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Abstract

®

CrossMark

The presence of artificial correlations associated with Green—Kubo (GK) thermal conductivity
calculations is investigated. The thermal conductivity of nano-suspensions is calculated by
equilibrium molecular dynamics (EMD) simulations using GK relations. Calculations are
first performed for a single alumina (Al,O3) nanoparticle dispersed in a water medium. For

a particle size of 1 nm and volume fraction of 9%, results show enhancements as high as
235%, which is much higher than the Maxwell model predictions. When calculations are
done with multiple suspended particles, no such anomalous enhancement is observed. This

is because the vibrations in alumina crystal can act as low frequency perturbations, which

can travel long distances through the surrounding water medium, characterized by higher
vibration frequencies. As a result of the periodic boundaries, they re-enter the system resulting
in a circular resonance of thermal fluctuations between the alumina particle and its own
image, eventually leading to artificial correlations in the heat current autocorrelation function
(HCACF), which when integrated yields abnormally high thermal conductivities. Adding
more particles presents ‘obstacles’ with which the fluctuations interact and get dissipated,
before they get fed back to the periodic image. A systematic study of the temporal evolution
of HCACEF indicates that the magnitude and oscillations of artificial correlations decrease
substantially with increase in the number of suspended nanoparticles.

Keywords: Green—Kubo, molecular dynamics, artificial correlation, periodic boundary

conditions, thermal conductivity, nanofluid, autocorrelation

(Some figures may appear in colour only in the online journal)

Introduction

Growing demand for alternative fuels and propellants has
led to the development of energetic nano-suspensions with
superior burning behaviors [1, 2]. While enhanced chemical
reactivity owing to the high specific surface area of nanoparti-
cles helps in achieving better burning characteristics, reduced
heat conduction and associated thermal losses may impede

1361-648X/17/155302+7$33.00

their commercialization [3, 4]. Recent studies on the combus-
tion of energetic nano-suspensions suggest that the burning
rate is proportional to the square root of the thermal diffusivity
of the medium [5, 6]. A 10% enhancement in thermal conduc-
tivity, therefore, increases the burning rate by ~5%, resulting
in a cleaner and much more efficient combustion.

Molecular dynamics (MD) simulations can be used to pre-
dict thermal conductivity, and also to examine the microscopic

© 2017 IOP Publishing Ltd  Printed in the UK
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nature of heat conduction. Equilibrium MD (EMD) and non-
equilibrium MD (NEMD) are the two commonly used tech-
niques. In NEMD, thermal conductivity is determined using
Fourier’s law of heat conduction [7], wherein a heat flux is
imposed on the system and the resulting temperature gra-
dient is calculated; the reverse may also be done, calculating
a heat flux from an imposed temperature gradient. In either
case, temperature differences greater than ~10K result in
unphysical high heat fluxes and non-linear temperature pro-
files. Size effects may also be present, as the system must be
large enough, in the case of solids, to contain long wavelength
and long mean-free-path (MFP) phonons [8]. In EMD, the
system is in equilibrium throughout the simulation. EMD is
sometimes preferred over NEMD, owing to its lesser size-
dependency for solids. System size should be large enough to
include all the necessary wavelengths, but not necessarily the
MFPs [7, 9, 10], as periodic boundary conditions (PBC) allow
phonons to propagate past the boundaries and re-enter through
the opposite face without being scattered.

EMD can be combined with the fluctuation-dissipation
theorem to calculate thermal conductivity [11]. Here, the
linear response of the system to a small thermal perturbation
is determined from the time history of the equilibrium fluctua-
tions of the volume averaged heat flux. The thermal conduc-
tivity, k, is given by the Green—Kubo (GK) relation as,

1 (S0 5(0)
k fo dr, (1)

- kgT? 3
where the heat current vector S was derived by Hardy [12]
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where V is the volume of the system, 7 the equilibrium
temperature, kg the Boltzmann constant, p the momentum,
v the velocity, and r the position, m the mass, U the poten-
tial energy, and summation is over atoms denoted by i. The
term in angular brackets represents the heat current autocor-
relation function (HCACF). In equation (2), the first term
is the convective term and the second is the virial term. In
the GK formulation, thermal conductivity depends on the
time taken for fluctuations to lose memory of their original
values. Studies have shown that fluctuations in crystal-
line materials are correlated for a longer time, resulting in
higher thermal conductivity [8, 13]. Conversely, fluctua-
tions lose correlation quickly in amorphous materials and
liquids [14].

For homogeneous systems, equation (2) is sufficient to
represent the heat current. However, for multicomponent sys-
tems, self-diffusion of species is possible. In order to account
for it, the convective term may be corrected with the partial
enthalpy [15], &, of each species a:
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From thermodynamics, enthalpy H = E + PV. This can be
expressed statistically as:
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where the sum of the first two terms corresponds to the total
energy E, and the terms in the brackets represent the PV term.
It was shown by Babaei et al [16] that the properties of multi-
component systems are sensitive to a non-zero ., which if not
subtracted from convective heat flux can reflect in HCACEF,
which when integrated, results in anomalous thermal conduc-
tivity values.

Numerous studies report thermal conductivity predictions
of nanofluids using GK relations [17-25]. Sankar et al [19]
used a platinum-water nanofluid system with volume fractions
(¢) in the range of 1-7%. Atomic interactions were modeled
using Lennard—Jones (LJ) and Spohr-Heinzinger potentials.
Results suggested a 70% enhancement in thermal conductivity
at @ = 7%. A physical explanation was not given, but one pos-
sible reason for the high prediction is that the analysis did not
consider enthalpy correction. Sarkar e al [ 18] studied a system
of 2nm copper particles in argon fluid using LJ potential to
model interactions. An enhancement of 52% was reported for
¢ = 8%, which is significantly higher than Maxwell model
(26%) [26]; this was attributed to Brownian motion effects.
Note that the Maxwell model is based on the effective medium
theory (EMT), which assumes a fully dispersed dilute nano-
fluid with non-interacting suspended nanoparticles. In reality,
however, particles can interact and undergo Brownian motion
resulting in a stirring effect. Consequently, several modified
Maxwell models were developed, and these unusually high
thermal conductivity enhancements in MD simulations were
credited to Brownian motion effects [27, 28]. Although ear-
lier experimental studies [29, 30] also support this theory,
Brownian motion may, however, be not of concern owing to
the large timescales associated with particle motion [31, 32].

Another theory that has been proposed to explain the anom-
alous enhancement is based on the formation of nanolayer
around the particle [20, 25, 33]. Nanolayer is believed to
function as a high thermal conductivity conduit for interfa-
cial heat flow. Interfacial (Kapitza) resistance, on the other
hand, has an opposite effect. Over the last decade, there have
been several attempts to include effects of nanolayering and
interfacial resistance in classical thermal conductivity models.
Yu and Choi [34] developed a modified Maxwell model, by
treating particle-nanolayer core—shell complex dispersed in
the base-fluid. By judiciously choosing a constant nanolayer
thickness of ~2-3nm and nanolayer thermal conductivity
of 10-100 kg, reasonable agreement with experimental data
was achieved. The core—shell complex particle assumption
was also used by several other researchers to develop effec-
tive thermal conductivity models [35, 36]. These models only
yield qualitative descriptions of the variations of effective
thermal conductivity with particle volume fraction and par-
ticle size. In the GK calculations by Sachdeva et al [20] for
copper-water nanofluid, an advanced flexible-3-center (F3C)
model for water and the finitely extensible nonlinear elastic
(FENE) potential for copper were used. Results showed an

he,a - B (4)
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Figure 1. (a) Cross-section of single nanoparticle simulation system, and (b) radial density profile for 1 nm particle suspension at ¢ ~ 1%.

enhancement as high as 80% for ¢ = 5% and 1nm particle.
This was attributed to hydration layering on the copper sur-
face. This argument relies on earlier [34] and concurrent [37]
experimental investigations favoring nanolayer effects. Yu and
Choi [34] attributed an enhancement greater than 40% (for
¢ = 3%) solely to nanolayering, whereas, Feng et al [37] sug-
gest contributions from both nanolayering and particle aggre-
gation. Recent studies, however, have shown that the thermal
conductivity of the adsorbed layer is only marginally greater
than that of the base fluid [38, 39]. Taking the high interfacial
resistance also into consideration, the nanolayer theory may
not conclusively explain the results [40].

It is evident that GK relations often give high thermal con-
ductivity values, but the physical origin of this behavior is
elusive. It is counterintuitive to obtain thermal conductivity
enhancements for fully-dispersed nanoparticle suspensions
higher than the EMT models. Therefore, it is wise to conduct
a detailed MD analysis before seeking physical explanations
to possible underlying mechanisms. In this work, we conduct
systematic EMD simulations using alumina-water nano-sus-
pensions, and calculate the effective thermal conductivity for
a range of volume fractions and particle sizes.

Methodology

EMD simulations are conducted for a system consisting of
a single alumina (Al,O3) nanoparticle and water molecules.
GK relations are used to calculate thermal conductivity at a
temperature of 300K. Partial enthalpy correction is applied.
Volume fraction is in the range 1-10%. Particle sizes of 1
and 3nm are considered. Note that when the particle size
is changed, simulation cell size is readjusted to obtain the
target volume fraction. Atomic interactions within Al,O;
are modeled using the potential function developed by
Vashishta et al [41]. Interactions in water are captured using
the extended simple point charge [42] (SPC/E) model, with
bonds constrained by the SHAKE algorithm [43]. Long-range
electrostatic interactions are treated by particle-particle-
particle-mesh (pppm) summation [42]. The alumina-water
cross-interaction is modeled using Lorentz-Berthelot rules

[44], where exia1 = 1.4383 x 1078 eV, oara1 = 5.3814 A,
co-0 = 1.6847 x 1073 eV, and 0o o = 3.9883 A [45].

The nanoparticle and water systems are independently
equilibrated at the target temperature. For the water system,
isobaric-isothermal (NPT) ensemble is used and PBC are
imposed in all three directions. Temperature and pressure
were controlled by Nose—Hoover thermostat and barostat,
respectively. For nanoparticles, microcanonical (NVE)
ensemble is used, and free boundary conditions are imposed
on all directions. Berendsen thermostat [46] is used to main-
tain the temperature of the nanoparticle at 300 K. The suspen-
sion is created by creating a spherical cavity at the center of
the water domain and inserting the equilibrated nanoparticle
in the cavity. Care was taken to make sure that there is no
overlap of atomic positions. The box dimension is chosen
based on the volume fraction, while ensuring that densities
of both materials match the experimental counterparts. After
the particle and water systems are independently equilibrated,
they are combined, as shown in figure 1(a). The resulting
system is equilibrated at 300K and 1 bar in Nose—Hoover iso-
baric-isothermal (NPT) ensemble for 100 ps using a time step
of 0.1 fs. The thermal conductivity calculation is then carried
out for a time period of 5 ns; heat current correlation times are
in the range 2.5-10ps. All simulations are conducted using
the LAMMPS [47] MD code; the velocity verlet algorithm is
used for time-integration.

Results and discussion

Figure 2 shows the variation of effective thermal conductivity
(ko/ks) of the mixture with volume fraction (¢). Results sug-
gest a near-linear variation of k/k; with ¢, aligning well with
the behavior of nanofluids [48]. For a particle size of 3nm
and ¢ ~ 9 %, k/ks is ~200%, substantially greater than the
predictions of the nanofluid thermal conductivity models. As
particle size is reduced to 1 nm, the enhancement increases to
235% at ¢ ~ 9%. This is similar to the observations of other
researchers [20]. In the absence of aggregation or Brownian
motion, enhancements may be credited to possible nano-
layer effects, and the hypothesis can be tested. In essence, the
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Figure 2. Enhancement in effective thermal conductivity (TC) as a
function of particle volume fraction compared with various thermal
conductivity models.

nanolayer thickness, i, may be estimated using a radial den-
sity profile, as shown in figure 1(b), evaluated using 0.5-1 A
thick spherical shells around the particle. The nanolayer can
be approximately taken as the region between the particle sur-
face and the shell in which the density reduces to the bulk
density of water. For the cases in figure 2, the estimated nano-
layer thickness is ~6.5-9 A or 2-3 atomic layers, and it is
independent of the particle size. This is in agreement with the
physisorption theory [49] as well as with ab initio findings
[50]. As a result, smaller particles may be expected to have a
higher relative nanolayer thickness, 4/D, resulting in a higher
thermal conductivity, producing a seemingly convincing vali-
dation of the nanolayer hypothesis.

This hypothesis, however, has several pitfalls. Firstly, as
seen in figure 1(a), the nanoparticle is not a perfect sphere.
Surface roughness, with a characteristic dimension of a few
angstroms, could contribute to an increase in mass density
near the surface. Furthermore, water layering occurs mainly
by hydrogen bonding, which does not cause significant den-
sity changes [51], as reported in other works [20, 25]. In addi-
tion, the NEMD analysis of Liang er al [38] suggests that
the nanolayer thermal conductivity is only ~1.6 times that
of the liquid, suggesting its insignificant role in interfacial
conduction.

The size effect on thermal conductivity also poses concerns.
Figure 3 shows the effect of particle size on thermal conduc-
tivity, kp,, of alumina nanoparticles. For a 1nm particle, &, is
only about one-fifteenth of the bulk value. This is expected, as
the phonon MFP decreases with decreasing particle size due
to boundary scattering [52] and accessible phonon modes are
limited due to size-restricted phonon wavelengths. This sug-
gests that the effective thermal conductivity of nanofluids may
decrease with decreasing particle size, contrary to the trend
shown in figure 2.

To resolve the contradiction, two factors governing the cal-
culated thermal conductivity are inspected: magnitude of the
HCACEF, and the time required for the fluctuations to lose cor-
relation. If the correlations are large and/or remain intact for a
long time, greater thermal conductivity may be expected. As
periodic boundary conditions are imposed, it is possible that
an atom will experience perturbations from its own periodic

. ——————— R J
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M 15 r P A’,,-’
D b
g 7
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RS /21000 Water
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Figure 3. Thermal conductivity of alumina nanoparticle as a
function of particle size; Inset: comparison of vibrational spectra of
alumina and water.
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Figure 4. Time decay of heat current autocorrelation function 1 nm
particle, ¢ = 10%; Inset: multi-particle simulation system.

image. Particularly, an atom can thus experience an artificial
enhancement in the self-correlated heat current, as its motion
perturbs the surrounding atoms, and then be transmitted
through the entire supercell back to itself. The returning and
initial perturbations are likely to be well-correlated, as they
originate from the same atom. This is unrealistic because
every atom is unique, and perturbations to its surrounding
environment can never possess a circular resonance with its
own motion. The observed thermal conductivity enhancement
could thus simply be a numerical artefact arising from the
periodic boundary conditions.

Disparities in vibrational frequencies may also play an
important role in exacerbating this problem. Comparison of
the vibration spectra of alumina and water [41, 53], as shown
in figure 3 (inset), reveals that the frequencies associated with
water are 3—4 times higher than that of alumina. Consequently,
water would experience vibrations of alumina atoms as low
frequency sound waves. As lower frequency waves can be
transmitted farther through a medium, Al,O; vibrations have
a greater propensity to establish a circular resonance. These
perturbations can thus form a feedback loop if they are not suf-
ficiently damped by the surrounding water molecules; this will
be accentuated in smaller simulation domains and/or systems
with long-range forces, such as those in ionic suspensions. For
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Figure 5. Enhancement in effective thermal conductivity (TC) calculated from multi-particle simulations as a function of particle volume
fraction compared with (a) Maxwell model [26] with bulk thermal conductivity of alumina and experimental results [55, 56]. (b) Maxwell

model with thermal conductivity of alumina particles from figure 3.

the alumina-water system, the electrostatic part of the SPC/E
force-field is truncated at 10 10\, whereas the Vashishta et al
[41] potential is truncated at 6 A. For a 1nm particle suspen-
sion, however, the minimum distance between an alumina
atom and its nearest image is only ~4 A, which is insufficient
to prevent contamination of HCACF statistics with unreal-
istic self-correlations. As the particle size and volume fraction
increases, the system gets larger and self-interactions and arti-
ficial correlations are suppressed.

This is an intrinsic problem associated with GK calcul-
ations; the problem could be mitigated by choosing a system
size large enough to minimize artificial correlations. This,
however, imposes constraints on the maximum attainable
volume fraction with single-nanoparticle, although volume
fractions as high as 20-30% are of concern for many practical
propulsion and energy-conversion systems. Alternatively, we
may use multiple nanoparticles in the system, as illustrated in
figure 4 (inset). It is logical to expect that the addition of more
nanoparticles is likely to hamper the development of artificial
self-correlations due to the presence of unrelated perturbations
from other nanoparticles, thereby breaking the symmetry that
a single particle tries to establish with its own image. This
hypothesis is tested by comparing the time decay of HCACF
for single and three-particle systems, as shown in figure 4.
For single-particle systems, HCACF oscillates substantially
before decaying to zero. These fluctuations are, however,
damped in three-particle systems, resulting in a quicker and
smoother decay. Prior studies attributed these oscillations to
back-scattering of phonons at the particle-fluid interface [54]
or to the relative motion of dissimilar atoms [13]. Results of
the present study, however, suggest that the oscillations are
merely associated with artificial correlations.

Thermal conductivity is then recalculated for multi-particle
supercells. By gradually increasing the particle count and
testing for convergence, it was found that a minimum of three
alumina particles are required to diminish statistical errors.
Multiple initial configurations were used to remove any direc-
tional dependencies, and an average of twelve independent
runs were used to calculate thermal conductivity. Figure 5
shows the resulting variation of keg/ky with ¢ for different

particle sizes. MD predictions are compared with experimental
results [55, 56] and the Maxwell model. In figure 5(a), bulk
thermal conductivity is used, while in figure 5(b), nanoparticle
thermal conductivity (from figure 3) is used. Experimental
data correspond to nanofluids with negligible aggregation.
Results do not suggest any anomalous enhancement beyond
the Maxwell model. In fact, MD predictions are lower than the
Maxwell model, and agree well with the experimental data.
Furthermore, the effective thermal conductivity also increases
with increasing particle size, which is consistent with the size
dependent thermal conductivity behavior of nanoparticles.
Figure 5(b) shows that MD predictions are marginally greater
than Maxwell model predictions using nanoparticle thermal
conductivity values. This may be because the Vashishta poten-
tial underestimates the thermal conductivity of alumina, as
explained earlier.

Conclusions

To conclude, an alternative explanation to the unusually high
thermal conductivity of nano-suspensions obtained using
Green—Kubo relations is provided. While prior studies credit
them to dynamic heat transport mechanisms, our results sug-
gest that these high values are merely an outcome of artifi-
cial correlations, arising from single nanoparticle systems
and periodic boundary conditions, thereby contaminating the
heat current autocorrelation function (HCACF). This problem
is expected to be prominent for systems in which vibration
frequencies of the constituents are disparate. In such cases,
low frequency perturbations are transmitted through the sur-
rounding high frequency medium and return to the originating
particle due to periodic boundary conditions. The resulting
circular resonance contaminates the HCACEF, which is more
pronounced for smaller particles and/or higher volume frac-
tions. In an effort to alleviate this artifact, multi-particle
systems are considered. The presence of additional particles
impedes the development of artificial self-correlations by
breaking the particle-image symmetry. Thermal conductivity
predicted from the rectified HCACF is in good agreement
with experimental data and the Maxwell model predictions. It
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is to be noted that the required minimum number of particles
depends on the simulation system, which can be determined
by devising an appropriate convergence test.
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