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Abstract 

    This paper reports hierarchical hybridization as a mode-mixing scheme to account for the 

unique optical properties of non-Bravais lattices of plasmonic nanoparticles (NPs). The 

formation of surface lattice resonances (SLRs) mediated by localized surface plasmons (LSPs) of 

different multipolar orders, e.g. dipole and quadrupole, can result in asymmetric electric near-

field distributions surrounding the NPs. This asymmetry is because of LSP hybridization at the 

individual NP level from LSPs of different multipole order and at the unit-cell level (NP dimer) 

from LSPs of the same multipole order. Fabricated honeycomb lattices of silver NPs exhibit 

ultra-sharp SLRs at the  point that can also facilitate nanolasing. Modeling of the stimulated 

emission process revealed that the multipolar component of the lattice plasmon mode was 

responsible for feedback for lasing. By leveraging multipolar LSP responses from aluminum NPs 

lattices, we achieved two distinct  point band-edge modes from a single honeycomb 

lattice. This work highlights how multipolar LSP coupling in plasmonic lattices with a non-

Bravais symmetry have important implications for the design of SLRs and their associated 

plasmonic near-field distributions. These relatively unexplored degrees of freedom can decrease 

both ohmic and radiative losses in nanoscale systems and enable SLRs to build unanticipated 

connections among photonics and nanochemistry.  
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Two-dimensional (2D) materials with honeycomb lattice symmetry exhibit unusual 

conductive and optical properties because of degeneracies at the high-symmetry points in the 

electronic band structure.1-4 In solids, band structure emerges from the interplay between global 

lattice symmetry and interactions between atomic wavefunctions at each site. In 2D lattices of 

plasmonic nanoparticles (NPs), an analogous photonic band structure can result, where atomic 

wavefunctions are replaced by surface-bound electron oscillations known as localized surface 

plasmons (LSPs) or LSP wavefunctions. By exploiting the intrinsic size-and-composition 

tunability of the LSP wavefunctions, NP units offer a programmable basis set that does not exist 

in electronic systems.5, 6 For example, as the distance between NPs becomes commensurate with 

an integer multiple of the wavelength of incident light, collective lattice modes emerge that can 

be rationally tuned based on the diffractive character of the 2D array as well as the induced 

charge distribution of LSPs.7-10 These lattice plasmons, also called surface lattice resonances 

(SLRs), are characterized by an energy dispersion relation E(k||), where k|| is the in-plane wave 

vector.11, 12  

The photonic band structure of SLRs can be constructed directly from transmission spectra 

and indirectly from the back-focal plane of a microscope or spectroscopic ellipsometry.12-19 Early 

work reported that there were no major differences among the linear optical properties of square, 

rectangular, hexagonal, and honeycomb lattices at the  point (|k||| = 0) based on dipole (D) 

interactions between units.20 An analysis of the mode symmetries and far-field polarization 

properties of the K-point SLRs supported by a plasmonic honeycomb lattice were also recently 
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reported.21 Reports that captured SLR dispersion characteristics showed clear differences due to 

lattice symmetry, but since the data was analyzed only according to the free-photon dispersion 

relation, effects of scattering from NPs on the resulting band structure were not considered.15 The 

relationship between lattice symmetry and contributions of higher-order LSPs to SLRs has just 

started to receive attention. Quadrupolar (Q) coupling in plasmonic NP lattices show 

characteristics from out-of-plane Q-Q interactions that are similar to those from D-D coupling.21-

24 Although SLRs from in-plane Q-Q coupling have been observed in finite square lattices,21 

these modes are optically dark in the infinite lattice limit. Also, the focus on SLRs in Bravais 

lattices has been on modes mediated by LSPs of the same multipolar order because SLR modes 

of mixed D-Q character are not accessible at the  point in systems of such symmetries.22 In the 

case of non-Bravais lattices, where D-Q coupling is allowed at the  point, only far-field 

observables have been reported, with near-field signatures missing.15, 21   

Recent interest in the band structure of SLRs has been motivated in part by the emergence of 

topological photonics in dielectric NP arrays. The low losses associated with dielectric NPs 

allow for defect-tolerant unidirectional propagating edge states,25, 26 and topological states in 

plasmonic systems have been considered.23, 27, 28 However, topological effects are challenging to 

realize in metal systems because of radiative and ohmic losses. SLRs provide a potential strategy 

to explore topology-based phenomena because they can mitigate losses associated with 

plasmonic NPs.29 By exploring non-Bravais lattice symmetries and complex wavefunction 

hybridization at the unit-cell level, we can test how lattice symmetry and LSP wavefunction 

bases can be applied to plasmonic topological effects.30 

Here we show that honeycomb plasmonic lattices can produce SLRs from the hybridization 

of same-order LSPs between lattice sites and hybridization of different-order LSPs at the same 
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lattice site. This mode-mixing scheme—hierarchical hybridization—is a result of the non-

Bravais nature of the honeycomb lattice combined with the available LSP wavefunction basis of 

plasmonic NPs. Hybrid SLRs exhibit asymmetric surface-charge distributions on the NP surfaces 

that dominate the near-field, and whose effects can be visualized by plasmonic lasing with silver 

NP lattices. We extended and leveraged the LSP wavefunction basis to create a single lattice that 

could support two distinct band-edge SLRs that were spectrally separated by ca. 300 nm in 

aluminum NP lattices. This work highlights a distinct feature of plasmonic NP lattices that 

enables an unexpected class of hybridization not possible in other nanophotonics systems.  
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Figure 1a indicates how the honeycomb lattice can be described as a hexagonal lattice with a 

two-unit basis or a superposition of two identical but non-equivalent hexagonal sublattices L1 

(red) and L2 (blue). L1 and L2 are related by an inversion operation and are characterized by two 

length scales: (1) the magnitude of the basis vectors of each hexagonal sublattice a; and (2) the 

distance between adjacent NPs in the honeycomb lattice a0 = a/√3. Figure 1b shows a 

honeycomb lattice (a0 = 400 nm) made of Ag NPs (d = 110 nm diameter) fabricated by soft 

nanolithography.31  The NP dimensions were chosen to optimize the SLR mode at the Γ point 

 

Figure 1. Hybridized Γ1 Mode in Plasmonic Honeycomb Lattice. (a) Scheme of a 
honeycomb lattice with two NPs per unit cell (outlined). Red and blue sites belong to 
hexagonal sub-lattices L1 and L2, respectively. (b) SEM image of fabricated honeycomb 
lattice (a0 = 400 nm) of Ag NPs with d = 110 nm and h = 50 nm. (c) Calculated and 
measured transmission spectra of lattice in (b) for x-polarized plane waves at the Γ point 
showing strong SLR Γ1. (d) Calculated (left) and measured (right) dispersion diagram (angle-
dependent transmission of TM polarized plane wave) for the lattice in (b) along the Γ – M 
path through the Brillouin zone. (e) Calculated electric field magnitude within the xy plane of 
honeycomb unit cell excited at λΓ1 showing asymmetric spatial distributions characteristic of 
multipolar LSP superposition.  



  6 

(873 nm or 1.42 eV) (Figure 1c) to have a quality factor ≈ 170 and a FWHM ≈ 5 nm. The broad 

feature near 625 nm (2.0 eV) is the single-NP LSP response. The transmission spectrum 

calculated using the finite-difference time-domain (FDTD) method24 using periodic boundary 

conditions is accurate when fabricated samples are patterned over large enough areas (~ cm2) to 

be considered infinite.21, 32  

The dispersion diagram of the fabricated Ag NP honeycomb lattice was mapped along the Γ-

M direction through the Brillouin zone by measuring transmission spectra of x-polarized TM 

plane waves (polarization vector parallel to the plane of incidence) as a function of incident 

angle (Figure 1d, right). The experimental dispersion diagram is similar to the calculated TM-

polarized photonic cavity dispersion relation15 except near the high-symmetry Γ1 (1.42 eV, 873 

nm) and M (1.87 eV, 664 nm) points, where deviations emerge from the formation of band-edge 

states as a result of NP scattering (Figure 1d, left). The narrow spectral feature in the normal-

incident transmission spectrum (Figure 1c) can be assigned as a Γ1 point SLR with associated 

electric near-field distribution (Figure 1e). Because honeycomb (non-Bravais) lattices and 

hexagonal (Bravais) sublattices are characterized by the same reciprocal lattice, both geometries 

exhibit qualitatively similar Γ point transmission spectra15, 20 (Figure S1).  

We identified the multipolar LSP contributions to the Γ1 SLR mode in honeycomb lattices by 

examining the LSP modes supported by both one- and two-particle hexagonal and honeycomb 

unit cells.  Figure 2a shows calculated extinction cross sections of a h = 50 nm and d = 110 nm 

Ag NP (single-particle unit cell) in a hexagonal sublattice under two excitation conditions. When 

the x-polarized incident plane wave propagates along the z-axis (red trace), a strong and broad 

LSP mode (D||) is excited near 2 eV (620 nm) as well as a weaker mode (Q) just above 3 eV 

(413 nm). A plane wave propagating along the y-axis and polarized along the x-axis (blue trace) 
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can also excite the D|| mode along with a second resonance (Q||) near 2.72 eV (460 nm). 

Calculated electric fields at the energies of the D|| and Q|| modes near the NP surface enable a 

multipolar order to be assigned based on nodal structure (Figure 2b). The near-field distribution 

of the D|| mode exhibits a single yz nodal plane characteristic of the in-plane electric dipole D||  ≡

 pxxො mode. The Q|| mode is characterized by a set of xz and yz nodal planes and can be assigned 

as an in-plane quadrupole LSP mode. The Q mode is the out-of-plane quadrupole with yz and xy 

nodal planes. Interestingly, the electric near-field distribution around NPs at the Γ1 SLR mode of 

 

 

Figure 2. Hierarchical Hybridization at Γ1 Resonance. (a) Calculated extinction spectra of 
isolated Ag disks (d = 110 nm and h = 50 nm) excited by plane waves with incident wave 
vector k parallel (black) and perpendicular (green) to the disk symmetry axis. The dipole 
mode D|| is excited in both cases, while the in-plane quadrupole Q|| is not excited with k 
directed along the z-axis. Note that the mode near 3.0 eV under ky, Ex plane wave excitation 
is the electric octupole, but is not relevant to the current discussion and is not considered in 
the analysis. (b) Calculated electric fields associated with D|| and Q|| modes of the isolated 
disk projected onto the surface normal nො highlighting different near-field spatial distributions. 
(c) Hierarchical hybridization scheme showing the Γ1 mode of the honeycomb lattice involves 
D-Q mixing on both sub-lattice (vertical) and unit cell (horizontal) levels. Red and blue colors 
correspond to positive and negative induced surface charges, respectively.  
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a hexagonal lattice (Figure S1) matches that of the D|| mode (Figure 2b). This observation 

indicates that the Γ1 SLR mode of a hexagonal lattice is from hybridization between the D|| LSPs 

with the Bragg mode of the lattice.  

Surface charge distributions corresponding to eigenmodes of an isolated honeycomb lattice 

unit cell (i.e., a NP dimer) were calculated using the boundary element method (BEM) by 

solving for the roots of the determinant of the BEM matrix33 (Figure 2c, first and second rows). 

The top row depicts in-phase coupling of D|| LSP modes on L1 and L2 (labeled D1 and D2), and 

the second row depicts out-of-phase coupling of Q|| (labeled Q1 and Q2) LSPs on the two 

sublattices. Other dimer modes, such as in-phase Q|| and the out-of-phase D|| modes are not 

considered since they are not observed in the near-field distribution (Figure 1e). Due to the 

relatively large NP-NP separation (a0 = 400 nm), the energies of the dimer modes are nearly 

degenerate with the D|| and Q|| modes of an isolated Ag NP (Figure S2). In contrast to a 

hexagonal lattice, the honeycomb lattice supports a linear combination of the in-phase D|| and 

out-of-phase Q|| hybridized LSPs, which accounts for the near-field distribution in the FDTD 

simulations (Figure 1e).  

Strikingly, the hybridization scheme of plasmonic honeycomb NP lattices is distinct (Figure 

2c) and has no analogue in either electronic or dielectric (photonic) systems. Besides 

hybridization across the unit cell of a non-Bravais lattice, LSP wavefunctions of a single site can 

self-hybridize via the additional photon degree of freedom from the Bragg mode. This type of 

multipolar mode-mixing on a single NP (self-hybridization) has been observed for cubic metal 

NPs on a dielectric substrate, where the coupling between in-plane D and out-of-plane Q LSP 

modes is mediated by the substrate.34, 35 This effect can be suppressed, however, if the dipole and 

quadrupole LSP modes do not spectrally overlap. Plasmonic NP lattices are not constrained in 
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this way since the single- NP LSPs are coupled via the Bragg lattice modes. In the case of the Γ1 

SLR in the honeycomb lattice, the strong electromagnetic response of the multipolar LSPs and 

the non-Bravais character of the lattice allow the D|| and Q|| modes hybridized with the Bragg 

mode to become effectively degenerate on sublattices L1 and L2. When the two hexagonal 

sublattices are combined to form a honeycomb lattice, hybridization occurs at both the single 

particle and unit-cell level—hence, hierarchical hybridization (Figure 2c).    

With a detailed understanding of mechanism of the asymmetric near-fields of the hybrid 

SLRs, we used plasmon lasing as a diagnostic tool to examine this Γ point mode further. We 

placed a droplet of IR-140-DMSO solution (0.5 mM) on a 2D Ag NP lattice (same dimensions as 

in Figure 1) on a silica substrate and pumped the dye with a TM-polarized 800-nm fs-pulsed 

laser (Methods). The light emitted normal to the surface had a very narrow lasing peak (FWHM 

≈ 0.2 nm) centered at 866 nm, close to the Γ1 resonance (Figure 3a). Power-dependent input-

output profiles showed a nonlinear increase in lasing intensity above threshold (~ 0.21 mJ/cm2), 

 

Figure 3. Dipole – Quadrupole Coupling Supports Lasing at Γ1 Mode. (a) Lattice mode 
(black) spectrally overlapped with PL of IR 140 dye solution (light blue). The lasing emission 
spectrum (red) exhibits characteristic linewidth narrowing close to the Γ1 mode of the lattice. 

(b) Calculated spatial distribution maps of the stimulated ሺ ଵ

ℏ௪ೌ
𝐸೏ುೌ

೏೟
) and spontaneous (N2/21) 

emission rates when lasing occurred in units of s–1ꞏm–3. The stimulated emission spatial 
distribution matches that of the Q mode in Figure 2b.  
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and angle-resolved emission measurements indicate that the lasing emission was from the band-

edge Γ1 mode at |k||| = 0 (Figure S3). We used our semi-quantum four-level, one-electron model 

of organic gain medium coupled to FDTD calculations to simulate lasing action.32, 36, 37 These 

calculations confirmed that the lasing occurred at the same wavelength as the Γ1 resonance 

(Figure S4). The lasing emission supported by the Γ1 SLR mode was at a slightly shorter 

wavelength compared to that of the Γ1 SLR mode (Figure 1c) because of refractive index 

changes at high pump fluences or the optical pulling effect.24, 38 In contrast to plasmonic systems 

that have stimulated emission rate (
ଵ

ℏ௪ೌ
𝐸೏ುೌ

೏೟
) maps and spontaneous emission rate (N2/21) maps 

dominated by D-D or Q-Q coupled SLRs,24, 37, 39 lasing from the honeycomb lattices showed an 

asymmetric distribution of the stimulated emission rate because of hierarchical hybridization. 

Notably, different from the stimulated emission rate map, the spatial distribution of the 

spontaneous emission rate resembles that of a dipole LSP field (Figure 3b).  

When the particle height is small (< 50 nm), the out-of-plane quadrupole degrees of freedom 

are not prominent in SLR excitations; however, these multipolar modes can be used to produce 

additional SLR modes24 as NP height increases. To explore whether a single structure can 

support multiple high-quality SLRs over the visible to near-infrared wavelength range,40, 41 we 

fabricated Al NP honeycomb lattices with increased height (d = 110 nm, h = 100 nm, a0 = 400 

nm) on silica substrates with a DMSO superstrate for index matching. In addition to a sharp Γ1 

resonance (Γ1 = 873 nm, FWHM ≈ 9 nm), a second sharp resonance appeared at higher energy 

that we label Γ2 (Γ2 = 506 nm, FWHM ≈ 5 nm) since this resonance is also observed at 0 

incident angle (Figure 4a). At the Γ2 resonance, the calculated surface charge distribution and 

the electric field (|E|2/|E0|2) are localized to the upper and lower NP surfaces with xy and yz nodal 

planes for x-polarized light. The phase within the top- and bottom-halves of each NP are out-of-
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phase by π (Figures 4b, S6). These characteristics confirm that the Γ2 mode is correlated with an 

out-of-plane quadrupole LSP,  which in earlier work was labeled as a hybrid out-of-plane 

quadrupole (Q) lattice plasmon resonance because of the superposition of Q with an 

overlapping dipolar LSP.24 Therefore, the sharp Γ2 resonance is from the stronger Q LSP 

coupled to the (1, -1) Bragg mode with only minor overlap of the dipole LSP coupled to the (1, -

1) Bragg mode (Figure S7). Note that this superposition is different from the explicit mode-

mixing of hierarchical hybridization. The dispersion diagram of the fabricated Al NP lattice was 

experimentally mapped along Γ-M using TM-polarized light and showed two band-edge states at 

Γ1 and Γ2 points (Figure 4c).  

Multiple lasing peaks were previously demonstrated from a NP superlattice composed of 

microscale arrays of finite-lattice patches.32 In contrast, by controlling the sub-wavelength lattice 

structure via unit cell design, we can access two different SLR modes that can support lasing 

 
 

Figure 4. Lasing Supported by Two Distinct Band Edge States. (a) Measured transmission 
spectrum of Al NP (d = 110 nm, h = 100 nm) honeycomb lattice showing simultaneously 
optimized Γ1 and Γ2 modes. (b) Calculated electric field magnitude normalized by magnitude 
of incoming field (|E|2/|E0|2) and phase profile of the Γ2 mode. Scale bars are 100 nm. (c) 
Dispersion diagram of Al NP array under TM polarization. (d) Measured Γ2 emission spectra 
with increasing pump power for Al NP array (LDS 473 dye concentration 20 mM). (e) 
Measured Γ1 emission spectra with increasing pump power for Al NP array (IR-140 dye 
concentration 0.5 mM).  The input-output curves can be found in Figure S5. 
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with a wavelength separation of ~ 300 nm using different organic gain. With LDS 473-DMSO 

(20 mM) pumped by a 400-nm fs-pulsed laser, the PL centered at 475 nm overlapped with the Γ2 

mode. A narrow lasing peak (FWHM ≈ 0.3 nm) at 505 nm was observed normal to the lattice 

plane (Figure 4d). The light-light curve showed a nonlinear increase in lasing intensity above 

the lasing threshold of 0.65 mJ/cm2, and angle-resolved emission spectra measurements 

confirmed the lasing mode is from the Γ2 band-edge state at |k||| = 0 (Figure S8). To investigate 

the Γ1 mode, we used IR140-DMSO (0.5 mM) as gain medium and pumped with a 800-nm fs-

pulsed laser. Lasing at 865 nm with a measured input power threshold value of 0.45 mJ/cm2 was 

achieved (Figure 4e). Hence, multipolar LSPs can achieve two high quality SLRs separated by 

100s of nm using a honeycomb lattice with identical NPs at each lattice site and is the first 

structure to realize lasing at the spectral ends of the visible regime.32 

Conclusions 

We investigated the formation of hierarchically hybridized SLRs in plasmonic honeycomb 

NP lattices. Near the NP surface, the interplay between the non-Bravais lattice symmetry and the 

LSP wavefunction basis results in anisotropic electric near-field distributions that result in 

asymmetric spatial distributions of stimulated emission rates. By engineering NP shape, material, 

and spacing, we achieved two distinct band-edge states separated by more than 300 nm from a 

single-lattice array. This magnitude represents a key advantage of hierarchically hybridized 

SLRs: the lattice geometry and LSP wavefunctions can be separately tuned to create multi-polar 

plasmonic lattices. We anticipate our findings will be critical in tuning near-field interactions 

between plasmonic NP lattices and emitters, for example in strong coupling and Bose-Einstein 

condensation.15, 42-45 SLRs may also provide insight to photonic analogous of PT-symmetry and 

topological effects, especially since gain and loss in emitter-SLR systems can be exquisitely 

tailored. 
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Methods 

Fabrication of Al and Au NP arrays 

 Arrays of Ag NPs on fused silica were fabricated with a soft nanofabrication process called 

PEEL.46 Briefly, we generated periodic photoresist posts on Si wafers by solvent-assisted 

nanoscale embossing (SANE)47 with controlled post size. The patterns were then transferred into 

free-standing Au nanohole films by depositing Cr film, removing PR posts, etching through Si 

nanoholes, depositing Au film, and lifting off Au film. Finally, we created NP arrays by thermal 

deposition through the hole-array mask on a transparent substrate and then used scotch tape to 

remove the Au hole mask. A 2-nm Cr layer was deposited in-between for better adhesion 

between Ag NPs and silica. 

Lasing measurements 

A drop of a 0.5 mM IR140-DMSO solution was placed on Ag NP arrays and capped with a 

coverslip. The completed sample was pumped at an incident angle of 45° using a mode-locked 

Ti:sapphire laser with a regenerative amplifier (800-nm wavelength, 1 kHz operation rate and 90 

fs pulse width), and the circular pump spot size was ~800 μm in diameter. Lasing signals were 

collected normal to the sample surface and analyzed by a charge-coupled device (CCD) 

spectrometer. For angle-resolved emission measurements, we fixed the sample vertically at the 

centre of a rotational stage and collected emission signals within detection angle from 0° to 5° in 

1° increments manually (with respect to the sample surface normal). 

FDTD simulations  

FDTD calculations with commercial software (FDTD solution, Lumerical Inc., Vancouver, 

Canada) were used to simulate the linear optical properties and lasing emission from Ag NP 

arrays. The optical constants of Ag were taken from Palik measurements (400–1000 nm).48 A 
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uniform mesh size of 2 nm (x, y and z) was used to ensure the accuracy of electric and magnetic 

field calculations within the metal NPs.  

Simulation of Γ1 lasing was performed by FDTD, where a four-level one-electron model was 

integrated for modeling dye molecules. In the semi-quantum systems, we set the Ag NP size d = 

110 nm and height h = 50 nm, dye concentration C = 0.5 mM, pump wavelength at a = 800 nm 

and dye emission at e = 850 nm with bandwidth e = 120 nm, close to experimental 

conditions. The spontaneous emission rate (N2/21) and stimulated emission rate (
ଵ

ℏ௪
𝑬೏𝑷

೏೟
) were 

analyzed to show their spatial correlation with the plasmonic hot spots with the amplitude of 

pump power set to be 8×107. 

 

Supporting Information Available:  

Hexagonal lattice characterization, Ag dimer spectra, Γ1 lasing characterization (Ag NPs), Γ1 

lasing characterization (Al NPs), single Al NP scattering spectrum, Γ2 lasing characterization (Al 

NPs). 
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