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The nucleon self-energies of 40Ca and 48Ca are determined using a nonlocal dispersive optical model 
(DOM). By enforcing the dispersion relation connecting the real and imaginary part of the self-energy, 
scattering and structure data are used to constrain these self-energies. The ability to calculate both bound 
and scattering states simultaneously puts these self-energies in a unique position to consistently describe 
exclusive knockout reactions such as (e, e′ p). The present analysis reveals the importance of high-energy 
proton reaction cross-section data in constraining spectroscopic factors required for the description of 
the (e, e′ p) cross sections. In particular, it is imperative that high-energy proton reaction cross-section 
data are measured for 48Ca in the near future so that the quenching of the spectroscopic factors in 
the 48Ca(e, e′ p)47K reaction can be unambiguously constrained using the DOM. Measurements of proton 
reaction cross sections in inverse kinematics employing rare isotope beams with large neutron excess 
will provide corresponding constraints on proton spectroscopic factors for exotic nuclei. Moreover, DOM 
generated spectral functions indicate that the quenching of spectroscopic factors compared to 40Ca is 
not only due to long-range correlation, but also partly due to the increase in high-momentum protons 
in 48Ca on account of the strong neutron-proton interaction. Single-particle momentum distributions of 
protons and neutrons in 48Ca calculated from these spectral functions confirm that neutron excess causes 
a higher fraction of high-momentum protons than neutrons.

© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Independent particle models (IPMs) provide a simplified pic-
ture of the nucleus in which correlations are neglected and all 
orbitals are 100% filled up to the Fermi level according to the Pauli 
principle and those above it are empty. However, due to residual 
interactions there is depletion of orbitals below the Fermi energy 
and filling of those above it. The best tool to study this experimen-
tally is the (e, e′ p) reaction [1–7]. At sufficiently high electron en-
ergy and momentum transfer, the proton can be knocked out with 
enough energy such that a description within the distorted-wave 
impulse approximation (DWIA) can be expected to be applicable, 
so that depletion (and also filling) of orbits can be studied [1,2]. In 
the typical application of the DWIA to the (e, e′ p) reaction, a fully 
occupied IPM proton wave function is used which then requires 

* Corresponding author at: Theory Group, TRIUMF, BC V6T 2A3, Canada.
E-mail address: matkinson@triumf.ca (M.C. Atkinson).
https://doi.org/10.1016/j.physletb.2019.135027
0370-2693/© 2019 The Author(s). Published by Elsevier B.V. This is an open access artic
SCOAP3.
a scaling factor of about 0.6-0.7 to describe the overall magni-
tude of the data [6]. This scaling factor, usually referred to as 
the (reduced) spectroscopic factor, corresponds to the normaliza-
tion of the overlap function between the target ground state and 
low-lying single-hole states. Furthermore, the data show that addi-
tional removal strength with essentially the same overlap function 
is located at nearby energies, providing clear evidence of the frag-
mentation of the single-particle strength [1,8].

This depletion of orbitals is closely linked with elastic scatter-
ing observables. Depletion becomes inevitable with the inclusion 
of a complex absorptive potential to account for inelastic processes 
in the description of elastic scattering. A non-zero imaginary com-
ponent of the optical potential at positive energies pulls strength 
away from the IPM orbitals. The reaction (total inelastic) cross 
section is the most sensitive to the imaginary part of the opti-
cal potential, so it largely determines the depletion of these or-
bitals. In this way, the spectroscopic factors of orbitals are closely 
linked with the reaction cross section. Thus, a proper description 
of (e, e′ p) data requires an optical potential that reproduces proton 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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reaction cross-section data. In Ref. [9], a nonlocal dispersive opti-
cal model (DOM) which simultaneously describes both bound and 
scattering states was used to consistently provide all ingredients, 
including spectroscopic factors, for an accurate DWIA description 
of 40Ca(e, e′ p)39K data.

A systematic study in Ref. [10] summarized results for reduc-
tion factors obtained from nucleon-knockout reactions for a wide 
variety of nuclei. The analysis employed results from shell-model 
calculations demonstrating that the removal of minority nucle-
ons from nuclei with larger asymmetry leads to proportionally 
quenched reduction factors while nucleons of the majority species 
are less quenched. This is not consistent with corresponding results 
of transfer reactions reviewed in Ref. [11] or the single-nucleon re-
moval experiments recently reported in Refs. [12,13]. At this time 
no clear consensus has been reached on this intriguing differ-
ence. To investigate this discrepancy, a consistent DWIA analysis 
of 48Ca(e, e′ p)47K is performed using a nonlocal DOM description 
similar to the one reported in Ref. [9] for 40Ca. Comparing the 
DOM calculated spectroscopic factors of 48Ca and 40Ca will pro-
vide more information on the quenching of proton spectroscopic 
factors when neutrons are added.

The theoretical interpretation of the Nikhef (e, e′p) results, re-
viewed in Refs. [7,14], has mainly been concerned with the ex-
planation of the reduction in the spectroscopic strength to 60-70% 
of the IPM value. While the main reduction of strength can be 
attributed to long-range correlations (LRC) which are manifest in 
the reaction cross section at lower energy, it has been well doc-
umented that additional short-range and tensor correlations (SRC) 
are responsible for a 10-15% depletion of the IPM value [14]. These 
SRCs give rise to high-momentum nucleon pairs which have been 
measured with inclusive (e, e′) inelastic scattering by the Continu-
ous Electron Beam Accelerator Facility (CEBAF) Large Acceptance 
Spectrometer (CLAS) collaboration at Jefferson Lab in 3He, 4He, 
12C, and 56Fe [15]. Asymmetric nuclear-matter calculations for var-
ious realistic interactions have documented the importance of the 
tensor force in generating a larger depletion of the proton Fermi 
sea compared to the neutron one when protons are in the mi-
nority, thus generating relatively more high-momentum protons 
than neutrons [16,17]. Realistic many-body calculations of low-A
nuclei using variational Monte Carlo (VMC) techniques also re-
veal that the majority of this high-momentum content comes from 
the tensor force in the nucleon-nucleon interaction [18]. This non-
negligible fraction of high-momentum nucleons is further proof 
that there are correlations beyond the mean-field in nuclei. This 
high-momentum content can be calculated in the DOM framework, 
which provides another means of investigating the quenching of 
the spectroscopic factor and many-body correlations in 40Ca and 
48Ca.

2. Analysis of 48Ca(e, e′ p)47K reaction employing the nonlocal 
DOM

The nonlocal dispersive-optical-model (DOM) uses both bound 
and scattering data to constrain the nucleon self-energy �� j for 
a given nucleus. This self-energy is a complex and nonlocal po-
tential that unites the nuclear structure and reaction domains [19,
20]. The DOM was originally developed by Mahaux and Sartor [19], 
employing local real and imaginary potentials connected through 
dispersion relations. However, only with the introduction of non-
locality can realistic self-energies be obtained [20,21]. The Dyson 
equation then determines the single-particle propagator or Green’s 
function G� j(r, r′; E) from which bound-state and scattering ob-
servables can be deduced. The hole spectral density for energies 
below the Fermi energy εF is obtained from the single-particle 
propagator in the following way,
Fig. 1. Neutron spectral functions of a representative set of � j shells in 48Ca. The 
particle states are distinguished from the hole states by the dotted line representing 
the Fermi energy.

Fig. 2. Proton spectral functions of a representative set of � j shells in 48Ca. The 
particle states are differentiated from the hole states by the dotted line representing 
the Fermi energy.

Sh
� j(α,β; E) = 1

π
Im G� j(α,β; E). (1)

The diagonal element of Eq. (1) is known as the (hole) spectral 
function identifying the probability density for the removal of a 
single-particle state with quantum numbers α� j at energy E . The 
spectral strength for a given � j combination can be found by sum-
ming (integrating) the spectral function according to

S� j(E) =
∑
α

S� j(α,α; E). (2)

The spectral strength S� j(E) is the contribution at energy E to the 
occupation from all orbitals with � j. It reveals that the strength 
for these shells is fragmented, rather than concentrated at the 
independent-particle model (IPM) energy levels. Fig. 1 shows the 
spectral strength for a representative set of neutron shells in 48Ca 
that would be considered bound in the IPM. The peaks in Fig. 1
correspond to the binding energies of the appropriate IPM orbitals. 
For example, the p 3

2 spectral function in Fig. 1 has two peaks, one 
below εF corresponding to the 0p 3

2 quasihole state, and one above 
εF corresponding to the 1p 3

2 quasiparticle state. Comparing the 
neutron spectral functions in Fig. 1 with the proton spectral func-
tions in Fig. 2 reveals that the proton peaks are broader at a similar 
distance from the corresponding Fermi energy than those of the 
neutrons. The larger broadening of these peaks is a consequence 
of the protons being more correlated than the neutrons as deter-
mined by the fit to all relevant experimental data generating larger 
absorptive potentials for protons than neutrons at all energies.
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Table 1
Experimental proton reaction cross-section data at 700 MeV taken from Ref. [25].

Nucleus 40Ca 48Ca 48Ca/40Ca

σreact(E) 614 ± 38 mb 736 ± 46 mb 1.19

The occupation of specific orbitals characterized by n with wave 
functions that are normalized to 1 can be obtained from Eq. (1) by 
folding in the corresponding wave functions [22],

Sn−
� j (E) =

∑
α,β

[φn
� j(α)]∗ Sh

� j(α,β; E)φn
� j(β). (3)

Note that this representation of the spectral strength involves off-
diagonal elements of the propagator. The wave functions used 
in Eq. (3) are the solutions of the Dyson equation that corre-
spond to discrete bound states with one proton/neutron removed. 
Such quasihole wave functions can be obtained from the nonlocal 
Schrödinger-like equation disregarding the imaginary part∑
γ

〈α| T� + Re �∗
� j(ε

−
n ) |γ 〉ψn

� j(γ ) = ε−
n ψn

� j(α), (4)

where 〈α| T� |γ 〉 is the kinetic-energy matrix element, including 
the centrifugal term. These wave functions correspond to overlap 
functions

ψn
� j(α) = 〈�A−1

n |aα� j |�A
0 〉 , ε−

n = E A
0 − E A−1

n . (5)

Such discrete solutions to Eq. (5) exist where there is no imaginary 
part of the self-energy, so near the Fermi energy. The normaliza-
tion for these wave functions is the spectroscopic factor, which is 
given by [23]

Zn
� j =

(
1 − ∂�∗

� j(αqh,αqh; E)

∂ E

∣∣∣∣
ε−

n

)−1

, (6)

where αqh corresponds to the quasihole state that solves Eq. (4). 
This corresponds to the spectral strength at the quasihole energy 
ε−

n , represented by a delta function. The quasihole peaks in Fig. 2
get narrower as the levels approach εF , which is a consequence of 
the imaginary part of the irreducible self-energy decreasing when 
approaching εF . In fact, the last mostly occupied proton level in 
Fig. 2 (1s 1

2 ) has a spectral function that is essentially a delta func-
tion peaked at its energy level, where the imaginary part of the 
self-energy vanishes. For these orbitals, the strength of the spec-
tral function at the peak corresponds to the spectroscopic factor in 
Eq. (6). Note that because of the presence of imaginary parts of the 
self-energy at other energies, there is also strength located there, 
thus the spectroscopic factor will be less than one and also less 
than the occupation probability.

Previously, a fit of 48Ca was published in Ref. [24], quoting a 
neutron skin of �rnp = 0.249 ± 0.023 fm. However, just as in the 
case of 40Ca in Refs. [9,20], the proton reaction cross section is un-
derestimated at 200 MeV. While there are no experimental data 
for 48Ca at these energies, there is a data point at 700 MeV of the 
proton reaction cross section of 40Ca and 48Ca [25]. Comparing the 
available data for σ 40

react(E) at 200 MeV and 700 MeV reveals that 
the reaction cross section essentially stays flat between these en-
ergies. It is reasonable to expect that σ 48

react(E) assumes the same 
shape as σ 40

react(E) at high energies. Thus, data points are extrap-
olated from the 40Ca experimental data at energies above 100 
MeV by applying the ratio that is seen in the 700 MeV data for 
σ 48

react(E)/σ 40
react(E), see Table 1. The extrapolated points are shown 

as blue squares in Fig. 3 while the updated fit is represented with 
the solid curve. The remainder of the fit did not change signifi-
cantly from Ref. [24]. The parameterization of the 48Ca self-energy 
Fig. 3. Proton reaction cross sections for 48Ca and 40Ca. The solid line represents the 
current 48Ca fit while the dashed line depicts the previous 48Ca fit [24]. The dotted 
line represents the 40Ca fit from Ref. [9]. The circular points are the same exper-
imental data used in Ref. [26] and were included in the previous fit. The square 
points are extrapolated from the σ 40

react(E) experimental data points at the corre-
sponding energies. The extrapolation is explained in the main text.

as well as the updated parameters are presented in the supple-
mentary material.

To analyze the proton spectroscopic factors, the 48Ca(e, e′p)47K 
cross section is calculated using the DWIA following the same 
procedure detailed in Ref. [9] for 40Ca. In the DWIA, the (e, e′ p)

cross section is calculated using a distorted wave to represent the 
outgoing proton, a proton bound-state wave function (BSWF) rep-
resenting the struck proton, and the normalization of the BSWF 
corresponding to the spectroscopic factor. All of these quantities 
are directly provided by the DOM self-energy. The experimental 
data of the 48Ca(e, e′ p)47K reaction were obtained in parallel kine-
matics for outgoing proton kinetic energies of T p = 100 MeV at 
Nikhef and previously published in Ref. [27]. Just as in Ref. [9], 
the DOM spectroscopic factors need to be renormalized by incor-
porating the observed experimental fragmentation of the strength 
near the Fermi energy that is not yet included in the DOM self-
energy. The experimental strength distributions for the � = 0 and 
the � = 2 excitations of 47K are shown in Fig. 4, overlaid with 
the corresponding DOM spectral functions calculated from Eq. (3). 
Analogously to the 40Ca calculation, the distributions in Fig. 4 are 
used to renormalize the DOM spectroscopic factors in the follow-
ing way,

ZDOM
F∫

dE SDOM(E)
= Zexp

F∫
dE Sexp(E)

. (7)

This scaling results in a reduction from 0.64 to 0.55 for the 
1s 1

2 orbital and from 0.60 to 0.58 for the 0d 3
2 orbital. These 

values are in good agreement with originally published spectro-
scopic factors [27], as seen in Table 2. The uncertainties in the 
values of the spectroscopic factors were determined using the 
same bootstrap method discussed in the previous DOM analysis 
of 40Ca(e, e′ p)39K [9].

Using the resulting renormalized spectroscopic factors produces 
the momentum distributions shown in Fig. 5. Thus, the smaller 
spectroscopic factors in 48Ca are consistent with the experimen-
tal cross sections of the 48Ca(e, e′ p)47K reaction. The comparison 
of Z48 and Z40 in Table 3 reveals that both orbitals experience 
a reduction. This indicates that strength from the spectroscopic 
factors is pulled to the continuum in S(E) when eight neutrons 
are added to 40Ca. Thus, the stronger coupling to surface excita-
tions in 48Ca, demonstrated by the larger proton reaction cross 
section when compared to 40Ca (see Fig. 3), strongly contributes 
to the quenching of the proton spectroscopic factor. It is important 
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Fig. 4. Spectral strength as a function of excitation energy in 48Ca. The solid lines 
are DOM spectral functions for (a) the 1s 1

2 and (b) the 0d 3
2 proton orbitals. The his-

tograms are the excitation energy spectra in 39K extracted from the 48Ca(e, e′ p)47K 
experiment [8,27]. The peaks in the DOM curves and experimental data correspond 
to the quasihole energies of the protons in 40Ca. The experimental spectrum in (b) 
is the isolated 0d 3

2 orbital.

Table 2
Comparison of spectroscopic factors in 48Ca deduced from 
the previous analysis [27] using the Schwandt optical poten-
tial [28] to the normalization of the corresponding overlap 
functions obtained in the present analysis from the DOM in-
cluding an error estimate as described in the text.

Z 0d 3
2 1s 1

2

Ref. [27] 0.57 ± 0.04 0.54 ± 0.04
DOM 0.58 ± 0.03 0.55 ± 0.03

to note how crucial the extrapolated high-energy proton reaction 
cross-section data are in drawing these conclusions. Without them, 
there is no constraint for the strength of the spectral function at 
large positive energies, which could result in no quenching of the 
spectroscopic factors of 48Ca due to the sum rule that requires the 
strength to integrate to one when all energies are considered [22,
23].

In addition to the depletion of the spectroscopic factor due to 
LRC, strength is also pulled to continuum energies due to SRC. It 
was stated earlier that a large portion of high-momentum content 
is caused by the tensor force in the nucleon-nucleon interaction. In 
particular, the tensor force preferentially acts on pairs of neutrons 
and protons (np pairs) with total spin S = 1. This phenomenon is 
known as np dominance [29], and is demonstrated by a factor of 
20 difference between the number of observed np SRC pairs and 
the number of observed pp and nn SRC pairs in exclusive (e, e′pp)

and (e, e′ p) cross section measurements of 12C, 27Al, 56Fe, and 
208Pb [29]. The dominance of np SRC pairs would imply that the 
number of high-momentum protons observed in a nucleus is de-
pendent on how many neutrons it contains. More specifically, one 
would expect that the high-momentum content of protons would 
Fig. 5. 48Ca(e, e′ p)47K spectral functions in parallel kinematics at an outgoing pro-
ton kinetic energy of 100 MeV. The solid line is the calculation using the DOM 
ingredients while the points are from the experiment detailed in Ref. [27]. (a) Dis-
tribution for the removal of the 1s 1

2 proton. The curve contains the DWIA for the 
1/2+ ground state using the DOM generated spectroscopic factor of 0.55 (renor-
malized using Eq. (7)). (b) Distribution for the removal of the 0d 3

2 with a DOM 
generated spectroscopic factor of 0.58 (renormalized using Eq. (7)) for the 3/2+ ex-
cited state at 0.36 MeV.

Table 3
Comparison of DOM spectroscopic factors in 48Ca and 40Ca. 
These factors have not been renormalized and represent the 
aggregate strength near the Fermi energy.

Z 0d 3
2 1s 1

2
40Ca 0.71 ± 0.04 0.74 ± 0.03
48Ca 0.60 ± 0.03 0.64 ± 0.03

increase with neutron excess since there are more neutrons avail-
able to make np SRC pairs. The CLAS collaboration confirmed this 
asymmetry dependence by measuring the high-momentum con-
tent of protons and neutrons from (e, e′ p) and (e, e′n) cross section 
measurements in 12C, 27Al, 56Fe, and 208Pb [30].

This effect can be studied by comparing the DOM generated 
momentum distributions for 40Ca and 48Ca, since the only differ-
ence between them is the eight additional neutrons in 48Ca mainly 
filling the 0f 7

2 shell. The momentum distributions for 40Ca and 
48Ca are shown in Fig. 6. It is clear that the 48Ca proton mo-
mentum distribution (solid blue line) has more high-momentum 
content than the 40Ca proton momentum distribution (dashed blue 
line). Furthermore, since the number of protons does not change 
between 40Ca and 48Ca, the added high-momentum content in 
the tail of 48Ca is accounted for by a reduction of the distribu-
tion in the k < kF region. Turning now to the neutrons in Fig. 6, 
the 48Ca momentum distribution is larger in magnitude than the 
40Ca distribution for k < kF . This is not surprising since there are 
now eight more neutrons which are dominated by low-momentum 
content. The high-momentum content of the neutrons in 40Ca de-
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Fig. 6. Comparison of DOM calculated momentum distributions of protons (blue) 
and neutrons (red) in 48Ca (solid) and 40Ca (dashed). The dotted line marks the 
value used for kF .

creases from 14.7% to 12.6% when eight neutrons are added to 
form 48Ca while the high-momentum content of the protons in-
creases from 14.0% to 14.6%. The effects of the asymmetry of 48Ca 
on high-momentum content are evident in the fact that there are 
now significantly more high-momentum protons than neutrons. 
Both the increase in proton high-momentum content and the de-
crease in neutron high-momentum content are qualitatively con-
sistent with the CLAS measurements of neutron-rich nuclei [30]
and support the np-dominance picture as predicted in Refs. [16,
17]. Note that at this stage of the DOM development, no attempt 
has been made to quantitatively account for the CLAS observations.

Another manifestation of the more correlated protons can be 
seen in the spectral functions of Figs. 1 and 2. The broader peaks 
of the proton spectral functions indicate that the protons are more 
correlated. Furthermore, increased proton high-momentum content 
in 48Ca comes from generating more strength in the continuum of 
the hole spectral function than in 40Ca. To compare how strength 
is distributed over energy in 40Ca and 48Ca, the sum over all � j
shells can be performed,

S(E) =
∞∑
� j

(2 j + 1)S� j(E),

where S� j(E) are defined in Eq. (2). The summed spectral function 
of 48Ca has more strength than that of 40Ca at large negative en-
ergies. In order to conserve proton number, an increase in strength 
at continuum energies in S(E) of 48Ca must be compensated by a 
decrease in strength from energies close to the proton Fermi en-
ergy in 48Ca. In particular, this contributes to the quenching of the 
spectroscopic factors of the 0d 3

2 and 1s 1
2 orbitals, before renor-

malization (see Eq. (7)), in 48Ca from the values for 40Ca as can 
be seen in Table 3. In this way, the spectroscopic factor provides 
a link between the low-momentum knockout experiments done 
at Nikhef and the high-momentum knockout experiments done at 
JLAB by the CLAS collaboration.

3. Summary

The DOM analysis of the 40,48Ca(e, e′ p)39,47K reactions demon-
strates that the addition of eight neutrons to 40Ca leads to a 
quenching of the proton spectroscopic factors, in agreement with 
the trend observed in Ref. [10] but with a reduced slope. Some 
form of quenching is inevitable if one accepts the np dominance 
picture, since the added neutrons cause the protons to become 
more correlated. The increase in the high-momentum content of 
protons in 48Ca is consistent with the np dominance picture, hence 
it contributes to the quenching of the spectroscopic factors. Ad-
ditionally, the increased proton reaction cross section of 48Ca at 
all energies compared to 40Ca leads to more depletion, which 
also contributes to the observed quenching. The proton reaction 
cross section plays a delicate role in determining the spectro-
scopic factor. While in the case of 48Ca the lack of proton reac-
tion cross-section data points at energies between 100-200 MeV 
was compensated for by modifying the corresponding 40Ca data 
points, precise measurements of the proton reaction cross sections 
at these energies are crucial in constraining spectroscopic factors. 
Such measurements in inverse kinematics with rare isotopes can 
further help understand the behavior of spectroscopic factors away 
from the valley of stability.
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