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Abstract—We design anexplicitlow-complexitycoding
schemethatachievesthemultipleaccesschannelresolvability
regionforanarbitrarydiscrete memoryless multipleaccess
channelwhoseinputalphabetshaveprimecardinalities.Unlike
previousworks,wedonotassumechannelsymmetryandrely
onrate-splittingtoavoidtimesharingwhenitisknowntobe
unnecessary.Theideaofourconstructionistoreducetheprob-
lemofmultipleaccesschannelresolvabilitytoacombination
ofseveralsourceresolvabilityproblems. Ourcodingscheme
reliesonpolarcodesforsourcecodingtoimplementsource
resolvability,andablockMarkovcodingschemethatperforms
randomnessrecyclinginthedifferentencodingblocks.

I.INTRODUCTION

Channelresolvabilityhasbeenintroducedforpoint-to-
pointchannelsandmultipleaccesschannelsin[1]and[2],
respectively.Applicationsofthesenotionsincludestrong
secrecyforthepoint-to-point[3],[4]andmultipleaccess[5],
[6] wiretapchannels,cooperativejamming[5],semantic
securityforthepoint-to-point[7]andthemultipleaccess
wiretapchannel[8],andstrongcoordinationinnetworks[9].
Beyondexistenceresultsofchannelresolvabilitycodes

providedintheabovereferences,severalworkshaveinves-
tigatedtheconstructionsofsuchcodes.Explicitandlow-
complexityconstructionsbasedonpolarcodesforchannel
resolvabilityhavebeenproposedforbinarysymmetricchan-
nels[10]anddiscrete memorylesschannelswhoseinput
alphabetshaveprimecardinalities[11]. Anotherexplicit
constructionbasedoninjectivegrouphomomorphismshas
beenproposedin[12]forchannelresolvabilityoverbinary
symmetricchannels.Low-complexity,butnon-explicit,linear
codingschemesforchannelresolvabilityoverarbitrarymem-
orylesschannelshavealsobeenproposedin[13].Asformul-
tipleaccesschannelresolvability,twoexplicitconstructions
havebeenproposedin[14]forsymmetricmultipleaccess
channels,onebasedoninvertibleextractorsandasecond
onebasedoninjectivegrouphomomorphisms.
Inthispaper,wefocusoncodeconstructionsformultiple

accesschannelresolvability.Ourcontributionistoprovide
anexplicitandlow-complexitycodingschemethatachieves
themultipleaccesschannelresolvabilityregion[8]ofan
abritrarydiscretememorylessmultipleaccesschannelwhose
inputalphabetshaveprimecardinalities. Wealsohighlight
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thatourproposedcodingschemedoesnotrequiretime-
sharingwhenitisknowntobeunnecessary.Themainidea
ofourcodingschemeistoreducetheproblemofmultiple
accesschannelresolvabilitytoacombinationofseveral
sourceresolvabilityproblems.Ourcodingschemeinvolves
block-Markovencodingthattakesadvantageofrandomness
recyclinginconsecutiveencodingblocks,andpolarcodes
forsourcecoding[15]toimplementsourceresolvability.To
avoid,asmuchaspossible,time-sharing,wealsoimplement
theideaofratesplittingdevelopedin[16]formultipleaccess
channels.TheideaofBlock-Markovencodingtorecycle
randomnessiscloselyrelatedtorecursiveconstructionsof
seededextractorsinthecomputerscienceliterature,e.g.,[17].
Finally,notethatourproposedconstructiondoesnotusethe
sametoolsastheoneusedin[14]formultipleaccesschannel
resolvabilityoversymmetricmultipleaccesschannels,and
thatitremainsunclearwhetherthecodingschemesin[14]
couldbeextendedtoachievethemultipleaccesschannel
resolvabilityregionofanarbitrarymultipleaccesschannel.
Theremainderofthepaperisorganizedasfollows.The
problemstatementisprovidedinSectionIII.Ourproposed
codingschemeanditsanalysisareprovidedinSectionIV
andSectionV,respectively.Finally,SectionVIprovides
concludingremarks.

II.NOTATION

Let a,b bethesetofintegersbetween a and b.

Forn∈N,letGn
10

11

⊗n

bethesourcepolarization

matrixdefinedin[15].ThecomponentsofavectorX1:N

ofsizeN aredenoted withsuperscripts,i.e.,X1:N

(X1,X2,...,XN).ForanysetA⊂ 1,N,letX1:N[A]
bethecomponentsofX1:N whoseindicesareinA.Fortwo
probabilitydistributionspX andqX definedoverthesame
alphabetX,definetheKullback-Leiblerdivergencebetween
pX andqX as

D(pX||qX)
x∈X

pX(x)log
pX(x)

qX(x)
.

ForjointprobabilitydistributionspXY andqXY defined
overX×Y,theconditionalKullback-Leiblerdivergenceis
writtenas

EpX[D(pY|X qY|X)]
x∈X

pX(x)D(pY|X=x qY|X=x).
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III.PROBLEMSTATEMENT

Consideradiscretememorylessmultipleaccesschannel
(X×Y,qZ|XY,Z),whereX,YandZarefinitealphabets.
AtargetdistributionqZ isdefinedasthechanneloutput
distributionwhentheinputdistributionsareqX andqY,i.e.,

∀z∈Z,qZ(z)
x∈Xy∈Y

qZ|XY(z|x,y)qX(x)qY(y).(1)

Definition1.A(2NR1,2NR2,N)codeforthememoryless
multipleaccesschannel(X×Y,qZ|XY,Z)consistsof

• tworandomizationsequencesS1andS2independent
anduniformlydistributedoverS1 1,2NR1 and
S2 1,2NR2 ,respectively;

• twoencodingfunctionsf1,N:S1→X
N andf2,N:

S2→Y
N;

andoperatesasfollows:thetransmittersformf1,N(S1)
andf2,N(S2), whicharesentoverthechannel(X ×
Y,qZ|XY,Z).

Definition2. (R1,R2)isanachievableresolvabilityrate
pairforthe memoryless multipleaccesschannel(X ×
Y,qZ|XY,Z)ifthereexistsasequenceof(2

NR1,2NR2,N)
codessuchthatlimN→+∞ D(pZ1:N||qZ1:N) =0,where
qZ1:N

N
i=1qZwithqZdefinedin(1)and∀z

1:N ∈ZN,

pZ1:N(z
1:N)

s1∈S1s2∈S2

qZ1:N|X1:NY1:N z
1:N|

f1,N(s1),f2,N(s2))
1

|S1||S2|
.

ThemultipleaccesschannelresolvabilityregionRqZ is
definedastheclosureofthesetofallachievableratepairs.

Theorem1([8,Theorem1]).WehaveRqZ =RqZ with

RqZ
pT,qX|T,qY|T

{(R1,R2):I(XY;Z|T)≤R1+R2,

I(X;Z|T)≤R1,

I(Y;Z|T)≤R2},

wherepTisdefinedoverT 1,|Z|+3 andqX|T,
qY|Taresuchthat,foranyt∈Tandz∈Z,

qZ(z)=
x∈Xy∈Y

qX|T(x|t)qY|T(y|t)qZ|XY(z|x,y).

Notethatreference[8]providesonlytheexistenceof
acodingschemethatachievesanyratepairinRqZ.By
contrast,ourgoalistoprovideanexplicitlow-complexity
codingschemethatachievesRqZ.

IV.CODINGSCHEME

A.Reviewofsourceresolvability

Definition3. A(2NR,N)sourceresolvabilitycodefor
(X,qX)consistsof

• arandomizationsequenceSuniformlydistributedover
S 1,2NR ;

• anencodingfunctionfN :S →X
N;

andoperatesasfollows.TheencoderformsX1:N fN(S)
andthedistributionofX1:N isdenotedbypX1:N.

Definition4.Risanachievableresolutionrateforadiscrete
memorylesssource(X,qX)ifthereexistsasequenceof
(2NR,N)sourceresolvabilitycodessuchthat

lim
N→+∞

D(pX1:N||qX1:N)=0,

whereqX1:N
N
i=1qX.Theinfimumofsuchachievable

ratesiscalledthesourceresolvability

Theorem2([1]).Thesourceresolvabilityofadiscrete
memorylesssource(X,qX)isH(qX).

B.High-leveldescriptionofourcodingscheme

Definition5.Forthememorylessmultipleaccesschannel
(X×Y,qZ|XY,Z)wedefine

RX,Y {(R1,R2):I(XY;Z)<R1+R2,

I(X;Z)<R1,

I(Y;Z)<R2},

forsomeproductdistributionpXpY onX×Y.

Toshowtheachievability of RqZ,itissufficient
toshowtheachievabilityofRX,Y.First,notethatif
RX,Y isachievable,thentheconvexityofRqZ shows
thatConv( pXpY

RX,Y)isalsoachievable,whereConv
denotestheconvexhull.Then, Conv( pXpY

RX,Y)⊃
RqZ byremarkingthatthe corner points of RqZ
arein Conv( pXpY

RX,Y). Forinstance,the corner
point (I(X;Z|T),I(Y;Z|XT)) ∈ RqZ belongsto
Conv( pXpY

RX,Y)since

(I(X;Z|T),I(Y;Z|XT))

=
t∈T

pT(t)(I(X;Z|T=t),I(Y;Z|X,T=t)).

Similarly,theothercornerpointsofRqZ alsobelongto
Conv( pXpY

RX,Y).Next,weconsidertwocasestoachieve
theregionRX,Y forsomefixeddistributionpXpY.

• Case1(depictedinFigure1):I(XY;Z)>I(X;Z)+
I(Y;Z).Inthiscase,itissufficienttoachievethe
dominantfaceD.

• Case2(depictedinFigure2):I(XY;Z)=I(X;Z)+
I(Y;Z).Inthiscase,onlythecornerpointCneeds
tobeachieved. Notethatitisimpossibletohave
I(XY;Z)<I(X;Z)+I(Y;Z)byindependenceof
XandY.

C.EncodingSchemeforCase1

ByinspectingFigure1,wehavethefollowingproposition.

Proposition 1. To achievethe region RX,Y when
I(XY;Z)>I(X;Z)+I(Y;Z),itissufficienttoachieve
anyratepair(R1,R2)inD,where

D {(R1,R2):R1∈[I(X;Z),I(X;Z|Y)],

R2=I(XY;Z)−R1}.
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D
<latexit sha1_base64="NgT1BcoRhS6Rx7lZvSHyyT54CZ8=">AAAB83icbVBNTwIxFHyLX4hfqEcvjWDiieziQY4kevCIiSAJuyHd0oWGtrtpuyZkw9/w4kFjvPpnvPlv7MIeFJykyWTmvbzphAln2rjut1Pa2Nza3invVvb2Dw6PqscnPR2nitAuiXms+iHWlDNJu4YZTvuJoliEnD6G05vcf3yiSrNYPphZQgOBx5JFjGBjJb/uC2wmBHN0Wx9Wa27DXQCtE68gNSjQGVa//FFMUkGlIRxrPfDcxAQZVoYRTucVP9U0wWSKx3RgqcSC6iBbZJ6jC6uMUBQr+6RBC/X3RoaF1jMR2sk8ol71cvE/b5CaqBVkTCapoZIsD0UpRyZGeQFoxBQlhs8swUQxmxWRCVaYGFtTxZbgrX55nfSaDe+q0bxv1tqtoo4ynME5XIIH19CGO+hAFwgk8Ayv8Oakzovz7nwsR0tOsXMKf+B8/gC+CJDM</latexit>

D
<latexit sha1_base64="NgT1BcoRhS6Rx7lZvSHyyT54CZ8=">AAAB83icbVBNTwIxFHyLX4hfqEcvjWDiieziQY4kevCIiSAJuyHd0oWGtrtpuyZkw9/w4kFjvPpnvPlv7MIeFJykyWTmvbzphAln2rjut1Pa2Nza3invVvb2Dw6PqscnPR2nitAuiXms+iHWlDNJu4YZTvuJoliEnD6G05vcf3yiSrNYPphZQgOBx5JFjGBjJb/uC2wmBHN0Wx9Wa27DXQCtE68gNSjQGVa//FFMUkGlIRxrPfDcxAQZVoYRTucVP9U0wWSKx3RgqcSC6iBbZJ6jC6uMUBQr+6RBC/X3RoaF1jMR2sk8ol71cvE/b5CaqBVkTCapoZIsD0UpRyZGeQFoxBQlhs8swUQxmxWRCVaYGFtTxZbgrX55nfSaDe+q0bxv1tqtoo4ynME5XIIH19CGO+hAFwgk8Ayv8Oakzovz7nwsR0tOsXMKf+B8/gC+CJDM</latexit>

R1
<latexit sha1_base64="oHnBRhRnldpNoE988AjF3zW4mkw=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsspCSxsUTjIQlcyN6ywIa9vcvunAm58BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEhh0HW/ncLG5tb2TnG3tLd/cHhUPj5pmzjVjPsslrHuhNRwKRT3UaDknURzGoWSP4aTm7n/+MS1EbF6wGnCg4iOlBgKRtFKfvW+71X75Ypbcxcg68TLSQVytPrlr94gZmnEFTJJjel6boJBRjUKJvms1EsNTyib0BHvWqpoxE2QLY6dkQurDMgw1rYUkoX6eyKjkTHTKLSdEcWxWfXm4n9eN8VhI8iESlLkii0XDVNJMCbzz8lAaM5QTi2hTAt7K2FjqilDm0/JhuCtvrxO2vWad1Wr39UrzUYeRxHO4BwuwYNraMIttMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucPh9yNzg==</latexit>

R2
<latexit sha1_base64="3AGOXShm9AD17XUCLDiflnOLeag=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRNp6kCOJF49oLJJAQ7bLFjbsbpvdrQlp+A1ePGiMV3+QN/+NC/Sg4EsmeXlvJjPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTjk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI08docjP3H5+o0iyRD2aa0lDgkWQxI9hYKajfD/z6oFpzG+4CaJ14BalBgfag+tUfJiQTVBrCsdY9z01NmGNlGOF0VulnmqaYTPCI9iyVWFAd5otjZ+jCKkMUJ8qWNGih/p7IsdB6KiLbKbAZ61VvLv7n9TITN8OcyTQzVJLlojjjyCRo/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwVl9eJx2/4V01/Du/1moWcZThDM7hEjy4hhbcQhsCIMDgGV7hzZHOi/PufCxbS04xcwp/4Hz+AIlhjc8=</latexit>

I(XY;Z)
<latexit sha1_base64="QhE/VZAMEGYPMCTnY4ZydI00eRE=">AAAB8HicbVA9TwJBEJ3zE/ELtbTZCCbYkDssJLEhsdEOE/kSLmRv2YMNu3uX3T0TQvgVNhYaY+vPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v5219Y3Nre3MTnZ3b//gMHd03NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN3M/OYTVZpF8sGMY+oLPJAsZAQbK7ULd8VW+/rxotDL5d2SOwdaJV5K8pCi1st9dfsRSQSVhnCsdcdzY+NPsDKMcDrNdhNNY0xGeEA7lkosqPYn84On6NwqfRRGypY0aK7+nphgofVYBLZTYDPUy95M/M/rJCas+BMm48RQSRaLwoQjE6HZ96jPFCWGjy3BRDF7KyJDrDAxNqOsDcFbfnmVNMol77JUvi/nq5U0jgycwhkUwYMrqMIt1KAOBAQ8wyu8Ocp5cd6dj0XrmpPOnMAfOJ8/ovKO9A==</latexit>

I(XY;Z)
<latexit sha1_base64="QhE/VZAMEGYPMCTnY4ZydI00eRE=">AAAB8HicbVA9TwJBEJ3zE/ELtbTZCCbYkDssJLEhsdEOE/kSLmRv2YMNu3uX3T0TQvgVNhYaY+vPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v5219Y3Nre3MTnZ3b//gMHd03NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN3M/OYTVZpF8sGMY+oLPJAsZAQbK7ULd8VW+/rxotDL5d2SOwdaJV5K8pCi1st9dfsRSQSVhnCsdcdzY+NPsDKMcDrNdhNNY0xGeEA7lkosqPYn84On6NwqfRRGypY0aK7+nphgofVYBLZTYDPUy95M/M/rJCas+BMm48RQSRaLwoQjE6HZ96jPFCWGjy3BRDF7KyJDrDAxNqOsDcFbfnmVNMol77JUvi/nq5U0jgycwhkUwYMrqMIt1KAOBAQ8wyu8Ocp5cd6dj0XrmpPOnMAfOJ8/ovKO9A==</latexit>

I(Y;Z)
<latexit sha1_base64="me5at2af0sjJOyZEIuwvWlpX0WQ=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6gkMSGxEY7TORD4UL2lj3YsLd37u6ZkAt/wsZCY2z9O3b+Gxe4QsGXTPLy3kxm5nkRZ0rb9reVWVvf2NzKbud2dvf2D/KHRy0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dhte+Ormd9+olKxUNzpSUTdAA8F8xnB2kid4k3p/vLhvNjPF+yyPQdaJU5KCpCi0c9/9QYhiQMqNOFYqa5jR9pNsNSMcDrN9WJFI0zGeEi7hgocUOUm83un6MwoA+SH0pTQaK7+nkhwoNQk8ExngPVILXsz8T+vG2u/5iZMRLGmgiwW+TFHOkSz59GASUo0nxiCiWTmVkRGWGKiTUQ5E4Kz/PIqaVXKTrVcua0U6rU0jiycwCmUwIELqMM1NKAJBDg8wyu8WY/Wi/VufSxaM1Y6cwx/YH3+APZEjpI=</latexit>

I(Y;Z|X)
<latexit sha1_base64="LDv8+9uUlTbmXZHmKdYGbrW3oLs=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6wkMSGxEY7TORD4EL2lj3YsLd32d0zISf/wsZCY2z9N3b+Gxe4QsGXTPLy3kxm5nkRZ0rb9reVWVvf2NzKbud2dvf2D/KHR00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteePrmd96pFKxUNzrSUTdAA8F8xnB2kid4m3p4arz1D4v9vMFu2zPgVaJk5ICpKj381+9QUjigApNOFaq69iRdhMsNSOcTnO9WNEIkzEe0q6hAgdUucn84ik6M8oA+aE0JTSaq78nEhwoNQk80xlgPVLL3kz8z+vG2q+6CRNRrKkgi0V+zJEO0ex9NGCSEs0nhmAimbkVkRGWmGgTUs6E4Cy/vEqalbJzUa7cVQq1ahpHFk7gFErgwCXU4Abq0AACAp7hFd4sZb1Y79bHojVjpTPH8AfW5w+Gwo96</latexit>

I(X;Z|Y)
<latexit sha1_base64="jY33wMuF3CEfFN9FJAmiSiwnVW4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6wkMSGxEY7TORD4EL2lj3YsLd32d0zISf/wsZCY2z9N3b+Gxe4QsGXTPLy3kxm5nkRZ0rb9reVWVvf2NzKbud2dvf2D/KHR00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteePrmd96pFKxUNzrSUTdAA8F8xnB2kid4m2pfdV5ejgv9vMFu2zPgVaJk5ICpKj381+9QUjigApNOFaq69iRdhMsNSOcTnO9WNEIkzEe0q6hAgdUucn84ik6M8oA+aE0JTSaq78nEhwoNQk80xlgPVLL3kz8z+vG2q+6CRNRrKkgi0V+zJEO0ex9NGCSEs0nhmAimbkVkRGWmGgTUs6E4Cy/vEqalbJzUa7cVQq1ahpHFk7gFErgwCXU4Abq0AACAp7hFd4sZb1Y79bHojVjpTPH8AfW5w+Gvo96</latexit>

I(X;Z)
<latexit sha1_base64="guWHrgPXQvE6tkAEcBkQJWWPBvA=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRjDBC2nxIIkXEi96w0SgERqyXbawYbutu1sT0vAnvHjQGK/+HW/+GxfoQcGXTPLy3kxm5vkxZ0rb9reVW1vf2NzKbxd2dvf2D4qHR20VJZLQFol4JF0fK8qZoC3NNKduLCkOfU47/vh65neeqFQsEvd6ElMvxEPBAkawNpJbvq24Vw/n5X6xZFftOdAqcTJSggzNfvGrN4hIElKhCcdKdR071l6KpWaE02mhlygaYzLGQ9o1VOCQKi+d3ztFZ0YZoCCSpoRGc/X3RIpDpSahbzpDrEdq2ZuJ/3ndRAd1L2UiTjQVZLEoSDjSEZo9jwZMUqL5xBBMJDO3IjLCEhNtIiqYEJzll1dJu1Z1Lqq1u1qpUc/iyMMJnEIFHLiEBtxAE1pAgMMzvMKb9Wi9WO/Wx6I1Z2Uzx/AH1ucP9LyOkQ==</latexit>

RX,Y
<latexit sha1_base64="u+G/yn4iQeq3wbKGVlO9NC5NRos=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4kJJUQZdFNy6r2Ie0IUym03boZBJmJkqJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOZMacf5tpaWV1bX1gsbxc2t7Z1du7TXVFEiCW2QiEeyHWBFORO0oZnmtB1LisOA01Ywusr81gOVikXiTo9j6oV4IFifEayN5Nulboj1kGCObv20fXI/Kfp22ak4U6BF4uakDDnqvv3V7UUkCanQhGOlOq4Tay/FUjPC6aTYTRSNMRnhAe0YKnBIlZdOo0/QkVF6qB9J84RGU/X3RopDpcZhYCazoGrey8T/vE6i+xdeykScaCrI7FA/4UhHKOsB9ZikRPOxIZhIZrIiMsQSE23aykpw57+8SJrVintaqd6clWuXeR0FOIBDOAYXzqEG11CHBhB4hGd4hTfryXqx3q2P2eiSle/swx9Ynz8dFJM/</latexit>

Fig.1. RegionRX,Y inCase1:I(XY;Z)>I(X;Z)+I(Y;Z)

R1
<latexit sha1_base64="oHnBRhRnldpNoE988AjF3zW4mkw=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsspCSxsUTjIQlcyN6ywIa9vcvunAm58BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEhh0HW/ncLG5tb2TnG3tLd/cHhUPj5pmzjVjPsslrHuhNRwKRT3UaDknURzGoWSP4aTm7n/+MS1EbF6wGnCg4iOlBgKRtFKfvW+71X75Ypbcxcg68TLSQVytPrlr94gZmnEFTJJjel6boJBRjUKJvms1EsNTyib0BHvWqpoxE2QLY6dkQurDMgw1rYUkoX6eyKjkTHTKLSdEcWxWfXm4n9eN8VhI8iESlLkii0XDVNJMCbzz8lAaM5QTi2hTAt7K2FjqilDm0/JhuCtvrxO2vWad1Wr39UrzUYeRxHO4BwuwYNraMIttMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucPh9yNzg==</latexit>

R2
<latexit sha1_base64="3AGOXShm9AD17XUCLDiflnOLeag=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRNp6kCOJF49oLJJAQ7bLFjbsbpvdrQlp+A1ePGiMV3+QN/+NC/Sg4EsmeXlvJjPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTjk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI08docjP3H5+o0iyRD2aa0lDgkWQxI9hYKajfD/z6oFpzG+4CaJ14BalBgfag+tUfJiQTVBrCsdY9z01NmGNlGOF0VulnmqaYTPCI9iyVWFAd5otjZ+jCKkMUJ8qWNGih/p7IsdB6KiLbKbAZ61VvLv7n9TITN8OcyTQzVJLlojjjyCRo/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwVl9eJx2/4V01/Du/1moWcZThDM7hEjy4hhbcQhsCIMDgGV7hzZHOi/PufCxbS04xcwp/4Hz+AIlhjc8=</latexit>

I(XY;Z)
<latexit sha1_base64="QhE/VZAMEGYPMCTnY4ZydI00eRE=">AAAB8HicbVA9TwJBEJ3zE/ELtbTZCCbYkDssJLEhsdEOE/kSLmRv2YMNu3uX3T0TQvgVNhYaY+vPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v5219Y3Nre3MTnZ3b//gMHd03NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN3M/OYTVZpF8sGMY+oLPJAsZAQbK7ULd8VW+/rxotDL5d2SOwdaJV5K8pCi1st9dfsRSQSVhnCsdcdzY+NPsDKMcDrNdhNNY0xGeEA7lkosqPYn84On6NwqfRRGypY0aK7+nphgofVYBLZTYDPUy95M/M/rJCas+BMm48RQSRaLwoQjE6HZ96jPFCWGjy3BRDF7KyJDrDAxNqOsDcFbfnmVNMol77JUvi/nq5U0jgycwhkUwYMrqMIt1KAOBAQ8wyu8Ocp5cd6dj0XrmpPOnMAfOJ8/ovKO9A==</latexit>

I(XY;Z)
<latexit sha1_base64="QhE/VZAMEGYPMCTnY4ZydI00eRE=">AAAB8HicbVA9TwJBEJ3zE/ELtbTZCCbYkDssJLEhsdEOE/kSLmRv2YMNu3uX3T0TQvgVNhYaY+vPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v5219Y3Nre3MTnZ3b//gMHd03NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN3M/OYTVZpF8sGMY+oLPJAsZAQbK7ULd8VW+/rxotDL5d2SOwdaJV5K8pCi1st9dfsRSQSVhnCsdcdzY+NPsDKMcDrNdhNNY0xGeEA7lkosqPYn84On6NwqfRRGypY0aK7+nphgofVYBLZTYDPUy95M/M/rJCas+BMm48RQSRaLwoQjE6HZ96jPFCWGjy3BRDF7KyJDrDAxNqOsDcFbfnmVNMol77JUvi/nq5U0jgycwhkUwYMrqMIt1KAOBAQ8wyu8Ocp5cd6dj0XrmpPOnMAfOJ8/ovKO9A==</latexit>

I(X;Z)
<latexit sha1_base64="guWHrgPXQvE6tkAEcBkQJWWPBvA=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRjDBC2nxIIkXEi96w0SgERqyXbawYbutu1sT0vAnvHjQGK/+HW/+GxfoQcGXTPLy3kxm5vkxZ0rb9reVW1vf2NzKbxd2dvf2D4qHR20VJZLQFol4JF0fK8qZoC3NNKduLCkOfU47/vh65neeqFQsEvd6ElMvxEPBAkawNpJbvq24Vw/n5X6xZFftOdAqcTJSggzNfvGrN4hIElKhCcdKdR071l6KpWaE02mhlygaYzLGQ9o1VOCQKi+d3ztFZ0YZoCCSpoRGc/X3RIpDpSahbzpDrEdq2ZuJ/3ndRAd1L2UiTjQVZLEoSDjSEZo9jwZMUqL5xBBMJDO3IjLCEhNtIiqYEJzll1dJu1Z1Lqq1u1qpUc/iyMMJnEIFHLiEBtxAE1pAgMMzvMKb9Wi9WO/Wx6I1Z2Uzx/AH1ucP9LyOkQ==</latexit>

I(Y;Z)
<latexit sha1_base64="me5at2af0sjJOyZEIuwvWlpX0WQ=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6gkMSGxEY7TORD4UL2lj3YsLd37u6ZkAt/wsZCY2z9O3b+Gxe4QsGXTPLy3kxm5nkRZ0rb9reVWVvf2NzKbud2dvf2D/KHRy0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dhte+Ormd9+olKxUNzpSUTdAA8F8xnB2kid4k3p/vLhvNjPF+yyPQdaJU5KCpCi0c9/9QYhiQMqNOFYqa5jR9pNsNSMcDrN9WJFI0zGeEi7hgocUOUm83un6MwoA+SH0pTQaK7+nkhwoNQk8ExngPVILXsz8T+vG2u/5iZMRLGmgiwW+TFHOkSz59GASUo0nxiCiWTmVkRGWGKiTUQ5E4Kz/PIqaVXKTrVcua0U6rU0jiycwCmUwIELqMM1NKAJBDg8wyu8WY/Wi/VufSxaM1Y6cwx/YH3+APZEjpI=</latexit>

C
<latexit sha1_base64="FWHmvPE/De9xswNawOfWxso7D6E=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsspCShscQoHwlcyN6ywIa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZeEEth0HW/ndzW9s7uXn6/cHB4dHxSPD1rmyjRjLdYJCPdDajhUijeQoGSd2PNaRhI3gmmjYXfeeLaiEg94izmfkjHSowEo2ilh3KjPCiW3Iq7BNkkXkZKkKE5KH71hxFLQq6QSWpMz3Nj9FOqUTDJ54V+YnhM2ZSOec9SRUNu/HR56pxcWWVIRpG2pZAs1d8TKQ2NmYWB7QwpTsy6txD/83oJjmp+KlScIFdstWiUSIIRWfxNhkJzhnJmCWVa2FsJm1BNGdp0CjYEb/3lTdKuVrybSvW+WqrXsjjycAGXcA0e3EId7qAJLWAwhmd4hTdHOi/Ou/Oxas052cw5/IHz+QNLFY0b</latexit>

RX,Y
<latexit sha1_base64="u+G/yn4iQeq3wbKGVlO9NC5NRos=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4kJJUQZdFNy6r2Ie0IUym03boZBJmJkqJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOZMacf5tpaWV1bX1gsbxc2t7Z1du7TXVFEiCW2QiEeyHWBFORO0oZnmtB1LisOA01Ywusr81gOVikXiTo9j6oV4IFifEayN5Nulboj1kGCObv20fXI/Kfp22ak4U6BF4uakDDnqvv3V7UUkCanQhGOlOq4Tay/FUjPC6aTYTRSNMRnhAe0YKnBIlZdOo0/QkVF6qB9J84RGU/X3RopDpcZhYCazoGrey8T/vE6i+xdeykScaCrI7FA/4UhHKOsB9ZikRPOxIZhIZrIiMsQSE23aykpw57+8SJrVintaqd6clWuXeR0FOIBDOAYXzqEG11CHBhB4hGd4hTfryXqx3q2P2eiSle/swx9Ynz8dFJM/</latexit>

C
<latexit sha1_base64="FWHmvPE/De9xswNawOfWxso7D6E=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsspCShscQoHwlcyN6ywIa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZeEEth0HW/ndzW9s7uXn6/cHB4dHxSPD1rmyjRjLdYJCPdDajhUijeQoGSd2PNaRhI3gmmjYXfeeLaiEg94izmfkjHSowEo2ilh3KjPCiW3Iq7BNkkXkZKkKE5KH71hxFLQq6QSWpMz3Nj9FOqUTDJ54V+YnhM2ZSOec9SRUNu/HR56pxcWWVIRpG2pZAs1d8TKQ2NmYWB7QwpTsy6txD/83oJjmp+KlScIFdstWiUSIIRWfxNhkJzhnJmCWVa2FsJm1BNGdp0CjYEb/3lTdKuVrybSvW+WqrXsjjycAGXcA0e3EId7qAJLWAwhmd4hTdHOi/Ou/Oxas052cw5/IHz+QNLFY0b</latexit>

.

Fig.2. RegionRX,Y inCase2:I(XY;Z)=I(X;Z)+I(Y;Z).

Wewillneedthefollowingresultstoshowtheachievabil-
ityofDwithrate-splitting.

Lemma1.Asin[16,Example3],wechoosef:Y×Y →
Y,(u,v)→ max(u,v),andsplit(Y,pY)toform(Y×
Y,pUpV),∈[0,1],suchthatforany >0,pf(U,V)=
pY,forfixed(y,u),pf(U,V)|U(y|u)isacontinuousfunction
of,and

U=0=0=V=1, (2)

U=1=f(U=1,V=1), (3)

V=0=f(U=0,V=0). (4)

Whenthecontextisclearwedonotexplicitlywritethe
dependenceofUandVwithrespectto bydroppingthe
subscript.Then,wehaveI(XY;Z)=R1+RU+RV,
wherewehavedefinedthefunctions

R1:→I(X;Z|U),from[0,1]toR
+,

RU:→I(U;Z),from[0,1]toR
+

Ỹ1:Ni+1
<latexit sha1_base64="v9EzfEM/Ql/mBmPXBCSL9a8RHiU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0UQhJJUQXEhBTeupIJ9SBvDZHLbDp08mJkINQR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4v5kwqy/o25uYXFpeWCyvF1bX1jU1za7sho0RQqNOIR6LlEQmchVBXTHFoxQJI4HFoeoPLkd98ACFZFN6qYQxOQHoh6zJKlJZcc7ejGPcB37kpO7Kz+9Q+v85cs2SVrTHwLLFzUkI5aq751fEjmgQQKsqJlG3bipWTEqEY5ZAVO4mEmNAB6UFb05AEIJ10fH2GD7Ti424kdIUKj9XfEykJpBwGnu4MiOrLaW8k/ue1E9U9c1IWxomCkE4WdROOVYRHUWCfCaCKDzUhVDB9K6Z9IghVOrCiDsGefnmWNCpl+7hcuTkpVS/yOApoD+2jQ2SjU1RFV6iG6oiiR/SMXtGb8WS8GO/Gx6R1zshndtAfGJ8/ZEqUhQ==</latexit>

Ỹ1:Ni
<latexit sha1_base64="JxMTWt3ciV8teBOy9opCfc54gvQ=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQKigspuHElFexD2hgmk0k7dPJg5kYsIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7j5cIrsCyvo2l5ZXVtfXSRnlza3tn19yrtFWcSspaNBax7HpEMcEj1gIOgnUTyUjoCdbxRlcTv/PIpOJxdAfjhDkhGUQ84JSAllyz0gcufIbv3YznD5l9cZO7ZtWqWVPgRWIXpIoKNF3zq+/HNA1ZBFQQpXq2lYCTEQmcCpaX+6liCaEjMmA9TSMSMuVk09tzfKQVHwex1BUBnqq/JzISKjUOPd0ZEhiqeW8i/uf1UgjOnYxHSQosorNFQSowxHgSBPa5ZBTEWBNCJde3YjokklDQcZV1CPb8y4ukXa/ZJ7X67Wm1cVnEUUIH6BAdIxudoQa6Rk3UQhQ9oWf0it6M3Hgx3o2PWeuSUczsoz8wPn8Ag3yUFQ==</latexit>

X̃1:Ni
<latexit sha1_base64="6Q2TpFjPIKz/zPTwmR1Xr3Tako0=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRVUFxIwY0rqWAf0MYwmUzaoZMHMzdiCfkVNy4UceuPuPNvnLZZaOuBC4dz7uXee7xEcAWW9W2UVlbX1jfKm5Wt7Z3dPXO/2lFxKilr01jEsucRxQSPWBs4CNZLJCOhJ1jXG19P/e4jk4rH0T1MEuaEZBjxgFMCWnLN6gC48BnuuRnPHzL78jZ3zZpVt2bAy8QuSA0VaLnm18CPaRqyCKggSvVtKwEnIxI4FSyvDFLFEkLHZMj6mkYkZMrJZrfn+FgrPg5iqSsCPFN/T2QkVGoSerozJDBSi95U/M/rpxBcOBmPkhRYROeLglRgiPE0COxzySiIiSaESq5vxXREJKGg46roEOzFl5dJp1G3T+uNu7Na86qIo4wO0RE6QTY6R010g1qojSh6Qs/oFb0ZufFivBsf89aSUcwcoD8wPn8Age6UFA==</latexit>

X̃1:Ni+1
<latexit sha1_base64="alZ7C0l+qZVobblaOyxRt2l/xNo=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJSkCooLKbhxJRXsA9oYJpNpO3TyYOZGqCH4K25cKOLW/3Dn3zhts9DWAxcO59zLvfd4seAKLOvbKCwsLi2vFFdLa+sbm1vm9k5TRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW94NfZbD0wqHoV3MIqZE5B+yHucEtCSa+51gQuf4bab8mM7u0/ti5vMNctWxZoAzxM7J2WUo+6aX10/oknAQqCCKNWxrRiclEjgVLCs1E0Uiwkdkj7raBqSgCknnVyf4UOt+LgXSV0h4In6eyIlgVKjwNOdAYGBmvXG4n9eJ4HeuZPyME6AhXS6qJcIDBEeR4F9LhkFMdKEUMn1rZgOiCQUdGAlHYI9+/I8aVYr9kmlentarl3mcRTRPjpAR8hGZ6iGrlEdNRBFj+gZvaI348l4Md6Nj2lrwchndtEfGJ8/YrqUhA==</latexit>

Z̃1:Ni+1
<latexit sha1_base64="iSCSloBM7Pt3o+OuXqkHNklN2P4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0UQhJJUQXEhBTeupIJ9YBvDZHLbDp08mJkINQR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4v5kwqy/o25uYXFpeWCyvF1bX1jU1za7sho0RQqNOIR6LlEQmchVBXTHFoxQJI4HFoeoPLkd98ACFZFN6qYQxOQHoh6zJKlJZcc7ejGPcB37kpO7Kz+9Q+v85cs2SVrTHwLLFzUkI5aq751fEjmgQQKsqJlG3bipWTEqEY5ZAVO4mEmNAB6UFb05AEIJ10fH2GD7Ti424kdIUKj9XfEykJpBwGnu4MiOrLaW8k/ue1E9U9c1IWxomCkE4WdROOVYRHUWCfCaCKDzUhVDB9K6Z9IghVOrCiDsGefnmWNCpl+7hcuTkpVS/yOApoD+2jQ2SjU1RFV6iG6oiiR/SMXtGb8WS8GO/Gx6R1zshndtAfGJ8/ZdqUhg==</latexit>

Z̃1:Ni
<latexit sha1_base64="ALc1Y8vxxaVZxujxyTkpICsxPos=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQKigspuHElFewD2xgmk0k7dPJg5kYsIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7j5cIrsCyvo2l5ZXVtfXSRnlza3tn19yrtFWcSspaNBax7HpEMcEj1gIOgnUTyUjoCdbxRlcTv/PIpOJxdAfjhDkhGUQ84JSAllyz0gcufIbv3YznD5l9cZO7ZtWqWVPgRWIXpIoKNF3zq+/HNA1ZBFQQpXq2lYCTEQmcCpaX+6liCaEjMmA9TSMSMuVk09tzfKQVHwex1BUBnqq/JzISKjUOPd0ZEhiqeW8i/uf1UgjOnYxHSQosorNFQSowxHgSBPa5ZBTEWBNCJde3YjokklDQcZV1CPb8y4ukXa/ZJ7X67Wm1cVnEUUIH6BAdIxudoQa6Rk3UQhQ9oWf0it6M3Hgx3o2PWeuSUczsoz8wPn8AhQqUFg==</latexit>

Ũ1:Ni
<latexit sha1_base64="1YGzzH3aI2oHaXsSz/omaeRL4Jo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5JUQfEgBS+epIJpC20Mm822Xbr5YHcilpC/4sWDIl79I978N27bHLT1wcDjvRlm5vmJ4Aos69sorayurW+UNytb2zu7e+Z+ta3iVFLm0FjEsusTxQSPmAMcBOsmkpHQF6zjj6+nfueRScXj6B4mCXNDMoz4gFMCWvLMah+4CBh2vIznD5l9eZt7Zs2qWzPgZWIXpIYKtDzzqx/ENA1ZBFQQpXq2lYCbEQmcCpZX+qliCaFjMmQ9TSMSMuVms9tzfKyVAA9iqSsCPFN/T2QkVGoS+rozJDBSi95U/M/rpTC4cDMeJSmwiM4XDVKBIcbTIHDAJaMgJpoQKrm+FdMRkYSCjquiQ7AXX14m7UbdPq037s5qzasijjI6REfoBNnoHDXRDWohB1H0hJ7RK3ozcuPFeDc+5q0lo5g5QH9gfP4AfUSUEQ==</latexit>

Ũ1:Ni+1
<latexit sha1_base64="jU7Pq8CBjqKer+JdtObgx/P5UD8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJSkCooLKbhxJRVMW2hjmEwm7dDJJMxMhBqCv+LGhSJu/Q93/o3TNgttPXDhcM693HuPnzAqlWV9G6WFxaXllfJqZW19Y3PL3N5pyTgVmDg4ZrHo+EgSRjlxFFWMdBJBUOQz0vaHV2O//UCEpDG/U6OEuBHqcxpSjJSWPHOvpygLCHS8jB7b+X1mX9zknlm1atYEcJ7YBamCAk3P/OoFMU4jwhVmSMqubSXKzZBQFDOSV3qpJAnCQ9QnXU05ioh0s8n1OTzUSgDDWOjiCk7U3xMZiqQcRb7ujJAayFlvLP7ndVMVnrsZ5UmqCMfTRWHKoIrhOAoYUEGwYiNNEBZU3wrxAAmElQ6sokOwZ1+eJ616zT6p1W9Pq43LIo4y2AcH4AjY4Aw0wDVoAgdg8AiewSt4M56MF+Pd+Ji2loxiZhf8gfH5A14KlIE=</latexit>

Ṽ1:Ni+1
<latexit sha1_base64="Oa8zlDSyo0dLvJX4fMrNex0M/K4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJSkCooLKbhxJRXsA9oYJpPbdujkwcxEqCH4K25cKOLW/3Dn3zhts9DWAxcO59zLvfd4MWdSWda3UVhYXFpeKa6W1tY3NrfM7Z2mjBJBoUEjHom2RyRwFkJDMcWhHQsggceh5Q2vxn7rAYRkUXinRjE4AemHrMcoUVpyzb2uYtwH3HRTdmxn96l9cZO5ZtmqWBPgeWLnpIxy1F3zq+tHNAkgVJQTKTu2FSsnJUIxyiErdRMJMaFD0oeOpiEJQDrp5PoMH2rFx71I6AoVnqi/J1ISSDkKPN0ZEDWQs95Y/M/rJKp37qQsjBMFIZ0u6iUcqwiPo8A+E0AVH2lCqGD6VkwHRBCqdGAlHYI9+/I8aVYr9kmlentarl3mcRTRPjpAR8hGZ6iGrlEdNRBFj+gZvaI348l4Md6Nj2lrwchndtEfGJ8/X5qUgg==</latexit>

Ṽ1:Ni
<latexit sha1_base64="ewIrs5hgz+q5+fbP3SxSZNHk1+Y=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRVUFxIwY0rqWAf0MYwmdy0QycPZiZiCfkVNy4UceuPuPNvnLZZaOuBC4dz7uXee7yEM6ks69sorayurW+UNytb2zu7e+Z+tSPjVFBo05jHoucRCZxF0FZMceglAkjoceh64+up330EIVkc3atJAk5IhhELGCVKS65ZHSjGfcAdN2P5Q2Zf3uauWbPq1gx4mdgFqaECLdf8GvgxTUOIFOVEyr5tJcrJiFCMcsgrg1RCQuiYDKGvaURCkE42uz3Hx1rxcRALXZHCM/X3REZCKSehpztDokZy0ZuK/3n9VAUXTsaiJFUQ0fmiIOVYxXgaBPaZAKr4RBNCBdO3YjoiglCl46roEOzFl5dJp1G3T+uNu7Na86qIo4wO0RE6QTY6R010g1qojSh6Qs/oFb0ZufFivBsf89aSUcwcoD8wPn8AftKUEg==</latexit>

Ēi
<latexit sha1_base64="Xsynppw0Y/5OndPKgKogqWVwGJg=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CQFETxWsB/YhrLZTtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOlx25AFbntZXzSK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m108IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZvk/6XCEzYmwJZYrbWwkbUkWZsSEVbQje4svLpFmteOeV6v1FuXadx1GAYziBM/DgEmpwB3VoAAMJz/AKb452Xpx352PeuuLkM0fwB87nDyzPkJQ=</latexit>

Ēi+1
<latexit sha1_base64="2jAsWjq4NihwRSeAM8Zm0UtrOZo=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcpiOCxgv2AJpTNdtsu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxMpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYt0NquBSKN1Cg5O1EcxqFkrfC0e3Ubz1xbUSsHnGc8CCiAyX6glG0ku+HVJO7bibOvUm3VHYr7gxkmXg5KUOOerf05fdilkZcIZPUmI7nJhhkVKNgkk+Kfmp4QtmIDnjHUkUjboJsdvOEnFqlR/qxtqWQzNTfExmNjBlHoe2MKA7NojcV//M6Kfavg0yoJEWu2HxRP5UEYzINgPSE5gzl2BLKtLC3EjakmjK0MRVtCN7iy8ukWa14F5Xqw2W5dpPHUYBjOIEz8OAKanAPdWgAgwSe4RXenNR5cd6dj3nripPPHMEfOJ8/CTWRBA==</latexit>

D̄i+1
<latexit sha1_base64="Kuhzfo+SV5iEFzHryXyxHbsDGqM=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcp6MFjBfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbofUcCkUb6BAyduJ5jQKJW+Fo9up33ri2ohYPeI44UFEB0r0BaNoJd8PqSZ33Uyce5NuqexW3BnIMvFyUoYc9W7py+/FLI24QiapMR3PTTDIqEbBJJ8U/dTwhLIRHfCOpYpG3ATZ7OYJObVKj/RjbUshmam/JzIaGTOOQtsZURyaRW8q/ud1UuxfB5lQSYpcsfmifioJxmQaAOkJzRnKsSWUaWFvJWxINWVoYyraELzFl5dJs1rxLirVh8ty7SaPowDHcAJn4MEV1OAe6tAABgk8wyu8Oanz4rw7H/PWFSefOYI/cD5/AAerkQM=</latexit>

D̄i
<latexit sha1_base64="j4JSR6hkxhp26AQKI7D+aiyhlmo=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CQFPXisYD+wDWWznbRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rF8MOME/YgOJA85o8ZKj92AKnLby/ikVyq7FXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Nrt4Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/yMyyQ1KNl8UZgKYmIyfZ/0uUJmxNgSyhS3txI2pIoyY0Mq2hC8xZeXSbNa8c4r1fuLcu06j6MAx3ACZ+DBJdTgDurQAAYSnuEV3hztvDjvzse8dcXJZ47gD5zPHytHkJM=</latexit>

F̄i
<latexit sha1_base64="eCLcQPxVPFsCCW4ZMpAbOc1QBrs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CQFQTxWsB/YhrLZTtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOlx25AFbntZXzSK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m108IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZvk/6XCEzYmwJZYrbWwkbUkWZsSEVbQje4svLpFmteOeV6v1FuXadx1GAYziBM/DgEmpwB3VoAAMJz/AKb452Xpx352PeuuLkM0fwB87nDy5XkJU=</latexit>

F̄i+1
<latexit sha1_base64="BZ7bS16SjLx5IZlv+pg3Wgom08A=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcpCOKxgv2AJpTNdtsu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxMpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYt0NquBSKN1Cg5O1EcxqFkrfC0e3Ubz1xbUSsHnGc8CCiAyX6glG0ku+HVJO7bibOvUm3VHYr7gxkmXg5KUOOerf05fdilkZcIZPUmI7nJhhkVKNgkk+Kfmp4QtmIDnjHUkUjboJsdvOEnFqlR/qxtqWQzNTfExmNjBlHoe2MKA7NojcV//M6Kfavg0yoJEWu2HxRP5UEYzINgPSE5gzl2BLKtLC3EjakmjK0MRVtCN7iy8ukWa14F5Xqw2W5dpPHUYBjOIEz8OAKanAPdWgAgwSe4RXenNR5cd6dj3nripPPHMEfOJ8/Cr+RBQ==</latexit>

Fi+1
<latexit sha1_base64="BnBeDldJdMmfyQE3wLJtLTS3cE4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcpCOKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorte56GT/3Jr1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZuRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUNGG4C2+vEya1Yp3Uak+XJZrN3kcBTiGEzgDD66gBvdQhwYwGMEzvMKbkzgvzrvzMW9dcfKZI/gD5/MHsdqPIg==</latexit>

Fi
<latexit sha1_base64="YABuIIoLIynNK2LuC5ykWHlvSBk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpCOKxgmkLbSib7bZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PmiZONeM+i2Ws2yE1XArFfRQoeTvRnEah5K1wfDvzW09cGxGrR5wkPIjoUImBYBSt5N/1MjHtlStu1Z2DrBIvJxXI0eiVv7r9mKURV8gkNabjuQkGGdUomOTTUjc1PKFsTIe8Y6miETdBNj92Ss6s0ieDWNtSSObq74mMRsZMotB2RhRHZtmbif95nRQH10EmVJIiV2yxaJBKgjGZfU76QnOGcmIJZVrYWwkbUU0Z2nxKNgRv+eVV0qxVvYtq7eGyUr/J4yjCCZzCOXhwBXW4hwb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AdjojrI=</latexit>

Di
<latexit sha1_base64="rEWF2/aq+3jB2vIal2DZ+qhkJMk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcp6MFjBdMW2lA22227dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ykMOi6305hbX1jc6u4XdrZ3ds/KB8eNU2casZ9FstYt0NquBSK+yhQ8naiOY1CyVvh+Hbmt564NiJWjzhJeBDRoRIDwShayb/rZWLaK1fcqjsHWSVeTiqQo9Erf3X7MUsjrpBJakzHcxMMMqpRMMmnpW5qeELZmA55x1JFI26CbH7slJxZpU8GsbalkMzV3xMZjYyZRKHtjCiOzLI3E//zOikOroNMqCRFrthi0SCVBGMy+5z0heYM5cQSyrSwtxI2opoytPmUbAje8surpFmrehfV2sNlpX6Tx1GEEziFc/DgCupwDw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A9XYjrA=</latexit>

Di+1
<latexit sha1_base64="Z02njuGyefF/AzQHXjBDjHuoLDQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcp6MFjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/loxkn6Ed0IHnIGTVWat31Mn7uTXqlsltxZyDLxMtJGXLUe6Wvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7Wezcyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtPfSZ8rZEaMLaFMcXsrYUOqKDM2oaINwVt8eZk0qxXvolJ9uCzXbvI4CnAMJ3AGHlxBDe6hDg1gMIJneIU3J3FenHfnY9664uQzR/AHzucPrsaPIA==</latexit>

Ei+1
<latexit sha1_base64="Nwv8xdQ+914rVrsQXkARzPUO+/4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcpiOCxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorte56GT/3Jr1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZuRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUNGG4C2+vEya1Yp3Uak+XJZrN3kcBTiGEzgDD66gBvdQhwYwGMEzvMKbkzgvzrvzMW9dcfKZI/gD5/MHsFCPIQ==</latexit>

Ei
<latexit sha1_base64="mYX/rGNnkaRYdw6ZJuS3/mD2HJE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpiOCxgmkLbSib7bZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PmiZONeM+i2Ws2yE1XArFfRQoeTvRnEah5K1wfDvzW09cGxGrR5wkPIjoUImBYBSt5N/1MjHtlStu1Z2DrBIvJxXI0eiVv7r9mKURV8gkNabjuQkGGdUomOTTUjc1PKFsTIe8Y6miETdBNj92Ss6s0ieDWNtSSObq74mMRsZMotB2RhRHZtmbif95nRQH10EmVJIiV2yxaJBKgjGZfU76QnOGcmIJZVrYWwkbUU0Z2nxKNgRv+eVV0qxVvYtq7eGyUr/J4yjCCZzCOXhwBXW4hwb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AddgjrE=</latexit>

Ni
<latexit sha1_base64="a4q1wIyNee2piNVN1obygPY1bpM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePEkFUxbaEPZbLft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhn3WSxj3Q6p4VIo7qNAyduJ5jQKJW+F49uZ33ri2ohYPeIk4UFEh0oMBKNoJf++l4lpr1xxq+4cZJV4OalAjkav/NXtxyyNuEImqTEdz00wyKhGwSSflrqp4QllYzrkHUsVjbgJsvmxU3JmlT4ZxNqWQjJXf09kNDJmEoW2M6I4MsveTPzP66Q4uA4yoZIUuWKLRYNUEozJ7HPSF5ozlBNLKNPC3krYiGrK0OZTsiF4yy+vkmat6l1Uaw+XlfpNHkcRTuAUzsGDK6jDHTTABwYCnuEV3hzlvDjvzseiteDkM8fwB87nD+Uojro=</latexit>

Ni+1
<latexit sha1_base64="RRuja0Rwwy9mO9pVU+9kGCDoweM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcpePEkFewHtKFstpN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpAIro3rfjsrq2vrG5uFreL2zu7efungsKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Ubz2h0jyWj2acoB/RgeQhZ9RYqXXfy/i5N+mVym7FnYEsEy8nZchR75W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/Nzp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEx/J32ukBkxtoQyxe2thA2poszYhIo2BG/x5WXSrFa8i0r14bJcu8njKMAxnMAZeHAFNbiDOjSAwQie4RXenMR5cd6dj3nripPPHMEfOJ8/viqPKg==</latexit>

Block i
<latexit sha1_base64="5OA58Xjbt1AcdVOaPulQy2k/4x8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd140JMEvXiMYB6QLGF2MpsMO49lZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSjkz1ve/vbX1jc2t7dJOeXdv/+CwcnTcNirThLaI4kp3I2woZ5K2LLOcdlNNsYg47UTJ3czvPFFtmJKPdpLSUOCRZDEj2Dqpc8sVSRAbVKp+zZ8DrZKgIFUo0BxUvvpDRTJBpSUcG9ML/NSGOdaWEU6n5X5maIpJgke056jEgpown587RedOGaJYaVfSorn6eyLHwpiJiFynwHZslr2Z+J/Xy2x8HeZMppmlkiwWxRlHVqHZ72jINCWWTxzBRDN3KyJjrDGxLqGyCyFYfnmVtOu14LJWf6hXGzdFHCU4hTO4gACuoAH30IQWEEjgGV7hzUu9F+/d+1i0rnnFzAn8gff5A8zYjzI=</latexit>

Block i+1
<latexit sha1_base64="AUYLdU5NmrO6p6KWWXbggmpO7qg=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBAEIezGg54k6MVjBPOQZAmzk9lkyDyWmVkhLPkKLx4U8ernePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJjzdckRFi50GvVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJs1oJLirV+2q5dp3HUYBjOIEzCOASanAHdWgAAQHP8ApvnvZevHfvY9664uUzR/AH3ucPp0yPog==</latexit>

,

Fig.3. Functionaldependencegraphoftheblockencodingschemefor
multipleaccesschannelresolvability.Ni,i∈ 1,k,isthechannelnoise
correspondingtothetransmissionoverBlocki.ForBlocki,(Ei,̄Ei−1),
(Di,̄Di−1),(Fi,̄Fi−1)aretherandomnessusedattheencodertoform
Xi,Ui,Vi,where∀i∈ 2,k,̄Ei=Ēi−1,̄Di=D̄i−1,̄Fi=F̄i−1and
Ei,Di,FiareonlyusedinBlocki.

RV:→I(V;Z|UX),from[0,1]toR
+.

Moreover, →R1()iscontinuousand
[I(X;Z),I(X;Z|Y)]iscontainedinitsimage.

Proof.Theproofissimilarto[16],[18].Wehave

I(XY;Z)
(a)
=I(XUV;Z)

(b)
=I(U;Z)+I(X;Z|U)+I(V;Z|UX),

where(a)holdsbecauseI(XUV;Z)≥ I(XY;Z)since
Y = f(U,V),andI(XUV;Z) ≤ I(XY;Z)since
(X,U,V)−(X,Y)−Zformsa Markovchain,(b)holds
bythechainrule.
Weknowby[16,Lemma6]thatI(X;ZU)isacontinuous
functionof,hencesois

R1=I(X;Z|U)=I(X;ZU),

wherethelastequalityholdsbytheindependencebetween
XandU.Then,I(X;Z)andI(X;Z|Y)areintheimageof
R1by(2)−(4),andhence,usingI(X;Z)≤I(X;YZ)=
I(X;Z|Y),[I(X;Z),I(X;Z|Y)]isalsointheimageofR1
bycontinuity.

FixqUV andconsiderthecorrespondingdistribution
qUVXYZ.LetN 2n,n ∈ N,andassumethat|X|
and|Y|areprimenumbers. DefineX1:N C1:NGn,
U1:N A1:NGn,V

1:N B1:NGn,whereGnisdefined
inSectionII,anddefineforβ<1/2,δN 2−N

β

andthe
sets

VU i∈ 1,N:H(Ai|A1:i−1)>log|Y|−δN ,

VV i∈ 1,N:H(Bi|B1:i−1)>log|Y|−δN ,

VX i∈ 1,N:H(Ci|C1:i−1)>log|X|−δN ,

VU|Z i∈ 1,N:H(Ai|A1:i−1Z1:N)

>log|Y|−δN},
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VX|UZ i∈ 1,N:H(Ci|C1:i−1U1:NZ1:N)

>log|X|−δN},

VV|UZX i∈ 1,N:H(Bi|B1:i−1U1:NZ1:NX1:N)

>log|Y|−δN}.

Theencodingschemeoperatesover k ∈ N blocksof

Algorithm1EncodingalgorithmatTransmitter1

Require: Avector Ē1 of|VX|UZ|uniformlydistributed
symbols,andkvectorsE1:k of|VX\VX|UZ|uniformly
distributedsymbols.

1:forBlocki=1tokdo
2: Ēi← Ē1

3: C1:N
i [VX|UZ]← Ēi

4: C1:N
i [VX\VX|UZ]← Ei

5: Successively drawtheremaining components of
C1:N

i [Vc
X]accordingto

pCj
i|C1:j−1

i
(cj

i|C
1:j−1
i )

qCj|C1:j−1(cj
i|̃C

1:j−1
i ) ifj∈Vc

X (5)

6: ConstructX1:N
i C1:N

i Gn andsendthecodeword
overthechannel.

7:endfor

lengthN andisdescribedin Algorithms1and2. Ahigh
leveldescriptionoftheencodingschemeisasfollows.For
thefirsttransmitter,weperformsourceresolvabilityforthe
discretememorylesssource(X,qX)usingrandomnesswith
rateH(X)in Block1. Weperformratesplittingforthe
secondtransmittertogettwovirtualusers,andthensource
resolvabilityforthediscrete memorylesssources(Y,qU)
and(Y,qV)usingrandomnesswithratesH(U)andH(V),
respectivelyinBlock1.Asitwillbeshownlatertheamount
ofrandomnessusedinBlock1isnon-optimal.Forthenext
encodingblocks, weproceedasin Block1usingsource
resolvabilityandratesplittingexceptthatpartoftherandom-
nessisnowrecycledfromthepreviousblock.Moreprecisely,
werecyclethebitsofrandomnessusedattheinputsofthe
channelinthepreviousblockthatarealmostindependent
fromthechanneloutput.Theratesofthosebitswillbeshown
toapproachH(X|UZ),H(U|Z),H(V|UZX)for User1
andthetwovirtualusers,respectively.

Remark1. AninterpretationofthesetVX|UZ isthatthese-

quenceC1:N
i [VX|UZ](usedtoformX1:N

i )isasymptotically
independentof(U1:N,Z1:N)[19]–[21]. Wethuschooseto
recycleC1:N

i [VX|UZ]inthenextblocktoformX1:N
i+1. We

haveasimilarinterpretationforthesetsVU|Z andVV|UZX.

Remark 2. Therandomizationsdescribedin (5)− (7)
couldbereplacedbydeterministicdecisionsfortheindices
Hc

X,Hc
U,Hc

V,where

HX i∈ 1,N:H(Ci|C1:i−1)>δN ,

HU i∈ 1,N:H(Ai|A1:i−1)>δN ,

Algorithm2EncodingalgorithmatTransmitter2

Require: AvectorD̄1of|VU|Z|uniformlydistributedsym-
bols,andkvectorsD1:k of|VU\VU|Z|uniformlydis-
tributedsymbols. AvectorF̄1 of|VV|UZX|uniformly
distributedsymbols,andkvectorsF1:kof|VV\VV|UZX|
uniformlydistributedsymbols.

1:forBlocki=1tokdo
2: D̄i← D̄1

3: F̄i← F̄1

4: A1:N
i [VU|Z]← D̄i

5: A1:N
i [VU\VU|Z]← Di

6: B1:N
i [VV|UZX]← F̄i

7: B1:N
i [VV\VV|UZX]← Fi

8: Successively drawtheremaining components of
A1:N

i [Vc
U]accordingto

pAj
i|A1:j−1

i
(aj

i|A
1:j−1
i )

qAj|A1:j−1(aj
i|̃A

1:j−1
i ) ifj∈Vc

U (6)

9: Successively drawtheremaining components of
B1:N

i [Vc
V]accordingto

pBj
i|B1:j−1

i
(bj

i|B
1:j−1
i )

qBj|B1:j−1(bj
i|̃B

1:j−1
i ) ifj∈Vc

V (7)

10: ConstructU1:N
i A1:N

i Gn andV1:N
i B1:N

i Gn.
11: Form Y1:N

i f(U1:N
i ,V1:N

i )(as describedin
Lemma1)andsendthecodewordoverthechannel.

12:endfor

HV i∈ 1,N:H(Bi|B1:i−1)>δN ,

i.e.,randomizeddecisionsareonlyneededfortheindicesin
Vc

X\Hc
X,Vc

U\Hc
U,Vc

V\Hc
V,respectively,asshownin[22].

Theorem3. ThecodingschemeofSectionIV-C, which
operatesoverkblocksoflengthN,achievestheregionRX,Y

forthediscrete memorylesschannel(X ×Y,qXY |Z,Z),
where|X|and|Y|areprimenumbers.Thecodingscheme
isexplicitwithcomplexityO(kNlogN).

D.EncodingSchemeforCase2

FixajointprobabilitydistributionqXYZ overX ×Y×
Z,where|X|and|Y|areprimenumbers.DefineX1:N

C1:NGn,Y1:N B1:NGn,andthesets

VX i∈ 1,N:H(Ci|C1:i−1)>log|X|−δN ,

VY i∈ 1,N:H(Bi|B1:i−1)>log|Y|−δN ,

VX|Z i∈ 1,N:H(Ci|C1:i−1Z1:N)

>log|X|−δN},

VY|ZX i∈ 1,N:H(Bi|B1:i−1Z1:NX1:N)

>log|Y|−δN}.

Theencodingschemeoperatesoverk∈Nblocksoflength
N 2n,n∈ N. Theencodingforthefirsttransmitter
isthesameas Algorithm1withthesubstitution U ←∅,
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Ỹ1:Ni+1
<latexit sha1_base64="v9EzfEM/Ql/mBmPXBCSL9a8RHiU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0UQhJJUQXEhBTeupIJ9SBvDZHLbDp08mJkINQR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4v5kwqy/o25uYXFpeWCyvF1bX1jU1za7sho0RQqNOIR6LlEQmchVBXTHFoxQJI4HFoeoPLkd98ACFZFN6qYQxOQHoh6zJKlJZcc7ejGPcB37kpO7Kz+9Q+v85cs2SVrTHwLLFzUkI5aq751fEjmgQQKsqJlG3bipWTEqEY5ZAVO4mEmNAB6UFb05AEIJ10fH2GD7Ti424kdIUKj9XfEykJpBwGnu4MiOrLaW8k/ue1E9U9c1IWxomCkE4WdROOVYRHUWCfCaCKDzUhVDB9K6Z9IghVOrCiDsGefnmWNCpl+7hcuTkpVS/yOApoD+2jQ2SjU1RFV6iG6oiiR/SMXtGb8WS8GO/Gx6R1zshndtAfGJ8/ZEqUhQ==</latexit>

Ỹ1:Ni
<latexit sha1_base64="JxMTWt3ciV8teBOy9opCfc54gvQ=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQKigspuHElFexD2hgmk0k7dPJg5kYsIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7j5cIrsCyvo2l5ZXVtfXSRnlza3tn19yrtFWcSspaNBax7HpEMcEj1gIOgnUTyUjoCdbxRlcTv/PIpOJxdAfjhDkhGUQ84JSAllyz0gcufIbv3YznD5l9cZO7ZtWqWVPgRWIXpIoKNF3zq+/HNA1ZBFQQpXq2lYCTEQmcCpaX+6liCaEjMmA9TSMSMuVk09tzfKQVHwex1BUBnqq/JzISKjUOPd0ZEhiqeW8i/uf1UgjOnYxHSQosorNFQSowxHgSBPa5ZBTEWBNCJde3YjokklDQcZV1CPb8y4ukXa/ZJ7X67Wm1cVnEUUIH6BAdIxudoQa6Rk3UQhQ9oWf0it6M3Hgx3o2PWeuSUczsoz8wPn8Ag3yUFQ==</latexit>

X̃1:Ni
<latexit sha1_base64="6Q2TpFjPIKz/zPTwmR1Xr3Tako0=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRVUFxIwY0rqWAf0MYwmUzaoZMHMzdiCfkVNy4UceuPuPNvnLZZaOuBC4dz7uXee7xEcAWW9W2UVlbX1jfKm5Wt7Z3dPXO/2lFxKilr01jEsucRxQSPWBs4CNZLJCOhJ1jXG19P/e4jk4rH0T1MEuaEZBjxgFMCWnLN6gC48BnuuRnPHzL78jZ3zZpVt2bAy8QuSA0VaLnm18CPaRqyCKggSvVtKwEnIxI4FSyvDFLFEkLHZMj6mkYkZMrJZrfn+FgrPg5iqSsCPFN/T2QkVGoSerozJDBSi95U/M/rpxBcOBmPkhRYROeLglRgiPE0COxzySiIiSaESq5vxXREJKGg46roEOzFl5dJp1G3T+uNu7Na86qIo4wO0RE6QTY6R010g1qojSh6Qs/oFb0ZufFivBsf89aSUcwcoD8wPn8Age6UFA==</latexit>

X̃1:Ni+1
<latexit sha1_base64="alZ7C0l+qZVobblaOyxRt2l/xNo=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJSkCooLKbhxJRXsA9oYJpNpO3TyYOZGqCH4K25cKOLW/3Dn3zhts9DWAxcO59zLvfd4seAKLOvbKCwsLi2vFFdLa+sbm1vm9k5TRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW94NfZbD0wqHoV3MIqZE5B+yHucEtCSa+51gQuf4bab8mM7u0/ti5vMNctWxZoAzxM7J2WUo+6aX10/oknAQqCCKNWxrRiclEjgVLCs1E0Uiwkdkj7raBqSgCknnVyf4UOt+LgXSV0h4In6eyIlgVKjwNOdAYGBmvXG4n9eJ4HeuZPyME6AhXS6qJcIDBEeR4F9LhkFMdKEUMn1rZgOiCQUdGAlHYI9+/I8aVYr9kmlentarl3mcRTRPjpAR8hGZ6iGrlEdNRBFj+gZvaI348l4Md6Nj2lrwchndtEfGJ8/YrqUhA==</latexit>

Z̃1:Ni+1
<latexit sha1_base64="iSCSloBM7Pt3o+OuXqkHNklN2P4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0UQhJJUQXEhBTeupIJ9YBvDZHLbDp08mJkINQR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4v5kwqy/o25uYXFpeWCyvF1bX1jU1za7sho0RQqNOIR6LlEQmchVBXTHFoxQJI4HFoeoPLkd98ACFZFN6qYQxOQHoh6zJKlJZcc7ejGPcB37kpO7Kz+9Q+v85cs2SVrTHwLLFzUkI5aq751fEjmgQQKsqJlG3bipWTEqEY5ZAVO4mEmNAB6UFb05AEIJ10fH2GD7Ti424kdIUKj9XfEykJpBwGnu4MiOrLaW8k/ue1E9U9c1IWxomCkE4WdROOVYRHUWCfCaCKDzUhVDB9K6Z9IghVOrCiDsGefnmWNCpl+7hcuTkpVS/yOApoD+2jQ2SjU1RFV6iG6oiiR/SMXtGb8WS8GO/Gx6R1zshndtAfGJ8/ZdqUhg==</latexit>

Z̃1:Ni
<latexit sha1_base64="ALc1Y8vxxaVZxujxyTkpICsxPos=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQKigspuHElFewD2xgmk0k7dPJg5kYsIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7j5cIrsCyvo2l5ZXVtfXSRnlza3tn19yrtFWcSspaNBax7HpEMcEj1gIOgnUTyUjoCdbxRlcTv/PIpOJxdAfjhDkhGUQ84JSAllyz0gcufIbv3YznD5l9cZO7ZtWqWVPgRWIXpIoKNF3zq+/HNA1ZBFQQpXq2lYCTEQmcCpaX+6liCaEjMmA9TSMSMuVk09tzfKQVHwex1BUBnqq/JzISKjUOPd0ZEhiqeW8i/uf1UgjOnYxHSQosorNFQSowxHgSBPa5ZBTEWBNCJde3YjokklDQcZV1CPb8y4ukXa/ZJ7X67Wm1cVnEUUIH6BAdIxudoQa6Rk3UQhQ9oWf0it6M3Hgx3o2PWeuSUczsoz8wPn8AhQqUFg==</latexit>

Ēi
<latexit sha1_base64="Xsynppw0Y/5OndPKgKogqWVwGJg=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CQFETxWsB/YhrLZTtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOlx25AFbntZXzSK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m108IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZvk/6XCEzYmwJZYrbWwkbUkWZsSEVbQje4svLpFmteOeV6v1FuXadx1GAYziBM/DgEmpwB3VoAAMJz/AKb452Xpx352PeuuLkM0fwB87nDyzPkJQ=</latexit>

Ēi+1
<latexit sha1_base64="2jAsWjq4NihwRSeAM8Zm0UtrOZo=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcpiOCxgv2AJpTNdtsu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxMpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYt0NquBSKN1Cg5O1EcxqFkrfC0e3Ubz1xbUSsHnGc8CCiAyX6glG0ku+HVJO7bibOvUm3VHYr7gxkmXg5KUOOerf05fdilkZcIZPUmI7nJhhkVKNgkk+Kfmp4QtmIDnjHUkUjboJsdvOEnFqlR/qxtqWQzNTfExmNjBlHoe2MKA7NojcV//M6Kfavg0yoJEWu2HxRP5UEYzINgPSE5gzl2BLKtLC3EjakmjK0MRVtCN7iy8ukWa14F5Xqw2W5dpPHUYBjOIEz8OAKanAPdWgAgwSe4RXenNR5cd6dj3nripPPHMEfOJ8/CTWRBA==</latexit>

F̄i
<latexit sha1_base64="eCLcQPxVPFsCCW4ZMpAbOc1QBrs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CQFQTxWsB/YhrLZTtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOlx25AFbntZXzSK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m108IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZvk/6XCEzYmwJZYrbWwkbUkWZsSEVbQje4svLpFmteOeV6v1FuXadx1GAYziBM/DgEmpwB3VoAAMJz/AKb452Xpx352PeuuLkM0fwB87nDy5XkJU=</latexit>

F̄i+1
<latexit sha1_base64="BZ7bS16SjLx5IZlv+pg3Wgom08A=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcpCOKxgv2AJpTNdtsu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxMpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYt0NquBSKN1Cg5O1EcxqFkrfC0e3Ubz1xbUSsHnGc8CCiAyX6glG0ku+HVJO7bibOvUm3VHYr7gxkmXg5KUOOerf05fdilkZcIZPUmI7nJhhkVKNgkk+Kfmp4QtmIDnjHUkUjboJsdvOEnFqlR/qxtqWQzNTfExmNjBlHoe2MKA7NojcV//M6Kfavg0yoJEWu2HxRP5UEYzINgPSE5gzl2BLKtLC3EjakmjK0MRVtCN7iy8ukWa14F5Xqw2W5dpPHUYBjOIEz8OAKanAPdWgAgwSe4RXenNR5cd6dj3nripPPHMEfOJ8/Cr+RBQ==</latexit>

Fi+1
<latexit sha1_base64="BnBeDldJdMmfyQE3wLJtLTS3cE4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcpCOKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorte56GT/3Jr1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZuRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUNGG4C2+vEya1Yp3Uak+XJZrN3kcBTiGEzgDD66gBvdQhwYwGMEzvMKbkzgvzrvzMW9dcfKZI/gD5/MHsdqPIg==</latexit>

Fi
<latexit sha1_base64="YABuIIoLIynNK2LuC5ykWHlvSBk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpCOKxgmkLbSib7bZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PmiZONeM+i2Ws2yE1XArFfRQoeTvRnEah5K1wfDvzW09cGxGrR5wkPIjoUImBYBSt5N/1MjHtlStu1Z2DrBIvJxXI0eiVv7r9mKURV8gkNabjuQkGGdUomOTTUjc1PKFsTIe8Y6miETdBNj92Ss6s0ieDWNtSSObq74mMRsZMotB2RhRHZtmbif95nRQH10EmVJIiV2yxaJBKgjGZfU76QnOGcmIJZVrYWwkbUU0Z2nxKNgRv+eVV0qxVvYtq7eGyUr/J4yjCCZzCOXhwBXW4hwb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AdjojrI=</latexit>

Ei+1
<latexit sha1_base64="Nwv8xdQ+914rVrsQXkARzPUO+/4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcpiOCxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorte56GT/3Jr1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZuRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUNGG4C2+vEya1Yp3Uak+XJZrN3kcBTiGEzgDD66gBvdQhwYwGMEzvMKbkzgvzrvzMW9dcfKZI/gD5/MHsFCPIQ==</latexit>

Ei
<latexit sha1_base64="mYX/rGNnkaRYdw6ZJuS3/mD2HJE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpiOCxgmkLbSib7bZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PmiZONeM+i2Ws2yE1XArFfRQoeTvRnEah5K1wfDvzW09cGxGrR5wkPIjoUImBYBSt5N/1MjHtlStu1Z2DrBIvJxXI0eiVv7r9mKURV8gkNabjuQkGGdUomOTTUjc1PKFsTIe8Y6miETdBNj92Ss6s0ieDWNtSSObq74mMRsZMotB2RhRHZtmbif95nRQH10EmVJIiV2yxaJBKgjGZfU76QnOGcmIJZVrYWwkbUU0Z2nxKNgRv+eVV0qxVvYtq7eGyUr/J4yjCCZzCOXhwBXW4hwb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AddgjrE=</latexit>

Ni
<latexit sha1_base64="a4q1wIyNee2piNVN1obygPY1bpM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePEkFUxbaEPZbLft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhn3WSxj3Q6p4VIo7qNAyduJ5jQKJW+F49uZ33ri2ohYPeIk4UFEh0oMBKNoJf++l4lpr1xxq+4cZJV4OalAjkav/NXtxyyNuEImqTEdz00wyKhGwSSflrqp4QllYzrkHUsVjbgJsvmxU3JmlT4ZxNqWQjJXf09kNDJmEoW2M6I4MsveTPzP66Q4uA4yoZIUuWKLRYNUEozJ7HPSF5ozlBNLKNPC3krYiGrK0OZTsiF4yy+vkmat6l1Uaw+XlfpNHkcRTuAUzsGDK6jDHTTABwYCnuEV3hzlvDjvzseiteDkM8fwB87nD+Uojro=</latexit>

Ni+1
<latexit sha1_base64="RRuja0Rwwy9mO9pVU+9kGCDoweM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcpePEkFewHtKFstpN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpAIro3rfjsrq2vrG5uFreL2zu7efungsKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Ubz2h0jyWj2acoB/RgeQhZ9RYqXXfy/i5N+mVym7FnYEsEy8nZchR75W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/Nzp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEx/J32ukBkxtoQyxe2thA2poszYhIo2BG/x5WXSrFa8i0r14bJcu8njKMAxnMAZeHAFNbiDOjSAwQie4RXenMR5cd6dj3nripPPHMEfOJ8/viqPKg==</latexit>

Block i+1
<latexit sha1_base64="AUYLdU5NmrO6p6KWWXbggmpO7qg=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBAEIezGg54k6MVjBPOQZAmzk9lkyDyWmVkhLPkKLx4U8ernePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJjzdckRFi50GvVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJs1oJLirV+2q5dp3HUYBjOIEzCOASanAHdWgAAQHP8ApvnvZevHfvY9664uUzR/AH3ucPp0yPog==</latexit>

Block i
<latexit sha1_base64="5OA58Xjbt1AcdVOaPulQy2k/4x8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd140JMEvXiMYB6QLGF2MpsMO49lZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSjkz1ve/vbX1jc2t7dJOeXdv/+CwcnTcNirThLaI4kp3I2woZ5K2LLOcdlNNsYg47UTJ3czvPFFtmJKPdpLSUOCRZDEj2Dqpc8sVSRAbVKp+zZ8DrZKgIFUo0BxUvvpDRTJBpSUcG9ML/NSGOdaWEU6n5X5maIpJgke056jEgpown587RedOGaJYaVfSorn6eyLHwpiJiFynwHZslr2Z+J/Xy2x8HeZMppmlkiwWxRlHVqHZ72jINCWWTxzBRDN3KyJjrDGxLqGyCyFYfnmVtOu14LJWf6hXGzdFHCU4hTO4gACuoAH30IQWEEjgGV7hzUu9F+/d+1i0rnnFzAn8gff5A8zYjzI=</latexit>

Fig.4. Functionaldependencegraphoftheblockencodingschemefor
multipleaccesschannelresolvability.Ni,i∈ 1,k,isthechannelnoise
correspondingtothetransmissionoverBlocki.ForBlocki,(Ei,̄Ei−1),
(Fi,̄Fi−1)aretherandomnessusedattheencodertoformXi,Yi,where
∀i∈ 2,k,̄Ei=Ēi−1,̄Fi=F̄i−1andEi,FiareonlyusedinBlocki.

andforthesecondtransmitter,theencodingisdescribed
inAlgorithm3.Ahighleveldescriptionoftheencoding
schemeisasfollows.Forthefirstandsecondtransmitters,
weperformsourceresolvabilityforthediscretememoryless
sources(X,qX)and(Y,qY)usingrandomnesswithrates
H(X)andH(Y),respectively.Asitwillbeshownlater
theamountofrandomnessusedisnon-optimal.Forthenext
encodingblocks,weproceedasintheBlock1exceptthat
partoftherandomnessisnowrecycledfromtheprevious
block.Specifically,werecyclethebitsofrandomnessused
attheinputsofthechannelinthepreviousblockthatare
almostindependentfromthechanneloutput.Theratesof
thosebitscanbeshowntoapproachH(X|Z)andH(Y|ZX)
forUser1andUser2,respectively.

Algorithm3EncodingalgorithmatTransmitter2

Require:Avector F̄1 of|VY|ZX|uniformlydistributed
symbols,andkvectorsF1:kof|VY\VY|ZX|uniformly
distributedsymbols.

1:forBlocki=1tokdo
2: F̄i← F̄1
3: B1:Ni [VY|ZX]← F̄i
4: B1:Ni [VY\VY|ZX]← Fi
5: Successivelydrawtheremainingcomponentsof

B1:Ni [VcY]accordingto

pBji|B
1:j−1
i
(bji|B

1:j−1
i )

qBj|B1:j−1(b
j
i|̃B

1:j−1
i ) ifj∈VcY (8)

6: ConstructY1:Ni B1:Ni Gnandsendthecodeword
overthechannel.

7:endfor

Remark3.Therandomizationsdescribedin(8)couldbe
replacedbydeterministicdecisionsforj∈ HcY,where
HY i∈ 1,N:H(Bi|B1:i−1)>δN ,i.e.,randomized
decisionsareonlyneededforj∈VcY\H

c
Y,asshownin[22].

Theorem4. ThecodingschemeofSectionIV-D,which
operatesoverkblocksoflengthN,achievestheregionRX,Y

overthediscretememorylesschannel(X×Y,qZ|XY,Z),
where|X|and|Y|areprimenumbers.Thecodingscheme
isexplicitwithcomplexityO(kNlogN).

V.CODINGSCHEMEANALYSIS

WefocusonCase1andomitCase2duetospace
constraint. Westartbyprovingwiththefirsttwolemmas
thatthetargetdistributioniswellapproximatedineachBlock
i∈ 1,k.

Lemma2.ForBlocki∈ 1,k,

D(qU1:NV1:NX1:N pU1:Ni V1:Ni X1:Ni
)≤δ

(1)
N ,

whereδ
(1)
N 3NδN.

Proof.Wehave

D(qU1:NV1:NX1:N pU1:Ni V1:Ni X1:Ni
)

(a)
=E[D(qX1:N|U1:NV1:N pX1:Ni |U1:Ni V1:Ni

)]

+D(qU1:NV1:N pU1:Ni V1:Ni
)

(b)
=E[D(qX1:N pX1:Ni )]+D(qU1:NV1:N pU1:Ni V1:Ni

)

(c)
=D(qX1:N pX1:Ni )+E[D(qU1:N|V1:N pU1:Ni |V1:Ni

)]

+D(qV1:N pV1:Ni )

=D(qX1:N pX1:Ni )+D(qU1:N pU1:Ni )+D(qV1:N pV1:Ni )

(d)
=D(qC1:N pC1:Ni )+D(qA1:N pA1:Ni )+D(qB1:N pB1:Ni )

(e)
=

N

j=1

EqC1:j−1D(qCj|C1:j−1 pCji|C
1:j−1
i
)

+
N

j=1

EqA1:j−1D(qAj|A1:j−1 pAji|A
1:j−1
i
)

+
N

j=1

EqB1:j−1D(qBj|B1:j−1 pBji|B
1:j−1
i
)

(f)
=
j∈VX

EqC1:j−1D(qCj|C1:j−1 pCji|C
1:j−1
i
)

+
j∈VU

EqA1:j−1D(qAj|A1:j−1 pAji|A
1:j−1
i
)

+
j∈VV

EqB1:j−1D(qBj|B1:j−1 pBji|B
1:j−1
i
)

(g)
=
j∈VX

(log|X|−H(Cj|C1:j−1))

+
j∈VU

(log|Y|−H(Aj|A1:j−1))

+
j∈VV

(log|Y|−H(Bj|B1:j−1))

(h)

≤|VX|δN+|VU|δN+|VV|δN

≤3NδN,

where(a)holdsbythechainrulefordivergence[23],and
theexpectationisoverqU1:NV1:N,(b)holdsbecauseX

1:N
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isindependentfrom(U1:N,V1:N),andX1:Ni isindependent
from(U1:Ni ,V1:Ni ),in(c)theexpectationisoverqV1:N,
(d)holdsbyinvertibilityofGn,(e)holdsbythechainrule
fordivergence,(f)holdsby(5)−(7),(g)holdsbythe
uniformityofthesymbolsinpositionsVX,VU andVV,(h)
holdsbythedefinitionofVX,VU andVV.

Lemma3.ForBlocki∈ 1,k,wehave

D(qU1:NV1:NX1:NY1:NZ1:N pU1:Ni V1:Ni X1:Ni Y1:Ni Z1:Ni
)≤δ

(1)
N .

Proof.First,wehave

p̃Y1:Ni |U1:Ni V1:Ni X1:Ni

(a)
=p̃Y1:Ni |U1:Ni V1:Ni

(b)
=qY1:N|U1:NV1:N

(c)
=qY1:N|U1:NV1:NX1:N (9)

where(a) holds because X1:Ni isindependentfrom
(U1:Ni ,V1:Ni ,Y1:Ni ),(b)holdsbytheconstructionofY1:N

andY1:Ni ,(c)holdsbecauseX1:N isindependentfrom
(U1:N,V1:N,Y1:N).
Next,wehave

D(qU1:NV1:NX1:NY1:NZ1:N pU1:Ni V1:Ni X1:Ni Y1:Ni Z1:Ni
)

(a)
=E[D(qZ1:N|U1:NV1:NX1:NY1:N pZ1:Ni |U1:Ni V1:Ni X1:Ni Y1:Ni

)]

+D(qU1:NV1:NX1:NY1:N pU1:Ni V1:Ni X1:Ni Y1:Ni
)

(b)
=E[D(qZ1:N|X1:NY1:N pZ1:Ni |X1:Ni Y1:Ni

)]

+D(qU1:NV1:NX1:NY1:N pU1:Ni V1:Ni X1:Ni Y1:Ni
)

(c)
=D(qU1:NV1:NX1:NY1:N pU1:Ni V1:Ni X1:Ni Y1:Ni

)

(d)
=E[D(qY1:N|U1:NV1:NX1:N pY1:Ni |U1:Ni V1:Ni X1:Ni

)]

+D(qU1:NV1:NX1:N pU1:Ni V1:Ni X1:Ni
)

(e)
=D(qU1:NV1:NX1:N pU1:Ni V1:Ni X1:Ni

)

(f)

≤δ
(1)
N ,

where(a)holdsbychainrulefordivergence[23]andthe
expectationisoverqU1:NV1:NX1:NY1:N,(b)holdsbythetwo
Markovchains (U1:N,V1:N)−(X1:N,Y1:N)−Z1:N and
(U1:Ni ,V1:Ni )−(X1:Ni ,Y1:Ni )−Z1:Ni ,(c)holdsbecause
qZ1:N|X1:NY1:N = pZ1:Ni |X1:Ni Y1:Ni

,in(d)theexpectation
isoverqU1:NV1:NX1:N,(e)holdsby(9),(f)holdsby
Lemma 2.

Wenowshowthatthechanneloutputsoftwoconsecutive
blocksareasymptoticallyindependent.

Lemma4.Fori∈ 2,k,wehave

D pZ1:Ni−1:iD̄1Ē1F̄1||pZ1:Ni−1D̄1Ē1F̄1pZ1:Ni ≤δ
(2)
N ,

whereδ
(2)
N δ

(1)
N +2N

√
2ln2 δ

(1)
N

×log|X||Y|3|Z|/
√
2ln2 δ

(1)
N .

Proof.Leti∈ 1,k.Wehave

H(A1:N[VU|Z]|Z
1:N)−H(A1:Ni [VU|Z]|Z

1:N
i )

=H(A1:N[VU|Z]Z
1:N)−H(A1:Ni [VU|Z]Z

1:N
i )

+H(Z1:Ni )−H(Z1:N)

(a)

≤NL1log(|Y||Z|/L1)+NL2log(|Z|/L2)

(b)

≤2NL3log(|X||Y|
3|Z|/L3)

(c)

≤2N
√
2ln2 δ

(1)
N log|X||Y|

3|Z|/
√
2ln2 δ

(1)
N

δ
(ABCZ)
N , (10)

where(a)holdsforN largeenoughby[11,Lemma18]

with L1
√
2ln2 D(qA1:N[VU|Z]Z1:N||pA1:Ni [VU|Z]Z

1:N
i
),

L2
√
2ln2 D(qZ1:N||pZ1:Ni ),(b)holdsforN large

enoughbecausemax(L1,L2)≤L3bythechainrulefor
relativeKullback-LeiblerdivergenceandinvertibilityofGn
withL3

√
2ln2

× D(qU1:NV1:NX1:NY1:NZ1:N pU1:Ni V1:Ni X1:Ni Y1:Ni Z1:Ni
),

(c)holdsforNlargeenoughbyLemma3.

One can obtain the same upper bound for
H(B1:N[VV|UZX]|U

1:NZ1:NX1:N)−H(B1:Ni [VV|UZX]|

U1:Ni Z1:Ni X1:Ni ) and H(C1:N[VX|UZ]|U
1:NZ1:N)-

H(C1:Ni [VX|UZ]|U
1:N
i Z1:Ni ).Then,fori∈ 2,k,

D pZ1:Ni−1:iD̄1Ē1F̄1||pZ1:Ni−1D̄1Ē1F̄1pZ1:Ni

=I(Z1:Ni−1D̄1Ē1F̄1;Z
1:N
i )

=I(Z1:Ni ;̄D1Ē1F̄1)+I(Z
1:N
i−1;Z

1:N
i |̄D1Ē1F̄1)

(d)
=I(Z1:Ni ;̄D1Ē1F̄1)

=I(̄D1;Z
1:N
i )+I(̄E1;Z

1:N
i |̄D1)+I(̄F1;Z

1:N
i |̄E1D̄1)

≤I(̄D1;Z
1:N
i )+I(̄E1;̄D1Z

1:N
i )+I(̄F1;̄D1Ē1Z

1:N
i )

≤I(̄D1;Z
1:N
i )+I(̄E1;U

1,N
i Z1:Ni )+I(̄F1;U

1,N
i X1,Ni Z1:Ni )

(e)
=I(Z1:Ni ;A1:Ni [VU|Z])+I(U

1:N
i Z1:Ni ;C1:Ni [VX|UZ])

+I(U1:Ni X1:Ni Z1:Ni ;B1:Ni [VV|UZX])

(f)
=|VU|Z|log|Y|−H(A

1:N
i [VU|Z]|Z

1:N
i )+|VX|UZ||logX|

−H(C1:Ni [VX|UZ]|U
1:N
i Z1:Ni )+|VV|UZX|log|Y|

−H(B1:Ni [VV|UZX]|U
1:N
i Z1:Ni X1:Ni )

(g)

≤|VU|Z|log|Y|−H(A
1:N[VU|Z]|Z

1:N)+|VX|UZ|log|X|

−H(C1:N[VX|UZ]|U
1:NZ1:N)+|VV|UZX|log|Y|

−H(B1:N[VV|UZX]|U
1:NZ1:NX1:N)+δ

(ABCZ)
N

(h)

≤|VU|Z|log|Y|−
j∈VU|Z

H(Aj|A1:j−1Z1:N)

+|VX|UZ|log|X|−
j∈VX|UZ

H(Cj|C1:j−1U1:NZ1:N)

+|VV|UZX|log|Y|−
j∈VV|UZX

H(Bj|B1:j−1U1:NZ1:NX1:N)
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+δ
(ABCZ)
N

(i)

≤|VU|Z|log|Y|−|VU|Z|(log|Y|−δN)+|VX|UZ|log|X|

−|VX|UZ|(log|X|−δN)+|VV|UZX|log|Y|

−|VV|UZX|(log|Y|−δN)+δ
(ABCZ)
N

≤3NδN +δ
(ABCZ)
N

=δ
(1)
N +δ

(ABCZ)
N ,

where(d)holdsbythe MarkovchainZi−1−(̄D1,̄E1,̄F1)−
Z1:N

i ,(e)holdsbyAlgorithms1and2,(f)holdsbytheuni-
formityofA1:N

i [VU|Z],C1:N
i [VX|UZ]andB1:N

i [VV|UZX],
(g)holdsby(10),(h)holdsbecauseconditioningreduces
entropy,(i)holdsbythedefinitionofVU|Z,VX|UZ,and
VV|UZX.

Wenextshowthattheoutputsofalltheblocksare
asymptoticallyindependent.

Lemma5. Wehave

D pZ1:N
1:k

k

i=1

pZ1:N
i

≤(k−1)δ
(2)
N .

Proof.Wehave

D pZ1:N
1:k

k

i=1

pZ1:N
i

(a)
=

k

i=2

I(Z1:N
i ;Z1:N

1:i−1)

≤
k

i=2

I(Z1:N
i ;Z1:N

1:i−1D̄1Ē1F̄1)

=
k

i=2

I(Z1:N
i ;Z1:N

i−1D̄1Ē1F̄1)

+

k

i=2

I(Z1:N
i ;Z1:N

1:i−2|̄D1Ē1F̄1Z1:N
i−1)

(b)
=

k

i=2

I(Z1:N
i ;Z1:N

i−1D̄1Ē1F̄1)

=
k

i=2

D pZ1:N
i−1:iD̄1Ē1F̄1

||pZ1:N
i−1D̄1Ē1F̄1

pZ1:N
i

(c)

≤ (k−1)δ
(2)
N ,

where (a)holdsby[11,Lemma16],(b)holdsasforany
i∈ 3,k,the MarkovchainZ1:N

1:i−2−D̄1Ē1F̄1Z1:N
i−1−Z1:N

i

holds,(c)holdsbyLemma4.

Wenowshowthatthetargetoutputdistributionis well
approximatedjointlyoverallblocks.

Lemma6. Wehave

D pZ1:N
1:k

qZ1:kN ≤δ
(3)
N ,

where

δ
(3)
N k

3
2Nlog

1

µqZ

√
2ln2 δ

(1)
N + δ

(2)
N ,

µqZ
min
z∈Z

q(z).

Proof.First,weobservethat

D qZ1:kN

k

i=1

pZ1:N
i

=D
k

i=1

qZ1:N

k

i=1

pZ1:N
i

=
k

i=1

D qZ1:N pZ1:N
i

≤kδ
(1)
N , (11)

wheretheinequalityholdsbyLemma3.Then,wehave,for
N largeenough,

D pZ1:N
1:k

qZ1:kN

(a)

≤ log
1

µkN
qZ

√
2ln2



 D pZ1:N
1:k

k

i=1

pZ1:N
i

+ D qZ1:kN

k

i=1

pZ1:N
i





(b)

≤ kNlog
1

µqZ

√
2ln2 kδ

(1)
N + (k−1)δ

(2)
N ,

where (a) holds by[11, Lemma 17] and because
µq

Z1:kN
= µkN

qZ
,(b)holdsbyLemma5and(11).

Ourencodingschemeexploitsrandomnesstodrawsym-
bolsaccordingto(5)-(7),whoserateisforanyi∈ 1,k,

lim
N→+∞

1

N





j∈Vc
U

H(Aj
i|A

1:j−1
i )+

j∈Vc
V

H(Bj
i|B1:j−1

i )

+
j∈Vc

X

H(Cj
i|C1:j−1

i )



.

Wequantifythisrateinthefollowinglemma,whoseproof
issimilarto[11,Lemma20]andisthusomitted.

Lemma7. Wehaveforany i∈ 1,k

lim
N→+∞

1

N





j∈Vc
U

H(Aj
i|A

1:j−1
i )+

j∈Vc
V

H(Bj
i|B1:j−1

i )

+
j∈Vc

X

H(Cj
i|C1:j−1

i )



 =0.

Finally,wedeterminetheratepairachievedbyourcoding
scheme.

Lemma8. Theratepair(R1,RU +RV)isachievableand

lim
N→+∞

R1=I(X;Z|U)+
H(X|UZ)

k
,
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lim
N→+∞

RU=I(U;Z)+
H(U|Z)

k
,

lim
N→+∞

RV=I(V;Z|UX)+
H(V;Z|UX)

k
.

Proof.ByLemma7,theoverallrateofuniformsymbols
requiredarethefollowing:

R1=
|̄E1|+|E1:k|

kN

=
|VX|UZ|+k|VX\VX|UZ|

kN

=
|VX|UZ|

kN
+
|VX|−|VX|UZ|

N
N→+∞
−−−−−→I(X;Z|U)+

H(X|UZ)

k
k→+∞
−−−−−→I(X;Z|U),

RU=
|̄D1|+|D1:k|

kN

=
|VU|Z|+k|VU\VU|Z|

kN

=
|VU|Z|

kN
+
|VU|−|VU|Z|

N
N→+∞
−−−−−→I(U;Z)+

H(U|Z)

k
k→+∞
−−−−−→I(U;Z),

RV=
|̄F1|+|F1:k|

kN

=
|VV|UZX|+k|VV\VV|UZX|

kN

=
|VV|UZX|

kN
+
|VV|−|VV|UZX|

N
N→+∞
−−−−−→I(V;Z|UX)+

H(V|UZX)

k
k→+∞
−−−−−→I(V;Z|UX),

wherewehaveused[21,Lemma7]inthelimits.Finally,we
concludethattheratesR1 =I(X;Z|U),RU = I(U;Z),
RV=I(V;Z|UX)areachievedwithLemma6.

VI.CONCLUDINGREMARKS

Weproposedanexplicitandlow-complexitycoding
schemethatachievesthemultipleaccesschannelresolvabil-
ityregionofanarbitrarydiscretememorylessmultipleaccess
channelwhoseinputalphabetshaveprimecardinalities.Our
resultsimproveearlierconstructionsthatwerelimitedto
symmetricmultipleaccesschannels.Themainideaofthe
codingschemeistoreducetheproblemofmultipleaccess
channelresolvabilityinacombinationofsourceresolvability
problems.Ourconstructioninvolvesblock-Markovcoding
thattakesadvantageofrandomnessrecyclingindifferent
encodingblocks,andusespolarcodesforsourcecoding
toimplementsourceresolvability. Ratesplittingisalso
employedtoavoid,asmuchaspossible,time-sharing.
Weremarkthatthewaysourceresolvabilityandrandom-

nessrecyclingisimplementedinourcodingscheme,heavily

reliesontheintrinsicstructureofpolarcodes.Consequently,
itremainsopentodeterminewhetherpolarcodescanbe
substitutedbyothersourceresolvabilitycodesinourcoding
scheme.Providingapositiveanswertothisquestionwould
makeourconstructionmoregeneral.
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