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Thispaperemploysaninput-outputbasedapproachtoanalyzeconvectiveveloc-
itiesandthetransportoffluctuationsinturbulentchannelflows.Theconvective
velocityforafluctuatingquantityassociatedwithstreamwise–spanwisewave-
lengthpairsateachwall-normallocationisobtainedthroughthemaximization
ofthepowerspectraldensityassociatedwiththelinearizedNavier-Stokesequa-
tionswithaturbulentmeanprofileanddelta-correlatedGaussianforcing. We
firstdemonstratethatthemeanconvectivevelocitiescomputedinthismanner
agreewellwiththosereportedpreviouslyintheliterature. Wethenexploitthe
analyticalframeworktoprobetheunderlyingmechanismscontributingtothe
localconvectivevelocityatdifferentwall-normallocationsbyisolatingthecontri-
butionsofeachstreamwise–spanwisewavelengthpair(flowscale).Theresulting
analysissuggeststhatthebehavioroftheconvectivevelocityinthenear-wall
regionisinfluencedbylarge-scalestructuresfurtherawayfromthewall.These
structuresresembleTownsend’sattachededdiesinthecross–plane,yetshowin-
completesimilarityinthestreamwisedirection. Wetheninvestigatetheroleof
eachlinearterminthemomentumequationtoisolatethecontributionofthe
pressure,meanshear,andviscouseffectstothedeviationoftheconvectiveveloc-
ityfromthemeanateachflowscale.Ouranalysishighlightstheroleoftheviscous
effects,particularlyinregardstolargechannelspanningstructureswhoseinflu-
enceextendstothenear-wallregion.Theresultsofthisworksuggestthepromise
ofaninput-outputapproachforanalyzingconvectivevelocityacrossarangeof
flowscalesusingonlythemeanvelocityprofile.

Key words: Convectivevelocity;Turbulentchannel;Taylor’shypothesis;Linearized
Navier-Stokes

1.Introduction

Taylor’sfrozenturbulencehypothesis(Taylor1938)anditsvariantshaveproven
invaluableinthestudyofhighReynoldsnumberwall-boundedturbulentflows
(Marusicetal.2010;Smitsetal.2011;LeHewetal.2011).However,itsunder-
lyingassumptionthatthemotionofturbulentfluctuationscanbemodelledas
passiveadvectionbythelocalmeanvelocityisknowntobreakdownincertain
flowregimes(Lin1953;Dennis&Nickels2008;Squireetal.2017).Inorderto
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compensatefortheseknownerrors,thelocalmeanvelocityisoftenreplacedby
aconvectivevelocitythatbetterrepresentsthespatio-temporaldevelopmentof
thefluctuations(Zaman&Hussain1981;Hutchinsetal.2011).Thisconvective

velocitycanbecomputedfromsimulationdata(Kim&Hussain1993;delÁlamo
&Jiḿenez2009;Chung&McKeon2010;Lozano-Duŕan&Jiḿenez2014;Geng
etal.2015;Renard&Deck2015)orobtainedfromspatio-temporallyresolvedex-
perimentalmeasurements(Krogstadetal.1998;LeHewetal.2010;LeHewetal.
2011;deKat&Ganapathisubramani2015).However,questionsremainregard-
inghowtoobtainanaccurateestimateofthisquantity,particularlyinsituations
wheretherelevantdataareunavailable;e.g.,inexperimentsusinghotwiremea-
surementsorplanarPIV.Inaddition,thereisnotyetafullunderstandingofthe
mechanismscontributingtotheconvectivevelocityineachregionoftheflow.
Suchknowledgeisrequiredbothtocharacterizethetransportpropertiesoffluc-
tuatingquantities,andtoidentifywhendirectapplicationofTaylor’shypothesis
withthemeanvelocityisinsufficient.
AnearlyworkbyLin(1953)suggeststhatTaylor’shypothesisworkswellwhen
themeanflowisapproximatelyspatiallyuniformandwhenturbulenceintensities
arelow,butbreaksdowninregionsofhighshear.Lumley(1965)furtherrefines
thisspatialuniformityrequirement,suggestingthatweakinteractionsbetween
eddiesofdifferentsizesarealsoneededtoensurethevalidityofTaylor’shypothe-
sis.Gengetal.(2015)providesupportforthebreakdownofTaylor’shypothesis
inhighlyshearedregionsoftheflowbyexplicitlycomputingthecontributionof
advectionbythemeanflow(Taylor’shypothesis)toconvectivevelocityinthe
viscoussublayerusingDirectNumericalSimulation(DNS)datafromchannel
flowsatReτ=205and932.Inparticular,theycomputetheaverageamplitudes
ofdifferenttermsinthemomentumequationthroughDNSandillustratethat
advectionbythemeanflowprovideslessthan50%ofthestreamwisemomentum
fluxintheviscoussublayer.Taylor’shypothesishasalsoproventoinadequately
describetheconvectionoflarge-scalecomponentsoftheflow.Dennis&Nickels
(2008)comparethespatialevolutionofaturbulentflowinferredfromthetem-
poralinformationusingTaylor’shypothesiswiththoseobtainedusingParticle
ImageVelocimetry(PIV)atawallparallelplanesufficientlyremovedfromthe
wallsothattheassumptionsofLin(1953)aresatisfied.Theauthorsfindthat
eventhoughthePIVfieldsarequalitativelysimilar,severallarge-scalefeatures
arenotreproducedinthefieldsgeneratedusingTaylor’shypothesis.
ThevalidityofTaylor’shypothesisacrossarangeofflowscalesisexploredby
Fisher&Davies(1964)whousetwo-pointspace-timecorrelationforstatistically
stationaryturbulencetocomputetheconvectivevelocityofstreamwisevelocity
fluctuationsasafunctionofstreamwisespatialandtemporalseparation;i.e.,a
streamwise(ortemporal)scale-dependentconvectivevelocity.Fisher&Davies
(1964)andsubsequentlyFavreetal.(1967);Zaman&Hussain(1981)showthat
theconvectivevelocitycomputedinthismannerdoesnotcoincidewiththelocal
meanvelocityandcanbestronglydependentonthestreamwisespatialortem-
poralseparation.Asimilarphenomenonhasalsobeenobservedinmeasurements
ofwall-pressure(Willmarth& Wooldridge1962).
Thisscaledependence,particularlytheincreasingdeviationoftheconvective
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velocityfromthemeanflowasspatialseparationisincreased,wasidentifiedasa
possibleexplanationfortheknowndiscrepancybetweentheconvectiveandmean
velocitiesnearthewall.Inparticular,thelargerconvectivevelocityversusthe
localmeanvelocityinthenear-wallregionhasbeenattributedtofastermov-
ingstructurescenteredfurtherawayfromthewallwhoseinfluenceextendsto
thewallduetotheirlargesize(Dinkelackeretal.1977;Kreplin&Eckelmann
1979;Farabee&Casarella1991;Kim&Hussain1993;Hutchinsetal.2011).del

Álamo&Jiḿenez(2009)findthatfastandwidestreamwiseelongatedstruc-
tures,coherentuptothecoreregion,provideaconsistentcontributiontothe
energy-weightedaverageconvectivevelocityclosetothewall.Theyrelatethese
structurestothelargemodes(Bullocketal.1978;delÁlamoetal.2004)remi-
niscentofTownsend’s‘inactive’eddies(Townsend1961;Bradshaw1967)andthe
verylarge-scalemotions(Gualaetal.2006;Balakumar&Adrian2007;Hutchins
&Marusic2007;Montyetal.2007),whichhavebeenshowntomodulatesmall-
scalestructures(Mathisetal.2009a,b;Ganapathisubramanietal.2012;Yang
&Howland2018).Althoughtheseworksprovideevidencethatscaleinteractions
contributetothebreakdownofTaylor’shypothesisatthewall,afullunderstand-
ingoftheunderlyingmechanismsacrossthefullrangeofflowregimeshasyetto
berealized.
Inthispaper,weexplorethemechanismsunderlyingtheconvectivevelocityof
fluctuatingquantitiesinwall-boundedturbulenceusingaspatio-temporaltrans-
ferfunctionthatenablesustoisolatethecontributionsandinteractionsacross
thefullrangeofflowscales.Thisapproachallowsustocomputequantitiesfora
rangeofReynoldsnumbersgivenanassociatedturbulentmeanvelocityprofile.
Ouranalyticalframeworkisbasedonstochastically-forcedLinearizedNavier-
Stokes(LNS)equations,whichhavealonghistoryinthestudyofwall-bounded
shearflows;e.g.,incharacterizingenergyamplificationassociatedwithstochastic
disturbances(Farrell&Ioannou1993;Bamieh&Dahleh2001)andisolatingthe
mostsensitiveinput-outputpaths(Jovanovíc&Bamieh2005).TheLNSequa-
tionshavealsoprovenusefulincharacterizingcoherentstructures(Smitsetal.
2011;McKeon2017;Jiḿenez2018).Forexample,lowrankapproximationsofthe
resolventoperator(McKeon&Sharma2010)havebeenusedtoexplainthescal-
ingsoftheverylarge-scalemotionsandtoreconstructthepackethairpinvortices
(Sharma&McKeon2013).Luharetal.(2014)alsousetheresolventframeworkto
predictthehigh-amplitudewall-pressurepreviouslyobservedinexperimentsand
simulations.Moarrefetal.(2013)combinethisframeworkwithtermbalancing
argumentstoreproducetheinner,outer,andgeometricallyself-similarscalings
ofthestreamwiseenergydensityinturbulentchannelflows.Input-outputanal-
ysisoftheNSequationslinearizedaboutabaseprofilewithaneddyviscosity
term(Reynolds&Hussain1972)leadstoaccuratepredictionsofthespanwise

spacingofnear-wallstreaks(deĺAlamo&Jiḿenez2006;Cossuetal.2009;Pujals
etal.2009;Hwang&Cossu2010a,b)andlarge-scalestructures(Illingworthetal.
2018;Madhusudananetal.2019;Morraetal.2019).Relatedworkemployingthe
impulseresponse(Vadarevuetal.2019)oftheLNStransferfunctionhasledto
self-similarvortexstructures.
ThetransferfunctionoftheLNShaspreviouslybeenusedtocomputequan-
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titiesassociatedwiththeconvectivevelocityofafluctuatingquantityinwall-
boundedturbulentflows.Forexample,theresolventframeworkwasusedtoshow
thatthephasespeedofstreamwisevelocityfluctuationswithpeakcontribution
totheenergydensitydeviatesfromthemeanvelocityinthenear-wallregion
(Moarrefetal.2013).Luharetal.(2014)alsousedtheresolventframework
toinvestigatethescaledependenceofwall-pressurepropagationspeed,which
showedagreementwiththeempiricallydeterminedconvectivevelocity(Panton
&Linebarger1974).Zareetal.(2017)alsocomputedtheconvectivevelocityof
streamwisevelocityfluctuationsforonespecificflowscalebasedontheLNSequa-
tionwithtemporallycorrelated(colored)stochasticforcing.Theirresultsshow

qualitativelysimilarbehaviortoconvectivevelocitiesobtainedbydelÁlamo&
Jiḿenez(2009).Theseworksdemonstratetheutilityoftransferfunctionbased
approachesincomputingtheconvectivevelocity.However,noneoftheseworks
employedinput-outputanalysistoinvestigatetheunderlyingmechanismsthat
leadtothedeviationofconvectivevelocityfromthelocalmeanvelocity.

Thisworktakesstepsinthatdirectionbyusinganinput-outputframework
tosystematicallyinvestigatethescale-dependentconvectivevelocityofvelocity
fluctuationsinturbulentchannels. Webeginbydemonstratingthattheproposed
approachprovidesgoodagreementwiththemeanconvectivevelocitypredictions
forfluctuationsofthethreevelocitycomponentspreviouslypublishedinthelit-
erature(Kim&Hussain1993;Gengetal.2015). Wethendirectourattention
tothestreamwisevelocityfluctuationsandexploittheanalyticalframeworkto
computetheconvectivevelocityforeachstreamwise–spanwisewavenumberpair
atdifferentwallnormallocationsandtoexamineinteractionsbetweendifferent
scales.Theresultsofourscale-dependentanalysisareconsistentwiththoseob-
tainedusingDNSdata(deĺAlamo&Jiḿenez2009).Inparticular,theconvective
velocitiespredictedusingtheinput-outputbasedapproachemployedhereshow
morevariationwithscaleclosertothewall,withthelargestvariationoccurring
intheviscoussublayer.Ouranalysissuggeststhatthisviscoussublayerbehav-
iorarisesduetostructuresthatareself-similarinthespanwiseandwall-normal
planeandscalewithwall-normalheight,whichsupportsTownsend’sattached
eddyhypothesisregardingthedominantdynamicalstructuresinwall-bounded
flows.

Finally,inthespiritofLin’s(1953)term–by–termanalysisofthemomentum
equation,weexaminehoweachlinearterminthe momentumequationcon-
tributestothedeviationoftheconvectivevelocityfromthemean.Alinearanal-
ysisisexpectedtoyieldinsightinthisregardbecauseboththemeanshearterm
andtheviscousterm,whichplaycriticalrolesinthedynamicsofthenear-wall
region,arelinear.Moreover,itwasrecentlyshownthatresolventanalysisretains
thefastpressurecomponentarisingfromthelinearinteractionbetweenthemean
shearandturbulentwall-normalvelocity(Luharetal.2014),andthereforeour
computationsalsoincludethesephenomena.Ouranalysisemploysanexpression
forscale-dependentconvectivevelocitiesderivedbydeĺAlamo&Jiḿenez(2009),
whodidnotfurtheranalyzethevariousterms.Thisworkalsobuildsuponthat
ofGengetal.(2015)whoquantifyeachterm’scontributiontotheconvective
velocityatdifferentwall-normallocations.Ourresultsindicatethattheviscous
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termprovidesthelargestcontributiontothedeviationoftheconvectivevelocity
fromthemeaninthenear-wallregion.Basedontheseobservations,wepropose
aviscouscorrectiontoTaylor’shypothesis,anddemonstratethattherevised
modelaccuratelyreproducesthebehaviorofthenear-wallconvectivevelocityfor
large–scalestructures.

Theremainderofthepaperisorganizedasfollows.Section2describesthe
problemsetup. Wedetailourtransferfunctionbasedapproachandnumerical
schemeforcalculatingtheconvectivevelocitiesinsections3and4,respectively.
Insection5,weapplytheinput-outputbasedapproachusing meanvelocity
profilesfromturbulentchannelflowsobtainedfromLee&Moser(2015)atthree
differentReynoldsnumbers(Reτ=550,1000,and5200). Wethendiscussthe
physicaloriginofthenear-wallconvectivevelocities.Section6exploresthewall-
normalcoherenceofthestructurescontributingtotheconvectivevelocitiesata
particularwall-normallocation.Section7analyzesthecontributionofeachofthe
lineartermsinthemomentumequationtothetotalconvectivevelocityforeach
streamwise–spanwisewavenumberpair(flowscale).Basedonthisterm-by-term
analysis,aviscouscorrectiontoTaylor’shypothesisisproposedanddiscussed.
Section8concludesthepaper.

2. Problemsetup

Weconsiderincompressibleflowbetweentwoinfiniteparallelplatesdriven
byastreamwisepressuregradientasshowninfigure1(a),wherex,y,zarethe
streamwise,wall-normal,andspanwisedirections,respectively.Wedecomposethe

velocityfield,u= u v w
T
,withTindicatingthetranspose,andthepressure

field,p,intomeanandfluctuatingquantities;i.e.,u=̄u(y)i+uwithidenoting
thestreamwiseunitvectorandp= p̄+p,wheretheoverbarsindicatetime

averagedquantities,φ̄=limT→∞
1
T

T
0φ(t)dt,andprimesindicatefluctuating

quantities.Thedynamicsofthefluctuationsuandparegovernedby

∂tu+̄u∂xu+∇p+v
d̄u

dy
i−

1

Reτ
∆u=−u·∇u+u·∇u, (2.1a)

∇·u=0. (2.1b)

Thespatialvariablesarenormalizedbythehalfchannelheightδ;e.g.,y=y∗/δ∈
[−1,1],wherethesubscript∗indicatesdimensionalquantities.Thevelocityis
normalizedbythefrictionvelocityUτ= τw/ρ,whereτwisthetime-averaged
meanshearstressatthewall,and ρisthedensityofthefluid,whichleads
tou:=u+ =u∗/Uτ.†Timeandpressurearenormalizedbyδ/Uτ,andρU

2
τ,

respectively. Wedefinetheinnerunitlengthscaleasδv=ν/Uτandusethe
superscript+todenotethedistancesmeasuredininnerunits;i.e.,y+=y∗/δv.
ThefrictionReynoldsnumberisdefinedasReτ=δUτ/ν=δ

+.

†Note,in(2.1),weomitthe+superscriptsforthevelocityfluctuationsfornotationalcon-
venience.



6 ChangLiu,DenniceF.Gayme

(a) (b)

Figure1:(a)Turbulentflowbetweentwoinfiniteparallelplateswithmeanprofileū(y).
(b)Thefluctuationsuaredecomposedintotravelingwaveswithwavelengthsλx,λzin
thex,zdirectionsanddownstreamphasespeedc=−λxω/2πusingequation(2.2).

Invariancetoshiftsin(x,z,t)ofequations(2.1)allowsustoemploythe(x,z,t)
spatio-temporalFouriertransform,

ψ̂(y;kx,kz,c)=F(ψ)≡

∞

−∞

∞

−∞

∞

−∞

ψ(x,y,z,t)e−i(kx(x−ct)+kzz)dtdxdz, (2.2)

wherekx=2π/λxandkz=2π/λzaretherespectivedimensionlessxandz
wavenumbersnormalizedbythechannelhalf-heightδ.Thetransform(2.2)de-
composestheflowintotravelingwaveswithwavelengthsλx,λzinthex,zdi-
rectionsanddownstreamphasespeedc=−ω/kx=−λxω/2π,whereωisthe
frequency;seefigure1(b).ApplyingtheFouriertransformto(2.1)anddenoting
thenonlineartermas:f(x,y,z,t)≡−u·∇u+u·∇uyields

ikx(̄u−c)̂u

I

+∇̂p̂

IIa

+̂v
d̄u

dy
i

IIb

−
1

Reτ
∆̂û

IIc

= f̂

III

, (2.3a)

∇̂·̂u=0, (2.3b)

where∇̂= ikx ∂y ikz
T
and∆̂=∂yy−(k

2
x+k

2
z).Thecorrespondingno-slip

boundaryconditionsaregivenby

û(y=±1;kx,kz,c)=0 0 0
T
,∀kx,kz,c∈R. (2.4)

Thetermsin(2.3a)canbegroupedinto:(I)advectionofthefluctuationsbythe
meanvelocityintheframeofreferenceofthetravelingwavefluctuations,terms
(IIa)-(IIc),whichcapturetherespectiveeffectsofpressure,shear,andviscosity,
and(III)fluctuation-fluctuationnonlinearinteractions.
Taylor’sfrozenturbulencehypothesisstatesthatforsufficientlylowturbulence
intensities(|urms|∞/̄u→ 0),thespatio-temporaldevelopmentofturbulentfluc-
tuationscanbedescribedasdownstreamadvectionbythemeanvelocityū(y)
(Taylor1938).Thisstatementisequivalenttosettingalltermsexcept(I)in(2.3a)
tozero,whichreducestheequation(2.3a)tothepassiveadvectionmodel:

ikx(̄u−c)̂u=0. (2.5)

Aspreviouslydiscussed,thedirectapplicationofTaylor’shypothesistendsto
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beinaccurateinregionsnearthewall,wherethetermsin(IIa)-(IIc)and(III)
in(2.3a)providenon-negligiblecontributions;seee.g.,Lin(1953);Gengetal.
(2015).Itiswell-knownthatthemodelin(2.5)canbeimprovedbyreplacing
themeanvelocity,ū,withanempiricallydeterminedmeanconvectivevelocity
ψc(Zaman&Hussain1981;Hutchinsetal.2011)forthefluctuatingquantity
ofinterest.Inthenextsection,wedescribeaninput-outputbasedapproachto
computingsuchaψc.

3. Methodforcalculatingscale-dependentconvectivevelocities

Inthissection,wedescribetheemployedinput-outputapproachtocomput-
ingspatio-temporalconvectivevelocitiesoffluctuatingquantitiesgivenamean
velocityprofileū(y).Firstwerewrite(2.3)intheform

L
û
p̂
=Bf̂, (3.1)

where

L:=
(ikx(̄u−c)−

1
Reτ
∆̂)I3×3+

d̄u
dyS ∇̂

∇̂T 0
, B:=

I3×3
01×3

, (3.2)

andf̂ isparameterizedasinputforcing.Inequation(3.2),In×nand0m×nare
respectiveidentityandzeromatriceswiththeirsizesindicatedbytheirsubscripts,

andS:=
0 1 0
0 0 0
0 0 0

.Anon-boldsymbolrepresentsascalar;e.g.,the0appearing

in(3.2)isascalarquantity. Wethendefineanoutputvariable

ψ̂=Ĉψ
û
p̂
, (3.3)

whereĈψ =Ĉψ(y;kx,kz)isalinearoperatorthatmapsthestatevariablesto

theoutputofinterest.Here,weusetheprimitivevariablesû andp̂asstates
ratherthanthewall-normalvelocityandvorticitycoordinatesofthecommonly
studiedOrr-SommerfeldandSquireequationsbecausethisformoftheequations
providesdirectinformationaboutthepressure(Luharetal.2014),whichwewill
laterexploitintheterm-by-termanalysisinsection7.

Wedefinetheinput-outputmap Ĝψ betweentheinputf̂ andtheoutputψ̂,

inthemannerofMcKeon&Sharma(2010);Luharetal.(2014);McKeon(2017)
as

ψ̂=ĈψL
−1Bf̂=Ĝψ(y;kx,kz,c)̂f. (3.4)

Theconvectivevelocityofafluctuatingvariableψcanbecomputedusingthe
followingtwo-pointspace-timecorrelationforstatisticallystationaryturbulence:

Rψ̂(ξ,τ;x)=ψ(x,t)ψ(x+ξi,t+τ), ψ=u,v,w,ωx,ωy,ωz,p, (3.5)

whereξandτaretherespectivestreamwiseandtemporalseparationbetween
twopoints.Convectivevelocitiesforfluctuationsψatsomexarecomputedfrom
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(3.5)byfixingeitherξorτandvaryingtheotherseparationvariabletomaximize
Rψ̂(ξ,τ;x)(Wills1964;Fisher&Davies1964;Kim&Hussain1993;Zaman&

Hussain1981;Krogstadetal.1998). Weadaptthisideatoourapproachby

computingthePowerSpectralDensity(PSD)(Wills1964;delÁlamo&Jiḿenez
2009)fortheinput-outputmap(3.4)as

Φψ̂(y;kx,kz,c)=ψ̂ψ̂
∗ =Ĝψ f̂f̂

∗
G∗
ψ̂
=ĜψG

∗
ψ̂

(3.6)

withf(x,y,z,t)parametrizedasspatio-temporaldelta-correlatedGaussiannoise
withunitvariance;i.e.,noisethatiswhiteinspaceandtime(Jovanovíc&Bamieh
2005).Thesuperscript∗in(3.6)denotesthecomplexconjugate,andtheangle
brackets indicateanensembleaveragingoperation.

Theconvectivevelocityψcisthenobtainedas

ψc(y;kx,kz)≡argmaxcΦψ̂(y;kx,kz,c), (3.7)

whichrepresentsconvectivevelocitiesofthecoherentstructureswith(x,z)spatial
extentsofλx=2π/kxandλz=2π/kzasafunctionofwall-normallocation.
Thisdefinitionofconvectivevelocitybasedon(3.7)neglectsthedistribution
ofthePSDforagiven(λx,λz)pair,whichisexpectedtocontainenergyata
rangeoftemporalfrequencies.Thedistributionofthespectrumcouldbepartially
accountedforbyinsteaddefiningtheconvectivevelocityintermsofthecenter
ofgravityofthePSD.Thatquantityiscommonlyusedtocomputeconvective
velocityinsimulation(DNSandLES)studiesasitrequirestime-averaginginstead

ofFouriertransforminginthetimedomain;seee.g.,delÁlamo&Jiḿenez(2009);
Chung&McKeon(2010);Renard&Deck(2015).Ourapproachcanbeadapted
toaccommodatesuchadefinition(andothers)throughasuitablemodificationof
equation(3.7).Inthecurrentwork,werecomputedasubsetoftheresultsusing
thecenterofgravitymethodtoensurethatthemainconclusionsofourstudy
arenotalteredbyourchoiceofdefinition.

Assumingthatf(x,y,z,t)isspatio-temporaldelta-correlatedGaussiannoise
withunitvarianceimpliesthatthevelocityitselfisGaussian.Thisisclearlynot
trueasvelocityprobabilitydensityfunctionsareknowntohaveheavytailsand
odd-ordermomentsthatdonotvanish(Frisch&Kolmogorov1995).Colored-
in-timeforcinghasbeenshowntoproducemoreaccuratestatistics(Zareetal.
2017).However,theGaussianwhite-noiseparametrizationisappealingbecause
itisasimple,analyticallytractableforcingthathasbeenwidelyusedtoprovide
importantinsightsintothedynamics;e.g.,Farrell&Ioannou(1993);Bamieh
&Dahleh(2001);Jovanovíc&Bamieh(2005).Therefore,thistypeofforcing
providesagoodstartingpointforunderstandingtheroleoflinearmechanisms
indeterminingtheconvectivevelocityandsimplifiesanalysisbecauseitdoesnot
introduceapreferentialforcinginanyofthespatialortemporaldirections.

Wefocusonstreamwise,wall-normal,andspanwisevelocityfluctuationswhich
arecomputedbasedontherespectiveoutputoperators

Ĉu= 1 0 0 0, Ĉv= 0 1 0 0, and Ĉw = 0 0 1 0 (3.8)
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in(3.4).However,wenotethattheapproachcanbegeneralizedtothecalcu-
lationoftheconvectivevelocityforanyfluctuatingquantity,ψ,whoseFourier
transformcanbewrittenintheform(3.3)withanappropriatechoiceofĈψ.For

example,theoutputoperatorscorrespondingtothevorticityfluctuationsω̂x,ω̂y,
ω̂z,andthepressurep̂aregivenby:

Ĉωx= 0 −ikz ∂y 0, Ĉωy= ikz 0 −ikx 0,

Ĉωz= −∂y ikx 0 0, Ĉp= 0 0 0 1, (3.9)

respectively.Ananalysisoftheconvectivevelocityofvorticityfluctuationsis
carriedoutinLiu&Gayme(2019).
Inthenextsection,wedescribethenumericalimplementationoftheinput-
outputbasedapproachforchannelflowatthreedifferentReynoldsnumbers.
Theresultingconvectivevelocitiesareanalyzedinsubsequentsections.

4. Numericalapproach

Theoperatorsin(3.6)arediscretizedusingtheChebyshevdifferentiationma-
tricesgeneratedbytheMatlab routinesof Weideman&Reddy(2000). We

denotethediscretizationofĜψ asĜψ.Theresultingdiscretizedexpressionfor

thePSDatwall-normallocationy=yiisgivenby

Φψ̂(yi;kx,kz,c)=(Φψ̂(y;kx,kz,c))i= Ĝψ(y;kx,kz,c)G
∗
ψ̂
(y;kx,kz,c)

ii
,(4.1)

wherey={y1,y2,...}arethediscretegridpointsinthewall-normaldirection,
and(A)ijindicatesthe(i,j)elementofthematrixA.Theconvectivevelocity
atafixed(y;kx,kz)canthenbeapproximatedthroughthediscretizedanalog
of(3.7).Incomputingthisquantity,weemploytheClenshaw–Curtisquadrature
(Trefethen2000)toobtaintheL2innerproductfortheChebyshevspacedwall-
normalgrid. Weimplementthenoslipboundaryconditionû(y=±1)=0
explicitlyfollowingtheapproachofLuharetal.(2014).Thisimplementation
allowsustouseprimitivevariablesû andp̂,whichaspreviouslydiscussed
offersusdirectinformationregardingthefastpressure. Weperformedthesame
analysisusingtheOrr-SommerfeldandSquireformdescribedinJovanovíc&
Bamieh(2005)andverifiedthatresultsdonotchange.
Theturbulentmeanvelocitiesin(2.1a)areobtainedfromtheDNSofLee&
Moser(2015)at Reτ=550,1000,and5200,whichallusesimulationdomains
withLx∗/δ=8πandLz∗/δ=3π.FortheReτ=550andReτ=1000cases,our
calculationsuse122collocationpointsinthewall-normaldirection. Weemploy
192collocationpointsfortheReτ=5200calculations. Wecomputetheoptimal
valueofequation(3.7)bycomputingthePSDfor201uniformlyspacedpoints
overthephasespeedrangec+ ∈[0,30]foreachwavenumberpair(kx,kz). We
thenselectthesinglec+thatmaximizesthePSD.Thisphasespeedrangeand
90×90logarithmicallyspacedpointsinthespectralrangekx∈[10

−2,103]and
kz∈[10

−2,103]areemployedforallthreeReynoldsnumbers. Weverifiedthat
doublingeitherthenumberofcollocationpointsinthewall-normaldirection



10 ChangLiu,DenniceF.Gayme

orthenumberofFouriermodesinthehorizontaldirectionsdoesnotalterthe
results,indicatinggridconvergence.

5. Convectivevelocityinturbulentchannels

Inthissection,weusethemethoddescribedinsections3and4tocompute
theconvectivevelocityofthevelocityfluctuationsforturbulentchannelflow
atReτ=550,Reτ=1000,andReτ=5200. Wefirstvalidatetheapproach
bycomputingthemeanconvectivevelocitiesandcomparingourresultstothose
computedfromDNSdata(deĺAlamo&Jiḿenez2009;Gengetal.2015).Wethen
takeadvantageoftheanalyticalframeworktofurtheranalyzethecontribution
ofdifferentlengthscalestothelocalconvectivevelocity.

5.1.Validationoftheinput-outputbasedapproach

Theweightedaverageconvectivevelocity[ψc]hofafluctuatingquantityψ can
becomputedas:

[ψc]h(y)=
Ωψc(y;kx,kz)h(y;kx,kz)dkxdkz

Ωh(y;kx,kz)dkxdkz
(5.1)

withanaveragingdomainΩover(kx,kz)andaweightingfunctionh(y;kx,kz)=
|Fxz(ψ)|

2k2x,whereFxzisthex-zFouriertransform:

Fxz(ψ)(y;kx,kz,t)≡

∞

−∞

∞

−∞

ψ(x,y,z,t)e−i(kxx+kzz)dxdz. (5.2)

Wecomputethisaveragequantityforeachofthethreefluctuatingvelocitycom-
ponentsbyfirstcomputingtheconvectivevelocityofeachcomponentusing(3.6)
and(3.7)withthecorrespondingoutputoperatorsgivenin(3.8).Thesequantities
arethenfilledinto(5.1)withanaveragingdomainΩ:(λ+x,λ

+
z)>(500,80).The

weightingfunctionh(y;kx,kz)inequation(5.1)isselectedtoprovidetheleast-
squaresfittothepassiveadvectionmodel:∂tψ+[ψc]h∂xψ=0,ψ=u,v,was

discussedbydelÁlamo&Jiḿenez(2009).Thischoiceallowsadirectcomparison
withGengetal.(2015),whoexplicitlyemployedthisfitintheircomputations.
TheaveragingdomainΩ:(λ+x,λ

+
z)>(500,80)waschosentoincludethesub-

layerstreaksproposedasthesourceoftheelevatednear-wallconvectivevelocity
(Kim&Hussain1993)buttoavoidthenonlineareffectsthatdominateatsmaller
scales,whereourlinearanalysisisnotexpectedtobevalid.Thelimitationsof
ourinput-outputbasedapproachatthesesmallerscalescanbeunderstoodby
examiningtheenergyspectrumthatiscomparedtothatofDNSdatainfigure
2.HereitisclearthatthespectrumforDNSfallsoffmuchfasterwithdecreasing
wavelengththanthespectrumobtainedusingtheinput-outputbasedapproach
inthiswork.Therelativelyheavierweightingatthesmallscales(wavelength)
structuresimposedthroughthepresentapproachresultsinaloweroverallcon-
vectivevelocityintheseregions.Ourchoiceofaveragingdomaineliminatesthe
effectofthisheavierweightingandimplicitlyassumesthatsmallerwavelengths
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Figure 2: Premultiplied two-dimensional spectral density of streamwise velocity fluctua-
tionskxkz Φ̂u(y;kx,kz,c)dcaty

+≈5 for Reynolds numberReτ= 1000. Contours are
shown for 0.2 (); 0.5 (); 0.8 (◦) times the maximum value computed using the present
approach. Results are plotted with the premultiplied spectral density of streamwise ve-
locity fluctuations computed from DNS data. Contours are plotted at 0.2 (); 0.5 ();
0.8 (•) times the maximum value from DNS data atReτ= 934 (delÁlamoet al.2004)
(https://torroja.dmt.upm.es/channels/data/spectra/).

(a) (b)

Figure 3: (a) The average convective velocity of velocity fluctuations, [ψc]
+
h(y):ψ=u

();ψ =v();ψ =w (◦) computed using the present approach and (5.1) with
their corresponding weighting functionsh= |Fxz(ψ)|

2k2xand an averaging domain
of (λ+x,λ

+
z)>(500,80) atReτ= 1000. Results are plotted with convective velocities

computed from DNS data (Genget al.2015) atReτ = 932:ψ = u ();ψ = v
(.);ψ =w ( ). (b) The model-based average convective velocity for streamwise
fluctuationsψ=ucomputed from (5.1) with the weighting functionh= |Fxz(u)|

2k2x
over averaging domain (λ+x,λ

+
z)>(500,80) atReτ= 550 (×);Reτ= 1000 (+);Reτ=

5200 (✳). The black dashed lines in both (a) and (b) are the turbulent mean velocity
profile atReτ≈1000 from Lee & Moser (2015).

are energetically negligible. Therefore, these small wavelength components do not
contribute to the average convective velocity computed using our input-output
approach.
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Theperformanceoftheinput-outputbasedmodelatsmallscalesmaybeim-
provedbyintegratingknowncorrelationsfromDNSorexperimentaldata,e.g.,
shapingtheforcingbasedonspatialortemporalcorrelationsobtainedviasim-
ulationdata(Moarrefetal.2014;Zareetal.2017).Improvementscouldalso
potentiallyberealizedbyusinganeddyviscositybasedenhancementoftheLNS
equations(Reynolds&Hussain1972),whichZareetal.(2017)haveshowncan
providesimilarimprovementstotheinput-outputresponseastheintroduction
ofcolored-in-timeforcing.Understandingtherelativebenefitsofeachofthese
approachesoverthecurrentmodelisatopicofongoingwork.
Figure3(a)comparestheresulting meanconvectivevelocitiestothoseob-
tainedfromtheDNSdatabasedcomputationsofGengetal.(2015).Theplot
demonstratesthatthemodel-basedaverageconvectivevelocitiesofthestream-
wise,wall-normal,andspanwisevelocityfluctuationsshowgoodagreementwith
thosecomputedfromDNSdata(Gengetal.2015).
Figure3(b)replotstheresultsforthestreamwisevelocityfluctuationsininner
unitsforReτ=550,Reτ=1000,andReτ=5200.Theresultscollapsewiththe
averageconvectivevelocitiescomputedfromtheinput-outputbasedapproachat
differentReynoldsnumbersalltendingtoaconstantvalue≈10uτnearthewall.
ThisReynoldsnumberinvarianceofconvectivevelocitiesisconsistentwiththe
resultsreportedinfigure3ofGengetal.(2015).
TheReynoldsnumberdependencecanbeanalyzedbyrewritingequations
(2.3a)and(2.3b)usingthefollowingchangeofvariableskx = k

+
xReτ,∇̂ =

∇̂+Reτ,
d̄u
dy=Reτ

d̄u
dy+
and∆̂=∆̂+Re2τ,whichgives:

ik+x(̄u−c)̂u−∆̂
+û +̂v

d̄u

dy+
i+∇̂+p̂=

f̂

Reτ
, (5.3a)

∇̂+·̂u=0. (5.3b)

Asneitherthemeanvelocityprofileūnorthemeansheard̄u/dy+ataspecific
y+varyovertheReynoldsnumberinthenear-wallregion(seee.g.,Chapter7.1.4
ofPope(2000)),thelefthandsideofequation(5.3a)doesnotsignificantlyvary
overReynoldsnumber.Therighthandsideofequation(5.3a)isrelatedtoReτ,

buttheReynoldsnumberonlyinfluencesthemagnitudeofstochasticforcingf̂.
Accordingtoequation(3.6)and(3.7),thephasespeed,c,atwhichΦ̂u peaks
doesnotchange,andthus,theconvectivevelocityofthestreamwisefluctuations,
ucremainsunaffected.ThisleadstotheReynoldsnumberindependenceobserved
intherightpaneloffigure3.
ThisinnerunitsscalingwasalsopreviouslyobservedbyMoarrefetal.(2013)
forstreamwiseenergydensityandfurthergeneralizedbySharmaetal.(2017)
intheframeworkofresolventanalysis.TheyendupwiththesameRe−1τ scaling
forthespatio-temporaltransferfunctionasshowninequation(A4)ofMoarref
etal.(2013),andtheyalsopointedoutthatReτindependenceofturbulentmean
profileū(y)fory+ 100isnecessaryforthisinnerunitsscaling.
Havingvalidatedtheabilityoftheinput-outputbasedcomputationstorepro-
ducethemeantrends,wenextinvestigatethescaledependenceoftheconvective
velocity.
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5.2.Scale-by-scaleanalysisofconvectivevelocity

Themodel-basedapproachemployedhereinallowsonetocalculatethecontribu-
tionofeachindividual(λx,λz)wavelengthpairtothelocalconvectivevelocityat
eachwall-normallocation;i.e.,uc(y;kx,kz).Wenowtakeadvantageofthisfeature
toinvestigatethescale-dependenceoftheconvectivevelocityandexaminewhich
scalescontributetoitsdeviationfromthelocalmeanvelocityinvariousregionsof
theflow.Figure4showstheconvectivevelocityofthestreamwisevelocityfluctu-
ationsnormalizedbythelocalmeanvelocity:uc(y;kx,kz)/̄u(y)for(a)Reτ=550,
(b)Reτ=1000,and(c)Reτ=5200,asafunctionofthestreamwise-spanwise
wavelengths(λ+x,λ

+
z)atwall-normallocationsassociatedwiththeviscoussub-

layer(y+≈5),thebufferlayer(y+≈15),andthelog-lawregion(y+≈100).As
expected,theresultsintheviscoussublayershowthemostsignificantdeviations
fromthemeanvelocity,whereasthereislittledifferenceinthelog-lawregion,
whichisconsistentwiththedatainfigure3.

Infigure4,theconvectivevelocitiesofstructuresintheintermediatescale
rangeλx≈2showadiscontinuityasthestreamwisewavelengthλxvaries.This
phenomenonwasalsoobservedforthescale-dependentconvectivevelocityofwall-
pressureinpipeflowpredictedusingresolventanalysiswithbroadbandforcing;
seefigure12(a)inLuharetal.(2014).Intheterm-by-termanalysisinsection7,
wewillfurtherconfirmthattheconvectivevelocityofstructuresassociatedwith
thesescalesishighlyinfluencedbythepressure.

Figure5showsthePSD,Φ̂u(y;kx,kz,c)computedfromequation(3.6),ofthe
streamwisevelocityfluctuationsforReτ=1000asafunctionofwall-normal
locationy+andphasespeedc+atsixdifferentstreamwise–spanwisewavelength
pairs.Figures5(a)and(b)showthattheenergyofthelargewavelengthstructures
atexamplepoints (λ+x,λ

+
z)=(133052,857)and (λ+x,λ

+
z)=(133052,14756),

areconcentratednear(y+,c+)≈(200,18.4),andthatstructurestravelingat
c+ ≈18.4providethelargestcontributiontothespectraldensityinthenear-
wallregion.Figure5(c)indicatesthatstructurestravelingatahighervelocity
thanthelocalmeanalsocontributemosttothePSDinthenear-wallregionfor
theintermediate-scalestructures.Incontrast,thePSDdistributionsover(c+,y+)
forstructureswithsmallstreamwisewavelengthsaremoreconcentratednearthe
meanvelocityprofile ūasshowninfigures5(d),and(e)forexamplepoints
(λ+x,λ

+
z)=(11,14756),and (λ+x,λ

+
z)=(11,11).

Figure5indicatesthatthePSDdistributionoverphasespeedisnearlysym-
metricaboutitspeakinfigures5(a),(b),(d),and(e),whichindicatesclose
correspondencebetweenthecenterofgravityandpeakofthePSDdefinitions
ofconvectivevelocity.Fortherepresentativeintermediateflowscaleplottedin
figure5(c),thePSDdistributionoverthephasespeedshowsskewness,whichis
expectedtoleadtodifferencesintheconvectivevelocityobtainedbyconsidering
thedistribution.Inordertoevaluatethedifferences,werecomputedtheresultsin

figure4(b)usingacenterofgravitydefinitionψ̌c(y;kx,kz)≡
cΦψ̂(y;kx,kz,c)dc

Φψ̂(y;kx,kz,c)dc
and

foundthatthereareindeeddifferencesforthesescales.Specifically,thediscon-
tinuityintheconvectivevelocityasstreamwisewavelengthλxvariesoverlarger
λzissmoothed.Differencesalsooccurattheflowscalesthatareverysmallin
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(a)

(b)

(c)

Figure4:Scale-dependentconvectivevelocitynormalizedbythelocal meanvelocity
uc(y;λx,λz)/̄u(y)at(a)Reτ=550,(b)Reτ=1000,and(c)Reτ=5200.Theblack
dashedlinesaregivenby(λx,λz)=(2,0.4),whichareidentifiedbydelÁlamo&Jiḿenez
(2009)asthelower-boundofthelarge-scaleconvectivevelocity.Theblackdash-dotlines

areλ+z=λ
+
x

2
3,whichfitthroughthekneeofthesecontours.
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thespanwisedirectionbutverylonginthestreamwisedirection;e.g.,thestruc-
turesindicatedby◦(λ+x,λ+z)=(133052,11)infigure5(f).Thesedifferences
arenotsurprisingbecausefigure5(f)demonstratesthatthePSDisquiteflat
andthereforeadvectiondoesnotdominateattheseflowscales.Here,neither
definitionofconvectivevelocityisphysicallymeaningful,asthemaximumisnot
associatedwithaclearpeakandthecenterofgravitydefinitionmerelyselects
thecenterpointofthecomputationaldomain.Thecomparisonverifiedthatthe
overalltrendsthatarehighlightedinthismanuscript,suchastheinfluenceofthe
large-scalestructuresinthenear-wallandbufferregionsaswellastheslopeof
thekneethroughthecontoursindicatedbydash-dotlinesinthepanelsoffigure
4wereunchangedwhenweusedthecenterofgravityinourcomputations. We
thereforeproceedwiththedefinitionintermsofthepeakofthePSDinequation
(3.7)intheremainderofthemanuscript.

Bothfigures4and5indicatethatlargechannelspanningstructureshavean
influenceontheconvectivevelocityinboththeviscoussublayerandthebuffer
layer.ThisphenomenonwasinvestigatedbydeĺAlamo&Jiḿenez(2009),who
identifiedlargescalesasstructuresofsize(λx,λz)>(2,0.4).Thislarge-scale
cut-offisidentifiedbyhorizontalandverticaldashedlinesineachpaneloffigure
4.

Figure6(a)plotsthe meanconvectivevelocitiesobtainedfortheaveraging
domain(λx,λz)>(2,0.4)forReτ=550andReτ=1000.Acomparisonto
DNSdataindicatesthatthe modelproducesqualitativelyandquantitatively
similarbehaviortoresultscomputedfromDNSdata(figure5(a)indeĺAlamo&
Jiḿenez(2009)).Notetheresultsinfigure6(a)arescaledbythebulkvelocity;

i.e.,Ub=
1
2
1
−1ū(y)dyfordirectcomparisonwithdeĺAlamo&Jiḿenez(2009).

Infigure6(b),wefurtheranalyzetheinfluenceofthelargescalesbycomparing
thescale-dependentconvectivevelocityaty+ ≈16withReτ=1000fromour
approachtofigure3(a)indelÁlamo&Jiḿenez(2009).Thedarkerblueregionof
thelargestλ+xandmoderatetolargestλ

+
zinfigure6(b)indicatestheinfluenceof

largeandverylarge-scalemotionontheconvectivevelocityinthisregion,which
supportspreviousstudies(Kim&Hussain1993;Krogstadetal.1998)indicating
thatfastmovingstructurescenteredfurtherawayfromthewall(wherethelocal
meanvelocityislarger)haveaninfluenceverynearthewallduetotheirlarge
size(Dinkelackeretal.1977;Kreplin&Eckelmann1979;Farabee&Casarella
1991;Kim&Hussain1993;Hutchinsetal.2011).

Alinearfitthroughthekneeofthecontourplotinfigure6(b)showsself-similar

structureswitharatioλ+z∼λ
+
x

2
3 inbothourresultsandthosereportedindel

Álamo&Jiḿenez(2009).Thistypeofx–zsimilarityinenergyspectradensityhas

beenpreviouslyobservedinthecontextofgeometricself-similarity(delÁlamo

etal.2004;Chandranetal.2017).Forexample,delÁlamoandco-authors(del

Álamo&Jiḿenez2003;delÁlamoetal.2004)foundthattheisocontoursofthe
pre-multipliedenergyspectrumofuformacornercenteredalongλz∼λ

n
xwith

1
3<n<1.Inthatwork,thevalueofnchangedoverthewall-normallocation

withlowerboundonnnearthebufferlayer(y+≈15),increasington= 1
2in

thelog-lawregionandreachingn=1intheouterregionoftheflow.Recent
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(a) (b) (c)

(d) (e) (f)

Figure5: Normalizedpowerspectraldensityofstreamwisevelocityfluctuations
Φû (y;kx,kz,c)

max
c,y
(Φ̂u (y;kx,kz,c))

overwall-normallocationy+andphasespeedc+.Thesymbolsrepre-

sentlocationsassociatedwithlarge-scalestructuresat(a) (λ+x,λ
+
z)=(133052,857)

and(b) (λ+x,λ
+
z)=(133052,14756);(c)intermediate-scalestructures (λ+x,λ

+
z)=

(2746,14756),andstructureswithsmallstreamwiseorspanwisewavelengths,respec-
tively:(d) (λ+x,λ

+
z)=(11,14756),(e) (λ+x,λ

+
z)=(11,11),and(f)◦(λ+x,λ+z)=

(133052,11).Thecolorisinbase10logarithmicscale.Theblacksolidlinesrepresent
themeanstreamwisevelocityprofileandtheblackdashedlinesareconvectivevelocites
computedusingthemethodinsection3.Themiddlepanel,whichisreproducedfrom
figure4(b)aty+ ≈5forReτ=1000,indicatesthelocationscorrespondingtoeach
symbol.



Convective velocity in turbulent channel flow 17

(a) (b)

Figure 6: (a) The average convective velocity of streamwise fluctuations [uc]h/Ubover
(λx,λz)>(2,0.4). Model based results atReτ = 550 ( )andReτ = 1000 ()are
compared to convective velocities computed from DNS data (deĺAlamo & Jiḿenez 2009)
atReτ= 547 ( )andReτ= 934 ( .). For direct comparison with deĺAlamo & Jiḿenez

(2009), the results in (a) are scaled by the bulk velocity; i.e.,Ub=
1
2

1

−1
ū(y)dy.The

black dashed line is the mean velocity profile atReτ≈1000 from Lee & Moser (2015).
(b) Model based scale-dependent convective velocity aty+≈16 forReτ= 1000: contour
linesuc(y;kx,kz)/̄u(y)=1.40 ( );uc(y;kx,kz)/̄u(y)=1.21 ( ); are compared to
convective velocities computed from DNS data aty+ =15andReτ= 934 (delÁlamo
&Jiḿenez 2009)uc(y;kx,kz)/̄u(y)=1.40 ( );uc(y;kx,kz)/̄u(y)=1.21 (). The black

dashed lines are given by (λx,λz)=(2,0.4). The black solid lines areλ
+
z∼λ

+
x

2
3, which fit

through the knee of model based convective velocity and DNS data contours (deĺAlamo
&Jiḿenez 2009), respectively.

experimental measurements of two-dimensional spectra in zero-pressure gradient
boundary layers indicate aλz∼

√
λx(Reτ= 2430) andλz∼λx(Reτ= 26090)

relationship in the start of the log-law region (Chandranet al.2016, 2017).
The scaling law of convective velocity explored here is closely related to the
temporal self-similarity previously observed in the literature. More specifically,
Lozano-Duŕan & Jiḿenez (2014) showed that tall attached structures are both
geometrically and temporally self-similar with lifetimes proportional to their
distance from the wall. They also attribute the lifetime and deformation of
these structures to the vertical gradient of their convective velocity. Long life-
times, which require low dispersion, have been associated with coherent structures
(Adrian 2007); e.g., hairpin vortices that are observed to propagate downstream
with small velocity dispersion (Adrianet al.2000). Non-dispersive coherent struc-
tures are implied by the isocontour lines of the scale dependent convective ve-

locities in figures 4 and 6(b), which forms aλ+z ∼ λ
+
x

2
3 knee. Based on this

observation, we conjecture that thex–zsimilarity observed here is closely related
to the scaling laws of energy spectra.
To explain theλ+z∼(λ

+
x)
2/3scaling, we employ a simple model involving the

bending of streamlines in the cross-plane due to the presence of a streamwise
vortex. This simple model was originally proposed by Jiḿenezet al.(2004) to
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explainthecontributionofhigh-momentumstreakstotheenergyspectrum.Con-
siderconvectionofûduetoapointvortexwithcirculationγinthecross-plane
∂tu+

2πγ
r2
∂u
∂θ=0where(r,θ)isthepolarrepresentationofthe(y,z)plane,cen-

teredonthevortex.Forahomogeneousshearinitialcondition,u(t=0,r,θ)∼
Sy=Srsinθ,withshearrateS,wehaveu(t,r,θ)∼Srsin(θ−γt/2πr2).Ata
giventime,t,settingθ=πyieldsthe‘size’ofthevortex-distortedregionas:

Rz= γt/2π2. (5.4)

Moreover,thelengthofstreakisdeterminedbythevelocitydifferencebetween
itstopandbottomwithshearrateS,whichcanberoughlyestimatedas:

λx=SRzt, (5.5)

ifweassumethatthestreakheightisroughlyequaltoitswidth. Weestimate
themeanderingmagnitudeofstreaksbyapproximatingthespanwisedriftofthe
vorticesundertheinductionoftheirreflectedimagesacrossthewall,whichleads
to

λz=2
√
2wt, (5.6)

wherew denotesaspanwisevelocityfluctuationoftheorderofw+≈1(Kim
etal.1987).Combiningequations(5.4),(5.5),and(5.6)givesthescaling:

λ+z∼(λ
+
x)

2
3. (5.7)

Althoughthisisanidealizedanalysis,itleadstothetrendsobservedboth
hereandinDNSbasedconvectivevelocityanalysis.Theassumptionsunderlying
thisscalingarealsoconsistentwiththeexistenceofstructuresatawidevariety
ofscalesextendingintothechannel;i.e.,structuresreminiscentofTownsend’s
attachededdies(Townsend1976;Perryetal.1986;Marusic&Monty2019). We
nextcalculatethewall-normalcoherenceofthesestructurestofurtherexamine
thisconnection.

6. Wall-normalcoherenceofviscoussublayerstructures

Theconvectivevelocityateach(λx,λz)wavelengthpair,uc(y;kx,kz),isob-
tainedviathemaximizationin(3.7),sowerefertothespectralcomponentofu
definedby(λx,λz,uc)asthe‘characteristicstructure’. Wehypothesizethatthe
characteristicstructureatagivenwall-normallocation,y0,isresponsibleforthe
dominantconvectionatthatlocation,andthatitalsocontributestotheener-
geticselsewhereinthechannelduetoitswall-normalextent.Inthissection,we
investigatethiswall-normalextentusingthespectralcoherencebetweensignals
attwodifferentwall-normallocations. Wefocusonthecharacteristicstructures
thatprovidethedominantconvectionintheviscoussublayerandonwavelength

pairsalongthekneeoftheisocontoursofucinfigure4;i.e.,alongλ
+
z=(λ

+
x)

2
3.

Theufrequency–wavenumberspectrum,Φ̂u = |̂u|2 ofstreamwisefluctua-
tionsintheviscoussublayer(y+ ≈5)forReτ=1000,isshowninfigure7in

termsofphasespeedandwavelengthsalongλ+z =(λ
+
x)

2
3.Theautocorrelation

maximadefiningtheconvectivevelocityareplottedasadashedline.Theridge
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Figure7:IsocontoursofΦ̂u intheviscoussublayer(y
+ ≈5)alongλ+z =(λ

+
x)

2
3 at

Reτ=1000,calculatedusing(3.6).Thereddashedlineindicatesthec
+ atwhichΦ̂u

peaksforeachλ+x,andthebluesolidlineindicatestheregionoflogarithmicincrease.
Itthereforedefinestheconvectivevelocityucasin(3.7).Themarkers(•)indicatethe
locationswhereweevaluatethetwo-pointwall-normalcoherenceinfigure8.

correspondingtothesemaximumvaluesasymptotetoconstantsatboththelarge
andsmallwavelengthlimits,butshowaregionoflineargrowthfollowedbyare-
gionoflogarithmicincrease(bluesolidline)betweentworedcirclemarkers.The
logarithmicbehaviorissimilartothevariationofthemeanvelocityprofileū(y)
withyandisconsistentwiththeassumptionthatthedominantviscoussublayer
convectionatstreamwisewavelengthλxarisesduetoastructureadvectingat
thelocalmeanvelocityaty∼λnxforsomen>0.
Thespectralcoherencebetweentwowall-normallocationsyandy,definedfor
afluctuatingvariableψisdefinedas:

0 χψ;yy(kx,kz,c)≡
|Φψ̂,cross(y,y;kx,kz,c)|

2

Φψ̂(y;kx,kz,c)Φ̂ψ(y;kx,kz,c)
1, (6.1)

whereΦψ̂,crossisthecross-spectraldensityofψbetweenlocationsyandy;i.e.,

Φψ̂,cross(y,y;kx,kz,c)=ψ̂
∗(y;kx,kz,c)̂ψ(y;kx,kz,c). (6.2)

Thecross-spectraldensitiesaretheoff-diagonalcomponentsofthematrixob-
tainedfromthefinite-dimensionalrepresentation(4.1)ofΦ̂ψ.Figure8shows

thetwo-pointspectralcoherenceforstreamwisevelocityfluctuationsχu;yyfor

twocharacteristicstructuresalongλ+z =(λ
+
x)

2
3 inthenear-wallregion:(a)a

shortwavelengthcomponent,(λ+x,λ
+
z)≈(22,8),and(b)alongwavelengthcom-

ponent,(λ+x,λ
+
z)≈(2×10

5,3×103).Thephasespeedsassociatedwiththese
characteristicstructuresareindicatedinfigure7bycirclemarkers.Theshorter
wavelengthcomponentisassociatedwiththesmallerconvectivevelocityandthe
longerwavelengthcomponentwiththelargerconvectivevelocity.
Infigure8,weseeawall-normalcoherencethatextendsfromthewall;i.e.,it
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Figure8:Two-pointspectralcoherenceofstreamwisevelocityfluctuationsχu;yyfor
dataatReτ=1000,asdefinedin(6.1)at(λ

+
x,λ

+
z)≈(22,8)(left)and(λ

+
x,λ

+
z)≈

(2×105,3×103)(right)indicatedbycirclemarkersinfigure7.Bothpointsarealong

λ+z =(λ
+
x)

2
3,andtheirphasespeedsinfrictionunitsareapproximatelyc+ ≈5forthe

small-scalestructureandc+ ≈20forthelargeone.Perfectlycoherentsignalshavea
spectralcoherenceof1,andincoherentsignalshaveaspectralcoherenceof0.

doesnotinvolveanywall-detachedpatches,consistentwithTownsend’sattached-
eddyhypothesis(Townsend1976;Perryetal.1986;Marusic&Monty2019).As

predictedbydelÁlamo&Jiḿenez(2009),thelongwavelengthcomponentis
morecoherentfurtherintothechanneltowardsthecorethantheshortwave-
lengthcomponentwithitscoherencefallingto0inthecore.Thisgrowthof
coherenceawayfromthewallwithincreasingwavelengthsuggeststhatthestruc-
turescontributingtotheconvectivevelocityintheviscoussublayerextendfrom
thewalldeepintothelog-lawregion,butonlyweaklyintothewakeregion,rem-
iniscentofthelongmeanderingstructuresinthelog-lawregionwhosefootprint
extendstothenear-wallregion(Jiḿenezetal.2004;Hutchins&Marusic2007;
Montyetal.2007;Gualaetal.2006;Balakumar&Adrian2007).
Calculations(notpresentedhereforbrevity)indicatethatcomponentswith
identicalconvectivevelocityasdeterminedbyfigure4alsohavenearlyidentical
wall-normalcoherence.Thisbehavior,alsosuggestedbydelÁlamo&Jiḿenez
(2009),agreeswiththehypothesisthatarandomarrangementofsimilarbasic

structureswithdimensionsgivenbyλ+z=(λ
+
x)

2
3,leadstothelong-tailedbehavior

ofthecontoursinfigure4.
Figure9showsthespectralcoherencewithrespecttotheviscoussublayerlo-

cation(y+sublayer≡5)χu;ysublayery(kx,kz,c)alongλ
+
z =(λ

+
x)

2
3.Themonotonic

behaviorofthespectralcoherenceinfigure9impliesthatstructureslargerin
(x,z)arealsolargeriny.Thewall-normalcoherenceforλ+x 200indicated
bythedashedlinesoverlainonthe(red)solidcontoursrepresentingspectral

coherencesof0.1and0.5showsanaspectratioy+∼(λ+x)
2
3.Theminimumwall-

normalcoherencelengthassociatedwiththeselargerwavelengthsis∼15wall
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Figure9:Two-pointspectralcoherenceofstreamwisevelocityfluctuationsχu;yyat

Reτ≈550,Reτ≈1000,andReτ≈5200,asdefinedin(6.1),betweeny
+
≈y+sublayer=5

andwall-normallocationsaboveitforwavelengthsdefinedbyλ+z =(λ
+
x)

2
3 andphase

speedsindicatedbythedashedmaximalineinfigure7.Thesolidredlinesserveto
indicatetheboundariesofregionsofhigh/lowcoherenceandareisocontoursofspectral

coherencewithvalues0.1and0.5.Thewhitedashedlinesarey+=0.55(λ+x)
2
3 andthe

blackdashedlinesarey+=0.43(λ+x)
2
3 andtheyserveasfitstotheredlines.Perfectly

coherentsignalshaveaspectralcoherenceof1,andincoherentsignalshaveaspectral
coherenceof0.

units,whichistheapproximatelocationofthebufferlayerandalsothelocation
ofthewell-knownpeakintheroot-mean-square(RMS)streamwisevelocityfluc-
tuations;seeforexample,Lee&Moser(2015).Thisself-similarityrepresentedby
apower-lawrelationshipatlargerwavelengthsisalsosuggestiveoftheattached-
eddystructuresproposedbyTownsend(1976);Perryetal.(1986); Marusic&
Monty(2019).

Fromthepower-lawbehaviory+∼(λ+x)
2
3forλ+x 200showninfigure9,we

canalsoextractthestructureinclinationanglecontributingtothisself-similar

behavior.The0.1and0.5spectralcoherencecontourisfittedbyy+=α(λ+x)
2
3

withα=0.55(whitedashlines)andα=0.43(blackdashlines),respectively.
Weselectthespectralcoherencecontoursas0.1and0.5tofitthescalinglaws
becauseweobservesignificantvariationofcoherencebetweenthisrangeinfigure
9,whileoutsideofthisrange,thecoherenceshowsaturation.Suchasaturation
phenomenonisalsoobservedinthecoherencecomputedfromtheexperimental
data;seee.g.,figure4ofBaarsetal.(2016)andfigure5(b)ofBaarsetal.
(2017).Furthermore,thecontoursoftwo-dimensionalspectralcoherenceof0.1,
0.3,and0.5areshowntocollapsewhenscaledwiththewall-normalheightof
thestructures;indicatingthepresenceofself-similarstructures,seefigure4of
Madhusudananetal.(2019).
Thus,y+ ∼λ+z withaconstantofproportionalityαbetween0.55and0.43,
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Figure10:Thestructuresofheight/widthaspectratio1withaninclinationangleβin
analogywithPerry&Chong(1982).

respectively,implythattheprojectionofthestructuresontothecross-stream
planehasasmallerheightthanwidth.Ifweassumethestructurescontributing
tothespectralcoherencehaveaheight/widthaspectratioof1asdepictedin
thecartooninfigure10,thenthedimensionsofthecross-planeprojectionofthe
structurerepresentedbyspectralcoherencebetween0.1and0.5impliesatilt
angleβ=arcsin(α)betweenapproximately25◦and33◦.
Townsend(1976)suggestsaninclinationangleof∼30◦forattacheddouble
rollereddies(apairofcounter-rotating,inclined,approximatelystreamwisevor-
texstructures)toexplaintheexperimentalobservationsofGrant(1958).Experi-
mentalobservationsinturbulentboundarylayers,ontheotherhand,haveyielded
inclinationanglesbetween15◦and20◦(Brown&Thomas1977;Marusic&Heuer
2007;Carper&Port́e-Agel2004).Thelatterinclinationangleswerecalculated
usingtwo-pointtemporalcorrelationsandTaylor’shypothesis.Inturbulentchan-
nelflows,hairpinvorticeshavebeenthefocusofconsiderableinterest.Although
asinglewell-definedinclinationanglecannotbeassociatedwithhairpinvortices,
theinclinationsofhairpinlikestructuresvaryfrom12◦(elongatedlegs)to45◦

(hairpinheads)(Adrian2007).Thepresentworkdoesnotrestrictthestructures
contributingtotheconvectivevelocitiestoanyoneofthestructuresdiscussed
above,butdoesprovideaninclinationangle,assumingstructuresareroughlyof
aspectratio1,whichiswithintherangeofpreviousobservations.
Infigure9,thestructureinclinationanglepredictedbythismodelalsoshows
Reynoldsnumberinvariance,whichisconsistentwithexperimentalobservations

(Marusic&Heuer2007).FordifferentReynoldsnumbers,y+ =α(λ+x)
2
3 with

α=0.55andα=0.43,correspondingtotiltangles25◦and33◦,alwaysgive
goodapproximationsfor0.1and0.5spectralcoherence,respectively.Structure
inclinationanglesinferredfromthecrosscorrelationofxintheexperimental
studiesof Marusic&Heuer(2007)arefoundtobeinvariantover3ordersof
magnitudechangeinReynoldsnumber.
Ourresultsrevealthatthecontributionsfromtherelativelylargerscalestruc-
turesleadtotheelevatedvelocitiesintheviscoussublayerseeninfigure3and
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thatthesestructureshavedimensionsgivenbyy+∼λ+z∼(λ
+
x)

2
3withaminimum

size≈15frictionunits,whichistheapproximatelocationofthebufferlayer.The
inclinationanglesofthesestructuresdonotvarywithReynoldsnumber,which
isconsistentwithexperimentalobservations.Theseobservationsareconsistent
withtheattached-eddyhypothesisinthattheypredictwall-attachedstructures
thatareself-similarinthecross-planeandcontributetothedominantconvec-
tion.However,theattached-eddyhypothesispredictsthatthesestructuresare
alsoself-similarinthestreamwisedirection,whichourapproachdoesnotshow.

7. Term-by-termanalysisofscale-dependentconvectivevelocities

Wenextusetheinput-outputframeworktoanalyzethecontributionofdifferent
linearmechanismstothescale-dependentconvectivevelocityofthestreamwise
velocityfluctuations.
Wefollowthemethodshowninequation(2.11)ofdel Álamo&Jiḿenez(2009)
toobtainthenormalizeddeviationoftheconvectivevelocityfromthemeanveloc-
itycontributedfromvariousterms.Inparticular,wemultiplythex-momentum
inequation(2.3a)byû∗andtaketheimaginerypartoftheresulttoobtain:

uc−ū(y)

ū(y)
=

IIa

kxRe p̂̂u∗ +Im

IIb

d̄u

dy
v̂̂u∗

IIc

−
1

Reτ
û∗∂2yŷu

III

−f̂uû
∗

kx̄u(y)̂uû∗
.(7.1)

HereRe{·}andIm{·}representtherespectiverealpartandimaginarypartof
theargument.Thetermsinequation(7.1)representtherelativecontributionsof
thepressureterm(IIa),themeanshearterm(IIb),andtheviscousterm(IIc),
eachnormalizedbykx̄u(y)̂uû

∗.
Wecomputeeachtermin(7.1)bymodifyingtheoutputoperatorin(3.4)and
thencomputingthecross-spectrathroughanappropriatemodificationof(3.6).
Forexample,wecanusetheoutputoperatorcorrespondingtothefluctuating
pressurein(3.9)toobtainĜpandthencomputethecross-spectraas

p̂̂u∗ =Ĝp f̂f̂
∗
G∗û=ĜpG

∗
û. (7.2)

Theothertermsin(7.1)canbecomputedinasimilarmanner.
Figure11(a),(b),and(c)showtherespectivecontributionsfromthepressure
term(IIa),themeanshearterm(IIb),andtheviscousterm(IIc)tothescale-
dependentconvectivevelocityofthestreamwisevelocityfluctuations(Reτ≈
1000)atthesamethreewall-normallocationsasinfigure4.Asshowninfigure
11(a),thepressureplaysanimportantrolefortheintermediatescalestructures
(λx≈2andλz>λx),whichsupportsourconjecturethatthediscontinuityin
thesescalesshowninfigure4isrelatedtothepressure.Luharetal.’s(2014)figure
12(a)alsoshowedadiscontinuityofthescale-dependentconvectivevelocityof
wall-pressurecomputedusingresolventanalysisandthemaximumofthePSDto
definetheconvectivevelocity.AsdiscussedinSection5,usingthecenterofgravity
ofthePSDtodefinetheconvectivevelocityeliminatesthediscontinuity.Asimilar
smoothingeffectresultingfromtheuseofthecenterofgravitydefinitionversus
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themaximumvalueofthePSDwasalsoobservedinfigures12(a)and(b)ofLuhar
etal.(2014),wheretheauthorscomparedthesetwoconvectivevelocitydefinitions
forpressurefluctuations.Theoverallconvectivevelocityoftheseintermediate-
scalestructuresalsoincludescontributionsfromboththe meanshear(figure
11(b))andtheviscousterms(figure11(c)),whichindicatesthatmultiplephysical
mechanismsareatplay.
Forthelarge-scalestructureswith(λx,λz)>(2,0.4),thedeviationofconvec-
tivevelocityfromthemeanisprimarilyduetotheviscousandthemeanshear
terms.Intheviscoussublayer(y+ ≈5),theviscoustermprovidesarelatively
largercontributiontothedeviationoftheconvectivevelocityfromthemean
thanthemeanshearterm,whereasthesetwotermsprovideapproximatelyequal
contributiontotheconvectivevelocityinthebufferlayer(y+≈15).
Forstructureswithsmallstreamwiseandspanwisewavelengths;i.e.,λ+x 10
andλ+z 10,allofthetermsin(7.1)arenegligible(asindicatedbythewhite
regionofthecolormap).Thissuggeststhattheyconvectatthelocalmeanve-
locityorthattheirconvectivevelocityisnotcapturedthroughthelinearterms
retainedinourapproach.However,aspreviouslynoted,thenonlinearfluctuation-
fluctuationinteractionslikelydominateatthesescales,solinearanalysisisun-
likelytofullyexplainthemechanismsatplay.Understandingtheeffectsofnon-
linearityisbeyondthescopeofthecurrentpaper,soweleavethisasatopicof
futurework.
Togainmoreinsightintotheeffectofeachterm,wenextcomputethecon-
vectivevelocitiesbyneglectingthecontributionofdifferenttermsinthelinear
dynamicsthatformthespatio-temporaltransferfunctionin(3.4).Ineachcase,
wefirstdescribehowneglectingtheterm(s)ofinterestalterstheseoperatorsand
thenevaluatetheeffectontheconvectivevelocity.Settingthemeanshearterm
tozeroreducesthelinearoperatorin(3.2)to

L:=
(ikx(̄u−c)−

1
Reτ
∆̂)I3×3 ∇̂

∇̂T 0
. (7.3)

Inthiscase,theoperatorsBandCin(3.8)remainthesame. Wenotethat
althoughthe meansheartermiszero,ū(y)isstillafunctionofwall-normal
location;thereforethereisstillshearimposedbythemeanflow.Figure12(a)
showsthattheconvectivevelocitiesofthelargescalescontinuetodeviatefrom
themeanvelocityevenwhenweeliminatethelineartermassociatedwiththe

meanshear.However,thekneeoccurringatλ+z=
5
2 λ+xshowninfigure12(a)

isdifferentfromthatatλ+z=λ
+
x

2
3infigure4basedonthefulllinearapproach.

Thisisconsistentwithfigure11(b),whichindicatesthatthemeanshearterm
playsaroleintheself-similaritypredictedinthisapproach.
Wenextisolatetheroleofthepressure.Forthisanalysiswegrouptheef-
fectofthepressuregradientandthe massconservationtermsbecausethey
bothcontributetothenonlocalityoftheturbulentflow.Thisrelationshipcan
beunderstoodbyviewingthepressureinthemomentumequationastheLa-
grangemultiplierthatenforcesthedivergence-freevelocityfield;seee.g.,section
5.6.2inSchmid&Henningson(2001).Neglectingboththepressuretermand
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(a)

(b)

(c)

Figure11:Differentlinearterms’contributionstoscale-dependentconvectivevelocities
(uc(y;kx,kz)−ū(y))/̄u(y)quantifiedusingequation(7.1):(a)thepressureterm(IIa),
(b)themeanshearterm(IIb),and(c)theviscousterm(IIc).Alltermsarenormalized
bykx̄u(y)̂uû

∗.TheReynoldsnumberisReτ=1000.Theblackdashedlinesaregiven
by(λx,λz)=(2,0.4),andtheblackdash-dotlinesin(a)and(b)areλ

+
z=λ

+
x.Note:the

whiteregionofthecolormaprepresentsavalueclosetozero.
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(a)

(b)

(c)

Figure12:uc(y,λx,λz)/̄u(y)atReτ=1000(a)neglectingthemeansheartermas(7.3),
(b)neglectingthecouplingfromthepressureandmassconservationas(7.4),and(c)
neglectingthemeanshearterm,thepressuretermandmassconservationtogetheras
(7.5).Theblackdashedlinesaregivenby(λx,λz)=(2,0.4).Theblackdash-dotlines

areλ+z=
5
2 λ+x,whichfitthroughthekneeofthesecontours.
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thedivergencefreeconstraintreducestheoperatorsintheinput-output map
Ĝu=ĈuL

−1Bto:

Ĉu:=1 01×2,L:=(ikx(̄u−c)−
1
Reτ
∆̂)I3×3+

d̄u
dyS,B:=I3×3. (7.4)

Theresultingconvectivevelocitiesinfigure12(b)aresimilartothoseinfigure
12(a)withthemeansheartermsettozero.Neitherofthesetermsappearto
beresponsiblefortheinfluenceofthelarge-scalestructuresthatleadstothe
observedbehavioroftheconvectivevelocityinthenear-wallregion.Theyalso

donotreproducetheλ+z=λ
+
x

2
3scaling,buttheydoemitself-similarstructures

withadifferentscalingexponent,λ+z=
5
2λ
+
x

1
2.

Inordertoevaluatetheircombinedeffect,wenextneglectthecontributionsof
boththemeanshearandpressureterms,leavingonlytheadvectiveandviscous
terms.Theresultinginput-outputbasedapproachforthestreamwisevelocity
fluctuationsisgivenbyû=ĈuL

−1Bf̂xwith

Ĉu:=1, L:=ikx(̄u−c)−
1
Reτ
∆̂) , B:=1. (7.5)

Figure12(c)showstheresultingconvectivevelocitycontours,whicharesimilarto
theresultsinpanels(a)and(b).Inparticular,theyreproducetheinfluenceofthe
large-scalestructuresinthenear-wallandbufferregionsseeninthefullLNSbased
approach.Figure13plotsthepowerspectraldensityofthestreamwisevelocity
fluctuationsatdifferentphasespeedsc+andwall-normallocationsy+computed
usingthemodelinequation(7.5).Althoughtherearesomedifferencesfromthe
resultsobtainedusingthefullLNSsystemshowninfigure5,thephasespeedthat
maximizestheenergyspectrum;i.e.,theconvectivevelocity,stillasymptotesto
aconstantvaluenearthewallforlargewavelengthstructures.
ThemaindifferencebetweentheseresultsandthefullLNSbasedapproach

isthattheyshowthesameλ+z =
5
2λ
+
x

1
2 scalingasthepreviousmodelin(7.5)

withtheinfluenceofthepressureand meanshearremoved.Theinabilityto
reproducethecorrectaspectratiofortheself-similarstructuressuggestthat
theirmorphologyisduetointeractionsbetweenviscousmechanismsandother
inviscidmechanismarisingduetotheinteractionofthefluctuationswiththe
meansheard̄u/dyandthepressure,suchasthelift-upeffect(Brandt2014)and
theOrrmechanism(Farrell1987;Jiḿenez2013).However,thepredictionofthe
maintrendsandscaleinteractionssuggestthatthistypeofmodelmayprovidea
goodbalancebetweenaccuracyandsimplicity. Wenextexploreitspotentialas
aviscouscorrectiontoTaylor’shypothesis.
Weobtainthiscorrectionbyrewritingequation(7.5)as

ikx(̄u(y)−c)̂u−
∆̂

Reτ
û=f̂x. (7.6)

Figure14comparestheaverageconvectivevelocityofstreamwisevelocityfluctu-
ationscomputedusingtheviscouscorrection(7.6)withitscorrespondingweight-
ingfunctionsh= |Fxz(u)|

2k2xandanaveragingdomainof(λ
+
x,λ

+
z)>(500,80)

atReτ=1000totheresultsfromthefullLNSbasedapproachandconvec-
tivevelocitiesobtainedfromDNSdataatReτ=932fromGengetal.(2015).
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(a) (b) (c)

Figure13:Powerspectraldensityofstreamwisevelocityfluctuationsoverwall-normal

locationy+ andphasespeedc Φû (y;kx,kz,c)
max
c,y
(Φ̂u (y;kx,kz,c))

atReτ =1000from model(7.5)

forrepresentativelarge-scalestructures (λ+x,λ
+
z) =(133052,857), (λ+x,λ

+
z)≈

(133052,14756),andintermediate-scalestructures (λ+x,λ
+
z)≈(2746,14756).Thecolor

isinbase10logarithmicscale.Theblacksolidlinesrepresentthemeanstreamwiseveloc-
ityprofile,andtheblackdashedlinesareconvectivevelocites,whicharedefinedin(3.7)as
thephasespeedthatmaximizesthePSDofthestreamwisefluctuationsΦ̂u(y;kx,kz,c).

Thisfigureshowsthattheaverageconvectivevelocitypredictedfromtheviscous
correctionshowsexcellentagreementwithresultsobtainedfromDNSdatafor
y+∈[5,15],butbeginstodeviatefory+ 3. Wethereforeconcludethatthis
viscouscorrectionprovidesapotentialdynamicalmodificationonTaylor’shy-
pothesistoimprovetheconvectivevelocityestimatesforusewithexperimental
data.
Thisviscouscorrectionintroducedinequation(7.6)couldbeaugmentedus-
inganeddyviscosity,inthespiritoftheeddyviscosityenhancedLNSequa-
tionsintroducedinReynolds&Hussain(1972).Suchadynamicalcorrectionwas
previouslyshowntoprovidesimilarimprovementsinmodel-fidelityforcertain
structuresastheinclusionofcolored-in-timeforcing(Zareetal.2017).Thistype
modelenhancementmaybeparticularlyrelevantinthiscontextbecausetheper-
tinenttermswouldallberetainedintheassociatedmodificationoftheviscous
correctionproposedinequation(7.6).Assessingthepotentialbenefitsofsuchan
approachisatopicoffuturework.
TheconvectivevelocitiescomputedwiththisviscouscorrectiontoTaylor’s
hypothesisforarangeofReynoldsnumbersarecomparedinfigure15.Theresults
indicatethattheregionsin(λ+x,λ

+
z)wheretheconvectivevelocitiesdeviatefrom

thelocalmeanvelocityareverysimilaracrosstheseReynoldsnumbers,whichis
consistentwiththeobservationsinfigure4indicatingthattheviscouscorrection
preservesthepreviouslyobservedReynoldsnumberinvariance.
Theviscouscorrectionproposedheremayalsobeapplicabletoinput-output
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Figure 14: The average convective velocity of streamwise velocity fluctuations, [uc]
+
h(y):

(); computed using the viscous correction (7.6) with their corresponding weighting
functionsh= |Fxz(u)|

2k2xand an averaging domain of (λ
+
x,λ

+
z)>(500,80) atReτ=

1000. Results are plotted with convective velocities of streamwise velocity fluctuations
computed from both the LNS based approach described herein forReτ= 1000: ( )and
DNS data (Genget al.2015) atReτ= 932: ( ). The black dashed line is the turbulent
mean velocity profile atReτ≈1000 from Lee & Moser (2015).

based computations of convective velocities for other fluctuating quantities due
to the similarity in the behavior of the near-wall convective velocities of velocity
and vorticity components previously reported in the literature; see e.g., figures 3
and 5 of Genget al.(2015); figures 1 and 2 of Kim & Hussain (1993) and the
results in Liu & Gayme (2019). Exploring this notion is a topic of ongoing work.

8. Conclusion

In this work, we analyze convective velocities of fluctuating quantities based
on the stochastically-forced linearized Navier–Stokes equations with a given tur-
bulent mean velocity profile. This approach allows for a detailed investigation of
the scale-dependent convective velocities at all wall-normal locations, which en-
ables a comprehensive examination of the mechanisms at play in the generation
of convective velocities.
The convective velocities of velocity fluctuations obtained using the input-
output based model reproduce trends previously observed in the literature, such
as the deviation of the average convective velocity from the mean velocity and
its tendency toward a constant value in the near-wall region. The model-based
results indicate that the convective velocity of the streamwise velocity fluctua-
tions closer to the wall show a stronger dependence on wavelength. The model
predicted convective velocities show Reynolds number invariance when normal-
ized in inner units, which is connected to the inner unit scaling of the resolvent
operator (Moarrefet al.2013) and consistent with observations from DNS data
(Genget al.2015) and experimental measurements (Marusic & Heuer 2007).
Our analysis also indicates that a wide range of structures contribute to the
convective velocity especially in the viscous sublayer, where the convective veloc-
ity has been shown to be strongly scale-dependent.



30 ChangLiu,DenniceF.Gayme

(a)

(b)

(c)

Figure15:uc(y,λx,λz)/̄u(y)predictedusingtheviscouscorrectiontoTaylor’shypothesis
inequation(7.6)at(a)Reτ=550,(b)Reτ=1000,and(c)Reτ=5200.Theblackdashed

linesaregivenby(λx,λz)=(2,0.4).Theblackdash-dotlinesareλ
+
z =

5
2 λ+x,which

fitsthroughthekneeofthesecontours.
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Theprimarystructurescontributingtothenear-wallconvectivevelocitybased
onthemodelarelargerthantheheightofthebufferlayerandareinclinedat
ananglebetween25◦and33◦.ThesepredictionsconfirmthefindingsofKim
&Hussain(1993),whosuggestedthatbufferlayerstructuresareresponsiblefor
elevatedconvectivevelocitiesnearthewall.However,ouranalysissuggeststhata
rangeoflargerstructuresalsocontributetothisnear-wallconvectivevelocity.We
demonstratethatthesestructuresareself-similarinthecross-plane,similarto
Townsend’sattached-eddies,yetscaleasthe23powerofacross-planedimensionin
thestreamwisedirection.Ourmodelsuggeststhatthereisaconnectionbetween
theconvectivevelocityandstructureswhosesignaturesinmeasurementsofpower

spectrascaleasλ+z∼λ
+
x

2
3.

Weisolateandquantifythecontributionsfromthepressure,meanshear,and
viscoustermstothedeviationofconvectivevelocityfromthelocalmeanvelocity.
Basedonthisterm-by-termanalysis,aviscouscorrectiontoTaylor’shypothesis
isproposed.Theproposedcorrectionleadstoasimplifiedmodelthataccurately
reproducesthebehaviorofnear-wallconvectivevelocityofthestreamwisevelocity
fluctuationsoflarge-scalestructures.
Theresultspresentedherecouldbeextendedinanumberofways.Forexample,
therepresentationoftheforcingcouldbemorecloselytiedtothenonlinearity
observedinexperimentalornumericalsimulationresultsbye.g.,usingsimulation
datatogeneratecorrelationsforcoloredforcing(Moarrefetal.2014;Zareetal.
2017).IntroducinganeddyviscositybasedLNSrepresentation(Reynolds&Hus-
sain1972)isanotherdirectionofongoingwork.Thepresentapproachhasbeen
specificallydevelopedforwall-boundedflowswithtwohomogenousspatialdirec-
tions,anditsefficacyhasbeendemonstratedintheparticularcaseofturbulent
channelflow.Theapplicabilityofsuchamodel,andotherstochastically-forced
modelsbasedonthelinearizedNavier–Stokesequationstoabroaderclassoftur-
bulentflows,includingturbulentboundarylayers,isthesubjectofongoingwork.
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