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Abstract—Vehicular networks will play an important role
in enhancing road safety, improving transportation efficiency,
and providing seamless Internet service for users on the road.
Reaping the benefit of vehicular networks is contingent upon
meeting stringent wireless communication performance require-
ments, particularly in terms of delay and reliability. In this paper,
a dependence control mechanism is proposed to improve the
overall reliability of vehicular networks. In particular, the de-
pendence between the communication delays of different vehicle-
to-vehicle (V2V) links is first modeled. Then, the concept of a
concordance order, stemming from stochastic ordering theory,
is introduced to show that a higher dependence can lead to a
better reliability. Using this insight, a power allocation problem is
formulated to maximize the concordance, thereby optimizing the
overall communication reliability of the V2V system. To obtain an
efficient solution to the power allocation problem, a dual update
method is introduced. Simulation results verify the effectiveness
of performing dependence control for reliability optimization in
a vehicular network, and show that the proposed mechanism
can achieve up to 25% reliability gain compared to a baseline
system that uses a random power allocation.

I. INTRODUCTION

Vehicular networks will be a pillar of tomorrow’s intelli-
gent transportation systems (ITSs) [1]. In essence, vehicular
networks allow vehicles to share traffic information and safety
messages with each other, coordinate their mobility, and use
high-speed Internet services. By using reliable vehicular com-
munication links, connected vehicles can obtain situational
awareness of their surrounding environment which allows
them to make safer decisions, thus increasing the overall
road safety. Moreover, by sharing information among different
vehicles, traffic congestion can be alleviated via intelligent
traffic control and management. However, to enable effective
vehicular communication networks, many technical challenges
must be addressed ranging from channel modeling [2] and
edge computing [3] to privacy and security issues [4].

One of the most important challenges of vehicular commu-
nications is meeting stringent service requirements in terms
of communication latency and reliability [5]–[7]. For example,
when the long-term evolution (LTE) system is used to transmit
hazard warning signals among vehicles, the transmission delay
must be maintained below 100 ms and the packet reception
probability should exceed 95% [5]. Moreover, for pre-crash
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sensing messages, the transmission latency should be less than
20 ms so that the driver can have enough time to react [6].
Such service requirements will become even more stringent
for connected and autonomous vehicles. For instance, to guar-
antee the safety of automated overtaking, the communication
delay between the overtaking vehicle and surrounding vehicles
should be below a few tens of milliseconds as discussed in
[7] and [8].

To support such stringent service requirements in vehicular
networks, there has been a surge of recent works that study
the problem of effective resource allocation for vehicular
networks [9]–[12]. For example, the work in [9] considers
the interference between cellular users and vehicular users
and proposes a resource block allocation and power control
algorithm to satisfy the latency and reliability requirements of
vehicular users. Moreover, different from [9], a new resource
allocation strategy that additionally considers the latency
and reliability requirements under different modulation and
coding schemes is proposed in [10]. In addition, the work
in [11] proposes a proximity and quality-of-service-aware
resource allocation framework to minimize the transmission
power under reliability and queuing latency constraints for the
vehicle-to-vehicle (V2V) communication links. Furthermore,
the authors in [12] use extreme value theory to study a power
minimization problem subject to both latency and reliability
constraints for next-generation vehicular networks.

While interesting, the body of work in [9]–[12] does not
consider the dependence relationship between delay parame-
ters in a vehicular network. In fact, for a group of co-existing
V2V links, the transmissions will be affected by cross interfer-
ence and the same set of interferers, leading to a correlation
between the interference experienced by these links [13]. Such
correlated interference will lead to a coupling and dependence
between the communication delays for these V2V links which
can then impact the overall reliability of a vehicular network.
Therefore, instead of considering the wireless performance
independently for co-existing V2V links, as done in [9]–
[12], there is a need to consider the dependence relationship
between wireless links when optimizing the vehicular network
reliability.

The main contribution of this paper is a novel dependence
control mechanism that can improve the overall reliability of a
vehicular network by explicitly accounting for the correlation
among co-existing V2V links. In particular, we first charac-
terize the spatial dependence between the delay parameters
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of concurrent V2V links. Then, we leverage the concept of
a concordance order [14] from stochastic ordering theory to
capture the dependence among delays and further show that
a higher concordance can lead to a better overall reliability.
Using such insight, we formulate a power allocation optimiza-
tion problem and provide an effective solution to maximize
the concordance between delay parameters, thereby improving
the communication reliability of the vehicular network. Unlike
the work in [15] where stochastic orders are solely used to
compare the system performance over different channels, we
explicitly study the concordance order and propose a power
allocation strategy to control the dependence between delays
so as to optimize the reliability. Furthermore, different from
the work in [13] in which the spatio-temporal correlation
is captured by a correlation coefficient, here, we measure
the dependence based on the concordance order and propose
a dependence control mechanism to improve the reliability.
To the best of our knowledge, this is the first work that
performs resource allocation in wireless networks to control
the dependence between the delay parameters of different V2V
links so as to optimize the overall reliability of a vehicular
network. Simulation results validate the theoretical analysis
and show that the dependence-based optimization method
can yield up to 25% gain in terms of the overall reliability
compared to a baseline without dependence control.

The rest of this paper is organized as follows. Section II
presents the system model. In Section III, we introduce the
concept of concordance order and use it to solve the reliability
optimization problem. Section IV provides the simulation
results and conclusions are drawn in Section V.

II. SYSTEM MODEL

Consider a vehicular network that consists of a group M
of M V2V links as well as a set N of N vehicles that will
generate interference to all these V2V links, as shown in Fig.
1. In this model, the transmitting vehicle in each link sends
information (such as speed and location) to the corresponding
receiver. The receiving vehicle uses the received information
to properly adjust its acceleration and driving direction to
maintain the safety.

A. Communication Model

To model the location of each vehicle, we use a one-
dimensional coordinate system centered on an arbitrarily
selected vehicle, as shown in Fig. 1. In particular, the locations
of transmitting and receiving vehicles for any given V2V link
i are given, respectively, by xti and xri , i ∈ M, and the
location of interfering vehicle j ∈ N is assumed to be xj .
Moreover, for the ease of presentation, we let di,j = |xti−xrj |
for i, j ∈ M. Therefore, the received power over V2V link
i ∈ M will be Pi = P ti gi(di,i)

−α, where P ti is the transmit
power at link i, gi is the channel gain, and α is the path loss
exponent. In addition, the interference at the receiver of link
i will be given by

Ii =
∑

j∈M\i

P tj gj,i(dj,i)
−α +

∑
k∈N

P tkgk,i|xk − xri |−α, (1)

Transmitter Receiver Interfering vehicle

V2V link 1 V2V link M

d11 dMMd1M

dM1
…

…

Fig. 1. Highway traffic model that includes two V2V links and a number of
interfering vehicles.

where gk,i is the channel gain between interfering vehi-
cle k and the receiving vehicle of link i. Note that the
first term on the right-hand side of (1) captures the cross-
interference within the set M of V2V links, and the second
term represents the interference from the common set N of
interfering vehicles. Without loss of generality, we assume the
transmission power of interfering vehicles to be equal, i.e.,
P tk = Pc,∀k ∈ N . Accordingly, we can derive the rate of
V2V link i as

Ri = ω log2

(
1 +

Pi
ωN0 + Ii

)
, (2)

where ω is the bandwidth of the wireless channel, and N0

is the noise power spectral density. Using (2), we can obtain
the corresponding transmission delay of link i as ti = S/Ri,
where S is the size of the transmitted packet in bits.

B. Problem Formulation

We define τi as the target delay for any V2V link i ∈
M. Then, we have two approaches for defining the reliability
performance of the vehicular network. One approach is to
directly compare the transmission delay ti with the threshold
τi, i ∈M. The other approach is to derive P(ti ≤ τi), which is
the probability that ti is smaller than τi. The second approach
has been very popular in the literature [9]–[12] where it is
used as a constraint in the resource allocation problem.

However, the aforementioned two approaches ignore the
dependence between the delay parameters of the V2V links
which stems from: a) Interference from the same group of
interfering vehicles in the set N , and b) Cross-interference
between V2V links in the set M. Therefore, quantifying the
system’s reliability via these two aforementioned, conven-
tional approaches may not capture the actual reliability of
real-world vehicular networks. To consider the dependence
between all delay components ti,∀i ∈ M, we seek to
optimize the joint reliability, i.e., P(t1 ≤ τ1, ..., tM ≤ τM ), as
follows:

max
P t1 ,...,P

t
M

P(t1 ≤ τ1, ..., tM ≤ τM ) (3)

s.t. 0 ≤ P ti ≤ Pmax, i ∈M, (4)

where constraint (4) ensures that the transmit power will not
exceed a maximum threshold.

To solve the optimization problem in (3), we need to find the
joint reliability P(t1 ≤ τ1, ..., tM ≤ τM ). However, deriving
the joint reliability expression is challenging, since it depends
on the spatial distribution of interfering vehicles in N as well



as on the fading channels for all M V2V links. Moreover, even
if the spatial distribution of interfering vehicles and the fading
channels are specified, it is still difficult to find a tractable
closed-form expression for joint reliability due to the complex
channel power distribution.

In the following section, we propose a new dependence
control framework that can be used to solve the joint reliability
optimization problem in (3). In particular, we first explicitly
link the dependence between the delay parameters with the
joint reliability of the vehicular network. Then, based on this
analysis, we reformulate the optimization problem and use
tools from convex optimization to find an efficient solution to
the reformulated problem.

III. DEPENDENCE CONTROL BASED RELIABILITY
OPTIMIZATION

In this section, we first introduce the concept of concor-
dance order from stochastic ordering theory and apply it to our
reliability optimization problem. Then, we show that objective
function (3) is directly linked to the concordance between
the delay parameters of the V2V communication links. We
later use the concordance measure tool to reformulate the
optimization problem in (3) and adapt the dual update method
to solve the new problem.

A. Concordance Order: Preliminaries

In probability theory and statistics, stochastic ordering the-
ory provides methods to compare random variables or random
vectors [14]. For example, for two random variables X and
Y , X is said to be smaller than Y in the stochastic order when
Ef(X) ≤st Ef(Y ) holds for any increasing function f and the
expectations Ef(X) and Ef(Y ) exist [16]. By modifying the
properties of function f , we can further classify the stochastic
orders into convex orders, supermodular orders, and others.
Among these extensions, one of the most popular ordering
methods is the so-called concordance order that ranks random
vectors based on the dependence structure between them. In
particular, random variables in a vector are in concordance
if “large” values of one coincide with “large” values of the
other and “small” values of one with “small” values of the
other. Moreover, if one random vector X = (X1, ..., XM ) is
said to be smaller than another vector Y = (Y1, ..., YM ) in
concordance order (written as X ≤c Y ), we will have

P(X1≤s1, ..., XM ≤sM ) ≤ P(Y1≤s1, ..., YM ≤sM ), (5)

for si ∈ {−∞,∞},∀i ∈M [16].
For our problem in (3) and (4), we seek to maximize the

joint reliability P(t1 ≤ τ1, ..., tM ≤ τM ) by optimizing the
power allocation of V2V links. Such optimization problem
aims to find a power allocation scheme such that the asso-
ciated delay vector (t′1, ..., t

′
M ) for all M links can meet the

following condition:

P(t1 ≤ τa, ..., tM ≤ τM ) ≤ P(t′1 ≤ τ1, ..., t′M ≤ τM ), (6)

where (t1, ..., tM ) is the associated delay vector for any
other transmission power scheme (within the feasibility set)

allocated to M V2V links. According to the definition of a
concordance order in (5), solving the optimization problem in
(3) and (4) is thereby equivalent to finding a power allocation
strategy that can maximize the concordance order of the delay
vector (t1, ..., tM ). In the following subsection, we introduce
a method based on the theory of copula to measure the
concordance in the delay vector.

B. Copula-based Concordance Measure

To measure the concordance between delay parameters ti,
i ∈ M, we use copula theory. This is because copulas
are capable of measuring any non-linear and time varying
dependence between delay variables [17], introduced by shad-
owing, Doppler shift, and mobility which are factors that
are inherent to vehicular communications. In particular, for
a random vector, a copula captures the dependence structure
between marginal parameters. Moreover, a copula can be ex-
pressed as a function which links a joint distribution function
with its one-dimensional marginal distribution functions [17].
Mathematically, given a multivariate joint distribution function
H with marginal cumulative distribution function Fi, i ∈M,
the M -dimensional copula is expressed as C(u1, ..., uM ) =
H(F−11 (u1), ..., F−1M (uM )), where (u1, ..., uM ) are restricted
in [0, 1]M and ui follows a uniform distribution. Another type
of commonly used copulas is called the survival copula, math-
ematically defined as Ĉ(u1, ..., uM ) = H(1−F−11 (u1), ..., 1−
F−1M (uM )).

Moreover, copula theory provides a foundation to measure
the concordance between marginal parameters in a random
vector. In particular, there are many copula-based methods
to measure the concordance between random variables, such
as Kendall’s τ function, Spearman’s ρ function, Gini’s g
function, and Blomqvist’s β function [17]. These measurement
methods are all linked to each other, and, here for a total of
M V2V links, we use the multivariate version of Blomqvist’s
β function, given by [18]

β =
2M−1[C(1/2, ..., 1/2) + Ĉ(1/2, ..., 1/2)]− 1

2M−1 − 1
. (7)

Note that, although β depends on the value of copula at the
center of [0, 1]M , as shown in (7), it can provide an accurate
approximation of other copula-based measurements [17]. In
the following theorem, we use stochastic geometry to derive
the explicit expression of Blomqvist’s β function between the
delay parameters in our vehicular network.

Theorem 1. Given that the distribution of interfering vehicles
follows a one-dimensional Poisson point process (1-D PPP)
with density λ and the channels of V2V links and interfering
links are assumed to be independent Rayleigh fading channels,
the Blomqvist’s β function (concordance measurement) of
delay parameters is given by:

β(P t1 , ..., P
t
M ) =

2M−1[H
(
F−11

(
1
2

)
,...,F−1M

(
1
2

))
+H
(
1−F−11

(
1
2

)
,...,1−F−1M

(
1
2

))
]−1

2M−1 − 1
,

(8)



where

Fi(v) =
∏

j∈M\i

 1

1 +
(2

S
ωv−1)P tj (dj,i)−α
P ti (di,i)

−α

×
exp

−λ∫ ∞
−∞

1− 1

1 +
(2

S
ωv−1)Pc|xk−xri |−α
P ti (di,i)

−α

dxk

 , (9)

and

H(u1, ..., uM ) =∏
j∈M\1

1

1+
(2

S
ωu1−1)P tj (dj,1)

−α

P t1 (d1,1)
−α

×...×
∏

j∈M\M

1

1+
(2

S
ωuM−1)P tj (dj,M )−α

P t
M

(dM,M )−α

×

exp

−λ
∫ ∞
−∞
1− dxk(

1+
(2

S
ωu1−1)Pc|xk−xr1|−α

P t1 (d1,1)
−α

)
×...×

(
1+

(2
S

ωuM−1)Pc|xk−xrM|
−α

P t
M

(dM,M )−α

)
 .

(10)

Proof. Please refer to Appendix A. �

As the Blomqvist’s β function is directly linked to the
concordance between ti, i ∈M, the theoretical expression of
Blomqvist’s β function in Theorem 1 allows us to analyze the
concordance change in terms of the transmission power. Based
on the relationship between concordance and joint reliability,
we can also determine the transmission power of V2V links so
that the joint reliability is maximized. Thus, in the following
subsection, we reformulate the proposed optimization problem
by replacing the objective function in (3) with the concordance
measure, i.e., Blomqvist’s β function. We also provide an
effective approach to solving the reformulated problem.

C. Problem Reformulation and Proposed Solution

According to [17], the Blomqvist’s β function is an in-
creasing function in terms of the concordance between delay
parameters ti, i ∈ M. Hence, we can perform transmission
power allocation for V2V links in order to maximize the
concordance, thereby optimizing the joint probability P(t1 ≤
τ1, ..., tM ≤ τM ). In other words, the original problem in (3)
and (4) is equivalent to the following problem:

max
P t1 ,...,P

t
M

β(P t1 , ..., P
t
M ) (11)

s.t. 0 ≤ P ti ≤ Pmax, i ∈M. (12)

As the convexity of the reformulated optimization prob-
lem is challenging to determine, we use the dual updated
method [19] to obtain an efficient sub-optimal solution. In
particular, we iteratively update the Lagrange multipliers in
the Lagrange function so as to find the optimal values for
Lagrange multipliers. Then, given the optimal values of the
Lagrange multipliers, we calculate the sub-optimal values of
transmission power for M V2V links in the system by solving

TABLE I
SIMULATION PARAMETERS.

Parameter Description Value
da,a, db,b Distance within each V2V link 5, 5 m

da,b, db,a
Distance between the receiver in one link

and the transmitter in another link 5, 15 m

Pmax Maximum transmission power 27 dBm [21]
Pc Transmission power of interfering vehicles 25 dBm
α Path loss exponent 3
N0 Noise power spectral density −174 dBm/Hz
S Packet size 3, 200 bits
ω Bandwidth 20 MHz

τ1, τ2 Delay requirements 13.9, 13.9 ms [21]

the dual optimal problem. First, we obtain the Lagrange
function as

L(θ1,..., θM , ϑ1, ..., ϑM ) =

β(P t1 , ..., P
t
M )+

M∑
i=1

θiP
t
i +

M∑
j=1

ϑj(P
max−P tj ), (13)

where θi and ϑj , i, j ∈ M, are the Lagrange multipliers
for constraint (12). Note that although the dual problem in
(13) is always convex in terms of θi and ϑj , i, j ∈ M,
L(θ1, ..., θM , ϑ1, ..., ϑM ) is not differentiable. Thus, we derive
the subgradient of L(θ1, ..., θM , ϑ1, ..., ϑM ) as follows:

∆θi = (P ti )∗,∆ϑi = Pmax
i − (P ti )∗, (14)

where (P ti )∗ is the optimal solution to P ti , i ∈ M. The
proof of subgradients is similar to the one provided in [19]
and is omitted here. With the updated Lagrange multipliers,
we can update the values of P ti , i ∈ M, by solving the
dual optimization problem, following the framework in [19].
Moreover, we choose the ellipsoid method to find the dual
variables, and all variables will converge in O(49 log(1/η))
iterations where η is the accuracy [20].

Since the reformulated concordance optimization problem
is equivalent to the problem defined by (3) and (4), the
base station or roadside unit can use the sub-optimal solution
obtained from the dual update method to allocate transmission
power for V2V links so as to improve the joint reliability
performance of the vehicular network.

IV. SIMULATION RESULTS AND ANALYSIS
For our simulations, we consider a vehicular network with

two V2V links, i.e., M = 2, as well as a group of interfering
vehicles where their spatial distribution follows a 1D-PPP.
In particular, we first numerically validate the Blomqvist’s
β function derived in Theorem 1. Moreover, we study the
performance gain achieved by the V2V network when per-
forming dependence control between the delay parameters of
V2V links. Without loss of generality, we assume that the
distance between the transmitter and receiver in these two
V2V links is equal, i.e., d1,1 = d2,2. All simulation parameters
are summarized in Table I. We also consider a road segment of
20 km. All statistical results are averaged over a large number
of independent runs.

Fig. 2 shows the distribution of functions F and H derived
in Theorem 1 for V2V networks with different distribution



Fig. 2. Validation of F and H derived in Theorem 1.

Fig. 3. Reliability performance versus Blomqvist’s β function for vehicular
networks with λ = 0.01 vehicle/m and λ = 0.03 vehicle/m.

density of interfering vehicles. In particular, according to the

empirical data collected by the California PATH Program, we

choose the density of interfering vehicles within a range from

0.01 vehicle/m to 0.05 vehicle/m [22]. As observed in Fig. 2,

the simulation results match the derived functions F and H
in Theorem 1, guaranteeing the effectiveness of calculating

the concordance measurement, i.e., Blomqvist’s β function.

Moreover, Fig. 2 shows that, for the same network setting,

F (v) always outperforms H(v, v). This is due to the fact

that F (v) only captures the probability of the communication

delay of one link being below than the delay threshold v, i.e.,

P(ti≤ v), i∈ {1, 2}. However, H(v, v) represents the proba-

bility that the delays of links 1 and 2 are both smaller than the

delay threshold v, i.e., P(t1≤v, t2 ≤ v). According to basic

probability theory, P(ti ≤ v) ≥ P(t1 ≤ v, t2 ≤ v), i ∈ {1, 2},
always exist.

Fig. 3 shows the reliability of two networks with λ =
0.01 vehicle/m and λ = 0.03 vehicle/m when the concor-

dance, i.e., the value of Blomqvist’s β function, increases. In

particular, we keep increasing the value of the distance d1,2
from 1 m to 5 m so as to calculate the corresponding values

of the reliability and Blomqvist’s β function. As observed

from Fig. 3, when Blomqvist’s β increases, the reliability of

the vehicular network also increases, verifying the intuition

that a high concordance leads to a higher reliability. More-

over, Fig. 3 shows that, when choosing the same value of

d1,2, the reliability is always better for the network with a

smaller density λ. For example, when choosing d1,2 = 5 m,

Fig. 4. Reliability performance for networks with dependence control and
without dependence control.

the reliability is approximately 97% for the network with

λ = 0.01 vehicle/m, whereas the counterpart for the system

with λ = 0.03 vehicle/m is around 92%. This is due to

the fact that, with more interfering vehicles in the network,

interference increases and then results in a lower reliability.

Fig. 4 compares the reliability performance of V2V net-

works with and without dependence control. In particular, we

choose the random power allocation scheme as a baseline

without dependence control. As shown in Fig. 4, for the same

network setting, the reliability performance for the networks

with dependence control is always better than counterparts

without dependence control. In particular, when λ = 0.03 ve-

hicle/m and delay requirements τ1 = τ2 = 13.9 ms [21],

the reliability of the network with dependence control is

around 89% whereas the reliability of the network without

dependence control is approximately 81%, which is a sig-

nificant gain in terms of the overall reliability. Moreover,

when λ = 0.03 vehicle/m and the delay requirement is set

to v = 1 ms, the network with dependence control can

achieve up to 25% reliability gain compared with the network

without dependence control. In addition, as shown in Fig.

4, the reliability gain achieved by performing dependence

control will first increase and then decrease when the traffic

density λ increases. This stems from the fact that, when

the traffic density λ is low, the interference will be limited

and the delay requirement can be easily met for networks

with and without dependence control. When λ increases and

consequently interference increases, the delay requirement

becomes more stringent for the network without dependence

control. However, networks with dependence control can op-

timize the power allocation to maximize the overall reliability

performance. Furthermore, Fig. 4 shows that when the traffic

is too dense, the reliability gain yielded by the dependence

control naturally decreases due to the severe interference

generated from other interfering vehicles.

V. CONCLUSION

In this paper, we have proposed a novel power allocation

framework based on the dependence control between delay

parameters for V2V links to optimize the network reliability.

We have used the notion of concordance from stochastic



ordering theory to obtain insights on the relationship between
the dependence and the overall reliability. Based on the
dependence structure modeled by stochastic geometry, we
have proposed a new optimization problem to maximize the
concordance and optimize the reliability of the vehicular
network. A dual update method has been adopted to obtain a
sub-optimal solution of the power allocation for V2V links.
Simulation results have corroborated the theoretical analysis
and shown the performance gain resulting from the proposed
dependence control scheme for the vehicular network.

APPENDIX
A. Proof of Theorem 1

The marginal cumulative distribution function of the delay
experienced by V2V link i ∈M can be derived as follows

Fi(v)
(a)
≈ P

(
S

Ri
≤ v
)

=P

(
P ti gi(di,i)

−α∑
j∈M\iP

t
j gj,i(dj,i)

−α+
∑
k∈NPcgk,i|xk−xri |−α

≥2
S
ωv−1

)

=P

gi≥(2 S
ωv−1)(

∑
j∈M\iP

t
j gj,i(dj,i)

−α+
∑
k∈NPcgk,i|xk−x

r
i |−α)

P ti (di,i)
−α


(b)
=Eexp

−(2 Sωv−1)(∑j∈M\iP
t
j gj,i(dj,i)

−α+
∑
k∈NPcgk,i|xk−x

r
i |−α)

P ti (di,i)
−α


=EN

[ ∏
j∈M\i

exp

(
−
gj,i(2

S
ωv −1)P tj (dj,i)−α

P ti (di,i)
−α

)
×

∏
k∈N

exp

(
−gk,i(2

S
ωv −1)Pc|xk−xri |−α

P ti (di,i)
−α

)]

(c)
=
∏

j∈M\i

 1

1+
(2

S
ωv−1)P tj (dj,i)

−α

P ti (di,i)
−α

EN
∏
k∈N

 1

1+
(2

S
ωv−1)Pc|xk−xri |

−α

P ti (di,i)
−α


(d)
=

∏
j∈M\i

 1

1 +
(2

S
ωv−1)P tj (dj,i)

−α

P ti (di,i)
−α

×

exp

−λ ∫ ∞
−∞

1− 1

1 +
(2

S
ωv−1)Pc|xk−xri |

−α

P ti (di,i)
−α

dxk

 , (15)

where in (a), we assume that the signal-to-interference-plus-
noise-ratio of link i can be approximated as its signal-to-
interference-ratio. The changes in (b) and (c) follow the
assumption of independent Rayleigh fading channels, while
(d) can be explained by the probability generating functional
(PGFL) of a PPP [13].

The joint distribution for the delay parameters can be
derived similarly, but we need to take into account the
dependence between them. The proof is as follows

H(u1, ..., uM ) ≈ P
(
S

R1
≤ u1, ...,

S

RM
≤ uM

)
=
∏

j∈M\1

1

1+
(2

S
ωu1−1)P tj (dj,1)

−α

P t1 (d1,1)
−α

×...×
∏

j∈M\M

1

1+
(2

S
ωuM−1)P tj (dj,M )−α

P t
M

(dM,M )−α

×

E
∏
k∈N

 1

1+
(2

S
ωu1−1)Pc|xk−xr1|−α

P t1 (d1,1)
−α

× ...× 1

1+
(2

S
ωuM−1)Pc|xk−xrM |

−α

P t
M

(dM,M )−α


(a)
=
∏

j∈M\1

1

1+
(2

S
ωu1−1)P tj (dj,1)

−α

P t1 (d1,1)
−α

×...×
∏

j∈M\M

1

1+
(2

S
ωuM−1)P tj (dj,M )−α

P t
M

(dM,M )−α

×

exp

−λ
∫ ∞
−∞
1− dxk(

1+
(2

S
ωu1−1)Pc|xk−xr1|−α

P t1 (d1,1)
−α

)
×...×

(
1+

(2
S

ωuM−1)Pc|xk−xrM|
−α

P t
M

(dM,M )−α

)
 ,

(16)

where we have omitted intermediate steps which are analo-
gous to (15). The change in (a) is based on the PGFL of the
PPP. According to the definition of Blomqvist’s β function in
(7), we can derive the results in Theorem 1.
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