tremendously important
whether we prove Lemma 1 and Lemma 2 with bounds at scale N~° or N~°5% and
thus we have not tried to optimize the arguments. However, a much stronger version
of Lemma 1, in particular showing that the minimum is for many terms along the
sequence actually at scale ~ —log N, could possibly improve the main result.

Lemma 1. Let {z1,...,xn} C [0,1]. Then there exists 0 < x < 1 such that
al 1
§ —log (2sin (7|z — zx|)) < N2 and 1?]?;12]\, |z — a2 = N~
Proof of Lemma 1. We introduce a one-parameter family of functions for ¢ > 0 via

2mikx

_ —4r?k2 ©
) = 2 e

kEZ
k70

and note that

fo(@) = —log (2sin ().
ft is the solution of the heat equation starting with fj, in particular the maximum
principle for parabolic equations is telling us that for any ¢t > 0

N N
min S iz —a,) > min > folw — ).
n=1 n=1

Moreover, by construction, for every 0 <y < 1

/01 fe(z —y)dz = /01 fo(z —y)dz = 0.

We now establish a series of bounds on f;. We will work at scale t ~ N2 but this
is not important at this point. We first observe that

2
N N - e27rik:(z7wn)
_ —4n k“t
S ST
n=1 L2 n=1 kez | |
k#0 L2
2
6—4772k2
_ 27rzkm —2mikx,
= E E &
20k
k#0 L2
2
=87kt | N
_ E § —2mikx,
keZ n=1
k#0

We now use a basic Lemma of Montgomery [16] (we refer to the nice expositions
in [17, §5.12] and Chazelle [9, Lemma 3.8.] as well as [8] for a recent refinement)

ensuring that
2

N
E 6*27”]61’71 Z N2

n=1

b

[k|<100N
k#0




and obtain
N 2
2 2
th(x _ xn) Z, 800007 N=t
n=1 L2
‘We next observe that
d d —An2k2t e27rilm —Ar2k2¢ ].
o, T wa " | SRy
x Lee x kEZ | ‘ kEZ \/f
k#0 oo k#0

and thus

<

d N
% th(x _:En)
n=1

<=

LOC
Altogether, abbreviating

N
9@) = 3 fr-a(z — ),
n=1
we have shown that
1
/ g(@)dz =0, [gllzz 21 and gz~ < N2.
0

We also note that g arises from the forward evolution of the heat equation and is
thus smooth. We will now use this to show that

1
. < L
Or<r%81r<119(x) ~ N2

which we see as follows: clearly, from ||g||L2 = 1 we observe that

>
Juax |g(z)] 2 1.

If the maximum is attained at a negative value of g(x), we are done. If it is attained
at a positive value, then the bound on the derivative implies

1+ 1
de > —
/Og(x)ocNN2

which then, with the mean 0 condition, implies
1 1 1
[min g() S/O g (z)dx = 7/0 g (@)de S — 15

This implies the existence of a point 0 < xy < 1 such that

al 1
Z fN72($0 — I’n) S _ﬁ
n=1

This shows that the heat equation applied to fy yields a small value. We now argue
that this means that the original function fy has to have a small value that is not
particularly close to any of the points. We can write (identifying the unit interval
[0,1] with the Torus T)

N 1 N
Z frn-2(z0 —2n) = /o <Z Jo(zo —y — $n)> On-2(y)dy,

n=1 n=1



where
Gt(x) =1+ Z 6747r2k2t627m'kz

kezZ
k#0

is the Jacobi —function. The Jacobi 8—function satisfies
1

1
O:(x) >0, /0 Or(x)der =1 and 6Oi(z) < 7

Using the easy estimate

and defining

N
= : i — < —4 = i —
A {:L‘ Inin | x| <N } and m xlenjc (; folz :vn)> )

we can estimate

1/ N 1
/0 (Z fo(zo —y — xn)) On-2(y)dy > —|A[N +/0 ml -2 (x)dx

n=1

=—|AIN+m>-2N"?+m
which implies m < N~2 as desired. O

There is a technical step that could be slightly improved. We observe that

d N
%;ft(fv*l”n)

The exponential cutoff localizes the sum essentially at frequency scales ~ N which
shows that we can expect the derivative to be (possibly up to a logarithmic factor)
at scale < N as opposed to < N2. However, this improvement would have no
further impact on our main result.

—47m2k%t N

o d € 2mikx —2mikx,
B dmz 2|k| ¢ Ze

kEZ =1
Lo k0 n

Lo

2.2. An Error Bound. The second technical ingredient is straightforward.

Lemma 2. For all N"* <z <1—N"* and all M > N0 we have

M cos (27kx) 1
> — 5 |Svw
k=N100

Proof. We use summation by parts. Summation by parts states that if {fi}, {gx}
are two sequences, then

7 felgerr — gk) = (Fngnsr — fmgm) — > ge(fe — fuo)-
k=m k=m+1
We set
k

gk = Zcos 2r(f —1)x) and fe =

(=1

1
:
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Then

i cos (27rk‘x)
k

1 1 supy, |g|
SuP |gk| <N100 + M + Z k2> SJ N100

k=N100 k=N100

It remains to estimate the supremum. We have, using N~ <z <1 — N4,

k

= 3ot )0 = - <

(=1

O

The main consequence of Lemma 1 and Lemma 2 can now be written as follows.

Lemma 3. Let {x1,...,zn_1} C [0,1] be arbitrary and let
N—

TN = arg . Z (1 —log (2sin (7|x — zk]))).

ming |x— 1k|>N 1

Then, for any M > N190,

N-1
<o

f: cos(2mk(x — xzy,))

k
n=1 k=1

Proof. This follows from Lemma 1, Lemma 2 and the decomposition

—log (25si = -
og (2sin (r|x])) i — ok k=M +1

oo M 9]
Zl cos (2mkx) Z cos (27kx) n Z cos (27rkx).

2.3. Proof of Theorem 1 and Theorem 2.

Proof. Our derivation is motivated by the Erdds-Turan inequality bounding the
discrepancy D% of a set {z1,...,zny} C [0,1] by

2 : 27rzk;cn

where k is arbitrary. We can bound this from above by Cauchy-Schwarz

NIUO

1
DN ~ N100 + Z (O)

100 111 N 100 1 1/2 NlO(J 1/2
§ i E eQTrikxn < 2 - E E 27rzk:rn
k|N - k
k=1 n=1 k=1 =
NlOO N 2\ 1/2

\/logiN e27rik'xn
N2

n=1
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We square the second term and decouple it into diagonal and off-diagonal terms

N1oo 1 N 2 NlOO
- 2mikx, _ 27mk($n—wm)
- 2\ - Z >
n=1 n,m=1
logN 1 Nmo
< 27r1,k(:cn Tom,)
S te Z >
m,n=1
m#n

Summing the points in pairs, we can simplify the double sum over m and n in the
above expression to

Nl(JO
Z emik(@n—zm) — 9 Z Z cos (2mk(x Zn))-
" en
Altogether,
NIOO N NIOO
5 (2 k;
>4 > cmhtenen) g 3 3 Conlirk{on )
m,n=1 mn=1 k=1
m#n m<n
Altogether, this shows that
1/2
log N 1 XN cos (2wk(x Zn))
og m ~ 4n
Dy < +/logN —
VAV N T e 2

We now argue that the sum is negative because every sum (w.r.t. to m) is negative.
Indeed, Lemma 3 implies that the choice, for every 2 <n < N,

n—1
T, = ar min —log (2sin (7|xy, — x
n gmink |x—zp|>n—10 mzﬂ g( ('/T‘ m |))
shows that
n—1N 100
cos (2mk(zm — xy)) <0
m=1 k=1 k -

This establishes the desired result. Theorem 2 follows from the same line of rea-
soning if we start from (o) with N instead of N'° and keep all the trigonometric
terms (as opposed to using error bounds to move to the logarithm). (Il

We note that using this particular way of taking a limit to obtain a Fourier series
was already hinted at in earlier work of the author [21].

2.4. Proof of Theorem 3.

Proof. We use the Erdos-Turan-Koksma inequality to bound the discrepancy of a
set {z1,...,zx} C[0,1]¢ by
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N

E k‘ibg

P B

0<|lklloo <N

(

where 7 : Z¢ — N is given by

d
= H max {1,2k;}.

Jj=1

The Cauchy-Schwarz inequality implies

N 2\ 1/2

* 4 - i(k,ze)

Dislos )t (Y S e
0<|[klloc<N =1
We rewrite the sum as
2
3 RN iewk,m _ 1 3 i 2mi(kwi—am)
r(2k) N2 N2
0< |kl <N =1 0<llkllm<N £;m=1

However, this sum can also be written as (after additionally summing over k = 0
and then subtracting the arising value N?)

N d
1 )
27k, Lg—Tm) _ 27tk (X, j—Tm, ;)
P IL RN Y 98 | A
octiimen "R o 0<|kfloo <N Cm=1 =1
N d N 1
— _N?2 2mik; (T, j—Tm,j)
i
md=1j=1k=—N
N d N
mf=1j=1 k=1

We now separate the diagonal terms and see that

N d N
S 11 (1 'y cos (27rk(wlz;,y - xmﬁ'”) < N(1+log N)?
m=1j=1 k=1
N d N
cos (2mk( xgj Tmj))
+ Z H <1 + Z )

m, b= lj 1 k=1
m#L

As in the proof of Theorem 1, we can reorder the sum and then use the fact that
all the latter sums over k negative. This shows that
2\ 1/2

. 11 (log N)<
Dy SlogN)* | >0 —5sm S o=
0<[|kllc <N r(k) N VN

O
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