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Abstract7

Understanding the response of solid materials to shock loading is important for mitigating shock-8

induced damages and failures, as well as advancing the beneficial use of shock waves for material9

modifications. In this paper, we consider a representative brittle material, BegoStone, in the form10

of cylindrical bodies and submerged in water. We present a computational study on the causal11

relationship between the prescribed shock load and the resulting elastic waves and damage in the12

solid material. A recently developed three-dimensional computational framework, FIVER, is em-13

ployed, which couples a finite volume compressible fluid solver with a finite element structural14

dynamics solver through the construction and solution of local, one-dimensional fluid-solid Rie-15

mann problems. The material damage and fracture are modeled and simulated using a continuum16

damage mechanics model and an element erosion method. The computational model is validated17

in the context of shock wave lithotripsy and the results are compared with experimental data.18

We first show that after calibrating the growth rate of microscopic damage and the threshold for19

macroscopic fracture, the computational framework is capable of capturing the location and shape20

of the shock-induced fracture observed in a laboratory experiment. Next, we introduce a new phe-21

nomenological model of shock waveform, and present a numerical parametric study on the effects22

of a single shock load, in which the shock waveform, magnitude, and the size of the target material23

are varied. In particular, we vary the waveform gradually from one that features non-monotonic24

decay with a tensile phase to one that exhibits monotonic decay without a tensile phase. The result25

suggests that when the length of the shock pulse is comparable to that of the target material, the26

former waveform may induce much more significant damage than the latter one, even if the two27

share the same magnitude, duration, and acoustic energy.28

29

Keywords: shock wave fluid-solid interaction damage and fracture lithotripsy30
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1. Introduction31

The response of solid materials and structures to shock loading is a long-standing and active32

research area, motivated mainly by two categories of applications. The first category concerns the33

prevention and mitigation of shock-induced damages and failures, such as the design of protective34

structural materials, coatings, and devices [1, 2, 3, 4]. The second category aims to use carefully35

designed shock waves to achieve desired material modifications. Examples include, but are not36

limited to, shock wave lithotripsy, a first-line therapy of urinary stone disease [5, 6], “dynamic37

fracturing” for oil and natural gas extraction [7, 8], and the use of “acoustic sparkers” for biofoul-38

ing control [9, 10]. A common feature in these applications is that the boundary between beneficial39

effects (e.g., fracture of a urinary stone) and detrimental effects (e.g., injury of urinary tissue) is40

often very narrow, which requires a clear understanding and predictive capability regarding the41

shock-material interaction and the resulting material damage and fracture.42

The waveform, magnitude, and duration of a shock wave depend critically on the generation43

method, the parameters specified therein, and the surrounding medium. In particular, two distinct44

waveforms are often observed in practical applications: one that features a non-monotonic decay45

with a tensile phase (Figure 1(a)), and one that exhibits monotonic decay, without a tensile phase46

(Figure 1(b)). The former waveform can be generated, for example, by focusing a planar acoustic47

wave using a lens and through nonlinear wave propagation [11], while the latter can be obtained48

by inducing a rapid bubble expansion through detonation [12] or laser [13]. Previous studies have49

often focused on analyzing specific model problems in which the shock waveform — and in many50

cases, also the magnitude and duration — is fixed (e.g., [14, 15, 16, 17, 18, 19]). Nonetheless,51

comparing the impact of shock waves with different waveforms, magnitude, and duration to solid52

materials is intellectually valuable, and may provide new insights into applications that require53

“shock wave by design”. To this end, we present in this paper a computational study, using a54

representative brittle material, namely BegoStone [20], in the form of a cylindrical body that is55

submerged in water. BegoStone is a commercial dental material, composed of primarily gypsum56

(99%), supplemented with iron and potassium oxides to increase its strength [21]. Its acoustic and57

mechanical properties can be tuned easily by varying the powder-to-water ratio [22]. It has been58

3
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used as a model material for studying shock-induced damages and failures, mainly in the context59

of shock wave lithotripsy [23].60
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Figure 1: Two shock waves with the same magnitude (i.e., peak pressure), the same acoustic pulse
energy, similar spectrum, approximately the same duration, yet clearly different waveforms: (a)
with non-monotonic decay and a tensile phase; (b) with monotonic decay, without a tensile phase.

To simulate the shock-dominated fluid-solid interaction problem, we employ a recently devel-61

oped three-dimensional computational framework, referred to as FIVER (a FInite Volume method62

with Exact fluid-solid Riemann solvers) [24, 25, 26, 27, 28]. FIVER couples a finite volume63

compressible fluid solver with a finite element structural dynamics solver using a second-order64

accurate partitioned procedure [24]. It enforces the continuity of velocity1 and traction at the65

fluid-solid interface using an embedded boundary method, which features the construction and so-66

lution of one-dimensional fluid-solid Riemann problems [25, 26]. Because the embedded bound-67

ary method operates on non body-fitted CFD grids, it is particularly suitable for analyzing shock-68

induced dynamic fracture. In the past, FIVER has been verified and validated for several shock-69

dominated fluid-solid interaction problems including the collapse and rupture of thin-walled metal70

structures [29, 30, 31] and cavitation-induced material damage [32]. It has also been applied to a71

few other problems featuring large structural deformation and unsteady viscous flow [33, 34, 35].72

1in the case of inviscid flow, normal velocity
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In this work, we extend FIVER to model and simulate shock-induced damage and fracture in73

a brittle material, using a continuum damage mechanics model and an element erosion method.74

The basic idea is to use a scalar damage state variable, D(X, t), to represent small-scale damages75

(e.g., microcracks) that cannot be explicitly resolved by the computational grid. Accordingly,76

the material’s elastic modulii are adjusted on the fly to reflect the local and gradual degradation77

caused by the damages. The growth of D in time is modeled using a truncated power-law function78

of maximum principal stress. Once D exceeds a critical value within an element, the element is79

deleted from the structural system [31]. Whereas the literature of continuum damage mechanics80

is rich, and offers more sophisticated models [36], the one employed in this work — sometimes81

referred to as the Tuler-Butcher model after [37] — has demonstrated the capability of repro-82

ducing experimentally observed fracture in plaster of Paris [18], glass [38], and BegoStone [39],83

when its parameters are calibrated using the same experiment. We first show that after calibration,84

the computational framework is capable of capturing the location and shape of the shock-induced85

fracture observed in our laboratory experiment. Based on the computational result, we discuss the86

causal relationship among the shock load, the elastic body and surface waves, and the resulting87

damage and fracture. Next, we present a new phenomenological model of shock waveform, which88

can model the two distinct waveforms mentioned above and allows the smooth transition in be-89

tween. Using this model, we perform a series of parameter studies to examine the effects of shock90

waveform and magnitude, as well as the size of the target material.91

It should be mentioned that many shock wave applications, including those mentioned above,92

involve cavitation. The detailed effects of cavitation on material damage and fracture is still an93

active research topic (e.g., [40, 41]). In this work, we focus on investigating the interaction of a94

prescribed shock wave and a solid material. Cavitation is not included in the computational model.95

The validation experiment is also designed to suppress shock-induced cavitation.96

The remainder of this paper is organized as follows. Section 2 summarizes the physical model97

and numerical methods, including the main features of the FIVER framework. Section 3 discusses98

the calibration and validation of the continuum damage mechanics model using a laboratory ex-99

periment. Section 4 presents the new model of shock waveform. Section 5 presents the afore-100

mentioned parameter study, and discusses the results. Finally, a summary and some concluding101
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remarks are provided in Section 6.102

2. Physical Model and Numerical Methods103

2.1. Governing and constitutive equations104

We consider the model problem illustrated in Figure 2. ΩF and ΩS denote the fluid and solid105

subdomains occupied by liquid water and BegoStone, respectively. Given that this is a shock-106

dominated problem, the fluid is assumed to be compressible and inviscid, governed by the follow-107

ing Euler equations which formulate the conservation of mass, momentum, and energy.108

Shock wave

elastic stone,
subjected to fracture

compressive, inviscid fluid 

x
z

y

Ω"

Ω#
𝑝(𝑡)

Figure 2: A model problem.

∂W(x, t)
∂t

+ ∇ · F (W) = 0, ∀x ∈ ΩF(t), t > 0, (1)

where

W =


ρ

ρV

ρet


is the conservative state vector. t denotes time, ρ the fluid density, and V = [u, v,w]T the fluid

velocity vector. et = e +
1
2

V · V denotes total energy per unit mass, in which e represents internal

energy per unit mass.

F =
[
ρV, ρV ⊗ V + pI, (ρet + p)V

]T

6
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is the flux vector, where I denotes the 3 × 3 identity matrix.109

To close the above system of equations, we adopt the stiffened equation of state (EOS) [42],

given by

p = (γL − 1)ρe − γL pL. (2)

The model parameters γL and pL are set to γL = 6.12, pL = 343 MPa for liquid water, after110

[43] and [32].111

The solid material is assumed to be in the form of a cylindrical body, subjected to a prescribed

shock load along its axial direction (Figure 2). The governing equations of dynamic equilibrium

are given by

ρsü(X, t) − ∇ · σ(u, u̇) = b, ∀X ∈ ΩS (0), t > 0, (3)

where u denotes the displacement of the solid, ρs its density, and σ the Cauchy stress tensor. The112

body force, b, is assumed to be zero in this work. The dot above a variable represents partial113

derivative with respect to time.114

Previous studies have shown that fabricated BegoStone models can be considered as isotropic,

and undergo brittle fracture under shock loading [22, 23]. Therefore, it is modeled here as a linear

elastic and isotropic solid; and the constitutive equation is given by

εi j =
1 + ν

E
σi j −

ν

E
σkkδi j, i, j = 1, 2, 3, (4)

where

εi j =
1
2

(
∂ui

∂x j
+
∂u j

∂xi

)
, i, j = 1, 2, 3,

is the infinitesimal strain tensor. E and ν denote the material’s Young’s modulus and Poisson’s115

ratio, respectively.116

The fluid-solid interface, ΓFS = ∂ΩS ∩ ∂ΩF , is assumed to be impermeable, and governed by117
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two interface conditions,118

(V − u̇) · n = 0 on ΓFS (5)

and

−pn = σ(u, u̇) · n on ΓFS , (6)

which enforce continuity of normal velocity and traction. n denotes the outward unit normal to119

ΓFS .120

The incident shock wave p(t) can be applied either as a boundary condition or as an initial

condition of the fluid governing equations [44]. The latter method is applied in this work. Specifi-

cally, p(t) is converted into a pressure distribution in space by replacing t by −x/c0, where x is the

spatial coordinate in the direction of shock propagation (Figure 2), and c0 is the speed of sound in

water, calculated using the equation of state (Equation (2)) and the ambient fluid state. Then, the

x-component of the initial fluid velocity is set by

u =
p − p0

ρc0
(7)

to enforce the incident shock wave, where p0 denotes ambient fluid pressure.121

2.2. A continuum damage mechanics model122

We introduce a scalar damage state variable, D(X, t) ∈ [0, 1), to represent small-scale material

damages that cannot be resolved by the computational solid dynamics mesh. The two limit values,

0 and 1, indicate the initial undamaged state and the final completely damaged state, respectively.

In the current context of an isotropic, linear elastic material, the constitutive equation is modified

by scaling Young’s modulus linearly, i.e.

E(X, t) = E0
(
1 − D(X, t)

)
, ∀X ∈ ΩS (0), (8)

8
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where E0 is the Young’s modulus of the material without damage. The material’s Poisson’s ratio

remains a constant. The growth of damage in time is modeled by a power-law function proposed

by Tuler and Butcher[37], i.e.

D(X, t) =

∫ t

0

(
ᾱmax

(
σ1(X, t) − σ∗, 0

))s
dτ, (9)

where σ1 denotes the maximum principal stress. σ∗, s and ᾱ are constant model parameters that123

are usually determined empirically[45, 46, 47, 48]. It is assumed that the material starts to fracture124

when D exceeds a critical value, Dc.125

2.3. Numerical methods126

In this work, a recently developed computational framework is extended to solve the above127

coupled problem, which couples a finite volume CFD solver with a finite element CSD solver128

using an embedded boundary method and a partitioned procedure. At the embedded fluid-solid129

interface, the kinematic interface condition (Equation (5)) is enforced through the construction130

and solution of a one-dimensional fluid-solid Riemann problem [25], while the dynamic condition131

(Equation (6)) is enforced by transferring distributed fluid-induced loads to the finite element132

model using the method presented in [49].133

2.3.1. FIVER: A finite volume method based on exact Riemann solvers134

We discretize the augmented fluid domain Ω̃, defined by Ω̃ = ΩF ∪ ΩS ∪ ΓFS , using a finite135

volume mesh, denoted by Ω̃h (Figure 3), where h designates the resolution of this discretization.136

Ω̃h is non-interface-conforming in the sense that it does not contain a native representation —137

comprised of element sides or control volume facets — of the solid material surface ΓFS .138

Integrating Equation (1) over a control volume, Ci, yields

∂Wi

∂t
+

1
‖Ci‖

∑
j∈Nei(i)

∫
∂Ci j

F(W) · ni jdS = 0, (10)

where Wi denotes the average of W in Ci, ‖Ci‖ denotes the volume of Ci, Nei(i) denotes the set of139

nodes connected to node i by an edge, ∂Ci j = ∂Ci∩∂C j, and ni j is the unit normal to ∂Ci j. Notably,140

9
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Figure 3: Illustration of the augmented fluid domain Ω̃ and the non-interface-conforming finite
volume mesh Ω̃h. In the left figure, the triangles with solid thin boundaries represent the ele-
ments in Ω̃h and the hexagons with dashed boundaries represent the control volumes or cells. The
tetrahedron on the right is the 3D illustration of the element.

when edge i- j intersects the embedded fluid-solid interface, the numerical approximation of the141

surface integral in Equation (10) is based on the exact solution of a one-dimensional fluid-solid142

Riemann problem. Specifically, if node i belongs to the fluid subdomain, and j belongs to the143

solid subdomain (Figure 3), the following one-dimensional Euler equations with a constant initial144

condition and a moving wall boundary condition is introduced.145

∂w
∂τ

+
∂F (w)
∂ξ

= 0, τ > 0, ξ < (u̇0 · nS )τ, (11)

w(ξ, 0) = wi, ξ < 0, (12)

v((u̇0 · nS )τ, τ) = u̇0 · nS , τ > 0, (13)

where nS denotes the unit normal of ΓFS at its intersection with edge i- j. ξ is the spatial coordinate

along the one-dimensional axis aligned with nS and centered at the midpoint between nodes i and

10
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j. The initial state wi is the projection of Wi on nS , i.e.

wi =


ρi

ρi(Vi · nS )

ρi
(
ei + 1

2 (Vi · nS )2)
 . (14)

v is the velocity component of the 1D fluid state vector w. u̇0 denotes the velocity of the solid at τ =

0. The exact solution of this Riemann problem can be derived analytically, and the state variable

at the fluid-solid interface is plugged into the numerical flux function, thereby enforcing the first

fluid-solid interface condition, Equation (5). The resulting semidiscretization of Equation (1) can

be written in a compact form as

dWh

dt
+ V−1F(Wh) = 0, (15)

where Wh, V, and F(Wh) denote the vector of semidiscrete fluid state variable, the diagonal matrix146

storing the volume of control volumes, and the vector of numerical flux, respectively.147

2.3.2. A Finite Element CSD Solver148

A standard Galerkin finite element method is applied to semi-discretize the weak form of

Equation (3), which yields

M
∂2uh

∂t2 + f int
(
uh,

∂uh

∂t

)
= fext, (16)

where M denotes the mass matrix, uh denotes the discrete displacement vector. f int and fextdenote149

the discrete internal force and external force vector, respectively. The fluid-induced forces are150

computed based on the second fluid-solid interface condition, Equation (6). Specifically, at the151

end of each time step, the nodal values of fluid pressure p are linearly extrapolated to the Gauss152

points of the discretized embedded interface, then integrated over each element of the surface.153

Figure 4 provides an illustration of this method, while additional details can be found in Section154

3.8.3 of [49].155

The initiation and propagation of dynamic fracture are simulated using an element erosion156

method. At any time instance, the scalar damage variable D is assumed to have a constant value157

11
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Figure 4: Schematic for the computation of fluid pressure force on the discretized embedded
interface.

within each element. When its value exceeds Dc, the stress in this element is set to zero and the158

element is deleted from the finite element model.159

2.3.3. Staggered Time-Integration160

The semidiscrete fluid and solid governing equations, Equations (15) and (16), are integrated161

using a staggered time-integrator presented in [24] (Figure 5). Specifically, the fluid equations are162

integrated using the explicit fourth-order accurate Runge-Kutta scheme, while the solid equations163

are integrated using the second-order accurate explicit central difference method. Notably, the164

fluid and solid time steps are offset by half a step. This feature is designed to allow the coupled165

time-integrator to achieve second-order accuracy, while maintaining numerical stability.166

3. Numerical simulation of a shock wave lithotripsy experiment167

We apply the computational framework described in Section 2 to simulate a dynamic fracture168

experiment featuring the use of shock waves generated by an electromagnetic (EM) lithotripter169

to break a cylindrical BegoStone submerged in water. The objective is twofold: to calibrate the170

parameters of the continuum damage mechanics model, and to explain, using numerical results,171

12
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Figure 5: A staggered, second-order accurate fluid-solid time-integrator.

the causal relationship of the prescribed shock wave, the shock-induced elastic waves in the solid172

material, and the resulting damage and fracture.173

3.1. Experiment174

Figure 6 presents a schematic drawing of the experimental setup, with additional details pro-175

vided in the Appendix. An electromagnetic acoustic transducer (EMAT) is used to generate pulsed176

planar waves. Each planar wave is then transformed into a shock wave with maximum pressure177

pmax = 52.0 MPa, using a specially designed focusing lens. The target specimen is placed within178

the focal area of the lens, largely overlapping with the −6 dB focal zone, in which the peak pressure179

exceeds pmax/2. To suppress cavitation, the specimen holder is filled with 1,3-butanediol which180

has similar acoustic properties to water but higher viscosity [50].181
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Figure 6: Schematic drawing of experimental setup.

To characterize the shock waveform within the focal zone, we use a high-resolution fiber optic182

probe hydrophone to measure the pressure history at 41 locations distributed along y- and z-axes,183

shown in Figure 7. The result shows that the shock wave features a non-monotonic decay and a184

tensile phase, with a duration of approximately 10 µs. The peak pressure of the tensile phase is185

−11.0 MPa.186
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Figure 7: Characterization of shock waveform at focal plane perpendicular to the beam axis,
using a fiber optic hydrophone (RP Acoustics FOPH 500): (a) A schematic drawing showing the
distribution of 41 locations where pressure time-history is measured. (b) The pressure waveform
measured at the focal point. (c) Variation of peak pressure along the y-axis, with error bars. (d)
Variation of peak pressure along the z-axis, with error bars.

Eight (8) cylindrical BegoStone specimens are fabricated using an established procedure [22],187

with a powder-to-water mixing ratio of 5:1. One example is shown in Figure 8(a). For this mixing188

ratio, the previous study ([22]) has measured the material’s elastic properties and tensile strength189

under static loading. These parameter values, and the dimensions of the specimens, are shown in190

Table 1.191
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Table 1: Material properties and dimensions of the cylindrical BegoStone specimens.

Material properties of BegoStone (powder-to-water ratio 5:1, dry) [22] Dimensions

CL (m/s)CT (m/s) ρ (kg/m3) E (GPa) ν Static Strength (MPa) L (mm) d (mm)

4159 2319 1995 27.4 0.27 16.3 10.34 (avg) 9.43 (avg)

CL: longitudinal wave speed; CT : transverse wave speed; ρ: density; E: Young’s modulus; ν:
Poisson’s ratio; L: length; d: cross-section diameter.

𝐿
𝑑

(a)

mm

𝑥

(b)

Figure 8: The BegoStone specimen. (a) A specimen before testing. (b) A specimen after first
fracture.

The specimens are tested in a dry condition, that is, without being pre-soaked in water. In each192

test, shock waves of identical waveform are fired at a frequency of 0.5Hz until the first fracture,193

as showed in Figure 8(b), is produced. The frequency is sufficiently low such that the successive194

shock loads do not affect each other. For the 8 samples, 5±2 (mean ± std. dev.) loads are required195

to produce the first fracture. For all of them, the initial fracture is found to be approximately planar,196

perpendicular to the stone axis, at 73 ± 3% of the stone length. Additional details are presented197

in the Appendix. Above all, the demonstrated capability of producing repeatable fracture location198

and shape in a brittle solid material through shock loading is remarkable.199
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3.2. Simulation setup200

Figure 9(a) presents the setup of the numerical simulation, designed to simulate the above201

experiment. For the purposes of computational efficiency, a 90◦ slice of the cylindrical BegoStone202

is modeled, with symmetry boundary conditions applied to the two cut planes. Experimentally203

measured dimensions and material properties (Table 1) are applied. The model is discretized by204

a finite element CSD mesh with 1, 033, 202 nodes and 6, 027, 564 tetrahedron elements, with a205

characteristic element size (h) of 0.03 mm. The fluid computational domain, also a 90◦ slice of206

the actual 3D space, is discretized using a non-interface-conforming, unstructured CFD mesh with207

3, 139, 728 nodes and 16, 246, 504 tetrahedron elements. In the most refined region — that is, near208

the solid — the characteristic element size is h = 0.05 mm. The far-field boundaries are set to be209

sufficiently far from the solid specimen such that wave reflections at the boundary do not affect the210

solid within the simulation time range.211

(a)

(b)

(c)

Figure 9: Simulation setup. (a) The computational domain and meshes (the computational fluid
dynamics (CFD) and computational solid dynamics (CSD) meshes are shown in black and blue,
respectively). (b) The cubic spline fitting of the shock waveform measured at the focal point. (c)
The shock wave prescribed as an initial condition to the fluid governing equations.

The incident shock wave is considered axisymmetric, supported by the hydrophone measure-
17



S. Cao et al. / International Journal of Solids and Structures 00 (2019) 1–44 18

ments shown in Figures 7(c) and 7(d). The waveform along the centerline (i.e. the x-axis) is

prescribed to be the cubic spline fit of the experimental data (Figure 7(b)). The radial decay shown

in Figures 7(c) and 7(d) are approximated using a fourth-order polynomial,

p(r)
p(0)

= −5.0 × 10−5r4 + 1.04 × 10−3r3 + 1.65 × 10−3r2 − 1.55 × 10−1r + 1.0 (17)

where r denotes the radial distance measured from the centerline, in millimeters. The shock wave212

is prescribed as the initial condition of the fluid governing equations, shown in Figure 9(c).213

Here, we simulate the response of Begostone specimen subjected to a single incident shock214

wave. Whereas the solver supports varying time-step sizes both in time and between the fluid and215

the solid, a constant time step size of 7.6 × 10−4 µs is used here. This value is chosen to ensure216

numerical stability of the explicit time-integrators in both sub-systems. The Cascades cluster [51]217

at Virginia Tech is used to performed the simulations presented in this paper. Each run consumed218

around 10,000 core-hours for achieving 10.0 µs simulation time.219

3.3. Calibration of parameters in the continuum damage mechanics model220

The continuum damage mechanics model introduced in Section 2.2 involves four parameters,221

σ∗, Dc, ᾱ, and s, which are usually determined empirically. We set σ∗ to be the static tensile222

strength measured in a diametral compression test [22], i.e. σ∗ = 16.3 MPa. For Dc, there is223

no directly relevant experimental data for BegoStone. We set Dc = 0.5, following Fovargue et224

al. [11].225

Next, we calibrate s and ᾱ to reproduce the experimental result. Specifically, we have varied226

s between 1.5 and 4.0, and ᾱ between 10−6 and 10−5 Pa−1sec−s, with more than 20 samples. The227

optimal parameter values (among the tested samples) are determined by comparing the predicted228

fracture location with the experimental data. The predicted fracture location is determined by229

averaging the locations of the first few elements in which D > DC. In this way, we obtain s = 3.5230

and ᾱ = 4.05 × 10−6 Pa−1sec−s, which predicts a fracture at x = 6.85 mm, that is, a 9% difference231

from the experimental result. For other sample values of s and ᾱ, we have observed variations in232

both the axial location of the initial fracture and the number of separated cracks (between 0 and233
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3).234

The calibration study also shows that small variations (less than 10%) in s and ᾱ do not abruptly235

change the resulting damage and fracture. However, with parameter values significantly different236

from the aforementioned optimal values, we have observed in several cases the formation of a237

wide, planar crack around the middle of the specimen (i.e. x ≈ L/2), and the formation of a void238

(instead of a sharp crack) in the rear half of the specimen (i.e. x > L/2).239

It should be mentioned that although in the experiment the first planar fracture (Figure 8(b)) is240

observed after an average of five (identical) shock loads, the current computational study focuses241

on the material damage and fracture induced by the first shock load. In particular, the calibration242

of the damage model exploits the assumption that small fracture initiates inside the solid during243

the first shock load, then propagates towards the boundary during subsequent loads. This also244

indicates that the calibrated parameter values may be specific not only to the experimental setup,245

but also to the computational approach adopted in this work.246

3.4. Result and discussion247

Figure 10 presents the numerical solution at five time instances, displaying the fluid pressure248

field, the maximum principal stress inside the solid and on its surface, and the cumulative damage249

D. Unless otherwise mentioned, the 2D solution snapshots presented in this paper visualize the250

plane z = 0. Overall, the result shows the interaction of the incident shock wave with the solid251

material, and the propagation and interference of the shock-induced stress waves. It also shows252

how microscopic damage evolves as the stress waves pass by, eventually leading to fracture.253

Specifically, at t = 4.21 µs, the front of the incident shock wave has passed the front surface of254

the solid specimen by approximately 3 mm. The transmitted and reflected waves resulting from the255

interaction of the shock front with the front surface of the solid are clearly evident. The transmitted256

shock wave is in the form of a compressive longitudinal wave (denoted by P), propagating in the257

axial direction. The P wave appears forward of the incident shock wave in the fluid, because the258

speed of longitudinal waves in the solid, CL, is greater than the speed of sound in the fluid. The259

interaction of the P wave with the side wall of the solid generates a shear wave, denoted by S , that260

converges towards the central axis. At the same time, the incident shock wave “squeezes” the side261
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wall of the solid, as it is lagged behind the P wave in the solid. Because the speed of transverse262

waves in the solid, CT , is also greater than the speed of sound in the fluid, the dynamic squeezing263

does not produce a clear wave front inside the solid. Instead, it generates tensile stress within264

a relatively broad region behind the S wave, marked by Π1 in the figure. This is in contrast to265

previous findings for “softer” materials with CT lower than the speed of sound in the surrounding266

fluid (e.g., [17]). As the incident shock wave moves forward, Π1 both expands and moves forward.267

This is again different from the behavior of softer materials in which the shear wave induced by268

squeezing converges towards a small region around the central axis.269

Once the P wave reaches the distal surface of the solid, it reflects as a tensile longitudinal270

wave, denoted by P′. At the same time, as the squeezing-induced tensile stress (i.e. region Π1)271

propagates from the side wall towards the central axis, it gradually builds up strength. Evident272

from the second row of Figure 10 (i.e. at t = 6.45 µs), when P′ meets Π1, the local tensile stress273

exceeds the damage threshold σ∗, leading to an area of damage centered at x = 4.8 mm, marked274

as region A in the figure. At this point of time, a fraction of the tensile phase of the shock wave275

(around 50% lengthwise) has passed through the front surface of the solid, and the resulting tensile276

stress also contributes to the damage in region A. The peak value of the maximum principal stress277

corresponding to this wave superposition is found to be 31 MPa. The maximum local damage278

within region A is found to be D = 0.4, below the fracture threshold Dc. The shear wave S also279

reflects at the distal surface, and the reflection is denoted by S ′. The converging of S ′ results in a280

small region of high tensile stress around the axis of the solid, which moves in the −x direction.281

This small region is marked by Π2.282

When Π2 meets the squeezing-induced tensile stress, the local maximum principal stress again283

exceeds the damage threshold σ∗, with a peak value of 32 MPa achieved at x = 7.87 mm on the284

central axis. As shown in the third row of Figure 10 (i.e. at t = 6.94 µs), this wave superposition285

initiates another area of damage, marked as region B. Again, the tensile phase of the shock wave,286

transmitted through the front surface of the solid, also contributes to the damage. At t = 7.25 µs,287

the cumulative damage D exceeds the threshold Dc at x = 6.85 mm on the central axis, leading288

to the initiation of a crack. This crack expands in the radial directions, at a speed of the order289

of 1 mm/µs. It is notable that the propagation speed of S ′ is of the same order of magnitude. In290
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particular, within the plane of the crack (i.e. {x = 6.85 mm}), it moves in the radial directions at291

approximately 2 mm/µs. Therefore, the propagation of the crack is likely driven by the combined292

effects of the propagation of S ′ and the stress concentration at the crack tip.293

At t = 7.78 µs, Π2 reaches region A and intensifies the damage therein. This leads to the294

initiation of another crack on the central axis, at x = 5.1 mm. This crack stops at a radius of295

0.4 mm, much smaller than the first one in region B. After approximately t = 9.5 µs, the maximum296

principal stress drops below σ∗ everywhere within the solid, and hence damage and fracture stop297

growing. The simulation is terminated at t = 10.0 µs.298
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Figure 10: Snapshots of simulation result at five time instances. (a) The fluid pressure field and
the maximum principal stress on the surface of solid material. (b) The maximum principal stress
inside the solid, on plane z = 0. (c) The microscopic damage D inside the solid, on plane z = 0.
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Remarks:299

• We have examined the mesh sensitivity of the numerical result, particularly the predicted300

fracture, by varying the resolution of the CSD mesh between h = 0.03 mm and h = 0.12 mm,301

and for each fixed resolution, varying the specific unstructured mesh. Figure 11 presents the302

fracture predicted using a mesh with characteristic size h = 0.03 mm, i.e. the one used in303

the simulations described above, and two different meshes with h = 0.06 mm. The result304

shows that for all the three meshes, the location, shape, and size of the primary fracture are305

approximately the same.306

Figure 11: Predicted fracture at t = 10 µs, using three different unstructured tetrahedral CSD
meshes. Mesh A: h = 0.03 mm, ∆t = 7.6×10−4 µs. Mesh B and C: h = 0.06 mm, ∆t = 1.77×10−3

µs.

• A rough estimation based on Griffith’s theory of linear elastic fracture mechanics [52] indi-

cates that for this model problem, the efficiency of fracture creation is likely on the order of

1%. Specifically, let E f r and ET denote, respectively, the new surface energy caused by frac-

ture and the acoustic energy of the incident shock wave that is transmitted into the specimen.

By Griffith’s theory,

E f r = A f rγ, (18)

where A f r is the fracture area, which is about 2.76 × 10−5 m2 at the end of the simulation.

γ is the fracture surface energy per unit area. We have not found measurement of γ for

BegoStone in the literature. Therefore, we approximate it using that of gypsum (the main

ingredient of BegoStone), i.e. γ = 21.88 Jm−2 [53]. The new surface energy is hence
23
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estimated as E f r = 6.04× 10−4 J. The acoustic energy of the transmitted shock wave ET can

be estimated by

ET ≈ Ep

1 − (
Z1 − Z2

Z1 + Z2

)2 , (19)

where Z1 and Z2 are the acoustic impedance of water and BegoStone, respectively. Ep

denotes the effective acoustic energy of the incident shock wave, defined by

Ep =
1

ρ f c0

∫
A

∫
T

p2dtdx, (20)

where ρ f is the density of water, c0 is the speed of sound in water, and A denotes the effective

area of the shock loading, i.e., the cross-sectional area of the cylindrical specimen. In this

case, Z1 = 1.45 × 106 kg/(m2s), Z2 = 8.30 × 106 kg/(m2s) and Ep ≈ 40.0 mJ, which gives

ET ≈ 20.3 mJ. Therefore, the energy efficiency mentioned above can be estimated by

η =
E f r

ET
≈ 3%. (21)

In other words, the new surface energy caused by fracture formation is only a small fraction307

of the energy input from the incident shock wave.308

• We have conducted a numerical experiment in which the tensile phase of the shock wave309

is removed. Figure 12 shows the resulting damage and fracture, in comparison with those310

produced by the original shock wave. It is clear that the tensile phase of the shock wave also311

contributes to damaging and breaking the solid material.312
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(a) (b)

Figure 12: Damage and fracture produced by a modified shock wave in which the tensile phase is
truncated (Subfigure (a)), in comparison with the result of the original shock wave (Subfigure (b)).

4. A novel phenomenological model of shock waveform313

To facilitate the study of the impact of shock waves on solid materials, we design a new math-

ematical model that can be calibrated to fit different waveforms. In this regard, most, if not all, of

the existing models have been designed to fit shock waves either with or without a tensile phase

(e.g.,[54, 55, 56]). Therefore, a specific objective here is to be able to fit both types of shock

waves. The proposed model function is

p̄(t̄; α, β, t̄1) = K
(
1 − exp

(
−

t̄
t̄1

))
exp (−αt̄)

(
(β − 1)t̄2 − βt̄ + 1

)
, (22)

where

K =
1

max
0≤τ<1

(
1 − exp(−τ/t̄1)

)
exp(−ατ)

(
(β − 1)τ2 − βτ + 1

) . (23)

The dimensionless pressure p̄ represents the pressure p normalized by the peak pressure pmax,314

i.e. p̄ = p/pmax. The dimensionless time t̄ denotes the time t normalized by shock duration, i.e.315

t̄ = t/T . t̄1, α and β are dimensionless parameters controlling the shape of the waveform. Specif-316

ically, β controls the presence and magnitude of the tensile phase. When β = 1, the waveform317

exhibits monotonic decay, without a tensile phase. Figure 13(a) shows an example of fitting Equa-318

tion (22) to a waveform observed in underwater explosion [57], with the widely used Cole model319

[56] as reference. When β > 1, Equation (22) generates a waveform with a tensile phase. For320
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example, Figure 13(b) shows the fitting of Equation (22) to a typical shock wave generated by an321

electrohydraulic lithotripters [58].322

When the rise time of the shock wave, t̄r, is small, it can be approximated by

t̄r = −t̄1 ln
(

t̄1(α + β)
t̄1(α + β) + 1

)
, (24)

after dropping higher order terms. In this case, substituting Equation (24) into (23) gives a closed-323

form formula for parameter K.324

The model function is C∞ with respect to all the parameters, which allows smooth transitions325

between different waveforms.326
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Figure 13: Fitting of two types of shock waves. (a) A shock wave results from underwater explo-
sion of 1.0 kg TNT (measured at a fixed point 3.0 m away from the explosion center) [57]. (b)
Shock wave generated by an electrohydraulic lithotripter (Dornier HM3) [58].

5. Parametric studies327

Using the waveform equation described above, we investigate the effects of shock waveform328

and magnitude on the elastic response and damage in BegoStone specimens. The same simulation329

model described in Section 3.2 is employed, except that the incident shock wave is prescribed330

using Equation (22), and the radial decay function, Equation (17), is not applied. In addition, we331

vary the size of the solid material to examine the size effects. For all the simulations presented in332
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this section, the total simulation time is t = 10.0 µs.333

In the study of the effect of shock waveform (Section 5.1) and specimen size (Section 5.2),

we maintain the same effective acoustic energy, defined by Equation (20). We also ensure that the

shock wave rise time, defined by

tr = T arg max
0≤t̄≤1

p̄(t̄), (25)

is nearly the same.334

The results obtained with different shock waves and specimen sizes are compared in terms of

the maximum value of maximum principal stress, σmax, and the volume-averaged damage, Davg,

defined by

Davg =
1
||ΩS ||

∫
ΩS

D(X, t)dX. (26)

5.1. Effect of tensile phase335

Five shock waves, denoted by SW-A1 through SW-A5 and plotted in Figure 14, are tested.336

This series represents a gradual transition from a shock wave that decays monotonically, without337

a tensile phase, i.e. SW-A1, to one that has a clear tensile phase, i.e. SW-A5. Characteristics of338

the five shock waves are given in Table 2.339

Table 2: Characteristics of five shock waves with different tensile phases.

Shock index α β t̄1 K pmax (MPa) p−max (MPa) T (µs) tr (ns) Ep (mJ)

SW-A1 6.0 1.0 0.00217 1.09 20 0 10 94 15.3
SW-A2 2.25 4.0 0.00217 1.08 20 −1.83 10 91 15.3
SW-A3 2.0 4.8 0.00217 1.09 20 −3.59 10 91 15.3
SW-A4 2.3 5.8 0.00217 1.10 20 −4.96 10 88 15.3
SW-A5 3.0 7.4 0.00217 1.12 20 −6.34 10 86 15.3

α, β, t̄1 and K are model parameters in Equation (22). p−max, denotes the negative peak of tensile
phase.
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Figure 14: Five different shock waveforms with different tensile phase

Figures 15 and 16 compare the results of two representative cases, SW-A1 and SW-A4, at four340

time instances, which shows clear differences in both the elastic fields and the material damage.341

Specifically, at t = 4.38 µs, the transient stress field (Figure 15, the left column) shows that342

SW-A1 induces a compressive stress region near the front surface of the solid, whereas SW-A4343

produces tensile stress in this region. By comparing the pressure and stress along two lines, L1344

and L2 (Figure 16, the first column, (a) and (b)), this region (marked by 〈1〉) corresponds to the345

interaction of the tail of the shock wave with the side wall of the solid, and the observed difference346

is due to the fact that SW-A4 has a tensile phase whereas SW-A1 does not.347
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Figure 15: The evolution of transient stress field and cumulative damage D induced by SW-A4 and
SW-A1 at four time instances. (For the ease of comparison, solutions from SW-A4 and SW-A1
are shown in the upper and lower halves of each image, respectively.)
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Figure 16: Comparison of transient solutions at four time instances. (a) Fluid pressure (inversed)
along line L1 (y = 4.8 mm, a line on plane z = 0 mm showed in Figure 15). (b) Maximum principal
tensile stress along line L2 (y = 4.7mm, z = 0 mm). (c) Maximum principal tensile stress along the
cylinder’s central axis L3 (y = 0 mm, z = 0 mm). (d) Cumulative damage D along the cylinder’s
central axis L3 (y = 0 mm, z = 0 mm).

In the case of SW-A1, as the compressive stress waves induced by the tail of shock wave348

propagate inwards, they counteract the squeezing effect described in Section 3.4. Specifically, at349

t = 5.97 µs, the magnitude of tensile stress at a sensor point along the stone axis, Ps, shows a350

nearly 50% decrease for SW-A1 compared to SW-A4. Moreover, the peak tensile stress for SW-351

A1, which occurs within damage region A, is also lower compared to SW-A4, by approximately352
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17%. As shown in Figure 15, the local decrease of tensile stress results in dramatic decrease of353

damage within region A. For example, at t = 7.09 µs, the maximum damage induced by SW-A1354

is 85% lower than that induced by SW-A4 (Figure 16 (d)).355

A similar effect is observed for the peak tensile stress within region B, induced by the superpo-356

sition of the converging shear wave S ′ and squeezing-induced tensile stress waves, as well as the357

resulting damage. Specifically, at t = 7.09 µs, SW-A1 produces a peak tensile stress of 28 MPa,358

22% lower compared to SW-A4. Also, the damage caused by SW-A4 is large enough to initiate359

fracture, whereas the damage caused by SW-A1 is still below the fracture threshold.360

Figure 17 compares the damage and fracture resulting from SW-A1 through SW-A4, obtained361

at the end of the simulation, i.e. t = 10.0 µs. The result suggests a trend toward larger shock-362

induced damage in both region A and B when the amplitude and duration of tensile phase of shock363

wave gradually increase. Despite the change in the amount of damage, fracture initiated at the364

same location in the cases of SW-A2 through SW-A4.365

Figure 18 shows the effects of the tensile phase on Davg and σmax. As the acoustic energy of366

the tensile phase increases from zero (SW-A1) to 4.3 mJ (SW-A4), the volume-averaged damage,367

Davg, increases by 260%, from 0.0251 to 0.0914. In particular, SW-A2, with a very weak tensile368

phase that accounts for only 3.4% of the total acoustic energy, can induce twice as much damage369

as a shock wave without a tensile phase, SW-A1. The increase of damage is nonlinear and the370

slope reduces as the tensile phase extends. When the acoustic energy of tensile phase exceeds371

approximately 1/3 of the total acoustic energy (i.e. SW-A4), the average damage stops growing.372

This is likely due to the reduced contribution from the compressive phase of the shock wave.373
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Figure 17: Comparison of the material damage and fracture induced by different shock waves
(SW-A1 through SW-A4) at the end of simulation, i.e. t = 10.0 µs.

Figure 18 also presents the peak value of maximum principal stress, σmax, in the solid material.374

For all cases where fracture occurred (i.e., SW-A2 to SW-A5), the peak value appears at the tip375

of the crack, at approximately 40 MPa. For the case of SW-A1, where fracture did not occur, the376

peak stress appears on the centerline of the solid, at 31 MPa.377
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Figure 18: The peak value of the maximum principal stress σmax and the average damage Davg, as
functions of the acoustic energy of tensile phase.

Remarks:378

• The numerical results suggest that with the same magnitude, acoustic energy, and duration, a379

shock wave with a tensile phase can induce more significant damage and broader fracture to380
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a target material than one without a tensile phase. For applications that use designed shock381

waves to modify or break solid materials, this indicates a possible approach to improve382

energy efficiency.383

• Previous statistical models (e.g., [59, 60, 61]) tend to characterize a shock wave by its peak384

pressure, acoustic energy, duration, rise time, and some application-specific parameters. The385

above results suggest that in addition to these quantities, the energy and magnitude of the386

tensile phase may also need to be considered.387

5.2. Effect of target size388

We consider six cylindrical specimens of different size, characterized in Table 3. The one389

denoted by S3 is the one used in the previous simulations. All the six specimens have the same390

length-to-diameter ratio. Their size, characterized by the ratio of the length of the specimen (L)391

to the length of the shock wave within water (LS W), varies from 1.07 (S1) to 0.18 (S6). For each392

specimen, we apply both a shock wave with a tensile phase, SW-A4, and one without tensile phase,393

SW-A1.394

Table 3: Dimensions of six specimens for the study of size effect.

Specimen index Length, L (mm) Diameter, d (mm) L/LS W

S1 15.51 14.15 1.07
S2 12.93 11.79 0.89
S3 10.34 9.43 0.71
S4 7.76 7.07 0.54
S5 5.17 4.72 0.36
S6 2.59 2.36 0.18

Figure 19 presents the change of volume-averaged damage, Davg, with respect to the length395

ratio L/LS W . For both shock waves, the size effect is significant. In both cases, the maximum396

value of Davg is achieved in specimen S4, where L/LS W = 0.54. When the size of the specimen is397

smaller, a significant decrease in Davg is observed. Specifically, for specimen S6 (L/LS W = 0.18),398

the value of Davg is less than 10% of that in S4. This trend is consistent with the finding of399
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Zhang et al. [23] that smaller specimens require more shock doses to break, except that they tested400

specimens in clusters instead of individual ones. We have found that when the specimen becomes401

too small compared to the length of the incident shock wave, the trailing tensile phase can no402

longer work jointly with the leading compressive phase — through wave superpositions described403

in Section 3.4 — to increase damage. For example, Figure 20 presents the evolution of the stress404

field and the cumulative damage in S6 induced by SW-A4. At t = 3.87 µs, the front of shock405

wave in the fluid has just reached the distal end of the specimen, and the result shows that no more406

damage will accumulate inside the specimen beyond this time. The fluid pressure on line L4 shows407

that, up to t = 3.87 µs, the specimen is mainly impacted by the compressive phase of the shock408

wave, while the tensile phase has barely reached the specimen.409
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Figure 19: The volume-averaged damage Davg induced by shock waves SW-A1 and SW-A4 in six
specimens (S1 through S6) of different size.

34



S. Cao et al. / International Journal of Solids and Structures 00 (2019) 1–44 35

0 0.5 1 1.5 2 2.5

x (mm)

-22

-18

-14

-10

-6

-2

2

−
p
(M

P
a)

0 0.5 1 1.5 2 2.5

x (mm)

-22

-18

-14

-10

-6

-2

2

−
p
(M

P
a)

0 0.5 1 1.5 2 2.5

x (mm)

-22

-18

-14

-10

-6

-2

2

−
p
(M

P
a)

𝑝 = 0

𝐿%

Fluid pressure 
on segment 𝐿%

𝑡 = 2.61	𝜇𝑠 𝑡 = 3.42	𝜇𝑠 𝑡 = 3.87	𝜇𝑠

S6

SW-A4

0.1

0.075

0.05

0.025

0.0

𝐷

Max. Prin. Tens. 
Stress (MPa)

40

20

0

−20

−40

(a)

(b)

(c)

Figure 20: Impact of shock wave SW-A4 on a small target material, S6, with L/LS W = 0.18.

For all the specimens, SW-A4 induces more significant damage than SW-A1. The difference410

in between varies from 187% (in the case of S5) to 264% (in the case of S4). Therefore, the main411

finding derived in Section 5.1 — that is, the presence of tensile phase can enhance material damage412

— may hold for a relatively wide range of specimen size, especially, when it is comparable to the413

length of the shock pulse.414

5.3. Effect of shock magnitude415

We consider two series of shock waves, generated by linearly scaling the pressure field of two416

representative waveforms with and without a tensile phase, that is, SW-A4 and SW-A1. For each417

waveform, four scaling factor values, 0.5, 0.75, 1.25, and 1.5, are considered. The generated shock418

waves are denoted by SW-B1 through SW-B8. Specifically, SW-B1 through SW-B4 are generated419
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by scaling SW-A4, while SW-B5 through SW-B8 are generated by scaling SW-A1. All the ten420

shock waves involved are plotted and compared in Figure 21. For each pair with the same peak421

pressure (e.g., SW-B1 and SW-B5), the acoustic energy is nominally the same. The solid specimen422

used in this series of parameter study is the one denoted by S3 in Table 3.423
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Figure 21: Ten (10) shock waves with different magnitude and waveform.

Figure 22 presents the variation of Davg with respect to the peak pressure of the shock wave.424

For both waveforms (with and without a tensile phase), Davg is nonzero when pmax > 10 MPa. As425

expected, Davg increases as the shock magnitude increases.426

Moreover, when pmax is greater than 10 MPa, a shock wave with a tensile phase always induces427

greater damage than its counterpart without a tensile phase. The difference varies between 460%428

(when pmax = 15 MPa) and 45% (when pmax = 30 MPa). The significant effect of the tensile429

phase can also be appreciated by comparing to the effect of shock magnitude and acoustic energy.430

For example, for the same target material, SW-B3 produces about the same damage (specifically,431

Davg) as SW-A1 which has 33% higher peak pressure and 78% higher effective acoustic energy.432

Similarly, SW-A4 produces about the same damage as SW-B6 which has 25% higher peak pressure433

and 55% higher effective acoustic energy.434
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Figure 22: The volume-averaged damage Davg induced by shock waves with different magnitude
and waveform.

6. Conclusion435

This paper presents a computational study of the response of solid materials to shock waves436

traveling in a surrounding liquid medium. In particular, we have focused on a model problem437

that features a brittle material, BegoStone, in the form of cylindrical bodies and submerged in438

water. For this problem, previous experiments have shown that shock waves with peak pressure439

between 10 MPa and 50 MPa can produce repeatable planar cracks at a nearly fixed location,440

which indicates the potential for designing shock waves to achieve desired material modifications.441

Nevertheless, the exact process of this deterministic fracture, the cause of it, and the effects of442

various parameters (e.g., shock waveform, magnitude, and specimen size) are still open questions.443

We have employed a recently developed CFD-CSD coupled solver, FIVER, to solve this shock-444

dominated fluid-solid interaction problem. We begin by calibrating the continuum damage me-445

chanics model employed in this solver using experimental data. After calibration, the solver can446

capture both the location of the fracture and its planar shape reasonably well. The numerical result447

shows that the superposition of traveling elastic waves, which depends on the geometry of the448

specimen, drives the process of damaging and breaking the specimen. For this specific specimen,449

the planar fracture is initiated jointly by the transmitted compressive shock front (specifically, its450

interaction with the specimen’s side wall), the squeezing-induced tensile stress, and the transmitted451
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tensile phase of the shock wave. Moreover, the tensile shear waves resulting from the interaction452

of the transmitted compressive shock front with the side wall (i.e. S ′) facilitates the propagation453

of the initial crack in radial directions. Compared to previous studies in which maximum principal454

tensile stress and accumulated damage are used to predict the location of fracture, the modeling455

of damage and fracture in this work allows us to directly compare with experimental result. Also,456

simulating fracture allows us to capture additional information about crack propagation, as well as457

its relation with the propagation of stress waves.458

We have also developed a novel waveform equation, which can model shock waves with and459

without a trailing tensile phase, and allows smooth transition in between. Using this equation,460

we have conducted a series of parametric studies in which the shock waveform, magnitude, and461

the size of the specimen are varied. The result shows that for relatively wide ranges of shock462

magnitude (pmax > 10 MPa), and target size (relative to the length of the shock pulse, 0.18 <463

L/LS W < 1.07), a shock wave with a tensile phase can induce significantly greater damage to the464

target specimen than one without a tensile phase, even if the two have the same peak pressure,465

duration, and acoustic energy.466

Finally, several limitations of the present study should be mentioned. First, although the com-467

putational model is generally applicable to various materials under high strain-rate loading con-468

ditions, the numerical analysis presented in this paper focuses on a representative brittle material,469

namely BegoStone, in a specific setting that is commonly used for lithotripsy research. Second,470

this work focuses on studying the material’s response to a single shock load, whereas real-world471

applications often involve multiple (or many) shock loads. In this regard, the cumulative effects of472

multiple shock loads on the material damage and fracture, as well as the effects of damage regions473

on the subsequent shock loads, are not considered in the calibration and the parametric studies.474

Third, the effects of cavitation are not considered in this study. In reality, the tensile phase of475

a shock wave may induce cavitation even in degassed water. The violent collapse of cavitation476

bubbles may cause damage to the specimen. The specific mechanisms and intensity of cavitation-477

induced damages in solid (and soft) materials are still open questions, which we plan to investigate478

in the future.479
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Appendix480

Here we provide additional details about the dynamic fracture experiment presented in Sec-481

tion 3.1. The setup of this experiment is showed in Figure 6(a). More specifically, an electromag-482

netic (EM) shock wave generator was mounted at the bottom of a Lucite tank (40 × 40 × 30 cm)483

filled with 0.2-µm-filtered and degassed water (< 3 mg/L concentration, 23◦C) [50]. The shock484

wave generator is operated at 14.8 kV with a pulse repetition frequency (PRF) of 0.5 Hz. At the485

focus of the generator, where the intense shock wave is generated, a cylindrical BegoStone speci-486

men (diameter × length = 9.43 mm ×10.34 mm) is held by a flat-base tube holder (inner diameter487

= 14 mm) made of silicon rubber. The axis of specimen and holder are aligned with the central488

axis of the generator using a 3D positioning system (VXM-2 step motors with BiSlide-M02 lead489

screws, Velmex, Bloomfield, NY). The stone phantoms are fabricated by BegoStone Plus (BEGO490

USA, Smithfield, RI), with a powder-to-water mixing ratio of 5 : 1.491

The stone specimen is subjected to multiple shock waves until the initial disintegration is492

observed. Figure 23 presents the photographs and statistics of initial fracture for 8 specimens.493

For all 8 specimens, planar fracture is clearly observed and the average location is at 73% of the494

stone length from the front surface.495

mm

Test
index

Distance from the
front surface to

fracture plane L f (mm)
L f /L

T1 7.792 0.755
T2 7.654 0.736
T3 7.396 0.689
T4 7.052 0.683
T5 7.952 0.742
T6 7.66 0.738
T7 7.618 0.734
T8 8.186 0.765

avg. 7.6 0.73
std. 0.34 0.027

Figure 23: Experimental result: photographs of fractured specimens and statistics.
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