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S2`im`#Q Bb � bQ7ir�`2 T�+F�;2 7Q` }`bi@T`BM+BTH2b +�H+mH�iBQMb Q7 +?�`;2 i`�MbTQ`i �M/ mHi`�7�bi +�``B2` /vM�KB+b
BM K�i2`B�HbX h?2 +m``2Mi p2`bBQM 7Q+mb2b QM 2H2+i`QM@T?QMQM BMi2`�+iBQMb �M/ +�M +QKTmi2 T?QMQM@HBKBi2/ i`�MbTQ`i
T`QT2`iB2b bm+? �b i?2 +QM/m+iBpBiv- +�``B2` KQ#BHBiv �M/ a22#2+F +Q2{+B2MiX Ai +�M �HbQ bBKmH�i2 i?2 mHi`�7�bi MQM2[mB@
HB#`BmK 2H2+i`QM /vM�KB+b BM i?2 T`2b2M+2 Q7 2H2+i`QM@T?QMQM b+�ii2`BM;X S2`im`#Q mb2b `2bmHib 7`QK /2MbBiv 7mM+iBQM�H
i?2Q`v �M/ /2MbBiv 7mM+iBQM�H T2`im`#�iBQM i?2Q`v +�H+mH�iBQMb �b BMTmi- �M/ 2KTHQvb q�MMB2` BMi2`TQH�iBQM iQ `2/m+2
i?2 +QKTmi�iBQM�H +QbiX Ai bmTTQ`ib MQ`K@+QMb2`pBM; �M/ mHi`�bQ7i Tb2m/QTQi2MiB�Hb- bTBM@Q`#Bi +QmTHBM;- �M/ TQH�`
2H2+i`QM@T?QMQM +Q``2+iBQMb 7Q` #mHF �M/ k. K�i2`B�HbX >v#`B/ JSA THmb PT2MJS T�`�HH2HBx�iBQM Bb BKTH2K2Mi2/ iQ
2M�#H2 2{+B2Mi +�H+mH�iBQMb QM H�`;2 bvbi2Kb UmT iQ �i H2�bi 8y �iQKbV mbBM; ?B;?@T2`7Q`K�M+2 +QKTmiBM;X h�F2M iQ@
;2i?2`- S2`im`#Q T`QpB/2b 2{+B2Mi �M/ #`Q�/Hv �TTHB+�#H2 �# BMBiBQ iQQHb iQ BMp2biB;�i2 2H2+i`QM@T?QMQM BMi2`�+iBQMb
�M/ +�``B2` /vM�KB+b [m�MiBi�iBp2Hv BM K2i�Hb- b2KB+QM/m+iQ`b- BMbmH�iQ`b- �M/ k. K�i2`B�HbX

E2vrQ`/b, *?�`;2 i`�MbTQ`i- lHi`�7�bi /vM�KB+b- 1H2+i`QM@T?QMQM BMi2`�+iBQMb- q�MMB2` 7mM+iBQMb

S_P:_�J alJJ�_u

S`Q;`�K hBiH2, S2`im`#Q
S`Q;`�K bmKK�`v l_G, ?iiTb,ffT2`im`#Q@+Q/2X;Bi?m#XBQ
GB+2MbBM; T`QpBbBQMb, :Ll :2M2`�H Sm#HB+ GB+2M+2 jXy
S`Q;`�KKBM; H�M;m�;2, 6Q`i`�M- Svi?QM
1ti2`M�H `QmiBM2bfHB#`�`B2b, G�S�*E- >.68- JSA- PT2MJS-
66hq- Zm�MimK@1aS_1aaP
L�im`2 Q7 T`Q#H2K, *QKTmiBM; i`�MbTQ`i T`QT2`iB2b 7`QK }`bi@
T`BM+BTH2b BM K�i2`B�Hb- BM+Hm/BM; i?2 2H2+i`B+�H +QM/m+iBpBiv-
+�``B2` KQ#BHBiv �M/ a22#2+F +Q2{+B2Mic aBKmH�iBM; mHi`�7�bi
MQM2[mBHB#`BmK 2H2+i`QM /vM�KB+b- bm+? �b i?2 `2H�t�iBQM Q7
2t+Bi2/ +�``B2`b pB� BMi2`�+iBQMb rBi? T?QMQMbX
aQHmiBQM K2i?Q/, q2 BKTH2K2Mi i?2 }`bi@T`BM+BTH2b "QHixK�MM
i`�MbTQ`i 2[m�iBQM- r?B+? 2KTHQvb K�i2`B�Hb T`QT2`iB2b bm+? �b
i?2 2H2+i`QMB+ bi`m+im`2- H�iiB+2 /vM�KB+b- �M/ 2H2+i`QM@T?QMQM
+QHHBbBQM i2`Kb +QKTmi2/ rBi? /2MbBiv 7mM+iBQM�H i?2Q`v �M/
/2MbBiv 7mM+iBQM�H T2`im`#�iBQM i?2Q`vX h?2 "QHixK�MM i`�Mb@
TQ`i 2[m�iBQM Bb bQHp2/ MmK2`B+�HHv iQ +QKTmi2 +?�`;2 i`�Mb@
TQ`i �M/ bBKmH�i2 mHi`�7�bi +�``B2` /vM�KB+bX q�MMB2` BMi2`@
TQH�iBQM Bb 2KTHQv2/ iQ `2/m+2 i?2 +QKTmi�iBQM�H +QbiX
�//BiBQM�H +QKK2Mib, >v#`B/ JSA THmb PT2MJS T�`�HH2HBx�@
iBQM Bb BKTH2K2Mi2/ iQ `mM H�`;2 +�H+mH�iBQMb �M/ i�F2 �/p�M@
i�;2 Q7 ?B;?@T2`7Q`K�M+2 +QKTmiBM;X JQbi `2bmHib �`2 QmiTmi
iQ >.68 }H2 7Q`K�i- r?B+? Bb TQ`i�#H2 �M/ +QMp2MB2Mi 7Q` TQbi@
T`Q+2bbBM; mbBM; ?B;?@H2p2H H�M;m�;2b bm+? �b Svi?QM �M/ Cm@
HB�X

⇤*Q``2bTQM/BM; �mi?Q`X
1@K�BH �//`2bb2b,
DDx?Qm!+�Hi2+?X2/m UCX@CX w?QmV- #K�`+Q!+�Hi2+?X2/m UJX "2`M�`/BVX

RX AMi`Q/m+iBQM

lM/2`bi�M/BM; i?2 /vM�KB+�H T`Q+2bb2b BMpQHpBM; 2H2+@
i`QMb- H�iiB+2 pB#`�iBQMb UT?QMQMbV- �iQKB+ /272+ib- �M/
T?QiQMb BM i?2 bQHB/ bi�i2 Bb F2v iQ /2p2HQTBM; i?2 M2ti
;2M2`�iBQM Q7 K�i2`B�Hb �M/ /2pB+2b (R- k)X .m2 iQ i?2 BM@
+`2�bBM; +QKTH2tBiv Q7 7mM+iBQM�H K�i2`B�Hb- i?2`2 Bb � +`BiB@
+�H M22/ 7Q` +QKTmi�iBQM�H iQQHb i?�i +�M i�F2 BMiQ �++QmMi
i?2 �iQKB+ �M/ 2H2+i`QMB+ bi`m+im`2 Q7 K�i2`B�Hb �M/ K�F2
[m�MiBi�iBp2 T`2/B+iBQMb QM i?2B` T?vbB+�H T`QT2`iB2bX h?2
pBbBQM #2?BM/ S2`im`#Q Bb iQ T`QpB/2 � mMB}2/ TH�i7Q`K
�M/ � p�HB/�i2/ +Q/2 i?�i +�M #2 �TTHB2/ #`Q�/Hv iQ +QK@
Tmi2 i?2 BMi2`�+iBQMb- i`�MbTQ`i �M/ mHi`�7�bi /vM�KB+b
Q7 2H2+i`QMb �M/ 2t+Bi2/ bi�i2b BM K�i2`B�Hb (j)X h?2 ;Q�H
Bb iQ 7�+BHBi�i2 #�bB+ b+B2MiB}+ /Bb+Qp2`B2b BM K�i2`B�Hb �M/
/2pB+2b #v �/p�M+BM; KB+`Qb+QTB+ mM/2`bi�M/BM; Q7 +�``B2`
/vM�KB+b- r?BH2 +`2�iBM; � bmbi�BM�#H2 bQ7ir�`2 2H2K2Mi
�#H2 iQ �//`2bb i?2 /2K�M/b Q7 i?2 +QKTmi�iBQM�H T?vbB+b
+QKKmMBivX

S2`im`#Q #mBH/b QM 2bi�#HBb?2/ }`bi@T`BM+BTH2b K2i?@
Q/bX Ai mb2b /2MbBiv 7mM+iBQM�H i?2Q`v U.6hV �M/ /2M@
bBiv 7mM+iBQM�H T2`im`#�iBQM i?2Q`v U.6ShV (9) �b � bi�`i@
BM; TQBMi 7Q` +QKTmiBM; 2H2+i`QM /vM�KB+bX Ai `2�/b i?2
QmiTmi Q7 .6h �M/ .6Sh +�H+mH�iBQMb- 7Q` MQr 7`QK i?2
Zm�MimK 1bT`2bbQ UZ1V +Q/2 (8- e)- �M/ mb2b i?Bb /�i�
iQ +QKTmi2 2H2+i`QM BMi2`�+iBQMb- +?�`;2 i`�MbTQ`i �M/
mHi`�7�bi /vM�KB+bX h?2 +m``2Mi /Bbi`B#miBQM 7Q+mb2b QM
2H2+i`QM@T?QMQM Ue@T?V BMi2`�+iBQMb �M/ i?2 `2H�i2/ T?QMQM@
HBKBi2/ i`�MbTQ`i T`QT2`iB2b (d)- BM+Hm/BM; i?2 2H2+i`B+�H
+QM/m+iBpBiv- KQ#BHBiv �M/ i?2 a22#2+F +Q2{+B2MiX Ai +�M
�HbQ bBKmH�i2 i?2 mHi`�7�bi MQM2[mBHB#`BmK 2H2+i`QM /vM�K@

S`2T`BMi bm#KBii2/ iQ *QKTmi2` S?vbB+b *QKKmMB+�iBQMb 62#`m�`v d- kyky
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B+b BM i?2 T`2b2M+2 Q7 e@T? BMi2`�+iBQMbX h?2 /2p2HQT2`
#`�M+?- r?B+? Bb MQi Tm#HB+Hv �p�BH�#H2 v2i- �HbQ BM+Hm/2b
`QmiBM2b 7Q` +QKTmiBM; bTBM (3)- 2H2+i`QM@/272+i (N- Ry)-
�M/ 2H2+i`QM@T?QiQM BMi2`�+iBQMb (RR)- �b r2HH �b �/p�M+2/
K2i?Q/b iQ +QKTmi2 i?2 mHi`�7�bi /vM�KB+b Q7 2H2+i`QMb
�M/ T?QMQMb BM i?2 T`2b2M+2 Q7 2H2+i`B+ �M/ K�;M2iB+ }2H/bX
h?2b2 �//BiBQM�H 72�im`2b rBHH #2 K�/2 �p�BH�#H2 BM 7mim`2
`2H2�b2bX

h?2 i`�MbTQ`i KQ/mH2 Q7 S2`im`#Q 2M�#H2b �++m`�i2
+�H+mH�iBQMb Q7 +?�`;2 i`�MbTQ`i BM � rB/2 `�M;2 Q7 7mM+@
iBQM�H K�i2`B�HbX AM Bib KQbi #�bB+ rQ`F~Qr- S2`im`#Q
+QKTmi2b i?2 +QM/m+iBpBiv �M/ KQ#BHBiv �b � 7mM+iBQM Q7
i2KT2`�im`2 �M/ +�``B2` +QM+2Mi`�iBQM- 2Bi?2` rBi?BM i?2
`2H�t�iBQM iBK2 �TT`QtBK�iBQM U_h�V Q` rBi? �M Bi2`�iBp2
bQHmiBQM Q7 i?2 HBM2�`Bx2/ "QHixK�MM i`�MbTQ`i 2[m�iBQM
U"h1V (Rk- Rj)X h?2 mHi`�7�bi /vM�KB+b KQ/mH2 2tTHB+@
BiHv 2pQHp2b BM iBK2 i?2 2H2+i`QM "h1 Ur?BH2 F22TBM; i?2
T?QMQM Q++mT�iBQMb }t2/V- 2M�#HBM; BMp2biB;�iBQMb Q7 i?2
mHi`�7�bi 2H2+i`QM /vM�KB+b bi�`iBM; 7`QK � ;Bp2M BMBiB�H
2H2+i`QM /Bbi`B#miBQM (R9)X Pm` `QmiBM2b +�M +�``v Qmi i?2b2
+�H+mH�iBQMb BM K2i�Hb- b2KB+QM/m+iQ`b- BMbmH�iQ`b- �M/ k.
K�i2`B�HbX �M 2{+B2Mi BKTH2K2Mi�iBQM Q7 HQM;@`�M;2 e@T?
BMi2`�+iBQMb Bb 2KTHQv2/ 7Q` TQH�` #mHF �M/ k. K�i2`B�HbX
J�i2`B�Hb rBi? bTBM@Q`#Bi +QmTHBM; UaP*V �`2 i`2�i2/ mb@
BM; 7mHHv `2H�iBpBbiB+ Tb2m/QTQi2MiB�Hb (3- Rj)X "Qi? MQ`K@
+QMb2`pBM; �M/ mHi`�bQ7i Tb2m/QTQi2MiB�Hb �`2 bmTTQ`i2/X
Zm�MiBiB2b `2H�i2/ iQ e@T? BMi2`�+iBQMb +�M #2 2�bBHv Q#@
i�BM2/- biQ`2/ �M/ �M�Hvx2/X

S2`im`#Q Bb BKTH2K2Mi2/ BM KQ/2`M 6Q`i`�M rBi? �
KQ/mH�` +Q/2 /2bB;MX �HH +�H+mH�iBQMb 2KTHQv BMimBiBp2
rQ`F~QrbX h?2 +Q/2 Bb ?B;?Hv 2{+B2Mi i?�MFb iQ Bib ?v@
#`B/ JSA UJ2bb�;2 S�bbBM; AMi2`7�+2V �M/ PT2MJS UPT2M
JmHiB@S`Q+2bbBM;V T�`�HH2HBx�iBQMX Ai +�M `mM QM `2+Q`/@
H�`;2 mMBi +2HHb rBi? mT iQ �i H2�bi 8y �iQKb (R8)- �M/
Bib T2`7Q`K�M+2 b+�H2b mT iQ i?Qmb�M/b Q7 *Sl +Q`2bX Ai
+QMp2MB2MiHv r`Bi2b }H2b mbBM; i?2 >.68 7Q`K�i- �M/ Bb
bmBi�#H2 7Q` #Qi? ?B;?@T2`7Q`K�M+2 bmT2`+QKTmi2`b �M/
bK�HH2` +QKTmi2` +Hmbi2`bX

h�`;2i mb2`b BM+Hm/2 #Qi? 2tT2`ib BM }`bi@T`BM+BTH2b +�H@
+mH�iBQMb �M/ K�i2`B�Hb i?2Q`v �b r2HH �b 2tT2`BK2Mi�H `2@
b2�`+?2`b �M/ i2�Kb BM �+�/2KB+ Q` M�iBQM�H H�#Q`�iQ`B2b
BMp2biB;�iBM; +?�`;2 i`�MbTQ`i- mHi`�7�bi bT2+i`Qb+QTv- �/@
p�M+2/ 7mM+iBQM�H K�i2`B�Hb- �M/ b2KB+QM/m+iQ` Q` bQHB/@
bi�i2 /2pB+2bX S2`im`#Q rBHH 2[mBT i?2b2 mb2`b rBi? �M
2{+B2Mi [m�MiBi�iBp2 iQQH iQ BMp2biB;�i2 2H2+i`QM BMi2`�+@
iBQMb �M/ /vM�KB+b BM #`Q�/ 7�KBHB2b Q7 K�i2`B�Hb- }HHBM; �
K�DQ` pQB/ BM i?2 +m``2Mi bQ7ir�`2 2+Qbvbi2KX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrb, a2+X k /Bb+mbb2b i?2
i?2Q`v �M/ MmK2`B+�H K2i?Q/b BKTH2K2Mi2/ BM i?2 +Q/2c
a2+X j /2b+`B#2b i?2 +Q/2 +�T�#BHBiB2b �M/ rQ`F~Qrbc a2+X 9
/2Hp2b /22T2` BMiQ b2H2+i2/ i2+?MB+�H �bT2+ibc a2+X 8 b?Qrb
b2p2`�H 2t�KTH2 +�H+mH�iBQMb T`QpB/2/ �b imiQ`B�Hb BM i?2
+Q/2c a2+X e /Bb+mbb2b i?2 T�`�HH2HBx�iBQM bi`�i2;v �M/ i?2
b+�HBM; Q7 i?2 +Q/2 QM ?B;? T2`7Q`K�M+2 bmT2`+QKTmi2`bX
q2 +QM+Hm/2 BM a2+X d #v bmKK�`BxBM; i?2 K�BM 72�im`2b
�M/ TH�MM2/ 7mim`2 /2p2HQTK2Mi Q7 S2`im`#QX

kX J2i?Q/QHQ;v

kXRX "QHixK�MM i`�MbTQ`i 2[m�iBQM
h?2 +m``2Mi `2H2�b2 Q7 S2`im`#Q +�M +QKTmi2 +?�`;2

i`�MbTQ`i �M/ mHi`�7�bi /vM�KB+b BM i?2 7`�K2rQ`F Q7 i?2
b2KB+H�bbB+�H "h1X h?2 "h1 /2b+`B#2b i?2 ~Qr Q7 i?2 2H2+@
i`QM Q++mT�iBQMb fnk(r, t) BM i?2 T?�b2@bT�+2 p�`B�#H2b Q7
`2H2p�M+2 BM � T2`BQ/B+ bvbi2K- i?2 +`vbi�H KQK2MimK k
�M/ bT�iB�H +QQ`/BM�i2 r,

@fnk(r, t)

@t
=�

⇥
rrfnk(r, t) · vnk + ~�1

rkfnk(r, t) · F
⇤

+ I [fnk] ,
URV

r?2`2 n Bb i?2 #�M/ BM/2t �M/ vnk �`2 #�M/ p2HQ+BiB2bX h?2
iBK2 2pQHmiBQM Q7 i?2 2H2+i`QM Q++mT�iBQMb Bb ;Qp2`M2/ #v
i?2 bQ@+�HH2/ /`B7i i2`K /m2 iQ 2ti2`M�H }2H/b F �M/ i?2
+QHHBbBQM i2`K I [fnk]- r?B+? +�Tim`2b 2H2+i`QM b+�ii2`BM;
T`Q+2bb2b /m2 iQ T?QMQMb Q` Qi?2` K2+?�MBbKb (Re)X AM
S2`im`#Q- i?2 }2H/b �`2 �bbmK2/ iQ #2 bHQrHv p�`vBM;
�M/ i?2 K�i2`B�H ?QKQ;2M2Qmb- bQ fnk /Q2b MQi /2T2M/ QM
i?2 bT�iB�H +QQ`/BM�i2b �M/ Bib bT�iB�H /2T2M/2M+2 Bb MQi
+QKTmi2/ 2tTHB+BiHvX

h?2 +QHHBbBQM BMi2;`�H I [fnk] Bb � bmK Qp2` � H�`;2 MmK@
#2` Q7 b+�ii2`BM; T`Q+2bb2b BM KQK2MimK bT�+2- �M/ Bi Bb
p2`v +QKTmi�iBQM�HHv 2tT2MbBp2 #2+�mb2 Bi BMpQHp2b "`BH@
HQmBM xQM2 U"wV BMi2;`�Hb QM }M2 ;`B/bX JQbi �M�HviB+�H �M/
+QKTmi�iBQM�H i`2�iK2Mib bBKTHB7v i?2 b+�ii2`BM; BMi2;`�H
rBi? p�`BQmb �TT`QtBK�iBQMbX � +QKKQM QM2 Bb i?2 _h�-
r?B+? �bbmK2b i?�i i?2 b+�ii2`BM; BMi2;`�H Bb T`QTQ`iBQM�H
iQ i?2 /2pB�iBQM �fnk Q7 i?2 2H2+i`QM Q++mT�iBQMb 7`QK i?2
2[mBHB#`BmK 62`KB@.B`�+ /Bbi`B#miBQM- I [fnk] = ��fnk/⌧ c
i?2 `2H�t�iBQM iBK2 ⌧ Bb 2Bi?2` i`2�i2/ �b � +QMbi�Mi 2KTB`@
B+�H T�`�K2i2` (Rd- R3) Q` �b � bi�i2@/2T2M/2Mi [m�MiBiv-
⌧nkX

S2`im`#Q BKTH2K2Mib i?2 }`bi@T`BM+BTH2b 7Q`K�HBbK
Q7 i?2 "h1- r?B+? 2KTHQvb K�i2`B�Hb T`QT2`iB2b Q#i�BM2/
rBi? [m�MimK K2+?�MB+�H �TT`Q�+?2b- mbBM; i?2 �iQKB+
bi`m+im`2 Q7 i?2 K�i2`B�H �b i?2 QMHv BMTmiX h?2 2H2+@
i`QMB+ bi`m+im`2 Bb +QKTmi2/ mbBM; .6h �M/ i?2 H�iiB+2
/vM�KB+�H T`QT2`iB2b mbBM; .6ShX h?2 b+�ii2`BM; BMi2;`�H
Bb +QKTmi2/ QMHv 7Q` e@T? T`Q+2bb2b BM i?2 +m``2Mi `2H2�b2-
r?BH2 Qi?2` b+�ii2`BM; K2+?�MBbKb- bm+? �b 2H2+i`QM@/272+i
�M/ 2H2+i`QM@2H2+i`QM b+�ii2`BM;- �`2 H27i 7Q` 7mim`2 `2H2�b2bX
h?2 b+�ii2`BM; BMi2;`�H /m2 iQ e@T? T`Q+2bb2b +�M #2 r`Bi@
i2M �b

I
e�ph [fnk] =�

2⇡

~
1

Nq

X

mq⌫

|gmn⌫(k, q)|
2

⇥ [� ("nk � ~!⌫q � "mk+q)⇥ Fem

+ � ("nk + ~!⌫q � "mk+q)⇥ Fabs],

UkV

r?2`2 Nq Bb i?2 MmK#2` Q7 q@TQBMib mb2/ BM i?2 bmKK�iBQM-
�M/ gmn⌫(k, q) �`2 e@T? K�i`Bt 2H2K2Mib Ub22 a2+X kXkXjV
[m�MiB7vBM; i?2 T`Q#�#BHBiv �KTHBim/2 7Q` �M 2H2+i`QM iQ
b+�ii2` 7`QK �M BMBiB�H bi�i2 |nki iQ � }M�H bi�i2 |mk + qi-
#v 2KBiiBM; Q` �#bQ`#BM; � T?QMQM rBi? r�p2p2+iQ` q �M/

k
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KQ/2 BM/2t ⌫c ?2`2 �M/ #2HQr- "nk �M/ ~!⌫q �`2 i?2 2M2`@
;B2b Q7 2H2+i`QM [m�bBT�`iB+H2b �M/ T?QMQMb- `2bT2+iBp2HvX
h?2 T?QMQM �#bQ`TiBQM UFabsV �M/ 2KBbbBQM UFemV i2`Kb
�`2 /2}M2/ �b

Fabs = fnk (1� fmk+q)N⌫q � fmk+q (1� fnk) (N⌫q + 1) ,

Fem = fnk (1� fmk+q) (N⌫q + 1)� fmk+q (1� fnk)N⌫q

UjV
r?2`2 N⌫q �`2 T?QMQM Q++mT�iBQMbX

kXRXRX lHi`�7�bi +�``B2` /vM�KB+b
S2`im`#Q +�M bQHp2 i?2 "h1 MmK2`B+�HHv iQ bBKmH�i2

i?2 2pQHmiBQM BM iBK2 t Q7 i?2 2H2+i`QM Q++mT�iBQMb fnk(t)
/m2 iQ e@T? b+�ii2`BM; T`Q+2bb2b- bi�`iBM; 7`QK �M BMBiB�H
MQM2[mBHB#`BmK /Bbi`B#miBQMX AM i?2 T`2b2M+2 Q7 � bHQrHv
p�`vBM; 2ti2`M�H 2H2+i`B+ }2H/- �M/ �bbmKBM; i?2 K�i2`B�H
Bb ?QKQ;2M2Qmb- r2 `2r`Bi2 i?2 "h1 BM 1[X URV �b

@fnk(t)

@t
=

eE

~ ·rkfnk(t) + I
e�ph [fnk] , U9V

r?2`2 e Bb i?2 2H2+i`QM +?�`;2 �M/ E i?2 2ti2`M�H 2H2+i`B+
}2H/X q2 bQHp2 i?Bb MQM@HBM2�` BMi2;`Q@/Bz2`2MiB�H 2[m�iBQM
MmK2`B+�HHv UBM i?2 +m``2Mi `2H2�b2- QMHv 7Q` E = 0V- mb@
BM; 2tTHB+Bi iBK2@bi2TTBM; rBi? i?2 9i?@Q`/2` _mM;2@Emii�
U_E9V Q` 1mH2` K2i?Q/bX h?2 _E9 bQHp2` Bb mb2/ #v /2@
7�mHi /m2 iQ Bib bmT2`BQ` �++m`�+vX h?2 1mH2` K2i?Q/ Bb
Km+? 7�bi2` i?�M _E9- #mi Bi Bb QMHv }`bi@Q`/2` �++m`�i2 BM
iBK2- bQ Bi b?QmH/ #2 i2bi2/ +�`27mHHv �M/ +QKT�`2/ �;�BMbi
_E9X

ai�`iBM; 7`QK �M BMBiB�H MQM2[mBHB#`BmK 2H2+i`QM /Bbi`B@
#miBQM fnk(t0)- r2 2pQHp2 BM iBK2 1[X U9V rBi? � bK�HH iBK2
bi2T UivTB+�HHv BM i?2 Q`/2` Q7 R 7bV iQ Q#i�BM fnk(t) �b �
7mM+iBQM Q7 iBK2X PM2 �TTHB+�iBQM Q7 i?Bb 7`�K2rQ`F Bb iQ
bBKmH�i2 i?2 2[mBHB#`�iBQM Q7 2t+Bi2/ 2H2+i`QMb (R9- RN)- BM
r?B+? r2 b2i E = 0 �M/ bBKmH�i2 i?2 iBK2 2pQHmiBQM Q7 i?2
2t+Bi2/ 2H2+i`QM /Bbi`B#miBQM �b Bi �TT`Q�+?2b Bib 2[mBHB#@
`BmK 62`KB@.B`�+ p�Hm2 i?`Qm;? e@T? b+�ii2`BM; T`Q+2bb2bX
h?2 T?QMQM Q++mT�iBQMb �`2 F2Ti }t2/ Umbm�HHv- iQ i?2B`
2[mBHB#`BmK p�Hm2 �i � ;Bp2M i2KT2`�im`2V BM i?2 +m``2Mi
p2`bBQM Q7 i?2 +Q/2X �MQi?2` �TTHB+�iBQM- r?B+? Bb +m`@
`2MiHv mM/2` /2p2HQTK2Mi- Bb +?�`;2 i`�MbTQ`i BM ?B;? 2H2+@
i`B+ }2H/bX

kXRXkX *?�`;2 i`�MbTQ`i
AM �M 2ti2`M�H 2H2+i`B+ }2H/- i?2 /`B7i �M/ +QHHBbBQM i2`Kb

BM i?2 "h1 #�H�M+2 Qmi �i HQM; 2MQm;? iBK2b � i?2 }2H/
/`Bp2b i?2 2H2+i`QM /Bbi`B#miBQM Qmi Q7 2[mBHB#`BmK- r?BH2
i?2 +QHHBbBQMb i2M/ iQ `2biQ`2 2[mBHB#`BmKX �i bi2�/v bi�i2-
� MQM2[mBHB#`BmK 2H2+i`QM /Bbi`B#miBQM Bb `2�+?2/- 7Q` r?B+?
@fnk/@t = 0X h?2 "h1 7Q` i`�MbTQ`i �i bi2�/v bi�i2 #2@
+QK2b

�
eE

~ ·rkfnk(t) = I
e�ph [fnk] . U8V

q?2M i?2 2H2+i`B+ }2H/ Bb `2H�iBp2Hv r2�F- i?2 bi2�/v@bi�i2
2H2+i`QM /Bbi`B#miBQM /2pB�i2b QMHv bHB;?iHv 7`QK Bib 2[mB@
HB#`BmK p�Hm2X �b Bb mbm�H- r2 2tT�M/ fnk �`QmM/ i?2

2[mBHB#`BmK 62`KB@.B`�+ /Bbi`B#miBQM- f0
nk- �M/ F22T QMHv

i2`Kb HBM2�` BM i?2 2H2+i`B+ }2H/,
fnk = f

0
nk + f

1
nk +O

�
E

2
�

= f
0
nk + eE · Fnk

@f
0
nk

@"nk
+O

�
E

2
�
,

UeV

r?2`2 Fnk +?�`�+i2`Bx2b i?2 }`bi@Q`/2` /2pB�iBQM 7`QK 2[mB@
HB#`BmK Q7 i?2 2H2+i`QM /Bbi`B#miBQMX q2 bm#biBimi2 1[X UeV
BMiQ #Qi? bB/2b Q7 1[X U8V- �M/ Q#i�BM � HBM2�`Bx2/ "h1 7Q`
i?2 /Bbi`B#miBQM /2pB�iBQM Fnk F22TBM; QMHv i2`Kb mT iQ
}`bi@Q`/2` BM i?2 2H2+i`B+ }2H/,

Fnk = ⌧nkvnk +
⌧nk

Nq

X

m,⌫q

Fmk+qW
⌫q
nk,mk+q , UdV

r?2`2 ⌧nk Bb i?2 2H2+i`QM `2H�t�iBQM iBK2- +QKTmi2/ �b i?2
BMp2`b2 Q7 i?2 b+�ii2`BM; `�i2- ⌧nk = ��1

nk X h?2 b+�ii2`BM;
`�i2 �nk Bb ;Bp2M #v

�nk =
1

Nq

X

m,⌫q

W
⌫q
nk,mk+q. U3V

h?2 b+�ii2`BM; T`Q#�#BHBiv W
⌫q
nk,mk+q BMpQHp2b #Qi? T?QMQM

2KBbbBQM �M/ �#bQ`TiBQM T`Q+2bb2b,

W
⌫q
nk,mk+q =

2⇡

~ |gmn⌫(k, q)|
2

⇥ [� ("nk � ~!⌫q � "mk+q)
�
1 +N

0
⌫q � f

0
mk+q

�

+ � ("nk + ~!⌫q � "mk+q)
�
N

0
⌫q + f

0
mk+q

�
].

UNV
r?2`2 N

0
⌫q �`2 2[mBHB#`BmK "Qb2@1BMbi2BM T?QMQM Q++mT�@

iBQMbX LQi2 i?�i bBM+2 ⌧nk Bb �M 2H2+i`QM [m�bBT�`iB+H2 HB72@
iBK2- Bi +�M #2 r`Bii2M 2[mBp�H2MiHv �b i?2 BK�;BM�`v T�`i
Q7 i?2 e@T? b2H7@2M2`;v (ky)- ⌧�1

nk = 2Im⌃e�ph
nk /~X

AM i?2 _h�- r2 M2;H2+i i?2 b2+QM/ i2`K BM 1[X UdV �M/
Q#i�BM Fnk = ⌧nkvnkX AM bQK2 +�b2b- i?2 b2+QM/ i2`K
BM 1[X UdV +�MMQi #2 M2;H2+i2/X AM K2i�Hb- � +QKKQMHv
mb2/ b+?2K2 iQ �TT`QtBK�i2 i?Bb i2`K Bb iQ �// � 7�+iQ`
Q7 (1� cos ✓k,k+q) iQ 1[X UNV- r?2`2 ✓k,k+q Bb i?2 b+�ii2`@
BM; �M;H2 #2ir22M k �M/ k + qX h?2 `2bmHiBM; bQ@+�HH2/
ǳi`�MbTQ`i `2H�t�iBQM iBK2Ǵ Bb i?2M mb2/ iQ +QKTmi2 i?2
i`�MbTQ`i T`QT2`iB2b (ky)X S2`im`#Q BKTH2K2Mib � KQ`2
`B;Q`Qmb �TT`Q�+? �M/ /B`2+iHv bQHp2b 1[X UdV mbBM; �M Bi@
2`�iBp2 K2i?Q/ (kR- kk)- 7Q` r?B+? r2 `2r`Bi2 1[X UdV �b

F i+1
nk = F 0

nk
+

⌧nk

Nq

X

m,⌫q

F i

mk+qW
⌫q
nk,mk+q . URyV

AM i?2 Bi2`�iBp2 �H;Q`Bi?K- r2 +?QQb2 BM i?2 }`bi bi2T F 0
nk

=
⌧nkvnk- �M/ i?2M +QKTmi2 i?2 7QHHQrBM; bi2Tb mbBM; 1[X URyV
mMiBH i?2 /Bz2`2M+2 |F i+1

nk �F i

nk| Bb rBi?BM i?2 +QMp2`;2M+2
i?`2b?QH/X

PM+2 Fnk ?�b #22M +QKTmi2/- 2Bi?2` rBi?BM i?2 _h�
Q` rBi? i?2 Bi2`�iBp2 bQHmiBQM Q7 i?2 "h1 BM 1[X URyV- i?2
+QM/m+iBpBiv i2MbQ` Bb Q#i�BM2/ �b

�↵� =
1

⌦E�

·
S

Nk

X

nk

�ev↵

nk · f
1
nk

=
e
2
S

Nk⌦

X

nk

v↵

nkF
�

nk

✓
�
@f

0
nk

@"nk

◆
,

URRV
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r?2`2 ↵ �M/ � �`2 *�`i2bB�M /B`2+iBQMb- ⌦ Bb i?2 pQHmK2
Q7 i?2 mMBi +2HH- �M/ S Bb i?2 bTBM /2;2M2`�+vX q2 �HbQ
+QKTmi2 i?2 +�``B2` KQ#BHBiv i2MbQ`- µ↵� = �↵�/(e nc)- #v
/BpB/BM; i?2 +QM/m+iBpBiv i2MbQ` i?`Qm;? i?2 +�``B2` +QM@
+2Mi`�iBQM ncX

AM Qm` BKTH2K2Mi�iBQM- r2 +QMp2MB2MiHv `2r`Bi2 1[X URRV
�b

�↵� = e
2

Z
dE(�@f

0
/@E)⌃↵�(E), URkV

r?2`2 ⌃↵�(E) Bb i?2 i`�MbTQ`i /Bbi`B#miBQM 7mM+iBQM Uh.6V
�i 2M2`;v E-

⌃↵�(E) =
S

Nk⌦

X

nk

v↵

nkF
�

nk
�(E � "nk), URjV

r?B+? Bb +QKTmi2/ BM S2`im`#Q mbBM; i?2 i2i`�?2/`QM
BMi2;`�iBQM K2i?Q/ (kj)X h?2 BMi2;`�M/ BM 1[X URkV +�M
#2 mb2/ iQ +?�`�+i2`Bx2 i?2 +QMi`B#miBQMb iQ i`�MbTQ`i �b
� 7mM+iBQM Q7 2H2+i`QM 2M2`;v (Rk- Rj)X h?2 +Q/2 +�M �HbQ
+QKTmi2 i?2 a22#2+F +Q2{+B2Mi S 7`QK i?2 h.6- mbBM;

[�S]
↵�

=
e

T

Z
dE(�@f

0
/@E)(E � µ)⌃↵�(E), UR9V

r?2`2 µ Bb i?2 +?2KB+�H TQi2MiB�H �M/ T Bb i?2 i2KT2`�im`2X

kXkX 1H2+i`QMb- T?QMQMb- �M/ e@T? BMi2`�+iBQMb
�b /Bb+mbb2/ �#Qp2- i?2 2H2+i`QMB+ bi`m+im`2 �M/ T?QMQM

/BbT2`bBQM �`2 +QKTmi2/ rBi? .6h �M/ .6ShX AM T`BM+B@
TH2- i?2 e@T? K�i`Bt 2H2K2Mib +�M �HbQ #2 +QKTmi2/ rBi?
i?2b2 K2i?Q/b �M/ mb2/ /B`2+iHv 7Q` +�``B2` /vM�KB+b +�H@
+mH�iBQMbX >Qr2p2`- iQ +QMp2`;2 i`�MbTQ`i �M/ mHi`�7�bi
/vM�KB+b rBi? i?2 "h1- i?2 e@T? K�i`Bt 2H2K2Mib �M/ i?2
b+�ii2`BM; T`Q+2bb2b M22/ iQ #2 +QKTmi2/ QM mHi`�@/2Mb2 k@
�M/ q@TQBMi "w ;`B/b rBi? `Qm;?Hv 100⇥100⇥100 Q` KQ`2
TQBMibX h?2`27Q`2- i?2 +QKTmi�iBQM�H +Qbi Bb T`Q?B#BiBp2 7Q`
/B`2+i .6Sh +�H+mH�iBQMb- �M/ r2 `2bQ`i iQ BMi2`TQH�iBQM
i2+?MB[m2b iQ Q#i�BM i?2 e@T? K�i`Bt 2H2K2Mib �M/ Qi?2`
`2H2p�Mi [m�MiBiB2b QM }M2 ;`B/b- bi�`iBM; 7`QK .6h �M/
.6Sh +�H+mH�iBQMb QM +Q�`b2` "w ;`B/b- ivTB+�HHv Q7 Q`/2`
10⇥ 10⇥ 10X

kXkXRX q�MMB2` BMi2`TQH�iBQM Q7 i?2 2H2+i`QMB+ bi`m+im`2
q2 mb2 i?2 q�MMB2` BMi2`TQH�iBQM iQ +QKTmi2 2{+B2MiHv

i?2 2H2+i`QM 2M2`;v �M/ #�M/ p2HQ+Biv QM mHi`�@}M2 k@TQBMi
;`B/b (k9)X q2 }`bi T2`7Q`K .6h +�H+mH�iBQMb QM � `2;mH�`
+Q�`b2 ;`B/ rBi? TQBMib kc- �M/ Q#i�BM i?2 2H2+i`QM 2M2`;B2b
"nkc �M/ "HQ+? r�p27mM+iBQMb | nkciX q2 +QMbi`m+i K�tB@
K�HHv HQ+�HBx2/ q�MMB2` 7mM+iBQMb |nRei- rBi? BM/2t n �M/
+2Mi2`2/ BM i?2 +2HH �i Re- 7`QK i?2 "HQ+? r�p27mM+iBQMb
mbBM; i?2 q�MMB2`Ny +Q/2 (k8- ke),

|nRei =
1

Ne

X

mkc

e
�ikc·ReUmn(kc) | mkci, UR8V

r?2`2 Ne Bb i?2 MmK#2` Q7 kc@TQBMib BM i?2 +Q�`b2 ;`B/-
�M/ U(kc) �`2 i?2 mMBi�`v K�i`B+2b i`�Mb7Q`KBM; i?2 "HQ+?

r�p27mM+iBQMb iQ � q�MMB2` ;�m;2 (kd)-

| 
(W )
nkc

i =
X

m

Umn(kc) | mkci. UReV

6Q` 2Mi�M;H2/ #�M/ bi`m+im`2b- U(kc) �`2 MQi BM ;2M2`�H
b[m�`2 K�i`B+2b bBM+2 i?2v �`2 �HbQ mb2/ iQ 2ti`�+i � bKQQi?
bm#bT�+2 7`QK i?2 Q`B;BM�H .6h "HQ+? 2B;2Mbi�i2b (k3)X

q2 +QKTmi2 i?2 2H2+i`QM >�KBHiQMB�M BM i?2 q�MMB2`
7mM+iBQM #�bBb-

Hnn0(Re) = hn0|Ĥ|n
0Rei

=
1

Ne

X

kc

e
�ikc·Re

⇥
U

†(kc)H(kc)U(kc)
⇤
nn0

URdV
r?2`2 H(kc) Bb i?2 >�KBHiQMB�M BM i?2 .6h "HQ+? 2B;2M@
bi�i2 #�bBb- Hnm(kc) = "nkc�nmX h?2 >�KBHiQMB�M BM i?2
q�MMB2` #�bBb- Hnn0(Re)- +�M #2 b22M �b �M �# BMBiBQ iB;?i@
#BM/BM; KQ/2H- rBi? ?QTTBM; BMi2;`�Hb 7`QK i?2 q�MMB2`
Q`#Bi�H n0 BM i?2 +2HH �i Re iQ i?2 q�MMB2` Q`#Bi�H n BM i?2
+2HH �i i?2 Q`B;BMX .m2 iQ i?2 HQ+�HBx�iBQM Q7 i?2 q�MMB2`
Q`#Bi�Hb- i?2 ?QTTBM; BMi2;`�Hb /2+�v `�TB/Hv rBi? |Re|- bQ
� bK�HH b2i Q7 Re p2+iQ`b Bb bm{+B2Mi iQ `2T`2b2Mi i?2 2H2+@
i`QMB+ bi`m+im`2 Q7 i?2 bvbi2KX

ai�`iBM; 7`QK Hnn0(Re)- r2 Q#i�BM i?2 #�M/ 2M2`;v
"nk �M/ #�M/ p2HQ+Biv vnk �i �Mv /2bB`2/ k@TQBMiX q2 }`bi
+QKTmi2 i?2 >�KBHiQMB�M K�i`Bt H

(W )(k) BM i?2 #�bBb Q7
"HQ+? bmKb Q7 q�MMB2` 7mM+iBQMb mbBM; �M BMp2`b2 /Bb+`2i2
6Qm`B2` i`�Mb7Q`K- �M/ i?2M /B�;QM�HBx2 Bi i?`Qm;? � mMB@
i�`v `Qi�iBQM K�i`Bt U(k) b�iBb7vBM;

H
(W )(k) =

X

Re

e
ik·ReH(Re) = U(k)H(H)(k)U†(k) ,

UR3V
r?2`2 H(H)

nm (k) = "nk�nm- �M/ "nk �M/ U(k) �`2 i?2 2B;2M@
p�Hm2b �M/ 2B;2Mp2+iQ`b Q7 H(W )(k)- `2bT2+iBp2HvX PM2 +�M
�HbQ Q#i�BM i?2 +Q``2bTQM/BM; BMi2`TQH�i2/ "HQ+? 2B;2M@
bi�i2b �b

| nki =
X

m

Umn(k) | 
(W )
mk i =

X

m

Umn(k)
X

Re

e
ik·Re |mRei.

URNV
h?2 #�M/ p2HQ+Biv BM i?2 *�`i2bB�M /B`2+iBQM ↵ Bb +QKTmi2/
�b

~v↵

nk = [U †(k)H(W )
↵

(k)U(k)]nn, UkyV

r?2`2 H
(W )
↵ (k) Bb i?2 k@/2`Bp�iBp2 Q7 H

(W )(k) BM i?2 ↵@
/B`2+iBQM- 2p�Hm�i2/ �M�HviB+�HHv mbBM;

H
(W )
↵

(k) = @↵H
(W )(k) =

X

Re

e
ik·ReH(Re) · (iR

↵

e
) . UkRV

�M �TT`QT`B�i2 2ti2MbBQM Q7 1[X UkyV Bb mb2/ 7Q` /2;2M2`�i2
bi�i2b (kN)X

kXkXkX AMi2`TQH�iBQM Q7 i?2 T?QMQM /BbT2`bBQM
h?2 H�iiB+2 /vM�KB+�H T`QT2`iB2b �`2 }`bi Q#i�BM2/ mb@

BM; .6Sh QM � `2;mH�` +Q�`b2 qc@TQBMi ;`B/X ai�`iBM;
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7`QK i?2 /vM�KB+�H K�i`B+2b D(qc)- r2 +QKTmi2 i?2 BMi2`@
�iQKB+ 7Q`+2 +QMbi�Mib UA6*bV D(Rp) U?2`2- rBi?Qmi i?2
K�bb 7�+iQ`V i?`Qm;? � 6Qm`B2` i`�Mb7Q`K (jy- jR)-

D(Rp) =
1

Np

X

qc

e
�iqc·RpD(qc). UkkV

r?2`2 Np Bb i?2 MmK#2` Q7 qc@TQBMib BM i?2 +Q�`b2 ;`B/X
A7 i?2 A6*b �`2 b?Q`i@`�M;2/- � bK�HH b2i Q7 D(Rp)- Q#@
i�BM2/ 7`QK /vM�KB+�H K�i`B+2b QM � +Q�`b2 qc@TQBMi ;`B/-
Bb bm{+B2Mi iQ Q#i�BM i?2 /vM�KB+�H K�i`Bt �i �Mv /2bB`2/
q@TQBMi rBi? �M BMp2`b2 6Qm`B2` i`�Mb7Q`K-

D(q) =
X

Rp

e
iq·RpD(Rp). UkjV

q2 Q#i�BM i?2 T?QMQM 7`2[m2M+B2b !⌫q �M/ /BbTH�+2K2Mi
2B;2Mp2+iQ`b e⌫q #v /B�;QM�HBxBM; D(q)X

kXkXjX q�MMB2` BMi2`TQH�iBQM Q7 i?2 e@T? K�i`Bt 2H2K2Mib
h?2 F2v [m�MiBiB2b 7Q` e@T? b+�ii2`BM; �`2 i?2 e@T? K�@

i`Bt 2H2K2Mib gmn⌫ (k, q)- r?B+? �TT2�` �#Qp2 BM 1[X UkVX
h?2v �`2 ;Bp2M #v

gmn⌫ (k, q) =

s
~

2!⌫q

X

↵

e↵
⌫q

p
M

h mk+q |@q,↵V | nki ,

Uk9V
r?2`2 | nki �M/ | mk+qi �`2 i?2 r�p27mM+iBQMb Q7 i?2 BMB@
iB�H �M/ }M�H "HQ+? bi�i2b- `2bT2+iBp2Hv- �M/ @q,↵V Bb i?2
T2`im`#�iBQM TQi2MiB�H /m2 iQ H�iiB+2 pB#`�iBQMb- +QKTmi2/
�b i?2 p�`B�iBQM Q7 i?2 EQ?M@a?�K TQi2MiB�H V rBi? `2@
bT2+i iQ i?2 �iQKB+ /BbTH�+2K2Mi Q7 �iQK  UrBi? K�bb
MV BM i?2 *�`i2bB�M /B`2+iBQM ↵,

@q,↵V =
X

Rp

e
iq·Rp

@V

@Rp↵

. Uk8V

q2 Q#i�BM i?Bb T2`im`#�iBQM TQi2MiB�H �b � #vT`Q/m+i Q7
i?2 .6Sh H�iiB+2 /vM�KB+�H +�H+mH�iBQMb �i � M2;HB;B#H2
�//BiBQM�H +QbiX

q2 +QKTmi2 i?2 #`�@F2i BM 1[X Uk9V /B`2+iHv- mbBM; i?2
.6h "HQ+? bi�i2b QM � +Q�`b2 kc@TQBMi ;`B/ �M/ i?2 T2`@
im`#�iBQM TQi2MiB�Hb QM � +Q�`b2 qc@TQBMi ;`B/-

g̃
↵

mn
(kc, qc) = h mkc+qc |@qc,↵V | nkci , UkeV

7`QK r?B+? r2 Q#i�BM i?2 e@T? K�i`Bt 2H2K2Mib BM i?2
q�MMB2` #�bBb (jk- jj)- g̃↵

ij
(Re,Rp)- #v +QK#BMBM; 1[X UR8V

�M/ i?2 BMp2`b2 i`�Mb7Q`K�iBQM Q7 1[X Uk8V,

g̃
↵

ij
(Re,Rp) =

⌧
i0

����
@V

@Rp,↵

���� jRe

�

=
1

NeNp

X

kc,qc

e
�i(kc·Re+qc·Rp)g̃↵,(W )

ij
(kc, qc) ,

UkdV
r?2`2

g̃↵,(W ) (kc, qc) = U
†(kc + qc)g̃

↵ (kc, qc)U(kc)

�`2 i?2 K�i`Bt 2H2K2Mib BM i?2 q�MMB2` ;�m;2X aBKBH�` iQ
i?2 2H2+i`QM >�KBHiQMB�M BM i?2 q�MMB2` #�bBb- g̃↵

ij
(Re,Rp)

+�M #2 b22M �b � ?QTTBM; BMi2;`�H #2ir22M irQ HQ+�HBx2/
q�MMB2` 7mM+iBQMb- QM2 �i i?2 Q`B;BM �M/ QM2 �i Re- /m2
iQ � T2`im`#�iBQM +�mb2/ #v �M �iQKB+ /BbTH�+2K2Mi �i RpX
A7 i?2 BMi2`�+iBQMb �`2 b?Q`i@`�M;2/ BM `2�H bT�+2- g̃ /2+�vb
`�TB/Hv rBi? |Re| �M/ |Rp|- �M/ +QKTmiBM; Bi QM � bK�HH
b2i Q7 (Re,Rp) H�iiB+2 p2+iQ`b Bb bm{+B2Mi iQ 7mHHv /2b+`B#2
i?2 +QmTHBM; #2ir22M 2H2+i`QMb �M/ H�iiB+2 pB#`�iBQMbX

h?2 e@T? K�i`Bt 2H2K2Mib �i �Mv /2bB`2/ T�B` Q7 k@
�M/ q@TQBMib +�M #2 +QKTmi2/ 2{+B2MiHv mbBM; i?2 BMp2`b2
i`�Mb7Q`K�iBQM BM 1[X UkdV-

g̃
↵

mn
(k, q) =

X

i,j

U
†
mi

(k + q)Ujn(k)

⇥

X

Re,Rp

e
i(k·Re+q·Rp)g̃

↵

ij
(Re,Rp) ,

Uk3V

r?2`2 U(k) Bb i?2 K�i`Bt mb2/ iQ BMi2`TQH�i2 i?2 "HQ+?
bi�i2b BM 1[X URNVX

h?2 K�BM `2[mB`2K2Mi Q7 i?Bb BMi2`TQH�iBQM �TT`Q�+?
Bb i?�i i?2 e@T? BMi2`�+iBQMb �`2 b?Q`i@`�M;2/ �M/ i?2 e@T?
K�i`Bt 2H2K2Mib BM i?2 HQ+�H #�bBb /2+�v `�TB/HvX h?2`2@
7Q`2- i?2 e@T? BMi2`TQH�iBQM rQ`Fb 2[m�HHv r2HH rBi? HQ@
+�HBx2/ Q`#Bi�Hb Qi?2` i?�M q�MMB2` 7mM+iBQMb- �b r2 ?�p2
b?QrM `2+2MiHv mbBM; �iQKB+ Q`#Bi�Hb (j9)X h?2 �iQKB+ Q`@
#Bi�H e@T? BMi2`TQH�iBQM Bb biBHH #2BM; 2ti2M/2/ �M/ i2bi2/
BM i?2 S2`im`#Q +Q/2- bQ i?2 +m``2Mi `2H2�b2 BM+Hm/2b QMHv
q�MMB2` BMi2`TQH�iBQM `QmiBM2bX

kXjX SQH�` +Q``2+iBQMb 7Q` T?QMQMb �M/ e@T? BMi2`�+iBQMb
h?2 �bbmKTiBQM i?�i i?2 A6*b �M/ e@T? BMi2`�+iBQMb

�`2 b?Q`i@`�M;2/ /Q2b MQi ?QH/ 7Q` TQH�` b2KB+QM/m+iQ`b
�M/ BMbmH�iQ`bX AM TQH�` K�i2`B�Hb- i?2 /BbTH�+2K2Mi Q7 BQMb
rBi? � MQM@x2`Q "Q`M 2z2+iBp2 +?�`;2 +`2�i2b /vM�KB+�H
/BTQH2b- �M/ i?2 HQM;@r�p2H2M;i? HQM;Bim/BM�H QTiB+�H UGPV
T?QMQM KQ/2 BM/m+2b � K�+`Qb+QTB+ 2H2+i`B+ }2H/ (jy)X h?2
/BTQH2@/BTQH2 BMi2`�+iBQMb BMi`Q/m+2 HQM;@`�M;2 +QMi`B#m@
iBQMb iQ i?2 A6*b �M/ /vM�KB+�H K�i`B+2b (j8)- `2bmHiBM; BM
i?2 r2HH@FMQrM GP@hP bTHBiiBM; BM i?2 T?QMQM /BbT2`bBQM
�i q ! 0X 6Q` i?Bb `2�bQM- i?2 /vM�KB+�H K�i`Bt BMi2`@
TQH�iBQM b+?2K2 BM 1[bX UkkV@UkjV +�MMQi T`QpB/2 +Q``2+i
T?QMQM /BbT2`bBQMb �i bK�HH q 7Q` TQH�` K�i2`B�HbX hQ �/@
/`2bb i?Bb Bbbm2- � TQH�` +Q``2+iBQM Bb ivTB+�HHv mb2/ (jR)- BM
r?B+? i?2 /vM�KB+�H K�i`Bt Bb b2T�`�i2/ BMiQ irQ +QMi`B@
#miBQMb- � b?Q`i@`�M;2 T�`i i?�i +�M #2 BMi2`TQH�i2/ mbBM;
i?2 6Qm`B2` i`�Mb7Q`K�iBQM BM 1[bX UkkV@UkjV- �M/ � HQM;@
`�M;2 T�`i 2p�Hm�i2/ /B`2+iHv mbBM; �M �M�HviB+�H 7Q`KmH�
BMpQHpBM; i?2 "Q`M 2z2+iBp2 +?�`;2b �M/ i?2 /B2H2+i`B+ i2M@
bQ` (jR)X S2`im`#Q BKTH2K2Mib i?Bb bi�M/�`/ �TT`Q�+?
iQ BM+Hm/2 i?2 GP@hP bTHBiiBM; BM TQH�` K�i2`B�HbX

h?2 }2H/ /m2 iQ i?2 /vM�KB+�H /BTQH2b bBKBH�`Hv BMi`Q@
/m+2b HQM;@`�M;2 e@T? +QMi`B#miBQMb � BM T�`iB+mH�`- i?2
6`ƺ?HB+? BMi2`�+iBQM (je)- � HQM;@`�M;2 +QmTHBM; #2ir22M
2H2+i`QMb �M/ GP T?QMQMbX h?2 bi`2M;i? Q7 i?2 6`ƺ?HB+?
e@T? BMi2`�+iBQM /Bp2`;2b �b 1/q 7Q` q ! 0 BM #mHF K�i2`B@
�HbX �b � `2bmHi- i?2 q�MMB2` BMi2`TQH�iBQM Bb BKT`�+iB+�H
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�M/ mbm�HHv 7�BHb iQ +Q``2+iHv `2T`Q/m+2 i?2 .6Sh e@T?
K�i`Bt 2H2K2Mib �i bK�HH qX lbBM; � b+?2K2 �M�HQ;Qmb iQ
i?2 TQH�` +Q``2+iBQM 7Q` T?QMQM /BbT2`bBQM- QM2 +�M bTHBi
i?2 e@T? K�i`Bt 2H2K2Mib BMiQ � HQM;@`�M;2 T�`i /m2 iQ i?2
/BTQH2 }2H/ �M/ � b?Q`i@`�M;2 T�`i (jd- j3)X

q2 +QKTmi2 i?2 HQM;@`�M;2 e@T? K�i`Bt 2H2K2Mib #v
`2TH�+BM; i?2 T2`im`#�iBQM TQi2MiB�H BM 1[X UkeV rBi? i?2
TQi2MiB�H Q7 i?2 /BTQH2 }2H/-

g̃
↵,L

mn
(k, q) =

ie
2

✏0⌦

X

G6=�q

[(q +G) ·Z⇤

]
↵
e
�i⌧·(q+G)

(q +G) · ✏ · (q +G)

⇥

D
 mk+q

���ei(q+G)·r
��� nk

E
,

UkNV
r?2`2 Z⇤


�M/ ⌧ �`2 i?2 "Q`M 2z2+iBp2 +?�`;2 �M/ TQbBiBQM

Q7 �iQK  BM i?2 mMBi +2HH- `2bT2+iBp2Hv- r?BH2 ⌦ Bb i?2 mMBi
+2HH pQHmK2 �M/ ✏ i?2 /B2H2+i`B+ i2MbQ`X AM T`�+iB+2- i?2
bmKK�iBQM Qp2` G Bb T2`7Q`K2/ mbBM; i?2 1r�H/ K2i?Q/-
#v BMi`Q/m+BM; � /2+�v 7�+iQ` e�(q+G)·✏·(q+G)/4⇤ rBi? +QM@
p2`;2M+2 T�`�K2i2` ⇤- �M/ KmHiBTHvBM; 2�+? i2`K BM i?2
bmKK�iBQM #v i?Bb 7�+iQ`X Ai Bb +QMp2MB2Mi iQ 2p�Hm�i2 i?2
#`�@F2i BM 1[X UkNV BM i?2 q�MMB2` ;�m;2- BM r?B+? QM2 +�M
�TTHv i?2 bKQQi? T?�b2 �TT`QtBK�iBQM humk+q|unki

(W ) =
�mn- r?2`2 unk Bb i?2 T2`BQ/B+ T�`i Q7 i?2 "HQ+? 7mM+iBQMX
*QK#BMBM; 1[X UReV �M/ i?2 bKQQi? T?�b2 �TT`QtBK�iBQM
BM i?2 q�MMB2` ;�m;2- r2 Q#i�BM

D
 mk+q

���ei(q+G)·r
��� nk

E
= [U(k + q)U†(k)]mn. UjyV

lbBM; i?2 �M�HviB+�H 7Q`KmH� BM 1[X UkNV- rBi? i?2 #`�@F2i
+QKTmi2/ mbBM; 1[X UjyV- i?2 HQM;@`�M;2 T�`i Q7 i?2 e@T?
K�i`Bt 2H2K2Mib +�M #2 2p�Hm�i2/ /B`2+iHv 7Q` �Mv /2bB`2/
p�Hm2b Q7 k �M/ qX PMHv i?2 b?Q`i@`�M;2 T�`i Bb +QKTmi2/
mbBM; q�MMB2` BMi2`TQH�iBQM- �M/ i?2 7mHH e@T? K�i`Bt 2H2@
K2Mib �`2 i?2M Q#i�BM2/ #v �//BM; iQ;2i?2` i?2 b?Q`i@ �M/
HQM;@`�M;2 +QMi`B#miBQMbX

hQ 2ti2M/ i?2 T?QMQM �M/ e@T? TQH�` +Q``2+iBQM b+?2K2b
iQ k. K�i2`B�Hb- QMHv bK�HH +?�M;2b iQ i?2 HQM;@`�M;2 T�`ib
�`2 M22/2/- �b /Bb+mbb2/ BM /2i�BH BM _27bX (jNĜ9R)X AM T�`@
iB+mH�`- i?2 k. 2ti2MbBQM Q7 i?2 HQM;@`�M;2 e@T? K�i`Bt
2H2K2Mib Bb Q#i�BM2/ #v `2TH�+BM; BM 1[X UkNV i?2 /B2H2+@
i`B+ i2MbQ` ✏ rBi? i?2 2z2+iBp2 b+`22MBM; ✏2z(|q|) Q7 i?2
k. bvbi2K �M/ i?2 mMBi +2HH pQHmK2 ⌦ rBi? 2A- r?2`2 A

Bb i?2 �`2� Q7 i?2 k. mMBi +2HHX SQH�` +Q``2+iBQMb 7Q` i?2
T?QMQM /BbT2`bBQM �M/ e@T? K�i`Bt 2H2K2Mib �`2 bmTTQ`i2/
BM S2`im`#Q 7Q` #Qi? #mHF �M/ k. K�i2`B�HbX

jX *�T�#BHBiB2b �M/ rQ`F~Qr

jXRX *Q/2 Q`;�MBx�iBQM �M/ +�T�#BHBiB2b
S2`im`#Q +QMi�BMb irQ 2t2+mi�#H2b, � +Q`2 T`Q;`�K

T2`im`#QXt �M/ i?2 T`Q;`�K [2kT2`iXt- r?B+? BMi2`7�+2b
i?2 Z1 +Q/2 �M/ T2`im`#QXt- �b b?QrM BM 6B;X RX h?2
+m``2Mi `2H2�b2 bmTTQ`ib .6h �M/ .6Sh +�H+mH�iBQMb rBi?
MQ`K@+QMb2`pBM; Q` mHi`�bQ7i Tb2m/QTQi2MiB�Hb- rBi? Q` rBi?@
Qmi aP*c Bi �HbQ bmTTQ`ib i?2 *QmHQK# i`mM+�iBQM 7Q` k.

K�i2`B�Hb (9R)X h?2 +m``2Mi 72�im`2b BM+Hm/2 +�H+mH�iBQMb
Q7,
RX "�M/ bi`m+im`2- T?QMQM /BbT2`bBQM- �M/ e@T? K�i`Bt

2H2K2Mib QM �`#Bi`�`v "w ;`B/b Q` T�i?bX
kX h?2 e@T? b+�ii2`BM; `�i2b- `2H�t�iBQM iBK2b- �M/ 2H2+@

i`QM K2�M 7`22 T�i?b 7Q` 2H2+i`QMB+ bi�i2b rBi? �Mv #�M/
�M/ k@TQBMiX

jX 1H2+i`B+�H +QM/m+iBpBiv- +�``B2` KQ#BHBiv- �M/ a22#2+F
+Q2{+B2Mi mbBM; i?2 _h� Q` i?2 Bi2`�iBp2 bQHmiBQM Q7
i?2 "h1X

9X LQM2[mBHB#`BmK /vM�KB+b- bm+? �b bBKmH�iBM; i?2 +QQH@
BM; �M/ 2[mBHB#`�iBQM Q7 2t+Bi2/ +�``B2`b pB� BMi2`�+iBQMb
rBi? T?QMQMbX

a2p2`�H 72�im`2b Q7 S2`im`#Q- BM+Hm/BM; i?2 MQM2[mBHB#@
`BmK /vM�KB+b- �`2 mMB[m2 �M/ MQi �p�BH�#H2 BM Qi?2` 2t@
BbiBM; +Q/2bX J�Mv �//BiBQM�H 72�im`2b- +m``2MiHv #2BM;
/2p2HQT2/ Q` i2bi2/- rBHH #2 �//2/ iQ i?2 HBbi BM 7mim`2 `2@
H2�b2bX

S2`im`#Q biQ`2b KQbi Q7 i?2 /�i� �M/ `2bmHib BM >.68
}H2 7Q`K�i- BM+Hm/BM; �HH i?2 K�BM `2bmHib Q7 [2kT2`iXt-
i?2 h.6 �M/ Qi?2` }H2b ;2M2`�i2/ BM i?2 i`�MbTQ`i +�H+m@
H�iBQMb- �M/ i?2 MQM2[mBHB#`BmK 2H2+i`QM /Bbi`B#miBQM +QK@
Tmi2/ BM T2`im`#QXtX h?2 mb2 Q7 i?2 >.68 }H2 7Q`K�i BK@
T`Qp2b i?2 TQ`i�#BHBiv Q7 i?2 `2bmHib #2ir22M /Bz2`2Mi +QK@
TmiBM; bvbi2Kb �M/ Bb �HbQ +QMp2MB2Mi 7Q` TQbi@T`Q+2bbBM;
mbBM; ?B;?@H2p2H H�M;m�;2b- bm+? �b Svi?QM �M/ CmHB�X

AMbi�HH�iBQM �M/ mb�;2 Q7 S2`im`#Q �M/ �M mT@iQ@/�i2
HBbi Q7 bmTTQ`i2/ 72�im`2b �`2 /Q+mK2Mi2/ BM i?2 mb2` K�M@
m�H /Bbi`B#mi2/ �HQM; rBi? i?2 bQm`+2 +Q/2 T�+F�;2- �M/
+�M �HbQ #2 7QmM/ QM i?2 +Q/2 r2#bBi2 (9k)X

jXkX *QKTmi�iBQM�H rQ`F~Qr
6B;m`2 R bmKK�`Bx2b i?2 rQ`F~Qr Q7 S2`im`#QX "2@

7Q`2 `mMMBM; S2`im`#Q- i?2 mb2` M22/b iQ +�``v Qmi .6h
�M/ .6Sh +�H+mH�iBQMb rBi? i?2 Z1 +Q/2- �M/ q�MMB2`
7mM+iBQM +�H+mH�iBQMb rBi? q�MMB2`NyX AM Qm` rQ`F~Qr-
r2 }`bi +�``v Qmi .6h +�H+mH�iBQMb iQ Q#i�BM i?2 #�M/
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i�BM i?2 /vM�KB+�H K�i`B+2b �M/ T2`im`#�iBQM TQi2MiB�Hb
BM i?2 7mHH "w ;`B/ mbBM; bT�+2 ;`QmT �M/ iBK2 `2p2`b�H
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bands and wavefunctions  
on coarse grid kc

Wannier90

rotation matrices U(kc)

phonons & ΔVscf  
on coarse grid qc e-ph

gnm⌫(kc, qc)<latexit sha1_base64="oEa5Hk4jBVvcqV1AGx4qz+Y1r34=">AAACHHicbVDLSgMxFM3UV62vqks3wVaoIGWmLnRZdOOygn1AZxgymUwbmmTGJCOUYT7Ejb/ixoUiblwI/o3pY6GtB0IO59zLvfcECaNK2/a3VVhZXVvfKG6WtrZ3dvfK+wcdFacSkzaOWSx7AVKEUUHammpGeokkiAeMdIPR9cTvPhCpaCzu9DghHkcDQSOKkTaSXz6vDvxMcFekec0NYhaqMTdfNsr9DOdn8Ld2P9VOq365YtftKeAyceakAuZo+eVPN4xxyonQmCGl+o6daC9DUlPMSF5yU0UShEdoQPqGCsSJ8rLpcTk8MUoIo1iaJzScqr87MsTVZEFTyZEeqkVvIv7n9VMdXXoZFUmqicCzQVHKoI7hJCkYUkmwZmNDEJbU7ArxEEmEtcmzZEJwFk9eJp1G3bHrzm2j0ryax1EER+AY1IADLkAT3IAWaAMMHsEzeAVv1pP1Yr1bH7PSgjXvOQR/YH39AGmvoso=</latexit><latexit sha1_base64="oEa5Hk4jBVvcqV1AGx4qz+Y1r34=">AAACHHicbVDLSgMxFM3UV62vqks3wVaoIGWmLnRZdOOygn1AZxgymUwbmmTGJCOUYT7Ejb/ixoUiblwI/o3pY6GtB0IO59zLvfcECaNK2/a3VVhZXVvfKG6WtrZ3dvfK+wcdFacSkzaOWSx7AVKEUUHammpGeokkiAeMdIPR9cTvPhCpaCzu9DghHkcDQSOKkTaSXz6vDvxMcFekec0NYhaqMTdfNsr9DOdn8Ld2P9VOq365YtftKeAyceakAuZo+eVPN4xxyonQmCGl+o6daC9DUlPMSF5yU0UShEdoQPqGCsSJ8rLpcTk8MUoIo1iaJzScqr87MsTVZEFTyZEeqkVvIv7n9VMdXXoZFUmqicCzQVHKoI7hJCkYUkmwZmNDEJbU7ArxEEmEtcmzZEJwFk9eJp1G3bHrzm2j0ryax1EER+AY1IADLkAT3IAWaAMMHsEzeAVv1pP1Yr1bH7PSgjXvOQR/YH39AGmvoso=</latexit><latexit sha1_base64="oEa5Hk4jBVvcqV1AGx4qz+Y1r34=">AAACHHicbVDLSgMxFM3UV62vqks3wVaoIGWmLnRZdOOygn1AZxgymUwbmmTGJCOUYT7Ejb/ixoUiblwI/o3pY6GtB0IO59zLvfcECaNK2/a3VVhZXVvfKG6WtrZ3dvfK+wcdFacSkzaOWSx7AVKEUUHammpGeokkiAeMdIPR9cTvPhCpaCzu9DghHkcDQSOKkTaSXz6vDvxMcFekec0NYhaqMTdfNsr9DOdn8Ld2P9VOq365YtftKeAyceakAuZo+eVPN4xxyonQmCGl+o6daC9DUlPMSF5yU0UShEdoQPqGCsSJ8rLpcTk8MUoIo1iaJzScqr87MsTVZEFTyZEeqkVvIv7n9VMdXXoZFUmqicCzQVHKoI7hJCkYUkmwZmNDEJbU7ArxEEmEtcmzZEJwFk9eJp1G3bHrzm2j0ryax1EER+AY1IADLkAT3IAWaAMMHsEzeAVv1pP1Yr1bH7PSgjXvOQR/YH39AGmvoso=</latexit><latexit sha1_base64="oEa5Hk4jBVvcqV1AGx4qz+Y1r34=">AAACHHicbVDLSgMxFM3UV62vqks3wVaoIGWmLnRZdOOygn1AZxgymUwbmmTGJCOUYT7Ejb/ixoUiblwI/o3pY6GtB0IO59zLvfcECaNK2/a3VVhZXVvfKG6WtrZ3dvfK+wcdFacSkzaOWSx7AVKEUUHammpGeokkiAeMdIPR9cTvPhCpaCzu9DghHkcDQSOKkTaSXz6vDvxMcFekec0NYhaqMTdfNsr9DOdn8Ld2P9VOq365YtftKeAyceakAuZo+eVPN4xxyonQmCGl+o6daC9DUlPMSF5yU0UShEdoQPqGCsSJ8rLpcTk8MUoIo1iaJzScqr87MsTVZEFTyZEeqkVvIv7n9VMdXXoZFUmqicCzQVHKoI7hJCkYUkmwZmNDEJbU7ArxEEmEtcmzZEJwFk9eJp1G3bHrzm2j0ryax1EER+AY1IADLkAT3IAWaAMMHsEzeAVv1pP1Yr1bH7PSgjXvOQR/YH39AGmvoso=</latexit>

Compute & store 
g(Re, Rp) in WF basis

Interpolate
gnm⌫(kf, qf)

<latexit sha1_base64="+UCgvaQlX0C6P38d2wKIwoZVWlw=">AAACLnicbVDLSgMxFM3UV62vUZdugq1QQcpMN7osiuCygn1AZxgymUwbmsmMSUYsw3yRG39FF4KKuPUzTB8L23og5HDOvcm9x08Ylcqy3o3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGax6PpIEkY5aSmqGOkmgqDIZ6TjD6/GfueBCEljfqdGCXEj1Oc0pBgpLXnmdaXvZTxyeJpXHT9mgRxF+sqGuZc5ijzqJ7Mwz8/gX/N+3jyteGbZqlkTwGViz0gZzND0zFcniHEaEa4wQ1L2bCtRboaEopiRvOSkkiQID1Gf9DTlKCLSzSbr5vBEKwEMY6EPV3Ci/u3IUCTHk+rKCKmBXPTG4n9eL1XhhZtRnqSKcDz9KEwZVDEcZwcDKghWbKQJwoLqWSEeIIGw0gmXdAj24srLpF2v2VbNvq2XG5ezOIrgCByDKrDBOWiAG9AELYDBE3gBH+DTeDbejC/je1paMGY9h2AOxs8v1jqrcA==</latexit><latexit sha1_base64="+UCgvaQlX0C6P38d2wKIwoZVWlw=">AAACLnicbVDLSgMxFM3UV62vUZdugq1QQcpMN7osiuCygn1AZxgymUwbmsmMSUYsw3yRG39FF4KKuPUzTB8L23og5HDOvcm9x08Ylcqy3o3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGax6PpIEkY5aSmqGOkmgqDIZ6TjD6/GfueBCEljfqdGCXEj1Oc0pBgpLXnmdaXvZTxyeJpXHT9mgRxF+sqGuZc5ijzqJ7Mwz8/gX/N+3jyteGbZqlkTwGViz0gZzND0zFcniHEaEa4wQ1L2bCtRboaEopiRvOSkkiQID1Gf9DTlKCLSzSbr5vBEKwEMY6EPV3Ci/u3IUCTHk+rKCKmBXPTG4n9eL1XhhZtRnqSKcDz9KEwZVDEcZwcDKghWbKQJwoLqWSEeIIGw0gmXdAj24srLpF2v2VbNvq2XG5ezOIrgCByDKrDBOWiAG9AELYDBE3gBH+DTeDbejC/je1paMGY9h2AOxs8v1jqrcA==</latexit><latexit sha1_base64="+UCgvaQlX0C6P38d2wKIwoZVWlw=">AAACLnicbVDLSgMxFM3UV62vUZdugq1QQcpMN7osiuCygn1AZxgymUwbmsmMSUYsw3yRG39FF4KKuPUzTB8L23og5HDOvcm9x08Ylcqy3o3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGax6PpIEkY5aSmqGOkmgqDIZ6TjD6/GfueBCEljfqdGCXEj1Oc0pBgpLXnmdaXvZTxyeJpXHT9mgRxF+sqGuZc5ijzqJ7Mwz8/gX/N+3jyteGbZqlkTwGViz0gZzND0zFcniHEaEa4wQ1L2bCtRboaEopiRvOSkkiQID1Gf9DTlKCLSzSbr5vBEKwEMY6EPV3Ci/u3IUCTHk+rKCKmBXPTG4n9eL1XhhZtRnqSKcDz9KEwZVDEcZwcDKghWbKQJwoLqWSEeIIGw0gmXdAj24srLpF2v2VbNvq2XG5ezOIrgCByDKrDBOWiAG9AELYDBE3gBH+DTeDbejC/je1paMGY9h2AOxs8v1jqrcA==</latexit><latexit sha1_base64="+UCgvaQlX0C6P38d2wKIwoZVWlw=">AAACLnicbVDLSgMxFM3UV62vUZdugq1QQcpMN7osiuCygn1AZxgymUwbmsmMSUYsw3yRG39FF4KKuPUzTB8L23og5HDOvcm9x08Ylcqy3o3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGax6PpIEkY5aSmqGOkmgqDIZ6TjD6/GfueBCEljfqdGCXEj1Oc0pBgpLXnmdaXvZTxyeJpXHT9mgRxF+sqGuZc5ijzqJ7Mwz8/gX/N+3jyteGbZqlkTwGViz0gZzND0zFcniHEaEa4wQ1L2bCtRboaEopiRvOSkkiQID1Gf9DTlKCLSzSbr5vBEKwEMY6EPV3Ci/u3IUCTHk+rKCKmBXPTG4n9eL1XhhZtRnqSKcDz9KEwZVDEcZwcDKghWbKQJwoLqWSEeIIGw0gmXdAj24srLpF2v2VbNvq2XG5ezOIrgCByDKrDBOWiAG9AELYDBE3gBH+DTeDbejC/je1paMGY9h2AOxs8v1jqrcA==</latexit>

Transport

Dynamics

qe2pert.x perturbo.x

ultra-fine kf, qf gridscoarse kc, qc grids

DFPT

DFT MLWFs

PERTURBOQuantum Espresso

nk mk+q

�휈q

g(Re, Rp)

�휙i �휙jRe

Rp dV

6B;m`2 R, qQ`F~Qr Q7 i?2 S2`im`#Q +Q/2X "27Q`2 `mMMBM; S2`im`#Q- i?2 mb2` T2`7Q`Kb .6h +�H+mH�iBQMb QM i?2 bvbi2K Q7 BMi2`2bi iQ Q#i�BM
i?2 "HQ+? bi�i2b QM � +Q�`b2 kc@TQBMi ;`B/ �M/ .6Sh +�H+mH�iBQMb iQ Q#i�BM i?2 H�iiB+2 /vM�KB+�H T`QT2`iB2b �M/ T2`im`#�iBQM TQi2MiB�Hb QM
� +Q�`b2 qc@TQBMi ;`B/X h?2 [2kT2`iXt 2t2+mi�#H2 Q7 S2`im`#Q +QKTmi2b i?2 e@T? K�i`Bt 2H2K2Mib QM +Q�`b2 kc@ �M/ qc@TQBMi ;`B/b- 7`QK
r?B+? i?2 e@T? K�i`Bt 2H2K2Mib BM i?2 HQ+�HBx2/ q�MMB2` #�bBb �`2 Q#i�BM2/ rBi? i?2 `Qi�iBQM K�i`B+2b 7`QK q�MMB2`NyX h?2 +Q`2 2t2+mi�#H2
T2`im`#QXt Bb i?2M 2KTHQv2/ iQ BMi2`TQH�i2 i?2 #�M/ bi`m+im`2- T?QMQM /BbT2`bBQM- �M/ e@T? K�i`Bt 2H2K2Mib QM mHi`�@}M2 kf @ �M/ qf @TQBMi
;`B/b- �M/ iQ T2`7Q`K +?�`;2 i`�MbTQ`i �M/ +�``B2` /vM�KB+b +�H+mH�iBQMbX

bvKK2i`B2b Ub22 a2+X 9XRVX
h?2 2t2+mi�#H2 [2kT2`iXt `2�/b i?2 `2bmHib 7`QK .6h

�M/ .6Sh +�H+mH�iBQMb- BM+Hm/BM; i?2 "HQ+? bi�i2b | nkci-
/vM�KB+�H K�i`B+2b D(qc) �M/ e@T? T2`im`#�iBQM TQi2M@
iB�Hb @qc,↵V - �M/ i?2M +QKTmi2b i?2 2H2+i`QM >�KBHiQMB�M
BM i?2 q�MMB2` #�bBb (1[X URdV) �M/ i?2 A6*b (1[X UkkV)X
Ai �HbQ +QKTmi2b i?2 e@T? K�i`Bt 2H2K2Mib QM +Q�`b2 ;`B/b
�M/ i`�Mb7Q`Kb i?2K iQ i?2 HQ+�HBx2/ q�MMB2` #�bBb mbBM;
1[bX UkeV@UkdVX hQ 2Mbm`2 i?�i i?2 b�K2 q�MMB2` 7mM+iBQMb
�`2 mb2/ 7Q` i?2 2H2+i`QM >�KBHiQMB�M �M/ e@T? K�i`Bt 2H@
2K2Mib- r2 mb2 i?2 b�K2 .6h "HQ+? bi�i2b | nkci �M/
U(kc) K�i`B+2b 7Q` i?2 +�H+mH�iBQMb BM 1[bX URdV �M/ UkeV@
UkdVX 6QHHQrBM; i?2b2 T`2HBKBM�`v bi2Tb- [2kT2`iXt Qmi@
Tmib �HH i?2 `2H2p�Mi /�i� iQ �M >.68 }H2- r?B+? Bb i?2
K�BM BMTmi 7Q` T2`im`#QXtX

h?2 2t2+mi�#H2 T2`im`#QXt `2�/b i?2 /�i� +QKTmi2/
#v [2kT2`iXt �M/ +�``B2b Qmi i?2 i`�MbTQ`i �M/ /vM�KB+b
+�H+mH�iBQMb /Bb+mbb2/ �#Qp2X hQ �++QKTHBb? i?2b2 i�bFb-
T2`im`#QXt BMi2`TQH�i2b i?2 #�M/ bi`m+im`2- T?QMQM /Bb@
T2`bBQM- �M/ e@T? K�i`Bt 2H2K2Mib QM }M2 k@ �M/ q@TQBMi
"w ;`B/b- �M/ mb2b i?2b2 [m�MiBiB2b BM i?2 p�`BQmb +�H+mH�@
iBQMbX

9X h2+?MB+�H �bT2+ib

9XRX e@T? K�i`Bt 2H2K2Mib QM +Q�`b2 ;`B/b
�b /Bb+mbb2/ BM a2+X kXkXj- r2 +QKTmi2 /B`2+iHv i?2 e@

T? K�i`Bt 2H2K2Mib BM 1[X UkeV mbBM; i?2 .6h bi�i2b QM �
+Q�`b2 kc@TQBMi ;`B/ �M/ i?2 T2`im`#�iBQM TQi2MiB�Hb QM �
+Q�`b2 qc@TQBMi ;`B/X Ai Bb +QMp2MB2Mi iQ `2r`Bi2 1[X UkeV
BM i2`Kb Q7 H�iiB+2@T2`BQ/B+ [m�MiBiB2b-
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7mM+iBQM �M/ @qc,↵v = e

�iqc·r@qc,↵V Bb i?2 H�iiB+2@T2`BQ/B+
T2`im`#�iBQM TQi2MiB�HX aBM+2 r2 +QKTmi2 QMHv |unkci QM
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h?2 H�iiB+2@T2`BQ/B+ T2`im`#�iBQM TQi2MiB�H @qc,↵v +QM@
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TQBMib Sqc BM i?2 7mHH "w mbBM; bvKK2i`v QT2`�iBQMb (j9-
99)X 6Q` MQM@K�;M2iB+ bvbi2Kb- @qc,↵vsc(r) Bb � b+�H�`
7mM+iBQM- bQ r2 +�M Q#i�BM i?2 b2H7@+QMbBbi2Mi +QMi`B#miBQM
�i Sqc #v `Qi�iBM; @qc,↵vsc(r) (j9),

@Sqc,↵vsc(r) =
X

0�

e
iqc·⌧0�iSqc·⌧

⇥
⇥
S
�1

⇤
�↵

@qc,
0�vsc

�
{S|t}�1r

�
,

UjjV

r?2`2 {S|t} Bb � bT�+2 ;`QmT bvKK2i`v QT2`�iBQM Q7 i?2
+`vbi�HX � /2i�BH2/ /2`Bp�iBQM Q7 1[X UjjV +�M #2 7QmM/
BM �TT2M/Bt * Q7 _27X (j9)X AM �//BiBQM iQ bT�+2 ;`QmT
QT2`�iBQMb- iBK2 `2p2`b�H bvKK2i`v Bb �HbQ mb2/ 7Q` MQM@
K�;M2iB+ bvbi2Kb pB�

@�qc,↵vsc(r) = [@qc,↵vsc(r)]
⇤
, Uj9V

bBM+2 i?2 iBK2 `2p2`b�H bvKK2i`v QT2`�iQ` 7Q` � b+�H�`
7mM+iBQM Bb i?2 +QKTH2t +QMDm;�iBQM QT2`�iQ`X q2 2KT?�@
bBx2 i?�i 1[X UjjV Bb QMHv mb2/ iQ mM7QH/ i?2 b2H7@+QMbBbi2Mi
+QMi`B#miBQM Q7 i?2 T2`im`#�iBQM TQi2MiB�H- r?BH2 �HH i?2
i2`Kb /m2 iQ i?2 Tb2m/QTQi2MiB�Hb �`2 +QKTmi2/ /B`2+iHv-
rBi?Qmi mbBM; bvKK2i`v- 7Q` �HH i?2 qc@TQBMib BM i?2 +Q�`b2
;`B/X

�M �Hi2`M�iBp2 �TT`Q�+? iQ Q#i�BM i?2 e@T? K�i`Bt
2H2K2Mib BM i?2 7mHH "w bi�`iBM; 7`QK `2bmHib BM i?2 B``2@
/m+B#H2 r2/;2 Bb iQ `Qi�i2 i?2 r�p27mM+iBQMb BMbi2�/ Q7 i?2
T2`im`#�iBQM TQi2MiB�H,

humkc+Sqc |@Sqc,↵v|unkci =

humkc+Sqc |D
†
{S|t}@qc,↵vD{S|t}|unkci,

Uj8V

r?2`2 D{S|t} Bb i?2 bvKK2i`v QT2`�iQ` �+iBM; QM i?2 r�p2@
7mM+iBQMX AM i?Bb �TT`Q�+? UMQi 2KTHQv2/ BM S2`im`#QV-
i?2 T2`im`#�iBQM TQi2MiB�Hb �`2 M22/2/ QMHv 7Q` qc BM i?2
B``2/m+B#H2 r2/;2 (jk)X Ai Bb BKTQ`i�Mi iQ F22T BM KBM/
i?�i i?2 r�p27mM+iBQMb �`2 bTBMQ`b BM MQM@+QHHBM2�` +�H+m@
H�iBQMb- bQ i?2 bvKK2i`v QT2`�iQ`b D{S|t} b?QmH/ �+i #Qi?
QM i?2 bT�iB�H +QQ`/BM�i2 �M/ BM bTBM bT�+2X L2;H2+iBM;
i?2 `Qi�iBQM BM bTBM bT�+2 rQmH/ H2�/ iQ bB;MB}+�Mi 2``Q`b
BM i?2 +QKTmi2/ e@T? K�i`Bt 2H2K2Mib- 2bT2+B�HHv BM +�H+m@
H�iBQMb rBi? aP*X

hQ #2M+?K�`F Qm` BKTH2K2Mi�iBQM- r2 +QKT�`2 i?2 e@
T? K�i`Bt 2H2K2Mib Q#i�BM2/ mbBM; bvKK2i`v QT2`�iBQMb
iQ i?Qb2 7`QK /B`2+i .6Sh +�H+mH�iBQMbX h?2 �#bQHmi2
p�Hm2 Q7 i?2 e@T? K�i`Bt 2H2K2Mib- |g (k, q)|- Bb +QKTmi2/
BM ;�m;2@BMp�`B�Mi 7Q`K 7Q` 2�+? T?QMQM KQ/2 UrBi? BM/2t
⌫V #v bmKKBM; Qp2` #�M/b,

|g⌫ (k, q)| =

sX

mn

|gmn⌫ (k, q)|
2
/Nb, UjeV

r?2`2 m- n �`2 #�M/ BM/B+2b 7Q` i?2 b2H2+i2/ Nb #�M/bX q2
T2`7Q`K i?2 +QKT�`BbQM rBi? /B`2+i .6Sh +�H+mH�iBQMb 7Q`
bBHB+QM �M/ KQMQH�v2` JQa2 �b 2t�KTH2b Q7 � #mHF �M/ �
k. K�i2`B�H- `2bT2+iBp2HvX q2 BM+Hm/2 aP* BM #Qi? +�b2bX
6Q` bBHB+QM- r2 +?QQb2 k = X/2- k + q = X �M/ +QK@
Tmi2 |g (k, q)| BM 1[X UjeV mbBM; i?2 7Qm` ?B;?2bi p�H2M+2

M

K

K′ 

M

M

M

M

M

K

K

K′ 

K′ 

| g
(k

=
X
/2
,k

+
q
=
X
)|
(m

eV
)

| g
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q
=
M
)|
(m

eV
)
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6B;m`2 k, �#bQHmi2 p�Hm2 Q7 i?2 ;�m;2@BMp�`B�Mi e@T? K�i`Bt 2H2K2Mib-
|g (k, q)| BM 1[X UjeV- +QKTmi2/ rBi? S2`im`#Q UQ`�M;2V �M/ 1Sq
U;`22MV BM U�V bBHB+QM �M/ U#V KQMQH�v2` JQa2X aP* Bb BM+Hm/2/
BM #Qi? +�b2bX h?2 bBt #�`b �`2 |g (k, q)| p�Hm2b 7Q` bBt 2[mBp�H2Mi
(k, q) T�B`b +QMM2+i2/ #v bvKK2i`v- r?B+? �`2 b?QrM �b #Hm2 �``Qrb
BM i?2 BMb2iX h?2 `2bmHi rBi? q BM i?2 B``2/m+B#H2 r2/;2 UH�#2H2/
rBi? � #Hm2 bi�`V Bb +QKTmi2/ /B`2+iHv rBi? i?2 .6Sh T2`im`#�iBQM
TQi2MiB�H- r?BH2 i?2 Qi?2`b �`2 Q#i�BM2/ #v �TTHvBM; bvKK2i`v QT@
2`�iBQMb 2Bi?2` QM i?2 T2`im`#�iBQM TQi2MiB�Hb US2`im`#QV Q` QM i?2
r�p27mM+iBQMb U1SqVX h?2 `2/ ?Q`BxQMi�H HBM2 b?Qrb i?2 #2M+?K�`F
p�Hm2b +QKTmi2/ /B`2+iHv 7`QK .6Sh 7Q` �HH (k, q) T�B`bX

#�M/bc 7Q` KQMQH�v2` JQa2- r2 +?QQb2 k = K- k+ q = M

�M/ +QKTmi2 |g (k, q)| 7Q` i?2 irQ HQr2bi +QM/m+iBQM #�M/b
rBi? k. *QmHQK# i`mM+�iBQM im`M2/ QzX 6Q` #Qi? bBHB+QM
�M/ KQMQH�v2` JQa2- r2 +QKTmi2 |g (k, q)| 7Q` �HH i?2 bBt
2[mBp�H2Mi (k, q) T�B`b +QMM2+i2/ #v bT�+2 ;`QmT �M/ iBK2
`2p2`b�H bvKK2i`v (b22 i?2 BMb2i Q7 6B;X kU�- #V)X �b �
#2M+?K�`F- .6Sh +�H+mH�iBQMb �`2 +�``B2/ Qmi iQ 2p�Hm@
�i2 /B`2+iHv |g (k, q)| 7Q` �HH i?2 bBt (k, q) T�B`bX h?2 `2bmHib
b?QrM BM 6B;X k �`2 7Q` i?2 HQr2bi �+QmbiB+ KQ/2- i?Qm;?
i?2 `2bmHib 7Q` i?2 Qi?2` KQ/2b b?Qr bBKBH�` i`2M/bX h?2
|g (k, q)| p�Hm2b +QKTmi2/ rBi? .6Sh �`2 B/2MiB+�H 7Q` i?2
bBt 2[mBp�H2Mi (k, q) T�B`b Ub22 i?2 `2/ ?Q`BxQMi�H HBM2 BM
6B;X kV- r?B+? Bb 2tT2+i2/ #�b2/ QM bvKK2i`vX AM i?2
S2`im`#Q +�H+mH�iBQM- QMHv i?2 (k, q) T�B` rBi? q BM i?2
B``2/m+B#H2 r2/;2 Bb +QKTmi2/ /B`2+iHv rBi? i?2 T2`im`#�@
iBQM TQi2MiB�H 7`QK .6Sh- r?BH2 `2bmHib 7Q` i?2 Qi?2` }p2
2[mBp�H2Mi (k, q) T�B`b �`2 Q#i�BM2/ #v `Qi�iBM; i?2 b2H7@
+QMbBbi2Mi T2`im`#�iBQM TQi2MiB�HX h?2 `2bmHib Q#i�BM2/
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rBi? i?Bb �TT`Q�+? K�i+? iQ � ?B;? �++m`�+v i?2 .6Sh
#2M+?K�`F `2bmHib- r?B+? p�HB/�i2b i?2 T2`im`#�iBQM TQ@
i2MiB�H `Qi�iBQM �TT`Q�+? BKTH2K2Mi2/ BM S2`im`#QX

6Q` +QKT�`BbQM- r2 b?Qr BM 6B;X k i?2 `2bmHib 7`QK
i?2 �Hi2`M�iBp2 �TT`Q�+? Q7 `Qi�iBM; i?2 r�p27mM+iBQMb- �b
BKTH2K2Mi2/ BM i?2 1Sq +Q/2 Up2`bBQM 8XkV (98)X am`@
T`BbBM;Hv- mbBM; i?2 1Sq +Q/2 QMHv i?2 |g (k, q)| p�Hm2 7Q`
i?2 (k, q) T�B` +QMi�BMBM; i?2 B``2/m+B#H2 q@TQBMi �;`22b
rBi? i?2 .6Sh #2M+?K�`F- r?BH2 �HH Qi?2` |g (k, q)| p�H@
m2b 7Q` q@TQBMib Q#i�BM2/ mbBM; bvKK2i`v QT2`�iBQMb b?Qr
bB;MB}+�Mi 2``Q`bX q2 bi`2bb �;�BM i?�i �HH i?2 `2bmHib BM
6B;X k �`2 +QKTmi2/ rBi? aP*X q2 ?�p2 p2`B}2/ i?�i- BM
i?2 �#b2M+2 Q7 aP*- #Qi? S2`im`#Q �M/ 1Sq T`Q/m+2
`2bmHib BM �;`22K2Mi rBi? .6ShX h?2 HBF2Hv `2�bQM 7Q` i?2
7�BHm`2 Q7 1Sq BM i?Bb i2bi Bb i?�i BM 1Sq i?2 r�p27mM+@
iBQMb �`2 `Qi�i2/ �b b+�H�`b 2p2M BM i?2 T`2b2M+2 Q7 aP*-
`�i?2` i?�M �b bTBMQ`b �b i?2v b?QmH/ Ui?�i Bb- i?2 `Qi�@
iBQM BM bTBM bT�+2 Bb KBbbBM;VX 6m`i?2` BMp2biB;�iBQM Q7 i?Bb
/Bb+`2T�M+v Bb +`BiB+�H- bBM+2 i?2 H�`;2 2``Q`b BM 1Sq 7Q`
i?2 +Q�`b2@;`B/ e@T? K�i`Bt 2H2K2Mib rBHH T`QT�;�i2 iQ i?2
BMi2`TQH�i2/ K�i`Bt 2H2K2Mib QM }M2 ;`B/b- ;BpBM; BM+Q`@
`2+i `2bmHib BM +�H+mH�iBQMb BM+Hm/BM; aP* +�``B2/ Qmi rBi?
1Sq (9e)X

9XkX qB;M2`@a2Bix bmT2`+2HH 7Q` q�MMB2` BMi2`TQH�iBQM
�b /Bb+mbb2/ BM a2+X kXkXR- i?2 .6h "HQ+? bi�i2b Q#@

i�BM2/ �i kc@TQBMib QM � `2;mH�` "w ;`B/ �`2 mb2/ iQ +QM@
bi`m+i i?2 q�MMB2` 7mM+iBQMbX � /Bb+`2i2 "w ;`B/ BKTHB2b
� "Q`M@pQM E�`K�M U"pEV #QmM/�`v +QM/BiBQM BM `2�H
bT�+2- bQ i?�i �M N⇥N⇥N kc@TQBMi ;`B/ +Q``2bTQM/b U7Q`
bBKTH2 +m#B+- #mi 2ti2MbBQMb �`2 i`BpB�HV iQ � "pE bmT2`+2HH
Q7 bBx2 Na⇥Na⇥Na- r?2`2 a Bb i?2 H�iiB+2 +QMbi�Mi Q7 i?2
mMBi +2HHX A7 r2 `2;�`/ i?2 +`vbi�H �b K�/2 mT #v �M BM}MBi2
b2i Q7 "pE bmT2`+2HHb �i H�iiB+2 p2+iQ`b Te- r2 +�M H�#2H �Mv
mMBi +2HH BM i?2 +`vbi�H i?`Qm;? Bib TQbBiBQM Te+Re- r?2`2
Re Bb i?2 mMBi +2HH TQbBiBQM BM i?2 "pE bmT2`+2HHX "2+�mb2
Q7 i?2 "pE #QmM/�`v +QM/BiBQM- i?2 "HQ+? r�p27mM+iBQMb
�`2 i`mHv T2`BQ/B+ 7mM+iBQMb Qp2` i?2 "pE bmT2`+2HH- �M/
i?2 q�MMB2` 7mM+iBQM |nRei Q#i�BM2/ mbBM; 1[X UR8V Bb
�+im�HHv i?2 bmT2`TQbBiBQM Q7 BK�;2b Q7 i?2 q�MMB2` 7mM+@
iBQM BM �HH i?2 "pE bmT2`+2HHbX h?2`27Q`2- r2 +�M r`Bi2
|nRei =

P
Te

|n,Re + Tei
0- r?2`2 |n,Re + Tei

0 /2MQi2b
i?2 BK�;2 Q7 i?2 q�MMB2` 7mM+iBQM BM i?2 "pE bmT2`+2HH �i
TeX aBKBH�`Hv- i?2 2H2+i`QM >�KBHiQMB�M +QKTmi2/ mbBM;
1[X URdV +�M #2 2tT`2bb2/ �b

Hnn0(Re) =
X

Te

H
0
nn0(Re + Te). UjdV

h?2 ?QTTBM; K�i`Bt 2H2K2Mib H0
nn0(Re+Te) mbm�HHv /2+�v

`�TB/Hv �b i?2 /Bbi�M+2 #2ir22M irQ BK�;2 q�MMB2` 7mM+@
iBQMb BM+`2�b2bX h?2 "pE bmT2`+2HH b?QmH/ #2 H�`;2 2MQm;?
iQ ;m�`�Mi22 i?�i QMHv i?2 ?QTTBM; i2`K #2ir22M i?2 irQ
q�MMB2` 7mM+iBQM BK�;2b rBi? i?2 b?Q`i2bi /Bbi�M+2 Bb bB;@
MB}+�Mi- r?BH2 �HH Qi?2` i2`Kb BM i?2 bmKK�iBQM Qp2` Te

BM 1[X UjdV �`2 M2;HB;B#H2X
q2 mb2 i?Bb ǳH2�bi@/Bbi�M+2Ǵ T`BM+BTH2 iQ ;mB/2 Qm` +?QB+2

Q7 � b2i Q7 R̃e p2+iQ`b 7Q` i?2 q�MMB2` BMi2`TQH�iBQMX 6Q`
2�+? >�KBHiQMB�M K�i`Bt 2H2K2Mi H�#2H2/ #v (n, n0

,Re) BM
1[X UjdV- r2 +QKTmi2 i?2 /Bbi�M+2 d = |Te+Re+⌧n0�⌧n|-
rBi? ⌧n i?2 TQbBiBQM Q7 i?2 q�MMB2` 7mM+iBQM +2Mi2` BM i?2
mMBi +2HH- �M/ }M/ i?2 p2+iQ` T 0

e
;BpBM; i?2 KBMBKmK /Bb@

i�M+2X h?2 b2i Q7 p2+iQ`b R̃e = Re+T 0
e

Bb i?2M b2H2+i2/ iQ
+QMbi`m+i i?2 qB;M2`@a2Bix bmT2`+2HH mb2/ BM i?2 q�MMB2`
BMi2`TQH�iBQMX q2 +QKTmi2 Hnn0(R̃e) mbBM; 1[X URdV �M/
mb2 Bi iQ BMi2`TQH�i2 i?2 #�M/ bi`m+im`2 rBi? 1[X UR3VX LQi2
i?�i i?2 b�K2 bi`�i2;v iQ +QMbi`m+i i?2 qB;M2`@a2Bix bm@
T2`+2HH Bb �HbQ mb2/ BM i?2 H�i2bi p2`bBQM Q7 q�MMB2`Ny (ke)X

aBKBH�`Hv- r2 +?QQb2 � b2i Q7 H2�bi@/Bbi�M+2 R̃p p2+iQ`b
7Q` i?2 BMi2`TQH�iBQM Q7 i?2 T?QMQM /BbT2`bBQM- �M/ b2T@
�`�i2Hv /2i2`KBM2 H2�bi@/Bbi�M+2 R̃e �M/ R̃p T�B`b 7Q` i?2
BMi2`TQH�iBQM Q7 i?2 e@T? K�i`Bt 2H2K2Mib BM 1[bX UkdV@Uk3VX

9XjX "`BHHQmBM xQM2 b�KTHBM; �M/ BMi2;`�iBQM
a2p2`�H +QKTmi�iBQM�H i�bFb +�``B2/ Qmi #v S2`im`#Q

`2[mB`2 BMi2;`�iBQM BM i?2 "wX 1t�KTH2b BM+Hm/2 b+�ii2`BM;
`�i2 �M/ h.6 +�H+mH�iBQMb- BM 1[bX U3V �M/ URjV- `2bT2+@
iBp2Hv- �M/ i?2 Bi2`�iBp2 "h1 bQHmiBQM BM 1[X URyVX AM S2`@
im`#Q- r2 �/QTi /Bz2`2Mi "w b�KTHBM; �M/ BMi2;`�iBQM
�TT`Q�+?2b 7Q` /Bz2`2Mi FBM/b Q7 +�H+mH�iBQMbX 6Q` i`�Mb@
TQ`i +�H+mH�iBQMb- r2 mb2 i?2 i2i`�?2/`QM K2i?Q/ (kj) 7Q`
i?2 BMi2;`�iBQM Qp2` k BM 1[X URjVX q2 b�KTH2 k@TQBMib BM
i?2 }`bi "w mbBM; � `2;mH�` JS ;`B/ +2Mi2`2/ �i �- �M/
/BpB/2 i?2 "w BMiQ bK�HH i2i`�?2/`� #v +QMM2+iBM; M2B;?@
#Q`BM; k@TQBMibX h?2 BMi2;`�iBQM Bb }`bi T2`7Q`K2/ BMbB/2
2�+? i2i`�?2/`QM- �M/ i?2 `2bmHib �`2 i?2M �//2/ iQ;2i?2`
iQ +QKTmi2 i?2 "w BMi2;`�HX hQ bT22/ mT i?2b2 i`�MbTQ`i
+�H+mH�iBQMb- r2 b2i mT � mb2`@/2}M2/ rBM/Qr bT�MMBM; �
bK�HH 2M2`;v `�M;2 UivTB+�HHv ⇠yX8 2oV M2�` i?2 #�M/ 2/;2
BM b2KB+QM/m+iQ`b Q` 62`KB H2p2H BM K2i�Hb- �M/ `2bi`B+i
i?2 "w BMi2;`�iBQM iQ i?2 k@TQBMib rBi? 2H2+i`QMB+ bi�i2b
BM i?2 2M2`;v rBM/QrX aBM+2 QMHv bi�i2b rBi?BM � 72r iBK2b
i?2 i?2`K�H 2M2`;v kBT Q7 i?2 #�M/ 2/;2 BM b2KB+QM/m+@
iQ`b UQ` 62`KB 2M2`;v BM K2i�HbV +QMi`B#mi2 iQ i`�MbTQ`i-
BM+Hm/BM; BM i?2 i2i`�?2/`QM BMi2;`�iBQM QMHv k@TQBMib BM
i?2 `2H2p�Mi 2M2`;v rBM/Qr ;`2�iHv `2/m+2b i?2 +QKTmi�@
iBQM�H +QbiX

hQ +QKTmi2 i?2 e@T? b+�ii2`BM; `�i2 7Q` bi�i2b rBi?
;Bp2M #�M/b �M/ k@TQBMib- r2 mb2 i?2 JQMi2 *�`HQ BMi2;`�@
iBQM �b i?2 /27�mHi QTiBQMX q2 b�KTH2 `�M/QK q@TQBMib BM
i?2 }`bi "w iQ +�``v Qmi i?2 bmKK�iBQM Qp2` q BM 1[X U3V
�M/ Q#i�BM i?2 b+�ii2`BM; `�i2X PM2 +�M 2Bi?2` BM+`2�b2
i?2 MmK#2` Q7 `�M/QK q@TQBMib mMiBH i?2 b+�ii2`BM; `�i2
Bb +QMp2`;2/ Q` �p2`�;2 i?2 `2bmHib 7`QK BM/2T2M/2Mi b�K@
TH2bX LQi2 i?�i i?2 2M2`;v #`Q�/2MBM; T�`�K2i2` mb2/
iQ �TT`QtBK�i2 i?2 � 7mM+iBQM BM 1[X UNV Bb BKTQ`i�Mi 7Q`
i?2 +QMp2`;2M+2 Q7 i?2 b+�ii2`BM; `�i2- bQ i?2 +QMp2`;2M+2
rBi? `2bT2+i iQ #Qi? i?2 q@TQBMi ;`B/ �M/ #`Q�/2MBM; M22/b
iQ #2 +?2+F2/ +�`27mHHv (Rk)X S2`im`#Q bmTTQ`ib `�M/QK
b�KTHBM; Q7 i?2 q@TQBMib rBi? 2Bi?2` � mMB7Q`K Q` � *�m+?v
/Bbi`B#miBQMc � mb2`@/2}M2/ q@TQBMi ;`B/ +�M �HbQ #2 bT2+@
B}2/ BM �M 2ti2`M�H }H2 �M/ mb2/ BM i?2 +�H+mH�iBQMX

AM i?2 +�``B2` /vM�KB+b bBKmH�iBQMb �M/ BM i?2 Bi2`�@
iBp2 "h1 bQHmiBQM BM 1[X URyV- i?2 k@ �M/ q@TQBMib b?QmH/
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#Qi? #2 QM � `2;mH�` JS ;`B/ +2Mi2`2/ �i �X h?2 irQ
;`B/b b?QmH/ #2 +QKK2Mbm`�i2- rBi? i?2 bBx2 Q7 i?2 q@TQBMi
;`B/ bK�HH2` i?�M Q` 2[m�H iQ i?2 bBx2 Q7 i?2 k@TQBMi ;`B/X
h?Bb r�v- r2 b�iBb7v i?2 `2[mB`2K2Mi BM 1[X URyV i?�i 2�+?
(kYq)@TQBMi Bb �HbQ QM i?2 k@TQBMi ;`B/X hQ T2`7Q`K 2{@
+B2MiHv i?2 bmKK�iBQM BM 1[X URyV 7Q` �HH i?2 k@TQBMib- r2
Q`;�MBx2 i?2 b+�ii2`BM; T`Q#�#BHBiv BM 1[X UNV mbBM; Uk- qV
T�B`bX q2 }`bi /2i2`KBM2 � b2i Q7 #�M/b �M/ k@TQBMib 7Q`
bi�i2b BMbB/2 i?2 2M2`;v rBM/QrX q2 i?2M }M/ �HH i?2 TQb@
bB#H2 b+�ii2`BM; T`Q+2bb2b BM r?B+? #Qi? i?2 BMBiB�H �M/ }M�H
bi�i2b �`2 BM i?2 b2H2+i2/ b2i Q7 k@TQBMib- �M/ i?2 T?QMQM
r�p2 p2+iQ` +QMM2+iBM; i?2 irQ bi�i2b Bb QM i?2 q@TQBMi
;`B/X h?2 b+�ii2`BM; T`Q+2bb2b �`2 BM/2t2/ �b Uk- qV T�B`bc
i?2B` +Q``2bTQM/BM; e@T? K�i`Bt 2H2K2Mib �`2 +QKTmi2/
�M/ biQ`2/- �M/ i?2M `2i`B2p2/ 7`QK K2KQ`v /m`BM; i?2
Bi2`�iBQM T`Q+2bbX
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6B;m`2 j, h?2 e@T? /27Q`K�iBQM TQi2MiB�H (b22 1[X Uj3V) BM U�V :��b
�M/ U#V KQMQH�v2` JQa2 +QKTmi2/ mbBM; S2`im`#Q �M/ +QKT�`2/
rBi? /B`2+i .6Sh +�H+mH�iBQMb 7Q` #2M+?K�`FBM;X

8X 1t�KTH2b

AM i?Bb b2+iBQM- r2 /2KQMbi`�i2 i?2 +�T�#BHBiB2b Q7 i?2
S2`im`#Q +Q/2 rBi? � 72r `2T`2b2Mi�iBp2 2t�KTH2b- BM@
+Hm/BM; +�H+mH�iBQMb QM � TQH�` #mHF K�i2`B�H U:��bV- �
k. K�i2`B�H rBi? aP* UKQMQH�v2` JQa2V- �M/ �M Q`;�MB+
+`vbi�H UM�T?i?�H2M2V rBi? � `2H�iBp2Hv H�`;2 mMBi +2HH rBi?
je �iQKbX

h?2 ;`QmM/ bi�i2 �M/ #�M/ bi`m+im`2 �`2 +QKTmi2/ mb@
BM; .6h rBi? � TH�M2@r�p2 #�bBb rBi? i?2 Z1 +Q/2c i?Bb
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6B;m`2 9, U�V "�M/ bi`m+im`2 Q7 :��b Qp2`H�B/ rBi? � HQ;@b+�H2 +QHQ`
K�T Q7 i?2 2H2+i`QM K2�M 7`22 T�i?b +QKTmi2/ �i jyy EX U#V h?2
e@T? b+�ii2`BM; `�i2b �M/ i?2B` BMp2`b2- i?2 `2H�t�iBQM iBK2b- 7Q` i?2
2H2+i`QMB+ bi�i2b BM U�V ;Bp2M �b � 7mM+iBQM Q7 2H2+i`QM 2M2`;vX h?2
2M2`;v x2`Q Bb i?2 *"JX

Bb � T`2HBKBM�`v bi2T 7Q` �HH S2`im`#Q +�H+mH�iBQMb- �b
/Bb+mbb2/ �#Qp2X 6Q` :��b- r2 mb2 i?2 b�K2 +QKTmi�@
iBQM�H b2iiBM;b �b BM _27X (Rk)- M�K2Hv � H�iiB+2 +QMbi�Mi Q7
8X88e ³ �M/ � TH�M2@r�p2 FBM2iB+ 2M2`;v +miQz Q7 dk _vX
6Q` KQMQH�v2` JQa2- r2 mb2 � dk _v FBM2iB+ 2M2`;v +mi@
Qz- �M 2tT2`BK2Mi�H H�iiB+2 +QMbi�Mi Q7 jXRe ³ �M/ � H�v2`@
MQ`K�H p�+mmK bT�+BM; Q7 Rd ³X �HH +�H+mH�iBQMb �`2 +�`@
`B2/ Qmi BM i?2 HQ+�H /2MbBiv �TT`QtBK�iBQM Q7 .6h mbBM;
MQ`K@+QMb2`pBM; Tb2m/QTQi2MiB�HbX 6Q` JQa2- r2 mb2 7mHHv
`2H�iBpBbiB+ MQ`K@+QMb2`pBM; Tb2m/QTQi2MiB�Hb 7`QK Sb2m/Q
.QDQ (9d) iQ BM+Hm/2 aP* 2z2+ibX

G�iiB+2 /vM�KB+�H T`QT2`iB2b �M/ i?2 e@T? T2`im`#�@
iBQM TQi2MiB�H (b22 1[X Uk8V) �`2 +QKTmi2/ QM +Q�`b2 q@
TQBMi ;`B/b Q7 8 ⇥ 8 ⇥ 8 U:��bV �M/ 24 ⇥ 24 ⇥ 1 UJQa2V
mbBM; .6Sh �b BKTH2K2Mi2/ BM i?2 Z1 +Q/2X q2 mb2 i?2
k. *QmHQK# +miQz �TT`Q�+? BM .6Sh 7Q` JQa2 iQ `2@
KQp2 i?2 bTm`BQmb BMi2`�+iBQMb #2ir22M H�v2`b (jN)X 6Q`
M�T?i?�H2M2- r2 mb2 i?2 b�K2 +QKTmi�iBQM�H b2iiBM;b �b
BM _27X (R8) 7Q` i?2 .6h �M/ .6Sh +�H+mH�iBQMbX LQi2
i?�i r2 QMHv T2`7Q`K i?2 .6Sh +�H+mH�iBQMb 7Q` i?2 B``2@
/m+B#H2 q@TQBMib BM i?2 "w ;`B/- 7QHHQrBM; r?B+? r2 2ti2M/
i?2 /vM�KB+�H K�i`B+2b iQ i?2 2MiB`2 "w ;`B/ mbBM; bT�+2
;`QmT �M/ iBK2 `2p2`b�H bvKK2i`v (b22 1[X UjjV) rBi? Qm`
[2kT2`iXt `QmiBM2bX

h?2 q�MMB2`Ny +Q/2 Bb 2KTHQv2/ iQ Q#i�BM HQ+�HBx2/
q�MMB2` 7mM+iBQMb BM 2�+? K�i2`B�HX PMHv i?2 +2Mi2`b Q7
i?2 q�MMB2` 7mM+iBQMb �M/ i?2 `Qi�iBQM K�i`B+2b U (b22
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(b)

6B;m`2 8, U�V *`vbi�H bi`m+im`2 Q7 M�T?i?�H2M2- � T`QiQivTB+�H Q`;�MB+ KQH2+mH�` b2KB+QM/m+iQ` rBi? je �iQKb BM i?2 mMBi +2HHX U#V
JQ/2@`2bQHp2/ e@T? b+�ii2`BM; `�i2b BM M�T?i?�H2M2- +QKTmi2/ �i jyy EX _2bmHib �`2 b?QrM 7Q` i?`22 �+QmbiB+ KQ/2b UR@jV �bbQ+B�i2/ rBi?
BMi2`@KQH2+mH�` pB#`�iBQMb �M/ i?`22 QTiB+�H KQ/2b Uky- 8y- 3yV �bbQ+B�i2/ rBi? BMi`�@KQH2+mH�` pB#`�iBQMbX h?2 #H�+F /�b?2/ HBM2 `2T`2b2Mib
i?2 +QM/m+iBpBiv BMi2;`�M/ BM 1[X URkV �M/ [m�MiB}2b i?2 `2H�iBp2 +QMi`B#miBQM iQ i`�MbTQ`i �b � 7mM+iBQM Q7 2H2+i`QM 2M2`;vX Ai Bb b22M i?�i
QMHv bi�i2b rBi?BM �#Qmi Ryy K2o Q7 i?2 p�H2M+2 #�M/ K�tBKmK +QMi`B#mi2 iQ ?QH2 i`�MbTQ`iX

1[X UReV) �`2 `2�/ �b BMTmi #v [2kT2`iXtX h?2 q�MMB2`
7mM+iBQMb 7Q` :��b �`2 +QMbi`m+i2/ mbBM; � +Q�`b2 8⇥8⇥8
k@TQBMi ;`B/ �M/ sp

3 Q`#Bi�Hb +2Mi2`2/ �i i?2 :� �M/ �b
�iQKb �b �M BMBiB�H ;m2bbX 6Q` JQa2- r2 +QMbi`m+i kk q�M@
MB2` 7mM+iBQMb mbBM; � +Q�`b2 24⇥ 24⇥ 1 k@TQBMi ;`B/ �M/
�M BMBiB�H ;m2bb Q7 d Q`#Bi�Hb QM JQ �M/ s Q`#Bi�Hb QM a
�iQKb- mbBM; #Qi? bTBM mT �M/ bTBM /QrM Q`#Bi�HbX 6Q`
M�T?i?�H2M2- r2 +QMbi`m+i irQ q�MMB2` 7mM+iBQMb 7Q` i?2
irQ ?B;?2bi p�H2M+2 #�M/b mbBM; � +Q�`b2 k@TQBMi ;`B/ Q7
4⇥4⇥4X h?2 b2H2+i2/ +QHmKMb Q7 /2MbBiv K�i`Bt Ua*.JV
�TT`Q�+? (93) Bb 2KTHQv2/ iQ ;2M2`�i2 �M BMBiB�H ;m2bb �m@
iQK�iB+�HHvX

6QHHQrBM; i?2 rQ`F~Qr BM 6B;X R- r2 +QKTmi2 i?2 e@T?
K�i`Bt 2H2K2Mib QM i?2 +Q�`b2 k@ �M/ q@TQBMi ;`B/b �M/
Q#i�BM i?2 e@T? K�i`Bt 2H2K2Mib BM i?2 HQ+�HBx2/ q�MMB2`
#�bBb mbBM; [2kT2`iXtX

8XRX AMi2`TQH�iBQM Q7 i?2 e@T? K�i`Bt 2H2K2Mib
Ai Bb BKTQ`i�Mi iQ +?2+F i?2 �++m`�+v Q7 �HH BMi2`TQ@

H�iBQMb #27Q`2 T2`7Q`KBM; i`�MbTQ`i �M/ +�``B2` /vM�KB+b
+�H+mH�iBQMbX S2`im`#Q T`QpB/2b `QmiBM2b �M/ +�H+mH�iBQM
KQ/2b iQ +QKTmi2 �M/ QmiTmi i?2 BMi2`TQH�i2/ #�M/ bi`m+@
im`2- T?QMQM /BbT2`bBQM- �M/ e@T? K�i`Bt 2H2K2Mib- r?B+?
b?QmH/ #2 +QKT�`2/ iQ i?2 b�K2 [m�MiBiB2b +QKTmi2/ mb@
BM; .6h �M/ .6Sh iQ p2`B7v i?�i i?2 BMi2`TQH�iBQM ?�b
rQ`F2/ �b 2tT2+i2/X h?2 +QKT�`BbQM Bb bi`�B;?i7Q`r�`/
7Q` i?2 #�M/ bi`m+im`2 �M/ T?QMQM /BbT2`bBQMX >2`2 r2
7Q+mb QM p�HB/�iBM; i?2 BMi2`TQH�iBQM Q7 i?2 e@T? K�i`Bt
2H2K2Mib- � TQBMi Q7i2M Qp2`HQQF2/ BM e@T? +�H+mH�iBQMbX
aBM+2 i?2 e@T? K�i`Bt 2H2K2Mib �`2 ;�m;2 /2T2M/2Mi- � /B@
`2+i +QKT�`BbQM Q7 gmn⌫ (k, q) 7`QK S2`im`#Q �M/ .6Sh
+�H+mH�iBQMb Bb MQi K2�MBM;7mHX AMbi2�/- r2 +QKTmi2 i?2
�#bQHmi2 p�Hm2 Q7 i?2 e@T? K�i`Bt 2H2K2Mib- |g⌫ (k, q)|- BM
i?2 ;�m;2@BMp�`B�Mi 7Q`K Q7 1[X UjeV- �M/ i?2 +HQb2Hv `2@
H�i2/ ǳ/27Q`K�iBQM TQi2MiB�HǴ- r?B+? 7QHHQrBM; _27X (jd) Bb

/2}M2/ �b

D⌫ (k, q) =
p

2!⌫qMtot |g⌫ (k, q)| /~, Uj3V

r?2`2 Mtot Bb i?2 iQi�H K�bb Q7 i?2 �iQKb BM i?2 mMBi +2HHX
q2 b?Qr BM 6B;X j i?2 /27Q`K�iBQM TQi2MiB�Hb 7Q` i?2

#mHF TQH�` K�i2`B�H :��b �M/ i?2 k. TQH�` K�i2`B�H JQa2X
6Q` :��b- r2 +?QQb2 i?2 �@TQBMi �b i?2 BMBiB�H 2H2+i`QM
KQK2MimK k- �M/ p�`v i?2 T?QMQM r�p2 p2+iQ` q �HQM;
� ?B;?@bvKK2i`v T�i?- +QKTmiBM; D⌫ (k, q) 7Q` i?2 ?B;?@
2bi p�H2M+2 #�M/X 6Q` JQa2- r2 +?QQb2 i?2 K@TQBMi �b
i?2 BMBiB�H 2H2+i`QM KQK2MimK �M/ p�`v i?2 }M�H 2H2+i`QM
KQK2MimK K + q �HQM; � ?B;?@bvKK2i`v T�i?- +QKTmi@
BM; D⌫ (k, q) #v bmKKBM; Qp2` i?2 irQ HQr2bi +QM/m+iBQM
#�M/bX AM #Qi? +�b2b- `2bmHib �`2 +QKTmi2/ 7Q` �HH T?QMQM
KQ/2bX h?2 `2bT2+iBp2 TQH�` +Q``2+iBQMb �`2 BM+Hm/2/ BM
#Qi? K�i2`B�Hb- r?B+? Bb +`m+B�H iQ �++m`�i2Hv BMi2`TQH�i2
i?2 e@T? K�i`Bt 2H2K2Mib �i bK�HH qX h?2 `2bmHib b?Qr
+H2�`Hv i?�i i?2 e@T? BMi2`TQH�iBQM rQ`Fb �b 2tT2+i2/- ;Bp@
BM; BMi2`TQH�i2/ K�i`Bt 2H2K2Mib BM +HQb2 �;`22K2Mi rBi?
/B`2+i .6Sh +�H+mH�iBQMbX

8XkX a+�ii2`BM; `�i2b �M/ 2H2+i`QM K2�M 7`22 T�i?b
h?2 T2`im`#QXt `QmiBM2b +�M +QKTmi2 i?2 e@T? b+�i@

i2`BM; `�i2 U�nkV- `2H�t�iBQM iBK2 U⌧nk = ��1
nkV- �M/ 2H2+@

i`QM K2�M 7`22 T�i? ULnk = ⌧nkvnkV 7Q` 2H2+i`QMB+ bi�i2b
rBi? �Mv /2bB`2/ #�M/ �M/ +`vbi�H KQK2MimK kX 6B;m`2 9
b?Qrb i?2 `2bmHib 7Q` :��b- BM r?B+? r2 +QKTmi2 i?2b2
[m�MiBiB2b 7Q` i?2 HQr2bi 72r +QM/m+iBQM #�M/b �M/ 7Q` k@
TQBMib �HQM; � ?B;?@bvKK2i`v T�i?X

*�`27mHHv +QMp2`;BM; i?2 b+�ii2`BM; `�i2 BM 1[X U3V Bb
BKTQ`i�Mi- #mi Bi +�M #2 7�` 7`QK i`BpB�H bBM+2 BM bQK2
+�b2b +QMp2`;2M+2 `2[mB`2b b�KTHBM; KBHHBQMb Q7 q@TQBMib BM
i?2 "wX � rB/2Hv �TTHB+�#H2 b+?2K2 Bb iQ b�KTH2 `�M/QK
q@TQBMib mMB7Q`KHv- �M/ +QKTmi2 i?2 b+�ii2`BM; `�i2b 7Q`
BM+`2�bBM; MmK#2`b Q7 q@TQBMib mMiBH i?2 b+�ii2`BM; `�i2b
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GaAs MoS2

6B;m`2 e, U�V 1H2+i`QM KQ#BHBiv BM :��b �b � 7mM+iBQM Q7 i2KT2`�im`2- +QKTmi2/ mbBM; i?2 _h� �M/ Ah� K2i?Q/b �M/ +QKT�`2/ rBi?
2tT2`BK2Mi�H /�i� (9N- 8y)X U#V h2KT2`�im`2 /2T2M/2Mi a22#2+F +Q2{+B2Mi BM :��b- +QKTmi2/ 7Q` irQ /Bz2`2Mi +�``B2` +QM+2Mi`�iBQMbX U+V
1H2+i`QM �M/ ?QH2 KQ#BHBiB2b BM KQMQH�v2` JQa2 �b � 7mM+iBQM Q7 i2KT2`�im`2- +QKTmi2/ mbBM; i?2 _h� �M/ Ah�X

�`2 +QMp2`;2/X >Qr2p2`- mMB7Q`K b�KTHBM; +�M #2 MQMQT@
iBK�H BM bT2+B}+ b+2M�`BQb BM r?B+? BKTQ`i�M+2 b�KTHBM;
+�M #2 mb2/ iQ bT22/ mT i?2 +QMp2`;2M+2X 6Q` TQH�` K�i2@
`B�Hb bm+? �b :��b- i?2 b+�ii2`BM; `�i2 7Q` 2H2+i`QMB+ bi�i2b
M2�` i?2 +QM/m+iBQM #�M/ KBMBKmK U*"JV Bb /QKBM�i2/
#v bK�HH@q UBMi`�p�HH2vV GP T?QMQM b+�ii2`BM;X AM i?Bb
+�b2- BKTQ`i�M+2 b�KTHBM; rBi? � *�m+?v /Bbi`B#miBQM (Rk)
i?�i KQ`2 2ti2MbBp2Hv b�KTH2b bK�HH q p�Hm2b +�M �+?B2p2
+QMp2`;2M+2 KQ`2 2z2+iBp2Hv i?�M mMB7Q`K b�KTHBM;X PM
i?2 Qi?2` ?�M/- 7Q` 2H2+i`QMB+ bi�i2b BM :��b 7�`i?2` BM
2M2`;v 7`QK i?2 #�M/ 2/;2b- i?2 +QMi`B#miBQMb iQ b+�ii2`@
BM; �`2 +QKT�`�#H2 7Q` �HH T?QMQM KQ/2b �M/ KQK2Mi�- bQ
mMB7Q`K b�KTHBM; Bb 2z2+iBp2 #2+�mb2 Bi �pQB/b #B�b BM i?2
b�KTHBM;X hQ i`2�i QTiBK�HHv #Qi? b2ib Q7 2H2+i`QMB+ bi�i2b
BM TQH�` K�i2`B�Hb HBF2 :��b- r2 BKTH2K2Mi � TQH�` bTHBi
b+?2K2 BM S2`im`#Q- r?B+? Bb /2i�BH2/ BM _27X (Rk)X h?2
b+�ii2`BM; `�i2b b?QrM BM 6B; 9U#V �`2 Q#i�BM2/ rBi? i?Bb
�TT`Q�+?X

hQ �M�Hvx2 i?2 /QKBM�Mi b+�ii2`BM; K2+?�MBbK 7Q`
+?�`;2 i`�MbTQ`i- Bi Bb mb27mH iQ `2bQHp2 i?2 +QMi`B#miBQMb iQ
i?2 iQi�H b+�ii2`BM; `�i2 7`QK /Bz2`2Mi T?QMQM KQ/2bX 6B;@
m`2 8 b?Qrb i?2 KQ/2@`2bQHp2/ b+�ii2`BM; `�i2b 7Q` ?QH2b BM
M�T?i?�H2M2 +QKTmi2/ �i jyy E (R8)X � mMBi +2HH Q7 M�T?@
i?�H2M2 BM+Hm/2b irQ KQH2+mH2b- 7Q` � iQi�H Q7 je �iQKb (b22
6B;X 8U�V) �M/ Ry3 T?QMQM KQ/2bX 6B;m`2 8U#V b?Qrb i?2
+QMi`B#miBQM iQ i?2 b+�ii2`BM; `�i2 7`QK i?2 i?`22 �+Qmb@
iB+ T?QMQM KQ/2b UKQ/2b R�jV- r?B+? �`2 �bbQ+B�i2/ rBi?
BMi2`@KQH2+mH�` pB#`�iBQMbX h?2 +QMi`B#miBQMb 7`QK i?`22
QTiB+�H KQ/2b UKQ/2b ky- 8y- 3yV �bbQ+B�i2/ rBi? BMi`�@
KQH2+mH�` �iQKB+ pB#`�iBQMb �`2 �HbQ b?QrMX AM i?2 `2H2@
p�Mi 2M2`;v `�M;2 7Q` i`�MbTQ`i- �b b?QrM #v i?2 /�b?2/
HBM2 BM 6B;X 8U#V- i?2 BMi2`@KQH2+mH�` KQ/2b /QKBM�i2 ?QH2
+�``B2` b+�ii2`BM;X h?Bb �M�HvbBb Bb bBKTH2 iQ +�``v Qmi
BM S2`im`#Q #2+�mb2 i?2 +Q/2 +�M QmiTmi i?2 h.6 �M/
KQ/2@`2bQHp2/ b+�ii2`BM; `�i2bX

8XjX *?�`;2 i`�MbTQ`i
q2 T`2b2Mi +?�`;2 i`�MbTQ`i +�H+mH�iBQMb 7Q` :��b �M/

KQMQH�v2` JQa2 �b 2t�KTH2b Q7 � #mHF �M/ k. K�i2`B�H-
`2bT2+iBp2HvX aBM+2 #Qi? K�i2`B�Hb �`2 TQH�`- i?2 TQH�`

+Q``2+iBQMb iQ i?2 e@T? K�i`Bt 2H2K2Mib �`2 2bb2MiB�H- �b
b?QrM BM 6B;X jX 6Q` JQa2- r2 BM+Hm/2 aP* BM i?2 +�H@
+mH�iBQM bBM+2 Bi TH�vb �M BKTQ`i�Mi `QH2X AM JQa2- aP*
bTHBib i?2 bi�i2b M2�` i?2 p�H2M+2 #�M/ 2/;2- bQ Bib BM+Hm@
bBQM ?�b � bB;MB}+�Mi BKT�+i QM i?2 e@T? b+�ii2`BM; `�i2b
�M/ KQ#BHBiv 7Q` ?QH2 +�``B2`bX h?2 i`�MbTQ`i T`QT2`iB2b
+�M #2 +QKTmi2/ BM S2`im`#Q 2Bi?2` rBi?BM i?2 _h� Q`
rBi? i?2 Bi2`�iBp2 bQHmiBQM Q7 i?2 HBM2�`Bx2/ "h1X AM i?2
_h�- QM2 +�M mb2 T`2@+QKTmi2/ bi�i2@/2T2M/2Mi b+�ii2`@
BM; `�i2b Ub22 a2+X 8XkV Q` +QKTmi2 i?2 b+�ii2`BM; `�i2b QM
i?2 ~v /m`BM; i?2 i`�MbTQ`i +�H+mH�iBQM mbBM; `2;mH�` JS
k@ �M/ q@TQBMi ;`B/bX AM bQK2 K�i2`B�Hb- i?2 _h� Bb BM@
�/2[m�i2 �M/ i?2 KQ`2 �++m`�i2 Bi2`�iBp2 bQHmiBQM Q7 i?2
"h1 BM 1[X URyV Bb `2[mB`2/X S2`im`#Q BKTH2K2Mib �M
2{+B2MiHv T�`�HH2HBx2/ `QmiBM2 iQ bQHp2 i?2 "h1 Bi2`�iBp2Hv
Ub22 a2+X eVX

6B;m`2 eU�V b?Qrb i?2 +QKTmi2/ 2H2+i`QM KQ#BHBiv BM
:��b �b � 7mM+iBQM Q7 i2KT2`�im`2 �M/ +QKT�`2b `2bmHib
Q#i�BM2/ rBi? i?2 _h� �M/ i?2 Bi2`�iBp2 �TT`Q�+? UAh�VX
h?2 +�H+mH�iBQM mb2b � +�``B2` +QM+2Mi`�iBQM Q7 nc = 1017

+K�3c r2 ?�p2 +?2+F2/ i?�i i?2 KQ#BHBiv Bb �HKQbi BM/2@
T2M/2Mi Q7 nc #2HQr Ry18 +K�3X q2 T2`7Q`K i?2 +�H+m@
H�iBQM mbBM; �M mHi`�@}M2 "w ;`B/ Q7 600 ⇥ 600 ⇥ 600 7Q`
#Qi? k@ �M/ q@TQBMib- �M/ 2KTHQv � bK�HH U8 K2oV :�mb@
bB�M #`Q�/2MBM; iQ �TT`QtBK�i2 i?2 � 7mM+iBQM BM i?2 e@T?
b+�ii2`BM; i2`Kb BM 1[X UNVX hQ `2/m+2 i?2 +QKTmi�iBQM�H
+Qbi- r2 b2H2+i � kyy K2o 2M2`;v rBM/Qr M2�` i?2 *"J-
r?B+? +Qp2`b i?2 2MiB`2 2M2`;v `�M;2 `2H2p�Mi 7Q` i`�MbTQ`iX
AM :��b- i?2 Ah� ;Bp2b � ?B;?2` 2H2+i`QM KQ#BHBiv i?�M i?2
_h�- �b b?QrM BM 6B;X eU�V- �M/ i?Bb /Bb+`2T�M+v BM+`2�b2b
rBi? i2KT2`�im`2X h?2 i2KT2`�im`2 /2T2M/2M+2 Q7 i?2
2H2+i`QM KQ#BHBiv Bb �HbQ bHB;?iHv /Bz2`2Mi BM i?2 _h� �M/
Ah� `2bmHibX h?2 _h� +�H+mH�iBQM Bb BM #2ii2` �;`22K2Mi
rBi? 2tT2`BK2Mi�H /�i� (9N- 8y) i?�M `2bmHib 7`QK i?2 KQ`2
�++m`�i2 Ah�X *�`27mH �M�HvbBb- +�``B2/ Qmi 2Hb2r?2`2 (8R)-
b?Qrb i?�i +Q``2+iBM; i?2 #�M/ bi`m+im`2 (8k) iQ Q#i�BM �M
�++m`�i2 2z2+iBp2 K�bb �M/ BM+Hm/BM; irQ@T?QMQM b+�ii2`@
BM; T`Q+2bb2b (8R) �`2 #Qi? 2bb2MiB�H iQ Q#i�BM Ah� `2bmHib
BM �;`22K2Mi rBi? 2tT2`BK2MiX
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6B;m`2 d, >Qi +�``B2` +QQHBM; bBKmH�iBQM BM bBHB+QM- 7Q` ?QH2b UH27i T�M2HV �M/ 2H2+i`QMb U`B;?i T�M2HVX h?2 iBK2 2pQHmiBQM Q7 i?2 +�``B2`
TQTmH�iBQM p(E, t) BM 1[X UjNV Bb b?QrM- rBi? i?2 bBKmH�iBQM iBK2 t +QHQ`@+Q/2/X h?2 +�``B2` Q++mT�iBQMb fnk(t) �i t 4 j Tb �`2 +QKT�`2/ BM
i?2 BMb2i rBi? i?2 2[mBHB#`BmK 62`KB@.B`�+ /Bbi`B#miBQM �i jyy E U`2/ +m`p2V 7Q` i?2 b�K2 +�``B2` +QM+2Mi`�iBQMX

h?2 a22#2+F +Q2{+B2Mi +�M #2 +QKTmi2/ �i M2;HB;B#H2
+Qbi �b � TQbi@T`Q+2bbBM; bi2T Q7 i?2 KQ#BHBiv +�H+mH�iBQMX
6B;m`2 eU#V b?Qrb i?2 i2KT2`�im`2 /2T2M/2Mi a22#2+F +Q@
2{+B2Mi BM :��b- +QKTmi2/ mbBM; i?2 Ah� �i irQ /Bz2`2Mi
+�``B2` +QM+2Mi`�iBQMbX h?2 +QKTmi2/ p�Hm2 �i jyy E �M/
nc=1018 +K�3 Bb �#Qmi Rjy µofE- BM �;`22K2Mi rBi? i?2
2tT2`BK2Mi�H p�Hm2 Q7 ⇠R8y µofE (8j)X Pm` `2bmHib �HbQ
b?Qr i?�i i?2 a22#2+F +Q2{+B2Mi BM+`2�b2b rBi? i2KT2`@
�im`2 �M/ 7Q` /2+`2�bBM; +�``B2` +QM+2Mi`�iBQMb U?2`2- r2
i2bi2/ nc=1017 +K�3V- +QMbBbi2Mi rBi? 2tT2`BK2Mi�H /�i�
M2�` `QQK i2KT2`�im`2 (8j- 89)X LQi2 i?�i i?2 T?QMQM
Q++mT�iBQMb �`2 F2Ti }t2/ �i i?2B` 2[mBHB#`BmK p�Hm2 BM
Qm` +�H+mH�iBQMb- bQ i?2 T?QMQM /`�; 2z2+i- r?B+? Bb T�`@
iB+mH�`Hv BKTQ`i�Mi �i HQr i2KT2`�im`2- Bb M2;H2+i2/- �M/
QMHv i?2 /BzmbBp2 +QMi`B#miBQM iQ i?2 a22#2+F +Q2{+B2Mi
Bb +QKTmi2/X hQ BM+Hm/2 T?QMQM /`�; QM2 M22/b iQ BM@
+Hm/2 MQM2[mBHB#`BmK T?QMQM 2z2+ib BM i?2 a22#2+F +Q2{@
+B2Mi +�H+mH�iBQMX q?BH2 BMp2biB;�iBM; i?2 +QmTH2/ /vM�K@
B+b Q7 2H2+i`QMb �M/ T?QMQMb `2K�BMb �M QT2M +?�HH2M;2
BM }`bi@T`BM+BTH2b +�H+mH�iBQMb (kk- 88)- r2 �`2 /2p2HQTBM;
�M �TT`Q�+? iQ iBK2@bi2T i?2 +QmTH2/ 2H2+i`QM �M/ T?QMQM
"h1b- �M/ TH�M iQ K�F2 Bi �p�BH�#H2 BM � 7mim`2 p2`bBQM Q7
S2`im`#QX

6B;m`2 eU+V b?Qrb i?2 2H2+i`QM �M/ ?QH2 KQ#BHBiB2b BM
KQMQH�v2` JQa2- +QKTmi2/ 7Q` � +�``B2` +QM+2Mi`�iBQM Q7
2⇥1012 +K�2 �M/ 7Q` i2KT2`�im`2b #2ir22M R8y�j8y EX �
}M2 "w ;`B/ Q7 180⇥ 180⇥ 1 Bb 2KTHQv2/ 7Q` #Qi? k@ �M/
q@TQBMibX .Bz2`2Mi 7`QK :��b- i?2 _h� �M/ Ah� ;Bp2
p2`v +HQb2 `2bmHib 7Q` #Qi? i?2 2H2+i`QM �M/ ?QH2 KQ#BHB@
iB2b- rBi? QMHv bK�HH /Bz2`2M+2b �i HQr i2KT2`�im`2X h?2
+QKTmi2/ 2H2+i`QM KQ#BHBiv �i `QQK i2KT2`�im`2 Bb �#Qmi
Re3 +K2fo b- BM �;`22K2Mi rBi? i?2 2tT2`BK2Mi�H p�Hm2 Q7
R8y +K2fo b (8e)c i?2 +QKTmi2/ ?QH2 KQ#BHBiv �i jyy E Bb
�#Qmi ky +K2fo bX

8X9X lHi`�7�bi /vM�KB+b
q2 /2KQMbi`�i2 MQM2[mBHB#`BmK mHi`�7�bi /vM�KB+b bBK@

mH�iBQMb mbBM; ?Qi +�``B2` +QQHBM; BM bBHB+QM �b �M 2t�K@
TH2X 1t+Bi2/ UbQ@+�HH2/ ǳ?QiǴV +�``B2`b +�M #2 ;2M2`�i2/

BM � MmK#2` Q7 r�vb BM b2KB+QM/m+iQ`b- BM+Hm/BM; BMD2+@
iBQM 7`QK � +QMi�+i Q` 2t+Bi�iBQM rBi? HB;?iX AM � ivTB+�H
b+2M�`BQ- i?2 2t+Bi2/ +�``B2`b `2H�t iQ i?2 `2bT2+iBp2 #�M/
2/;2 BM � bm#@TB+Qb2+QM/ iBK2 b+�H2 #v 2KBiiBM; T?QMQMbX
q?BH2 mHi`�7�bi +�``B2` /vM�KB+b ?�b #22M BMp2biB;�i2/ 2t@
i2MbBp2Hv BM 2tT2`BK2Mib- 7Q` 2t�KTH2 rBi? mHi`�7�bi QTiB+�H
bT2+i`Qb+QTv- }`bi@T`BM+BTH2b +�H+mH�iBQMb Q7 mHi`�7�bi /v@
M�KB+b- �M/ BM T�`iB+mH�` Q7 ?Qi +�``B2`b BM i?2 T`2b2M+2 Q7
e@T? BMi2`�+iBQMb- �`2 � `2+2Mi /2p2HQTK2Mi (R9- RN- 8d- 83)X

q2 T2`7Q`K � }`bi@T`BM+BTH2b bBKmH�iBQM Q7 ?Qi +�``B2`
+QQHBM; BM bBHB+QMX q2 mb2 � H�iiB+2 +QMbi�Mi Q7 8Xj3N ³
7Q` .6h �M/ .6Sh +�H+mH�iBQMb- r?B+? �`2 +�``B2/ Qmi
rBi?BM i?2 HQ+�H /2MbBiv �TT`QtBK�iBQM �M/ rBi? MQ`K@
+QMb2`pBM; Tb2m/QTQi2MiB�HbX 6QHHQrBM; i?2 rQ`F~Qr BM
6B;X R- r2 +QMbi`m+i 3 q�MMB2` 7mM+iBQMb mbBM; sp

3 Q`@
#Bi�Hb QM aB �iQKb �b �M BMBiB�H ;m2bb- �M/ Q#i�BM i?2 e@T?
K�i`Bt 2H2K2Mib BM i?2 q�MMB2` #�bBb mbBM; +Q�`b2 8⇥8⇥8
k@ �M/ q@TQBMi ;`B/bX

ai�`iBM; 7`QK i?2 e@T? K�i`Bt 2H2K2Mib BM i?2 q�MMB2`
#�bBb- i?2 2H2+i`QM >�KBHiQMB�M- �M/ BMi2`�iQKB+ 7Q`+2 +QM@
bi�Mib +QKTmi2/ #v [2kT2`iXt- r2 +�``v Qmi ?Qi +�``B2`
+QQHBM; bBKmH�iBQMb- b2T�`�i2Hv 7Q` 2H2+i`QM �M/ ?QH2 +�`@
`B2`b- mbBM; � }M2 k@TQBMi ;`B/ Q7 100 ⇥ 100 ⇥ 100 7Q` i?2
2H2+i`QMb UQ` ?QH2bV �M/ � 50⇥ 50⇥ 50 q@TQBMi ;`B/ 7Q` i?2
T?QMQMbX � bK�HH :�mbbB�M #`Q�/2MBM; Q7 3 K2o Bb 2K@
THQv2/ iQ �TT`QtBK�i2 i?2 � 7mM+iBQM BM i?2 e@T? b+�ii2`BM;
i2`Kb BM 1[X UNVX h?2 T?QMQM Q++mT�iBQMb �`2 F2Ti }t2/ �i
i?2B` 2[mBHB#`BmK p�Hm2 �i jyy EX q2 b2i i?2 BMBiB�H 2H2+i`QM
�M/ ?QH2 Q++mT�iBQMb iQ ?Qi 62`KB@.B`�+ /Bbi`B#miBQMb �i
R8yy E- 2�+? rBi? � +?2KB+�H TQi2MiB�H +Q``2bTQM/BM; iQ
� +�``B2` +QM+2Mi`�iBQM Q7 Ry19 +K�3X q2 2tTHB+BiHv iBK2@
bi2T i?2 "h1 BM 1[X U9V UrBi? 2ti2`M�H 2H2+i`B+ }2H/ b2i
iQ x2`QV mbBM; i?2 _E9 K2i?Q/ rBi? � bK�HH iBK2 bi2T Q7
R 7b- �M/ Q#i�BM MQM2[mBHB#`BmK +�``B2` Q++mT�iBQMb fnk(t)
�b � 7mM+iBQM Q7 iBK2 t mT iQ j Tb- 7Q` � iQi�H Q7 j-yyy
iBK2 bi2TbX h?2 +�H+mH�iBQM i�F2b QMHv �#Qmi kX8 ?Qm`b mb@
BM; Rk3 *Sl +Q`2b /m2 iQ i?2 2{+B2Mi T�`�HH2HBx�iBQM Ub22
a2+X eVX hQ pBbm�HBx2 i?2 iBK2 2pQHmiBQM Q7 i?2 +�``B2` /Bb@
i`B#miBQMb- r2 +QKTmi2 i?2 "w �p2`�;2/ 2M2`;v@/2T2M/2Mi
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T2`im`#QXt, /vM�KB+b

6B;m`2 3, S2`7Q`K�M+2 b+�HBM; rBi? i?2 MmK#2` Q7 *Sl +Q`2b Q7 [2kT2`iXt �M/ T2`im`#QXtX h?2 #H�+F /�b?2/ HBM2 BM/B+�i2b i?2 B/2�H HBM2�`
b+�HBM;X 6Q` T2`im`#QXt- r2 b?Qr i?2 T2`7Q`K�M+2 Q7 i?2 +�``B2` /vM�KB+b bBKmH�iBQM- r?B+? Bb i?2 KQbi iBK2@+QMbmKBM; i�bF Q7 T2`im`#QXtX

+�``B2` TQTmH�iBQM-

p(E, t) =
X

nk

fnk(t)�("nk � E), UjNV

mbBM; i?2 i2i`�?2/`QM BMi2;`�iBQM K2i?Q/X h?2 +�``B2`
TQTmH�iBQM p(E, t) +?�`�+i2`Bx2b i?2 iBK2@/2T2M/2Mi 2M@
2`;v /Bbi`B#miBQM Q7 i?2 +�``B2`bX

6B;m`2 d b?Qrb i?2 2pQHmiBQM Q7 i?2 2H2+i`QM �M/ ?QH2
TQTmH�iBQMb /m2 iQ e@T? b+�ii2`BM;X 6Q` #Qi? 2H2+i`QMb
�M/ ?QH2b- i?2 ?B;?@2M2`;v i�BH BM i?2 BMBiB�H TQTmH�iBQM
/2+�vb `�TB/Hv �b i?2 +�``B2`b [mB+FHv `2H�t iQr�`/ 2M2`@
;B2b +HQb2` iQ i?2 #�M/ 2/;2 rBi?BM 8yy 7bX h?2 +�``B2`
+QM+2Mi`�iBQM Bb +QMb2`p2/ /m`BM; i?2 bBKmH�iBQM- p�HB/�i@
BM; i?2 �++m`�+v Q7 Qm` _E9 BKTH2K2Mi�iBQM iQ iBK2@bi2T
i?2 "h1X h?2 ?QH2 `2H�t�iBQM Bb bHB;?iHv 7�bi2` i?�M i?2
2H2+i`QM `2H�t�iBQM BM bBHB+QM- �b b?QrM BM 6B;X dX h?2 bm#@
TB+Qb2+QM/ iBK2 b+�H2 r2 }M/ 7Q` i?2 ?Qi +�``B2` +QQHBM;
Bb +QMbBbi2Mi rBi? 2tT2`BK2Mi �M/ rBi? T`2pBQmb +�H+mH�@
iBQMb mbBM; � bBKTHB}2/ �TT`Q�+? (RN)X �Hi?Qm;? i?2 ?Qi
+�``B2`b �++mKmH�i2 M2�` i?2 #�M/ 2/;2 BM � p2`v b?Q`i
iBK2- Bi i�F2b HQM;2` 7Q` i?2 +�``B2`b iQ 7mHHv `2H�t iQ �
jyy E i?2`K�H 2[mBHB#`BmK /Bbi`B#miBQM- mT iQ b2p2`�H TB@
+Qb2+QM/b BM Qm` bBKmH�iBQMX q2 b?Qr BM i?2 BMb2i Q7 6B;X d
i?�i i?2 +�``B2` Q++mT�iBQMb fnk �i j Tb `2�+? i?2 +Q``2+i
HQM;@iBK2 HBKBi 7Q` Qm` bBKmH�iBQM- M�K2Hv �M 2[mBHB#`BmK
62`KB@.B`�+ /Bbi`B#miBQM �i i?2 jyy E H�iiB+2 i2KT2`�im`2X
aBM+2 r2 F22T i?2 T?QMQM Q++mT�iBQMb }t2/ �M/ M2;H2+i
T?QMQM@T?QMQM b+�ii2`BM;- ?Qi@T?QMQM 2z2+ib �`2 B;MQ`2/
BM Qm` bBKmH�iBQMX aBKBH�`Hv- 2H2+i`QM@2H2+i`QM b+�ii2`BM;-
r?B+? Bb ivTB+�HHv BKTQ`i�Mi �i ?B;? +�``B2` +QM+2Mi`�iBQMb
Q` BM K2i�Hb- Bb �HbQ MQi BM+Hm/2/ BM i?2 +m``2Mi p2`bBQM Q7
i?2 +Q/2X 1H2+i`QM@2H2+i`QM b+�ii2`BM; �M/ +QmTH2/ 2H2+@
i`QM �M/ T?QMQM /vM�KB+b UBM+Hm/BM; T?QMQM@T?QMQM +QH@
HBbBQMbV �`2 #Qi? mM/2` /2p2HQTK2MiX

eX S�`�HH2HBx�iBQM �M/ T2`7Q`K�M+2

h`�MbTQ`i +�H+mH�iBQMb �M/ mHi`�7�bi /vM�KB+b bBKmH�@
iBQMb QM H�`;2 bvbi2Kb +�M #2 +QKTmi�iBQM�HHv /2K�M/@
BM; �M/ `2[mB`2 � H�`;2 �KQmMi Q7 K2KQ`vX 1{+B2Mi T�`@

�HH2HBx�iBQM Bb +`BiB+�H iQ `mM i?2b2 +�H+mH�iBQMb QM ?B;?@
T2`7Q`K�M+2 +QKTmiBM; U>S*V bvbi2KbX hQ 7mHHv i�F2 �/@
p�Mi�;2 Q7 i?2 ivTB+�H >S* �`+?Bi2+im`2- r2 BKTH2K2Mi �
?v#`B/ JSA �M/ PT2MJS T�`�HH2HBx�iBQM- r?B+? +QK#BM2b
/Bbi`B#mi2/ K2KQ`v T�`�HH2HBx�iBQM �KQM; /Bz2`2Mi MQ/2b
mbBM; JSA �M/ QM@MQ/2 b?�`2/ K2KQ`v T�`�HH2HBx�iBQM mb@
BM; PT2MJSX

6Q` bK�HH bvbi2Kb- r2 Q#b2`p2 � bBKBH�` T2`7Q`K�M+2 #v
`mMMBM; S2`im`#Q QM � bBM;H2 MQ/2 BM 2Bi?2` Tm`2 JSA
Q` Tm`2 PT2MJS KQ/2b- Q` BM ?v#`B/ JSA THmb PT2MJS
KQ/2X >Qr2p2`- 7Q` H�`;2` bvbi2Kb rBi? b2p2`�H �iQKb iQ
i2Mb Q7 �iQKb BM i?2 mMBi +2HH- `mMMBM; QM KmHiBTH2 MQ/2b
rBi? JSA THmb PT2MJS T�`�HH2HBx�iBQM bB;MB}+�MiHv BK@
T`Qp2b i?2 T2`7Q`K�M+2 �M/ H2�/b iQ � #2ii2` b+�HBM; rBi?
*Sl +Q`2 MmK#2`X *QKT�`2/ iQ Tm`2 JSA- i?2 ?v#`B/
JSA THmb PT2MJS b+?2K2 `2/m+2b +QKKmMB+�iBQM M22/b
�M/ K2KQ`v +QMbmKTiBQM- �M/ BKT`Qp2b HQ�/ #�H�M+2X q2
/2KQMbi`�i2 i?2 2{+B2M+v Q7 Qm` T�`�HH2HBx�iBQM bi`�i2;v
mbBM; irQ 2t�KTH2b, +QKTmiBM; e@T? K�i`Bt 2H2K2Mib QM
+Q�`b2 ;`B/b- r?B+? Bb i?2 KQbi iBK2@+QMbmKBM; i�bF Q7
[2kT2`iXt- �M/ bBKmH�iBM; MQM2[mBHB#`BmK +�``B2` /vM�K@
B+b- i?2 KQbi iBK2@+QMbmKBM; i�bF Q7 T2`im`#QXtX

6Q` i?2 +�H+mH�iBQM Q7 e@T? K�i`Bt 2H2K2Mib QM +Q�`b2
;`B/b (b22 1[X UjRV)- Qm` BKTH2K2Mi�iBQM mb2b JSA T�`@
�HH2HBx�iBQM 7Q` qc@TQBMib �M/ PT2MJS T�`�HH2HBx�iBQM 7Q`
kc@TQBMibX q2 /Bbi`B#mi2 i?2 qc@TQBMib �KQM; i?2 JSA
T`Q+2bb2b- bQ i?�i 2�+? JSA T`Q+2bb 2Bi?2` `2�/b i?2 b2H7@
+QMbBbi2Mi T2`im`#�iBQM TQi2MiB�H 7`QK }H2 UB7 qc Bb BM i?2 B`@
`2/m+B#H2 r2/;2V Q` +QKTmi2b Bi 7`QK i?2 T2`im`#�iBQM TQ@
i2MiB�H Q7 i?2 +Q``2bTQM/BM; B``2/m+B#H2 TQBMi mbBM; 1[X UjjVX
1�+? JSA T`Q+2bb i?2M +QKTmi2b g(kc, qc) 7Q` �HH i?2 kc@
TQBMib rBi? PT2MJS T�`�HH2HBx�iBQMX

6Q` +�``B2` /vM�KB+b bBKmH�iBQMb- i?2 k@TQBMib QM i?2
}M2 ;`B/ �`2 /Bbi`B#mi2/ �KQM; JSA T`Q+2bb2b iQ �+?B2p2
�M QTiBK�H HQ�/ #�H�M+2X 1�+? T`Q+2bb }M/b �HH i?2 TQb@
bB#H2 b+�ii2`BM; +?�MM2Hb BMpQHpBM; Bib bm#b2i Q7 k@TQBMib-
�M/ biQ`2b i?2b2 b+�ii2`BM; T`Q+2bb2b HQ+�HHv �b (k, q) T�B`bX
PM2 +�M 2[mBp�H2MiHv i?BMF Q7 i?Bb �TT`Q�+? �b /Bbi`B#mi@
BM; i?2 (k, q) T�B`b 7Q` i?2 7mHH k@TQBMi b2i �KQM; JSA
T`Q+2bb2bX �7i2` i?Bb bi2T- r2 mb2 PT2MJS T�`�HH2HBx�iBQM
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Qp2` HQ+�H (k, q) T�B`b iQ +QKTmi2 i?2 e@T? K�i`Bt 2H2K2Mib
�M/ T2`7Q`K i?2 b+�ii2`BM; BMi2;`�HX h?2 Bi2`�iBp2 "h1 BM
1[X URyV Bb �HbQ T�`�HH2HBx2/ rBi? i?2 b�K2 �TT`Q�+?X h?Bb
T�`�HH2HBx�iBQM b+?2K2 `2[mB`2b KBMBKmK +QKKmMB+�iBQM
�KQM; JSA T`Q+2bb2bc 7Q` 2t�KTH2- QMHv QM2 JSA `2/m+@
iBQM QT2`�iBQM Bb `2[mB`2/ iQ +QHH2+i i?2 +QMi`B#miBQMb 7`QK
/Bz2`2Mi T`Q+2bb2b 7Q` i?2 BMi2;`�iBQM BM 1[X URyVX

q2 i2bi i?2 T�`�HH2HBx�iBQM T2`7Q`K�M+2 Q7 [2kT2`iXt
�M/ T2`im`#QXt mbBM; +�H+mH�iBQMb QM JQa2 �M/ bBHB+QM �b
2t�KTH2b Ub22 a2+X 8 7Q` i?2 +QKTmi�iBQM�H /2i�BHbVX q2
`mM i?2 +�``B2` /vM�KB+b bBKmH�iBQM QM bBHB+QM mbBM; i?2
1mH2` K2i?Q/ rBi? � iBK2 bi2T Q7 R 7b �M/ � iQi�H bBKmH�@
iBQM iBK2 Q7 8y Tb- 7Q` � iQi�H Q7 8y-yyy bi2TbX h?2 i2bib �`2
T2`7Q`K2/ QM i?2 *Q`B bvbi2K Q7 i?2 L�iBQM�H 1M2`;v _2@
b2�`+? a+B2MiB}+ *QKTmiBM; +2Mi2` UL1_a*VX q2 mb2 i?2
AMi2H s2QM ǳ>�br2HHǴ T`Q+2bbQ` MQ/2b- r?2`2 2�+? MQ/2
?�b jk *Sl +Q`2b rBi? � +HQ+F 7`2[m2M+v Q7 kXj :>xX

6B;m`2 3 b?Qrb i?2 r�HH iBK2 Q7 i?2 i2bi +�H+mH�iBQMb mb@
BM; /Bz2`2Mi MmK#2`b Q7 *Sl +Q`2bX "Qi? [2kT2`iXt �M/
T2`im`#QXt b?Qr `�i?2` `2K�`F�#H2 b+�HBM; i?�i Bb +HQb2
iQ i?2 B/2�H HBM2�`@b+�HBM; HBKBi mT iQ R-yk9 *Sl +Q`2bX
h?2 b+�HBM; Q7 [2kT2`iXt 7Q` k-y93 *Sl +Q`2b Bb H2bb i?�M
B/2�H K�BMHv #2+�mb2 2�+? JSA T`Q+2bb ?�b �M BMbm{+B2Mi
+QKTmi�iBQM�H rQ`FHQ�/- bQ i?�i +QKKmMB+�iBQM �M/ AfP
#2+QK2 � #QiiH2M2+FX h?2 +m``2Mi `2H2�b2 mb2b i?2 b2`B�H
>.68 HB#`�`v- bQ �7i2` +QKTmiBM; g(kc, qc)- i?2 `QQi JSA
T`Q+2bb M22/b iQ +QHH2+i g(kc, qc) 7`QK /Bz2`2Mi T`Q+2bb2b
�M/ r`Bi2 i?2K iQ /BbF UQ` pB+2 p2`b� r?2M HQ�/BM; /�i�V-
r?B+? Bb � b2`B�H i�bF i?�i +Qbib ⇠R9W Q7 i?2 iQi�H r�HH iBK2
r?2M mbBM; ky93 *Sl +Q`2bX S�`�HH2H AfP mbBM; i?2 T�`@
�HH2H >.68 HB#`�`v +QmH/ 7m`i?2` BKT`Qp2 i?2 T2`7Q`K�M+2
�M/ Qp2`�HH b+�HBM; BM i?Bb K�bbBp2Hv T�`�HH2H 2t�KTH2X q2
TH�M iQ rQ`F QM i?Bb �M/ `2H�i2/ BKT`Qp2K2Mib iQ AfP BM
7mim`2 `2H2�b2bX

dX *QM+HmbBQMb �M/ QmiHQQF

AM +QM+HmbBQM- r2 T`2b2Mi Qm` bQ7ir�`2- S2`im`#Q- 7Q`
}`bi@T`BM+BTH2b +�H+mH�iBQMb Q7 +?�`;2 i`�MbTQ`i T`QT2`iB2b
�M/ bBKmH�iBQM Q7 mHi`�7�bi +�``B2` /vM�KB+b BM #mHF �M/
k. K�i2`B�HbX h?2 bQ7ir�`2 +QMi�BMb �M BMi2`7�+2 T`Q;`�K
iQ `2�/ `2bmHib 7`QK .6h �M/ .6Sh +�H+mH�iBQMb 7`QK
i?2 Z1 +Q/2X h?2 +Q`2 T`Q;`�K Q7 S2`im`#Q T2`7Q`Kb
p�`BQmb +QKTmi�iBQM�H i�bFb- bm+? �b +QKTmiBM; e@T? b+�i@
i2`BM; `�i2b- 2H2+i`QM K2�M 7`22 T�i?b- 2H2+i`B+�H +QM/m+@
iBpBiv- KQ#BHBiv- �M/ i?2 a22#2+F +Q2{+B2MiX h?2 +Q/2 +�M
�HbQ bBKmH�i2 i?2 MQM2[mBHB#`BmK /vM�KB+b Q7 2t+Bi2/ 2H2+@
i`QMbX q�MMB2` BMi2`TQH�iBQM �M/ bvKK2i`v �`2 2KTHQv2/
iQ ;`2�iHv `2/m+2 i?2 +QKTmi�iBQM�H +QbiX aP* �M/ i?2
TQH�` +Q``2+iBQMb 7Q` #mHF �M/ k. K�i2`B�Hb �`2 bmTTQ`i2/
�M/ ?�p2 #22M +�`27mHHv i2bi2/X q2 /2KQMbi`�i2 i?2b2
72�im`2b rBi? `2T`2b2Mi�iBp2 2t�KTH2bX q2 �HbQ b?Qr i?2
?B;?Hv T`QKBbBM; b+�HBM; Q7 S2`im`#Q QM K�bbBp2Hv T�`@
�HH2H >S* �`+?Bi2+im`2b- QrBM; iQ Bib 2z2+iBp2 BKTH2K2M@
i�iBQM Q7 ?v#`B/ JSA THmb PT2MJS T�`�HH2HBx�iBQMX

a2p2`�H 72�im`2b �`2 +m``2MiHv mM/2` /2p2HQTK2Mi 7Q`
i?2 M2ti K�DQ` `2H2�b2- BM+Hm/BM; bTBM@T?QMQM `2H�t�iBQM

iBK2b �M/ bTBM /vM�KB+b (3)- i`�MbTQ`i +�H+mH�iBQMb BM i?2
H�`;2 TQH�`QM `2;BK2 mbBM; i?2 Em#Q 7Q`K�HBbK (8N)- �M/
+?�`;2 i`�MbTQ`i �M/ mHi`�7�bi /vM�KB+b 7Q` +QmTH2/ 2H2+@
i`QMb �M/ T?QMQMb- �KQM; Qi?2`bX �b �M �Hi2`M�iBp2 iQ
q�MMB2` 7mM+iBQMb- BMi2`TQH�iBQM mbBM; �iQKB+ Q`#Bi�Hb (j9)
rBHH �HbQ #2 bmTTQ`i2/ BM � 7mim`2 `2H2�b2X q2 rBHH 2ti2M/
i?2 BMi2`7�+2 T`Q;`�K iQ bmTTQ`i �//BiBQM�H 2ti2`M�H +Q/2b-
bm+? �b i?2 h.1S bQ7ir�`2 7Q` i2KT2`�im`2@/2T2M/2Mi H�i@
iB+2 /vM�KB+�H +�H+mH�iBQMb (Rj- ey)X

�+FMQrH2/;K2Mib

q2 i?�MF oX�X C?�H�MB �M/ "XEX *?�M; 7Q` 7`mBi7mH
/Bb+mbbBQMbX h?Bb rQ`F r�b bmTTQ`i2/ #v i?2 L�iBQM�H a+B@
2M+2 6QmM/�iBQM mM/2` :`�Mib LQX �*A@Re9k99j 7Q` +Q/2
/2p2HQTK2Mi �M/ *�_11_@Rd8yeRj 7Q` i?2Q`v /2p2HQT@
K2MiX CX@CXwX �+FMQrH2/;2b bmTTQ`i #v i?2 CQBMi *2Mi2`
7Q` �`iB}+B�H S?QiQbvMi?2bBb- � .P1 1M2`;v AMMQp�iBQM
>m#- bmTTQ`i2/ i?`Qm;? i?2 P{+2 Q7 a+B2M+2 Q7 i?2 lXaX
.2T�`iK2Mi Q7 1M2`;v mM/2` �r�`/ LQX .1@a*yyy9NNjX
CXSX �+FMQrH2/;2b bmTTQ`i #v i?2 EQ`2� 6QmM/�iBQM 7Q`
�/p�M+2/ aim/B2bX A@hXGX r�b bmTTQ`i2/ #v i?2 �B` 6Q`+2
P{+2 Q7 a+B2MiB}+ _2b2�`+? i?`Qm;? i?2 uQmM; AMp2biB@
;�iQ` S`Q;`�K- :`�Mi 6�N88y@R3@R@yk3yX sXhX r�b bmT@
TQ`i2/ #v i?2 _2bMB+F AMbiBimi2 �i *�Hi2+?X h?Bb `2b2�`+?
mb2/ `2bQm`+2b Q7 i?2 L�iBQM�H 1M2`;v _2b2�`+? a+B2MiB}+
*QKTmiBM; *2Mi2`- � .P1 P{+2 Q7 a+B2M+2 lb2` 6�+BHBiv
bmTTQ`i2/ #v i?2 P{+2 Q7 a+B2M+2 Q7 i?2 lXaX .2T�`iK2Mi
Q7 1M2`;v mM/2` *QMi`�+i LQX .1@�*yk@y8*>RRkjRX

_272`2M+2b
(R) 6X _QbbB- hX Em?M- h?2Q`v Q7 mHi`�7�bi T?2MQK2M� BM T?QiQ2t@

+Bi2/ b2KB+QM/m+iQ`b- _2pX JQ/X S?vbX d9 UjV UkyykV 3N8ĜN8yX
(k) _X lH#`B+?i- 1X >2M/`v- CX a?�M- hX 6X >2BMx- JX "QMM- *�``B2`

/vM�KB+b BM b2KB+QM/m+iQ`b bim/B2/ rBi? iBK2@`2bQHp2/ i2`�@
?2`ix bT2+i`Qb+QTv- _2pX JQ/X S?vbX 3j UkV UkyRRV 89jĜ83eX

(j) .X �X 1;;2`- �X "2`�- .X *�?2M- :X >Q/2b- hX EB`+?�`ix- GX E`Q@
MBF- 2i �HX- q?�i `2K�BMb mM2tTH�BM2/ �#Qmi i?2 T`QT2`iB2b Q7
?�HB/2 T2`QpbFBi2b\- �/pX J�i2`X jy UkyV UkyR3V R3yyeNRX

(9) aX "�`QMB- aX /2 :B`QM+QHB- �X .�H *Q`bQ- SX :B�MMQxxB- S?QMQMb
�M/ `2H�i2/ +`vbi�H T`QT2`iB2b 7`QK /2MbBiv@7mM+iBQM�H T2`im`#�@
iBQM i?2Q`v- _2pX JQ/X S?vbX dj UkV UkyyRV 8R8Ĝ8ekX

(8) SX :B�MMQxxB- aX "�`QMB- LX "QMBMB- JX *�H�M/`�- _X *�`- 2i �HX-
Zl�LhlJ 1aS_1aaP, � KQ/mH�` �M/ QT2M@bQm`+2 bQ7ir�`2
T`QD2+i 7Q` [m�MimK bBKmH�iBQMb Q7 K�i2`B�Hb- CX S?vbX, *QM@
/2MbX J�ii2` kR UjNV UkyyNV jN88ykX

(e) SX :B�MMQxxB- PX �M/`2mbbB- hX "`mKK2- PX "mM�m- JX "X
L�`/2HHB- 2i �HX- �/p�M+2/ +�T�#BHBiB2b 7Q` K�i2`B�Hb KQ/2HHBM;
rBi? Zl�LhlJ 1aS_1aaP- CX S?vbX, *QM/2MbX J�ii2`
kN U9eV UkyRdV 9e8NyRX

(d) CX JX wBK�M- 1H2+i`QMb �M/ T?QMQMb, h?2 i?2Q`v Q7 i`�MbTQ`i
T?2MQK2M� BM bQHB/b- Pt7Q`/ lMBp2`bBiv S`2bb- L2r uQ`F- kyydX

(3) CX S�`F- CX@CX w?Qm- JX "2`M�`/B- aTBM@T?QMQM `2H�t�iBQM iBK2b
BM +2Mi`QbvKK2i`B+ K�i2`B�Hb 7`QK }`bi T`BM+BTH2b- S?vbX _2pX
" RyR UkykyV y98kykX

(N) AX@hX Gm- CX@CX w?Qm- JX "2`M�`/B- 1{+B2Mi �# BMBiBQ +�H+mH�iBQMb
Q7 2H2+i`QM@/272+i b+�ii2`BM; �M/ /272+i@HBKBi2/ +�``B2` KQ#BHBiv-
S?vbX _2pX J�i2`X j UkyRNV yjj3y9X

(Ry) AX@hX Gm- CX S�`F- CX@CX w?Qm- JX "2`M�`/B- �# BMBiBQ 2H2+i`QM@
/272+i BMi2`�+iBQMb mbBM; q�MMB2` 7mM+iBQMb- �`sBp,RNRyXR98Re
(+QM/@K�iXKi`H@b+B) X
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(RR) >X@uX *?2M- oX �X C?�H�MB- JX S�HmKKQ- JX "2`M�`/B- �# BMB@
iBQ +�H+mH�iBQMb Q7 2t+BiQM `�/B�iBp2 HB72iBK2b BM #mHF +`vbi�Hb-
M�MQbi`m+im`2b- �M/ KQH2+mH2b- S?vbX _2pX " Ryy UkyRNV yd8Rj8X

(Rk) CX@CX w?Qm- JX "2`M�`/B- �# BMBiBQ 2H2+i`QM KQ#BHBiv �M/ TQ@
H�` T?QMQM b+�ii2`BM; BM :��b- S?vbX _2pX " N9 UkyV UkyReV
kyRkyRU_VX

(Rj) CX@CX w?Qm- PX >2HHK�M- JX "2`M�`/B- 1H2+i`QM@T?QMQM b+�i@
i2`BM; BM i?2 T`2b2M+2 Q7 bQ7i KQ/2b �M/ 2H2+i`QM KQ#BHBiv
BM SrTiO3 T2`QpbFBi2 7`QK }`bi T`BM+BTH2b- S?vbX _2pX G2iiX
RkR UkkV UkyR3V kkeeyjX

(R9) oX �X C?�H�MB- CX@CX w?Qm- JX "2`M�`/B- lHi`�7�bi ?Qi +�``B2`
/vM�KB+b BM :�L �M/ Bib BKT�+i QM i?2 2{+B2M+v /`QQT- L�MQ
G2iiX Rd U3V UkyRdV 8yRkĜ8yRNX

(R8) LX@1X G22- CX@CX w?Qm- GX �X �;�TBiQ- JX "2`M�`/B- *?�`;2 i`�Mb@
TQ`i BM Q`;�MB+ KQH2+mH�` b2KB+QM/m+iQ`b 7`QK }`bi T`BM+BTH2b,
h?2 #�M/HBF2 ?QH2 KQ#BHBiv BM � M�T?i?�H2M2 +`vbi�H- S?vbX _2pX
" Nd URRV UkyR3V RR8kyjX

(Re) JX "2`M�`/B- 6B`bi@T`BM+BTH2b /vM�KB+b Q7 2H2+i`QMb �M/
T?QMQMb- 1m`X S?vbX CX " 3N URRV UkyReV kjNX

(Rd) :X EX >X J�/b2M- .X CX aBM;?- "QHixh`�SX � +Q/2 7Q` +�H+mH�iBM;
#�M/@bi`m+im`2 /2T2M/2Mi [m�MiBiB2b- *QKTmiX S?vbX *QKKmMX
Rd8 URV UkyyeV edĜdRX

(R3) :X SBxxB- .X oQHD�- "X EQxBMbFv- JX 6Q`M�`B- LX J�`x�`B-
"QHixq�MM, � +Q/2 7Q` i?2 2p�Hm�iBQM Q7 i?2`KQ2H2+i`B+ �M/
2H2+i`QMB+ i`�MbTQ`i T`QT2`iB2b rBi? � K�tBK�HHv@HQ+�HBx2/ q�M@
MB2` 7mM+iBQMb #�bBb- *QKTmiX S?vbX *QKKmMX R38 URV UkyR9V
9kkĜ9kNX

(RN) JX "2`M�`/B- .X oB;BH@6QrH2`- CX GBb+?M2`- CX "X L2�iQM- aX :X
GQmB2- �# BMBiBQ bim/v Q7 ?Qi +�``B2`b BM i?2 }`bi TB+Qb2+QM/
�7i2` bmMHB;?i �#bQ`TiBQM BM bBHB+QM- S?vbX _2pX G2iiX RRk UkyR9V
k8d9ykX

(ky) :X .X J�?�M- J�Mv@T�`iB+H2 T?vbB+b- aT`BM;2` la- j`/ 2/MX-
kyyyX

(kR) qX GB- 1H2+i`B+�H i`�MbTQ`i HBKBi2/ #v 2H2+i`QM@T?QMQM +QmTHBM;
7`QK "QHixK�MM i`�MbTQ`i 2[m�iBQM, �M �# BMBiBQ bim/v Q7 aB-
�H- �M/ MoS2- S?vbX _2pX " Nk UdV UkyR8V yd89y8X

(kk) JX 6BQ`2MiBMB- LX "QMBMB- h?2`KQ2H2+i`B+ +Q2{+B2Mib Q7 n@/QT2/
bBHB+QM 7`QK }`bi T`BM+BTH2b pB� i?2 bQHmiBQM Q7 i?2 "QHixK�MM
i`�MbTQ`i 2[m�iBQM- S?vbX _2pX " N9 U3V UkyReV y38ky9X

(kj) SX 1X "Hƺ+?H- PX C2Tb2M- PX EX �M/2`b2M- AKT`Qp2/ i2i`�?2/`QM
K2i?Q/ 7Q` "`BHHQmBM@xQM2 BMi2;`�iBQMb- S?vbX _2pX " 9N UkjV
URNN9V RekkjĜRekjjX

(k9) LX J�`x�`B- �X �X JQbiQ}- CX _X u�i2b- AX aQmx�- .X o�M/2`#BHi-
J�tBK�HHv HQ+�HBx2/ q�MMB2` 7mM+iBQMb, h?2Q`v �M/ �TTHB+�@
iBQMb- _2pX JQ/X S?vbX 39 U9V UkyRkV R9RNĜR9d8X

(k8) �X �X JQbiQ}- CX _X u�i2b- :X SBxxB- uX@aX G22- AX aQmx�- .X o�M@
/2`#BHi- LX J�`x�`B- �M mT/�i2/ p2`bBQM Q7 r�MMB2`Ny, � iQQH
7Q` Q#i�BMBM; K�tBK�HHv@HQ+�HBb2/ q�MMB2` 7mM+iBQMb- *QKTmiX
S?vbX *QKKmMX R38 U3V UkyR9V kjyNĜkjRyX

(ke) :X SBxxB- oX oBi�H2- _X �`Bi�- aX "HɃ;2H- 6X 6`2BKmi?- :X :û`�M@
iQM- JX :B#2`iBMB- .X :`2b+?- *X CQ?MbQM- hX EQ`2ibmM2- 2i �HX-
q�MMB2`Ny �b � +QKKmMBiv +Q/2, M2r 72�im`2b �M/ �TTHB+�iBQMb-
CX S?vbX, *QM/2MbX J�ii2` jk UReV UkykyV Re8NykX

(kd) sX q�M;- CX _X u�i2b- AX aQmx�- .X o�M/2`#BHi- �# BMBiBQ +�H+m@
H�iBQM Q7 i?2 �MQK�HQmb >�HH +QM/m+iBpBiv #v q�MMB2` BMi2`TQ@
H�iBQM- S?vbX _2pX " d9 UkyyeV RN8RR3X

(k3) AX aQmx�- LX J�`x�`B- .X o�M/2`#BHi- J�tBK�HHv HQ+�HBx2/ q�M@
MB2` 7mM+iBQMb 7Q` 2Mi�M;H2/ 2M2`;v #�M/b- S?vbX _2pX " e8 UjV
UkyyRV yj8RyNX

(kN) CX _X u�i2b- sX q�M;- .X o�M/2`#BHi- AX aQmx�- aT2+i`�H �M/
62`KB bm`7�+2 T`QT2`iB2b 7`QK q�MMB2` BMi2`TQH�iBQM- S?vbX _2pX
" d8 URNV UkyydV RN8RkRX

(jy) JX "Q`M- EX >m�M;- .vM�KB+�H i?2Q`v Q7 +`vbi�H H�iiB+2b-
*H�`2M/QM T`2bb- RN89X

(jR) sX :QMx2- *X G22- .vM�KB+�H K�i`B+2b- "Q`M 2z2+iBp2 +?�`;2b-
/B2H2+i`B+ T2`KBiiBpBiv i2MbQ`b- �M/ BMi2`�iQKB+ 7Q`+2 +QMbi�Mib
7`QK /2MbBiv@7mM+iBQM�H T2`im`#�iBQM i?2Q`v- S?vbX _2pX "
88 UReV URNNdV Ryj88ĜRyje3X

(jk) 6X :BmbiBMQ- JX GX *Q?2M- aX :X GQmB2- 1H2+i`QM@T?QMQM BMi2`@
�+iBQM mbBM; q�MMB2` 7mM+iBQMb- S?vbX _2pX " de UReV UkyydV
Re8Ry3X

(jj) JX *�H�M/`�- :X S`Q72i�- 6X J�m`B- �/B�#�iB+ �M/ MQM�/B�#�iB+
T?QMQM /BbT2`bBQM BM � q�MMB2` 7mM+iBQM �TT`Q�+?- S?vbX _2pX
" 3k UReV UkyRyV Re8RRRX

(j9) GX �X �;�TBiQ- JX "2`M�`/B- �# BMBiBQ 2H2+i`QM@T?QMQM BMi2`�+@
iBQMb mbBM; �iQKB+ Q`#Bi�H r�p2 7mM+iBQMb- S?vbX _2pX " Nd UkjV
UkyR3V kj8R9eX

(j8) sX :QMx2- CX@*X *?�`HB2`- .X �HH�M- JX h2i2`- AMi2`�iQKB+ 7Q`+2
+QMbi�Mib 7`QK }`bi T`BM+BTH2b, h?2 +�b2 Q7 ↵@[m�`ix- S?vbX _2pX
" 8y URNN9V Rjyj8U_VX

(je) >X 6`ƺ?HB+?- 1H2+i`QMb BM H�iiB+2 }2H/b- �/pX S?vbX j URRV URN89V
jk8ĜjeRX

(jd) CX aD�Fbi2- LX o�bi- JX *�H�M/`�- 6X J�m`B- q�MMB2` BMi2`TQH�@
iBQM Q7 i?2 2H2+i`QM@T?QMQM K�i`Bt 2H2K2Mib BM TQH�` b2KB+QM@
/m+iQ`b, SQH�`@QTiB+�H +QmTHBM; BM :��b- S?vbX _2pX " Nk U8V
UkyR8V y89jydX

(j3) *X o2`/B- 6X :BmbiBMQ- 6`ƺ?HB+? 2H2+i`QM@T?QMQM p2`i2t 7`QK }`bi
T`BM+BTH2b- S?vbX _2pX G2iiX RR8 URdV UkyR8V Rde9yRX

(jN) hX aQ?B2`- JX *�H�M/`�- 6X J�m`B- hrQ@/BK2MbBQM�H 6`ƺ?HB+? BM@
i2`�+iBQM BM i`�MbBiBQM@K2i�H /B+?�H+Q;2MB/2 KQMQH�v2`b, h?2Q@
`2iB+�H KQ/2HBM; �M/ }`bi@T`BM+BTH2b +�H+mH�iBQMb- S?vbX _2pX "
N9 UkyReV y389R8X

(9y) hX aQ?B2`- JX :B#2`iBMB- JX *�H�M/`�- 6X J�m`B- LX J�`x�`B-
"`2�F/QrM Q7 QTiB+�H T?QMQMbǶ bTHBiiBM; BM irQ@/BK2MbBQM�H K�@
i2`B�Hb- L�MQ G2iiX Rd UeV UkyRdV jd83ĜjdejX

(9R) hX aQ?B2`- JX *�H�M/`�- 6X J�m`B- .2MbBiv 7mM+iBQM�H T2`im`@
#�iBQM i?2Q`v 7Q` ;�i2/ irQ@/BK2MbBQM�H ?2i2`Qbi`m+im`2b, h?2@
Q`2iB+�H /2p2HQTK2Mib �M/ �TTHB+�iBQM iQ ~2tm`�H T?QMQMb BM
;`�T?2M2- S?vbX _2pX " Ne UkyRdV yd8993X

(9k) h?2 S2`im`#Q r2#bBi2- ?iiTb,ffT2`im`#Q@+Q/2X;Bi?m#XBQ
(9j) �X .�H *Q`bQ- .2MbBiv@7mM+iBQM�H T2`im`#�iBQM i?2Q`v rBi? mH@

i`�bQ7i Tb2m/QTQi2MiB�Hb- S?vbX _2pX " e9 UkjV UkyyRV kj8RR3X
(99) �X �X J�`�/m/BM- aX >X oQbFQ- avKK2i`v T`QT2`iB2b Q7 i?2 MQ`@

K�H pB#`�iBQMb Q7 � +`vbi�H- _2pX JQ/X S?vbX 9y URV URNe3V RĜjdX
(98) aX SQM+û- 1X _X J�`;BM2- *X o2`/B- 6X :BmbiBMQ- 1Sq, 1H2+i`QMĜ

T?QMQM +QmTHBM;- i`�MbTQ`i �M/ bmT2`+QM/m+iBM; T`QT2`iB2b mb@
BM; K�tBK�HHv HQ+�HBx2/ q�MMB2` 7mM+iBQMb- *QKTmiX S?vbX
*QKKmMX kyN UkyReV RReĜRjjX

(9e) :X :�//2K�M2- aX :QT�H�M- JX o�M /2 Smi- JX oX 6Bb+?2iiB-
GBKBi�iBQMb Q7 �# BMBiBQ K2i?Q/b iQ T`2/B+i i?2 2H2+i`QMB+@
i`�MbTQ`i T`QT2`iB2b Q7 irQ@/BK2MbBQM�H K�i2`B�Hb, h?2 +QKTm@
i�iBQM�H 2t�KTH2 Q7 k>@T?�b2 i`�MbBiBQM K2i�H /B+?�H+Q;2MB/2b-
�`sBp,RNRkXyjdN8 (+QM/@K�iXKi`H@b+B) X

(9d) JX CX p�M a2ii2M- JX :B�MiQK�bbB- 1X "Qmb[m2i- JX CX o2`@
bi`�2i2- .X _X >�K�MM- 2i �HX- h?2 Sb2m/Q.QDQ, h`�BMBM; �M/
;`�/BM; � 38 2H2K2Mi QTiBKBx2/ MQ`K@+QMb2`pBM; Tb2m/QTQi2M@
iB�H i�#H2- *QKTmiX S?vbX *QKKmMX kke UkyR3V jNĜ89X

(93) �X .�KH2- GX GBM- GX uBM;- a*.J@F, GQ+�HBx2/ Q`#Bi�Hb 7Q`
bQHB/b pB� b2H2+i2/ +QHmKMb Q7 i?2 /2MbBiv K�i`Bt- CX *QKTmiX
S?vbX jj9 UkyRdV RĜR8X

(9N) SX "HQQ/- 1H2+i`B+�H T`QT2`iB2b Q7 n@ivT2 2TBi�tB�H :��b �i ?B;?
i2KT2`�im`2b- S?vbX _2pX " e UeV URNdkV kk8dĜkkeRX

(8y) EX >X LB+?QHb- *X JX GX u22- *X JX qQH72- >B;?@i2KT2`�im`2
+�``B2` i`�MbTQ`i BM n@ivT2 2TBi�tB�H :��b- aQHB/@ai�i2 1H2+i`QMX
kj UkV URN3yV RyNĜRReX

(8R) LX@1X G22- CX@CX w?Qm- >X@uX *?2M- JX "2`M�`/B- L2ti@iQ@H2�/BM;
Q`/2` �# BMBiBQ 2H2+i`QM@T?QMQM b+�ii2`BM;- �`sBp,RNyjXy3keR
(+QM/@K�iXK2b@?�HH) X

(8k) CX J�- �X aX LBbbBK�;Qm/�`- qX GB- 6B`bi@T`BM+BTH2b bim/v Q7
2H2+i`QM �M/ ?QH2 KQ#BHBiB2b Q7 aB �M/ :��b- S?vbX _2pX " Nd U9V
UkyR3V y98kyRX

(8j) PX gJ�/2HmM;- lX _ƺbbH2`- JX a+?mHx U1/bXV- a2KB+QM/m+iQ`b-
pQHX g9R�R�- aT`BM;2`- "2`HBM- kyykX

(89) :X >QKK- SX CX EH�`- CX h2m#2`i- qX >2BK#`Q/i- a22#2+F +Q27@
}+B2Mib Q7 M@ivT2 U:�-AMVUL-�bV- U"-:�-AMV�b- �M/ :��b- �TTHX
S?vbX G2iiX Nj U9V Ukyy3V y9kRydX

(88) LX >X S`QiBF- .X �X "`QB/Q- *QmTH2/ i`�MbTQ`i Q7 T?QMQMb �M/
+�``B2`b BM b2KB+QM/m+iQ`b- �`sBp,RNRRXykNRe (+QM/@K�iXKi`H@
b+B) X

(8e) wX um- wX@uX PM;- uX S�M- uX *mB- _X sBM- uX a?B- 2i �HX- _2@
�HBx�iBQM Q7 `QQK@i2KT2`�im`2 T?QMQM@HBKBi2/ +�``B2` i`�MbTQ`i
BM KQMQH�v2` JQa2 #v /B2H2+i`B+ �M/ +�``B2` b+`22MBM;- �/pX
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J�i2`X k3 UjV UkyReV 89dĜ88kX
(8d) aX a�/�bBp�K- JX EX uX *?�M- SX .�`�M+2i- h?2Q`v Q7 i?2`K�H

`2H�t�iBQM Q7 2H2+i`QMb BM b2KB+QM/m+iQ`b- S?vbX _2pX G2iiX RRN
UkyRdV RjeeykX

(83) �X JQHBM�@a�M+?2x- .X a�M;�HHB- GX qB`ix- �X J�`BMB- �# BMBiBQ
+�H+mH�iBQMb Q7 mHi`�b?Q`i +�``B2` /vM�KB+b BM irQ@/BK2MbBQM�H
K�i2`B�Hb, o�HH2v /2TQH�`Bx�iBQM BM bBM;H2@H�v2` qa22- L�MQ
G2iiX Rd U3V UkyRdV 989NĜ9888X

(8N) CX@CX w?Qm- JX "2`M�`/B- S`2/B+iBM; +?�`;2 i`�MbTQ`i BM i?2 T`2b@
2M+2 Q7 TQH�`QMb, h?2 #2vQM/@[m�bBT�`iB+H2 `2;BK2 BM SrTiO3-
S?vbX _2pX _2b2�`+? R UkyRNV yjjRj3X

(ey) PX >2HHK�M- SX ai2M2i2;- AX �X �#`BFQbQp- aX AX aBK�F- h2KT2`@
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