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Abstract 

An infinite potential well, truncated at finite height, provides a simple model for 

studying the effect of nonanalyticity on semiclassical approximations.  An exact 

quantization condition for the bound states separates the effects associated with 

the untruncated well from those of the truncation.  Because the truncation 

occurs beyond the classical turning point s, it has no effect to any finite order in 

powers of Planck’s constant.   The truncation contribution is exponentially 

small and depends on the potential in the classically forbidden region. The 

contribution associated with the well, when consistently appr oximated beyond 

all semiclassical orders, also leads to a small exponential, depending on the 

potential in the classically allowed region.  Both exponentially small 

contributions can be extracted by asymptotic analysis, with explicit results in 

the simple case of a linear well.  This combination of several different 

semiclassical techniques could be pedagogically useful as an exercise in 

teaching physical asymptotics at the postgraduate level.  
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1. I nt r o d u cti o n  

T h e q u a nti z ati o n of e n er gi es in a o n e -di m e n si o n al p ot e nti al w ell is a f a mili ar 

v e hi cl e f or i ntr o d u ci n g a n d ill ustr ati n g s e mi cl assi c al (s m all ) a p pr o xi m ati o n 

t e c h ni q u es, es p e ci all y t h e W K B m et h o d [ 1, 2]. H er e w e d es cri b e a sli g htl y m or e 

s o p histi c at e d v ari a nt, r e q uiri n g t h e u n d erst a n di n g of t w o diff er e nt ki n d s of 

s m all e x p o n e nti al , wit h t h e p e d a g o gi c al a d v a nt a g e t h at it c o m bi n es s e v er al 

diff er e nt ki n d s of as y m pt oti cs w hil e b ei n g pr e ci s el y s ol v a bl e .   

 T h e v ari a nt i s t h at t h e p ot e nti al V (x ) ( c h os e n e v e n f or c o n v e ni e n c e) is 

tr u n c at e d at x = ± L  as ill u str at e d i n fi g ur e 1. T h us

V x( ) =
V w ell x( )  x < L( )

V L = V w ell L( )  x > L( )( )

æ

è

ç
ç

ö

ø

÷
÷

 

.              ( 1. 1) 

 

F i g ur e 1. Tr u n c at e d p ot e nti al, wit h e n er g y l ess t h a n t h e tr u n c ati o n. 

T h e ai m i s t o u n d erst a n d h o w t h e tr u n c ati o n aff e cts t h e e n er g y l e v el s of t h e 

b o u n d st at es E < V L , i n t h e s e mi cl assi c al r e gi m e of s m all . T h e i nt er est li es i n 

t h e f a ct t h at t h e di s c o nti n uit y of sl o p e m e a n s t h at t h e p ot e nti al is n o n a n al yti c, 

w hil e st a n d ar d s e mi cl as si c al as y m pt oti cs w or ks f or a n al yti c p ot e nti al s . T h e 

cl as si c al t ur ni n g p oi nt x c, d efi n e d b y E = V w ell (x c), s e p ar at es t h e cl as si c all y 
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all o w e d r e gi o n | x | ≤x c(E ) fr o m t h e cl as si c all y f or bi d d e n r e gi o n |x | >x c(E ). Si n c e 

t h e tr u n c ati o n at x = L  o c c urs i n t h e cl assi c all y f or bi d d e n r e gi o n, a n d 

s e mi cl assi c al as y m pt oti cs f or t h e e n er g y l e v els d e p e n ds o n t h e p ot e nti al a n d its 

d eri v ati v es i n t h e cl assi c all y all o w e d r e gi o n , t h e tr u n c ati o n is i n visi bl e t o all 

or d ers  , i. e. all or d ers of s e mi cl as si c al a p pr o xi m ati o n. T h e s e mi cl assi c al 

i nfl u e n c e of tr u n c ati o n o n t h e s p e ctr u m i s e x p o n e ntia ll y s m all i n , a n d c a n b e 

u n d erst o o d o nl y b y g oi n g b e y o n d all or d ers.   

F or e x pli cit c al c ul ati o ns, w e c h o o s e  t h e u ntr u n c at e d p ot e nti al  V w ell  t o b e 

li n e ar, s o 

V li n e ar x( ) =
x  x < L( )

L  x > L( )( )

æ

è

ç
ç

ö

ø

÷
÷

  .              ( 1.2 ) 

Fi g ur e 2 s h o ws t h e s p e ctr u m, c al c ul at e d as e x pl ai n e d i n t h e n e xt s e cti o n. As L  

i n cr e as es, t h e bi n di n g i n cr e as es a n d m or e l e v el s ar e s u c k e d d o w n fr o m t h e 

c o nti n u u m. Aft er its birt h, t h e i nfl u e n c e of t h e tr u n c ati o n o n e a c h l e v el 

di mi nis h es: t h e e n er g i es a p pr o a c h  t h os e of t h e u ntr u n c at e d p ot e nti al. T his  i s t h e 

b e h a vi o ur w e ai m t o u n d erst a n d.  

 

F i g ur e 2. R e d c ur v es: e v e n a n d o d d e n er g y l e v els i n t h e tr u n c at e d p ot e nti al ( 1. 2), f or 
i n cr e asi n g tr u n c ati o n dist a n c e L ; d ott e d li n es: l e v els of t h e u ntr u n c at e d li n e ar p ot e nti al, i. e. 

z er os of Ai  ( e v e n l e v els) a n d Ai ( o d d l e v els).
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 4 

 In section 2 we derive an exact  quantization condition, in a form where 

the influence of the truncation is separated from the conditon for the levels of 

the untruncated potential. Section 3 calculates the asymptotics of the truncation 

term in the quantization condition. Away from the  births of each level at the top 

of the well, the truncation term is exponentially weak. Thus for semiclassical 

consistency the quantization of the untruncated well should also be 

approximated to include exponentially small terms; this is described in section  

4, and the two exponentials are compared , and possible extensions discussed, in 

the concluding section 5 . We recognise that some of the asymptotic analysis 

(especially in section 4) is challenging and unfamiliar in many graduate 

curricula, but we have tried to make i t as simple as possible (though not 

simpler, as Einstein is reputed to have advised).  

 

2. Exact quanti zation condition  

The energy levels are eigenvalues determined by the one -dimensional time -

independent Schrödinger equation, which we write in convenient units where 

the mass is 1/2, and of course retaining the semiclassical parameter ; thus  

  .             (2.1) 

For even potentials, successive eigenstates are even and odd, so it is 

necessary to consider only x≥0. For x<L, the solutions are linear combinations 

of those of the untruncated potential Vwell. It is convenient to choose these as the 

unique exact solution –(x;E) that decays exponentially in the classically 

forbidden region  xc<x<L, and any exact solution +(x;E) that grows 

exponentially. The linear combinations are fixed by  symmetry: at x=0, =0 for 

the odd states, and the derivative  =0 for the even states. For x>L, the solution 
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i n t h e c o n st a nt p ot e nti al V L  i s a d e c a yi n g e x p o n e nti al. T h us t h e e v e n st at es c a n 

b e writt e n as  

      ( 2. 2) 

a n d t h e o d d st at es as  

        ( 2. 3) 

T h e c o nst a nt C  c a n b e eli mi n at e d b y t h e r e q uir e m e nt t h at t h e v al u e a n d 

sl o p e of t h e s ol uti o ns of ( 2. 1) m u st b e c o nti n u o us at  x = L . T his gi v es t h e 

q u a nti z ati o n c o n diti o n f or t h e e n er gi es E , i n t h e f or m of a f u n cti o n Q (E ) t h at 

v a nis h es at t h e ei g e n v al u es. A ft er s o m e el e m e nt ar y m a ni p ul ati o n s , t hi s c a n b e 

e x pr ess e d i n t h e c o n v e ni e nt f or m 

Q E( ) = Q w E( ) + Q t E( ) = 0 ,                      ( 2. 4) 

i n w hi c h Q w  al o n e g e n er at es t h e l e v el s of t h e u ntr u n c at e d w ell a n d Q t is t h e 

eff e ct of t h e tr u n c ati o n. T h e t w o t er ms ar e 
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 6  

                      ( 2. 5) 

N ot e t h at t h e w ell c o ntri b uti o n Q w  i s diff er e nt f or t h e e v e n a n d o d d st at es, w hil e 

t h e Q t i s i n d e p e n d e nt of t h e s y m m etr y. 

 F or t h e m o d el w ell V li n e ar ( 1. 2), t h e d e c a yi n g a n d gr o wi n g s ol uti o n s of 

( 2. 1) ar e t h e st a n d ar d Air y f u n cti o ns [ 3, 4] 

  .            ( 2. 6) 

T h e t ur ni n g p oi nt i s x c= E , a n d t h e tr u n c ati o n v al u e of t h e p ot e nti al is V L = L . A n 

i m m e di at e si m plifi c ati o n is t h at  c a n b e s c al e d a w a y b y r e d efi ni n g

 ,               ( 2. 7) 

s o t h e s e mi cl as si c al r e gi m e is E > > 1, L  > > 1. ( Si mil ar r es c ali n g eli mi n at es  f or 

a n y p o w er -l a w p ot e nti al  V w ell =| x |n .) T h e t w o c o ntri b uti o ns ( 2. 5) t o t h e 

q u a nti z ati o n c o n diti o n c a n n o w b e writt e n e x pli citl y:  

Q
w , e v e n

E( ) =
A ¢i - E( )
B ¢i - E( )

, Q
w , o d d

E( ) =
Ai - E( )
Bi - E( )

Q
t

X( ) = -

Ai X( ) +
1

X
A ¢i X( )

æ

èç
ö

ø÷

Bi X( ) +
1

X
B ¢i X( )

, w h er e X º L - E .

            ( 2. 8) 
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 7  

F or t h e u ntr u n c at e d w ell, t h e e n er gi es ar e z er os of t h e Air y f u n cti o n s:      

Ai( – E ) = 0 f or t h e o d d st at es a n d Ai(– E ) = 0 f or t h e e v e n st at es. It i s e as y t o 

c al c ul at e t h e z er o s of t h e f ull Q( E ) n u m eri c all y ( e. g. usi n g t h e Fi n dR o ot 

f u n cti o n i n M at h e m ati c a), a n d t h at i s h o w fi g ur e 2 w as c al c ul at e d.  

T h e tr u n c ati o ns L birt h  at  w hi c h l e v els ar e b or n c a n als o b e c al c ul at e d. 

T h es e c orr es p o n d t o L = E , i. e. X = 0 i n Q t. Fr o m

Q t 0( ) =
1

3

 

,                 ( 2. 9) 

t h e tr u n c ati o ns ar e gi v e n b y 

A ¢i L birt h( ) = -
B ¢i L birt h( )

3
, L birt h = 2. 9 4 8 6 8 9, 4. 5 7 8 0 5 5, … e v e n( )

Ai L birt h( ) = -
Bi L birt h( )

3
, L birt h = 1. 9 8 6 3 5 2, 3. 8 2 5 3 3 9, … o d d( )

   ( 2. 1 0) 

 F or t h e e v e n l e v el s, t h e first v al u e of L birt h  c orr es p o n d s t o t h e first e x cit e d 

e v e n st at e, n ot t h e l o w est, d e n ot e d E 1, e v e n , b e c a us e t his  is t h e gr o u n d st at e a n d 

e xist s f or all p ur el y attr a cti v e o n e -di m e ns io n al p ot e nti al w ell s, h o w e v er w e a kl y 

bi n di n g  [ 5, 6]. T h us t his st at e e xists f or all L , as ill u str at e d i n fi g ur e 2.  

 Alt h o u g h n ot p art of t h e s e mi cl as si c al a n al y si s, w e c a n u n d erst a n d t h e 

b e h a vi o ur of t h e gr o u n d  st at e f or s m all L  b y e x p a n di n g t h e e v e n Q w   i n ( 2. 8) f or 

s m all E , a n d Q t  f or s m all X , a n d s ol vi n g f or E . T his is a n el e m e nt ar y e x er cis e 

i n v ol vi n g k n o w n s m all-ar g u m e nt f or m ul as f or t h e Air y f u n cti o ns [ 3], l e a di n g t o 

E 1, e v e n L( ) = L - 1
4 L 4 + O L 7( ) .             ( 2. 1 1) 

Fi g ur e 3 ill ustr at es t h e a c c ur a c y of t hi s f or m ul a as L  i n cr e as es fr o m z er o. 
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 8 

 

Figure 3 . Test of the small well limiting form (2.11) for the ground -state energy E1,even. 

3. Asymptotic truncation exponential  

The main aim of this section is to calculate the semiclassical approximation to 

Qt, in order to capture its small exponential. The next section will concern the 

corresponding expo nential in Qw. Since x=L lies in the classically forbidden 

region, we require the leading WKB approximations to the growing and 

decaying solutions of (2.1) ; we choose the unique growing solution that 

contains no small exponential  its complete asymptotic expansion . These must 

connect with the corresponding oscillatory solutions in the classically allowed 

region; it is convenient to choose th ose solutions whose sinusoidal oscillations 

have the same prefactor. This is the celebrated WKB connection problem, 

whose analysis leads to [7-9] 

                      (3.1) 

0.0 0.1 0.2 0.3 0.4 0.5 0.6

0.92

0.94

0.96

0.98

1.00

4(
L-
E 1

,e
ve

n(
L)

)/L
4

L
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 9  

Fr o m t h e q u oti e nt f or m of Q t i n ( 2. 5), t h e e x p o n e nti all y gr o wi n g s ol uti o n 

i n t h e d e n o mi n at or d o mi n at es t h e e x p o n e nti all y d e c a yi n g s ol uti o n i n t h e 

n u m er at or. I n t h e d e n o mi n at or, t h e t w o t er ms a d d w h e n  c al c ul at e d fr o m ( 3. 1) t o 

l e a di n g or d er i n , t h at is, b y diff er e nti ati n g j ust t h e e x p o n e nti al. But w h e n t h e 

s a m e pr o c e d ur e is a p pli e d t o t h e n u m er at or i n ( 2. 5), t h e t w o t er ms c a n c el. 

T h er ef or e it i s n e c es s ar y t o g o o n e st a g e f urt h er, t o i n cl u d e t h e d eri v ati v e of t h e 

pr ef a ct or i n t h e s e c o n d t er m of t h e n u m er at or i n  ( 3. 1). (It is n ot n e c ess ar y t o 

i n cl u d e t h e first W K B c orr e cti o n t o t h e a p pr o xi m ati o n ( 3. 1) f or  – , b e c a us e it s 

c o ntri b uti o n s t o t h e t w o t er ms i n t h e n u m er at or of ( 2. 5) c a n c el .) T h u s t h e 

l e a di n g s e mi cl as si c al a p pr o xi m ati o n t o t h e tr u n c ati o n t er m i n t h e q u a nti z ati o n 

c o n diti o n i s f o u n d, aft er a s h ort c al c ul ati o n, t o b e 

  .          ( 3. 2) 

T his is t h e first of o ur t w o s m all e x p o n e nti al s.  

 F or t h e li n e ar m o d el p ot e nti al, t his f or m ul a ( or, e q ui v al e ntl y, st a n d ar d 

Air y as y m pt oti cs [ 3] gi v es  

Q
t

X( ) »
e x p - 4

3
X 3/ 2( )

1 6 X 3/ 2
º Q

t, l ar g e
X( ) .              ( 3. 3) 

Alt h o u g h t hi s a p pr o a c h es t h e e x a ct Q t(X ) as X i n cr e as es, it f ails t o d es cri b e t h e 

b e h a vi o ur f or s m all X , w hi c h is n e c ess ar y t o u n d erst a n d t h e e n er g y l e v els n e ar 

t h e t o p of t h e p ot e nti al, w h er e t h e i nfl u e n c e of t h e tr u n c ati o n is str o n g est. F or 

t hi s w e n e e d t h e s m all X  b e h a vi o ur i n t h e first or d er b e y o n d ( 2. 9), n a m el y  

P a g e 9 of 2 2 A U T H O R S U B MI T T E D M A N U S C RI P T - EJ P- 1 0 4 6 6 3. R 1

1
2
3
4
5
6
7
8
9
1 0
1 1
1 2
1 3
1 4
1 5
1 6
1 7
1 8
1 9
2 0
2 1
2 2
2 3
2 4
2 5
2 6
2 7
2 8
2 9
3 0
3 1
3 2
3 3
3 4
3 5
3 6
3 7
3 8
3 9
4 0
4 1
4 2
4 3
4 4
4 5
4 6
4 7
4 8
4 9
5 0
5 1
5 2
5 3
5 4
5 5
5 6
5 7
5 8
5 9
6 0 A c

c e
pt
e d

 
M a

n u
s c

ri
pt



 1 0  

Q
t

X( ) »
1

3
-

2 G 1/ 3( )
3 5/ 6 G 2 / 3( )

X 1/ 2 = 0. 5 7 7 3 5 - 1. 5 8 3 9 3 X 1/ 2

º a - b X 1/ 2 º Q
t, s m all

X( ).
             ( 3. 4) 

A us ef ul fit t o t h e t w o e xtr e m es i s  

Q t, c o m bi n e d X( ) »
a e x p - 4

3 X 3/ 2( )
1 + b / a( ) X 1/ 2 + 1 6 a X 3/ 2

 .            ( 3. 5) 

 Fi g ur e 4  ill ustr at es t h e a c c ur a c y of t hi s fit t o Q t(X ). U si n g a m or e 

s o p histi c at e d i nt er p ol ati o n, a n d hi g h er -or d er a p pr o xi m ati o n s f or l ar g e a n d s m all 

X , it w o ul d b e p ossi bl e t o o bt ai n a cl o s er fit, b ut as fi g ur e 5 s h o ws t his is 

u n n e c ess ar y, b e c a us e t h e q u a nti z ati o n c o n diti o n b as e d o n ( 3. 5) gi v es a n 

a c c ur at e d e s cri pti o n of t h e l e v els cl os e t o t h eir a p p e ar a n c e at L birt h . 

 

F ig ur e 4 . Err ors i n a p pr o xi m ati o ns t o t h e tr u n c ati o n f u n cti o n Q t. D as h e d c ur v e: l ar g e X  
a p pr o xi m ati o n Q t, l ar g e ( 3. 3); r e d c ur v e: a p pr o xi m ati o n Q t, c o m bi n e d  ( 3. 5) fitti n g t h e l ar g e a n d 

s m all X  li mits. 

0 2 4 6 8 1 0
-0. 2
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Q
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ap
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F i g ur e 5. L o w est l e v els aft er t h eir a p p e ar a n c e w h e n L = L birt h (..) ( m a g nifi c ati o n of p art of 
fi g ur e 2): r e d c ur v es: e x a ct; d as h e d c ur v es: usi n g t h e a p pr o xi m ati o n Q t,c o m bi n e d  ( 3. 5); d ott e d 
li n es, l e v els of u ntr u n c at e d li n e ar p ot e nti al ( 1. 2), i. e. z er os of Ai a n d Ai. ( a) L o w est e v e n 
l e v el ( gr o u n d st at e); ( b) l o w est o dd st at e; ( c) first e x cit e d e v e n st at e; ( d) fir st e x cit e d o d d 

st at e.  

  A s L  i n cr e as es, t h e q u a nti z ati o n s e n siti vit y ∂E / ∂L  i n cr e as es f or st at es n e ar 

t h e tr u n c ati o n, i. e. X = L – E < < L . Fr o m ( 2. 8), a n d usi n g t h e si m pl e B o hr-

S o m m erf el d f or m ul a (( 4. 2) t o f oll o w) f or Q w , diff er e nti ati o n, a n d t h e f a ct t h at 

Q t(X ) = O( 1) n e ar t h e tr u n c ati o n, l e a d s t o t h e esti m at e 

¶ E

¶ L
»

1

¢Q t X( )
L 1 + Q t X( )2( ) ~ L .                     ( 3. 6) 

T h us, t h e hi g h er t h e tr u n c ati o n, t h e gr e at er t h e s e n siti vit y. R ei n st ati n g  fr o m 

( 2. 7), t h e s e mi cl as si c al s e nsiti vit y is . T his e x p o n e nt is f or t h e 

li n e ar p ot e nti al ( 1. 2). If V w ell = x n , a si mil ar c al c ul ati o n r e pl a c es t h e e x p o n e nt – 1/ 3 

n - 2( ) / n n + 2( )( )b y , s o t h e as y m pt oti c s e nsiti vit y i n cr e as es f or p ot e nti als 

i n cr e asi n g m or e sl o wl y t h a n q u a dr ati c, a n d d e cr e as es f or p ot e nti al s i n cr e asi n g 

f ast er.

0. 0 0. 5 1. 0 1. 5 2. 0
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4. As y m pt oti c s e mi cl as si c al w ell e x p o n e nti al  

E x c e pt n e ar t h e birt h of t h e l e v els at L birt h , t h e d o mi n a nt c o ntri b uti o n t o t h e 

q u a nti z ati o n c o n diti o n Q t i n ( 2. 4) is Q w , ass o ci at e d wit h t h e u ntr u n c at e d w ell 

a n d d efi n e d i n ( 2. 5) f or t h e e v e n a n d o d d st at es. I n t h e W K B a p pr o xi m ati o n, 

t hi s aris es fr o m os cill at or y s ol uti o ns b et w e e n t h e cl as si c al t ur ni n g p oi nt s, a n d i n 

l o w est or d er gi v es t h e f a mili ar p h as e -c orr e ct e d B o hr -S o m m erf el d c o n diti o n f or 

t h e p h as e-s p a c e ar e a a s s o ci at e d wit h e n er g y E : 

              ( 4. 1) 

Hi g h er a p pr o xi m ati o n s i n v ol v e i n cr e asi n g p o w ers of  [ 8, 1 0]. B ut si n c e t h e 

tr u n c ati o n t er m ( 3. 2) i s e x p o n e nti all y s m all i n , a p pr o xi m ati n g Q w  t o 

c o m p ar a bl e a c c ur a c y r e q uir es g oi n g b e y o n d all or d ers i n t h e s e mi cl assi c al 

s eri es. I n f a ct, t h e s e mi cl assi c al p o w er s eri es i s di v er g e nt [ 8], a n d t h e s m all 

e x p o n e nti al ori gi n at es i n t h e r es u m m ati o n of it s t ail , as will n o w b e e x pl ai n e d.  

 F or si m pli cit y, w e d o n ot c arr y o ut t h e  r es u m m ati o n f or a g e n er al V w ell  

( w e will r et ur n t o t h e g e n er al c as e at t h e e n d of t his s e cti o n). I nst e a d, w e 

ill ustr at e t h e pr o c e d ur e e x pli citl y f or t h e o d d st at es of t h e li n e ar p ot e nti al ( 1. 2), 

w h er e t h e e n er gi es ar e t h e z er os of Ai (– E ). F or t his c as e, ( 4. 1), or st a n d ar d Air y 

as y m pt oti cs f or n e g ati v e ar g u m e nt [ 3], gi v es, f or  Q w, o d d  d efi n e d i n ( 2. 8), a n d 

c o n si st e nt wit h ( 4. 1),  

Q
w ,li n e ar

E( ) ~ t a n z E( ) + 1
4
p( ) = 0, w h er e z E( ) º 2

3
E 3/ 2 .          ( 4. 2) 
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 A c o n v e ni e nt f or m f or t h e N t h or d er as y m pt oti c a p pr o xi m ati o n s t o t h e 

Air y f u n cti o ns of n e g ati v e ar g u m e nt, t h at f oll o ws i m m e di at el y fr o m t h e 

s e p ar at e s eri es f or Ai a n d Bi  [ 3], is 

Bi
N

- E( ) + i Ai
N

- E( ) =
e x p i z E( ) + 1

4
p( )( )

p E 1/ 4
S

N
z E( )( ) ,          ( 4. 2) 

w h er e t h e s eri es i s  

              ( 4. 3) 

I n t ur n t his gi v es t h e q u oti e nt f or Q w , o d d i n ( 2. 8) as 

Q
w ,li n e ar,N

E( ) = t a n z E( ) + 1
4
p + I ml o g S

N
z E( )( )( ) .           ( 4. 4) 

 N = ¥W e c a n n ot i m m e di at el y e xt e n d t h e s u m t o  b e c a u s e it i s di v er g e nt. 

T his f oll o w s fr o m t h e l ar g e m  li miti n g f or m of t h e c effi ci e nts 

m - 1
6( )! m - 5

6( )!
m !

®
m ® ¥

m - 1( )!                ( 4. 5) 

( e v e n f or m = 2 t hi s i s a c c ur at e t o b ett er  t h a n 9 0 %). T h er ef or e ( as first o b s er v e d 

i n 1 7 4 7 b y T h o m as B a y es f or t h e r el at e d Stirli n g a p pr o xi m ati o n [ 1 1, 1 2]), t h e 

i n cr e as e of t h e c o effi ci e nts i n ( 4. 3) will al w a y s d o mi n at e t h e d e cr e as e of t h e 

p o w ers  – m . T h e l e ast t er m, r e pr es e nti n g o pti m al t er mi n ati o n  of t h e s eri es, c a n 

b e esti m at e d fr o m ( 4. 3) a n d Stirli n g’s f or m ul a f or ( m – 1)! ,  a s 

N o pt z( ) = 2 z[ ] ,                 ( 4. 6) 
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x[ ]w h er e d e n ot es t h e i nt e g er n e ar est t o x.  T h e bl a c k d ot s i n fi g ur e 6 ill ustr at e , 

f or v al u es of  (E ) c orr es p o n di n g t o t h e l o w est u ntr u n c at e d l e v els , h o w t h e err or 

S N – S ∞  first g et s s m all er a n d t h e n i n cr e as es as N  i n cr e as es: t h e s eri es di v er g es. 

 

F i g ur e 6 S N z E( )( ). Bl a c k d ots: err ors i n t h e a p pr o xi m ati o ns  S ¥ z E( )( )( 4. 3) t o t h e s u m  

( 4. 7) f or s u c c essi v e tr u n c ati o ns N , s h o wi n g t h e di v er g e n c e of t h e s eri es; t h e l ar g e d ots 
i n di c at e t h e s m all est t er m: N = N o pt (E ). R e d d ots: err ors w h e n t h e s eri es o pti m all y ter mi n at e d  

at N o pt (E ) is c orr e ct e d  b y t h e r es u m m e d t ail R s u m m e d(E ) ( 4. 1 4), f or e n er gi es E  of t h e f o ur 
l o w est l e v els of t h e u ntr u n c at e d p ot e nti al ( 1. 2): ( a) E = 1. 0 1 9 ( N o pt = 1); ( b) E = 2. 3 3 8 ( N o pt = 5); 

( c) E = 3. 2 4 8 ( N o pt = 9); ( d) E = 4. 0 0 8 ( N o pt = 1 2).  

   T h e f or m al i nfi nit e s eri es c a n b e d efi n e d e x a ctl y fr o m ( 4. 2) as  

S
¥

z E( )( ) = p E 1/ 4 Bi - E( ) + i Ai - E( )( )e x p - i z E( ) + 1
4
p( )( ) ,            ( 4. 7) 

T h e s m all e x p o n e nti al t h at w e s e e k is hi d d e n i n t h e r e m ai n d er R ( ) w h e n t h e 

s eri es i s o pti m all y t er mi n at e d, d efi n e d f or m all y b y t h e di v er g e nt t ail of t h e 

s eri es:

0 1 2 3
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c d
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R z( ) º S
¥

z( ) - S
N o pt z( )

z( ) =
m - 1

6( )! m - 5
6( )!

p m ! 2 m + 1

- i

z

æ

èç
ö

ø÷

m

m = N o pt z( )+ 1

¥

å .               ( 4. 8) 

T h e m ai n r es ult will b e t h e s m all e x p o n e nti al i n ( 4. 1 4) f or t hi s r e m ai n d er. 

R e a d ers i nt er est e d o nl y i n t his c a n s ki p t h e d eri v ati o n t h at n o w f oll o ws. 

W e n e e d o nl y t h e l e a di n g or d er, a n d N o pt  is l ar g e, s o w e c a n u s e t h e 

a p pr o xi m ati o n ( 4. 5). T h us, als o u si n g ( 4. 6), w e n e e d  t o c al c ul at e 

R z( ) »
1

2 p
m - 1( )! - i

2 z

æ

èç
ö

ø÷

m

m = 2 zéë ùû + 1

¥

å .             ( 4. 9) 

I n or d er t o esti m at e t his s u m of a di v er g e nt s eri es, it m ust b e i nt er pr et e d. 

T h er e ar e s e v er al w a y s of d oi n g t hi s. T h e m ost g e n er al is t o us e B or el 

s u m m ati o n [ 8]: r e pl a ci n g (m -1)! b y its i nt e gr al r e pr es e nt ati o n, s u m mi n g t h e 

r es ulti n g g e o m etri c s eri es, a n d t h e n a p pr o xi m ati n g t h e i nt e gr al ( e. g. b y t h e 

s a d dl e -p oi nt t e c h ni q u e). B ut f or t h e pr es e nt p ur p o s e, of g etti n g t h e l o w est -or d er 

a p pr o xi m ati o n, a si m pl er m et h o d will s uffi c e. Wit h t h e r e pl a c e m e nt  

m = 2 z[ ] + 1 + k ,              ( 4. 1 0) 

( 4. 9) b e c o m es 

R z( ) »
1

2 p

- i

2 z

æ

èç
ö

ø÷

2 zéë ùû + 1

2 zéë ùû + k( )! - i

2 z

æ

èç
ö

ø÷

k

k = 0

¥

å  .          ( 4. 1 1) 

N e xt, w e us e t h e a p pr o xi m ati o n  

2 z[ ] + k( )! » 2 z[ ]! 2z[ ]
k

  ,             ( 4. 1 2) 
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b as e d o n t h e i nt uiti o n t h at t h e v al u e of t h e r es u m m e d s eri es i s d et er mi n e d b y it s 

k < < 2 z[ ]b e h a vi o ur n e ar t h e l e ast t er m, i. e. . T h us ( 4. 1 1) b e c o m es  

R z( ) »
1

2 p

- i

2 z

æ

èç
ö

ø÷

2 zéë ùû + 1

2 zéë ùû ! - i
2 zéë ùû
2 z

æ

è
ç

ö

ø
÷

k

k = 0

¥

å  .          ( 4. 1 3) 

S u m mi n g t h e g e o m etri c s eri es ( o n t h e b or d er of its d o m ai n of c o n v er g e n c e), 

2 z[ ] » 2 zu si n g  f or t h e l ar g e   w e ar e c o n c er n e d wit h h er e, a n d usi n g Stirli n g’s 

2 z[ ]!a p pr o xi m ati o n f or , w e fi n all y g et t h e l o we st a p pr o xi m ati o n  

 R z( ) » R
s u m m e d

z( ) =
- i( )

2 zéë ùû + 1
e x p - 2 z( )

2 1 + i( ) p z
  .         ( 4.1 4 ) 

T his is t h e s m all e x p o n e nti al f or t h e li n e ar p ot e nti al . T h e si m pl e pr o c e d ur e 

e m pl o y e d h er e w or ks b e c a u s e t h e p h as es ( – i)k  of t h e t er ms i n ( 4. 8) d e p e n d o n k . 

It w o ul d f ail if all t h e t er ms i n t h e as y m pt oti c s eri es h a d  t h e s a m e si g n; t hat  

sit u ati o n c orr es p o n d s t o  t h e ‘ St o k es p h e n o m e n o n’[ 1 3, 1 4], a n d r e q uires  m or e 

s o p histi c at e d r es u m m ati o n [ 1 5, 1 6] 

 T h e r e d d ots i n fi g ur e 6 ill u str at es h o w eff e cti v el y  t his r es u m m ati o n 

i m pr o v es t h e l e ast-t er m t er mi n ati o n a p pr o xi m ati o n , f or e n er gi es of t h e l o w est 

f o ur l e v el s of t h e u ntr u n c at e d li n e ar p ot e nti al. T a bl e 1 s h o w s t h e n u m eri c al 

err ors i n t h e s u m f or t h e l o w est fi v e l e v els. T h e r el ati v el y l ar g e err ors i n t h e 

fi n al c ol u m n r efl e ct t h e f a ct t h at ( 4. 1 4) is j u st t h e l o w est -or d er a p pr o xi m ati o n t o 

t h e r e m ai n d er R , s uffi ci e nt t o c a pt ur e t h e s m all e x p o n e nti al. 

P a g e 1 6 of 2 2A U T H O R S U B MI T T E D M A N U S C RI P T - EJ P- 1 0 4 6 6 3. R 1

1
2
3
4
5
6
7
8
9
1 0
1 1
1 2
1 3
1 4
1 5
1 6
1 7
1 8
1 9
2 0
2 1
2 2
2 3
2 4
2 5
2 6
2 7
2 8
2 9
3 0
3 1
3 2
3 3
3 4
3 5
3 6
3 7
3 8
3 9
4 0
4 1
4 2
4 3
4 4
4 5
4 6
4 7
4 8
4 9
5 0
5 1
5 2
5 3
5 4
5 5
5 6
5 7
5 8
5 9
6 0 A c

c e
pt
e d

 
M a

n u
s c

ri
pt



 1 7
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T a bl e 1.  S ¥ z E( )( )Err ors i n t h e s u m  f or t h e l o w est fi v e l e v els of t h e u ntr u n c at e d li n e ar 

p ot e nti al ( 1. 2), c orr es p o n di n g t o a p pr o xi m ati n g b y t h e l e a di n g t er m S 0  of t h e s eri es ( 4. 3), 
o pti m al t er mi n ati o n N o pt , a n d i n cl u di n g t h e r es u m m e d t ail R s u m m e d. 

 T h e c orr es p o n di n g w ell c o ntri b uti o n t o t h e q u a nti z ati o n c o n diti o n, 

i n cl u di n g o pti m al ter mi n ati o n  a n d t h e a p pr o xi m at e d r es u m m at o n, is

Q
w ,li n e ar,s u m m e d

E( ) = t a n z E( ) + 1
4
p + I m l o g S

2 zéë ùû
z E( )( ) + R

s u m m e d
z E( )( )( )( )

 

. ( 4. 1 5) 

T his is f or t h e o d d st at es. F or t h e e v e n st at es, t h e o nl y c h a n g e is t h e r e pl a c e m e nt 

of t a n b y c ot. I n p arti c ul ar, t h e s m all e x p o n e nti al ( 4. 1 4) i s t h e s a m e. T h us, t h e 

e v e n a n d o d d e n er g i es of t h e u ntr u n c at e d li n e ar p ot e nti al, i. e. t h e z er os of Ai 

a n d Ai , ar e, i n t hi s i m pr o v e d s e mi cl assi c al a p pr o xi m at io n, d et er mi n e d b y t h e 

s ol uti o ns of  

  .  ( 4. 1 6) 

 F or a g e n er al u ntr u n c at e d p ot e nti al V w ell , th e t h e or y f or t h e s m all 

e x p o n e nti al c o rr es p o n di n g t o ( 4. 1 4) i s es s e nti all y t h e s a m e. T h e di v er g e n c e of 

s e mi cl assi c al a p pr o xi m ati o n s is a g e n er al p h e n o m e n o n, w h os e ori gi n li es i n t h e 

f a ct t h at s u c c essi v e a p pr o xi m ati o ns i n v ol v e s u c c es si v e d eri v ati v es ( es s e nti all y 

E - V w ell x( )of ), a n d hi g h d eri v ati v es di v er g e; t hi s i s a c o n s e q u e n c e of 

D ar b o u x’s t h e or e m  [ 8, 9]. F or s e c o n d-or d er diff er e nti al e q u ati o n s of t h e 
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 1 8  

S c hr ö di n g er t y p e ( 2. 1), t h e t ail t o b e r es u m m e d is e x a ctl y ( 4. 9), a n d t h e s m all 

e x p o n e nti al is ( 4. 1 4), aft er t h e r e pl a c e m e nt  

2 z E( ) Þ 2 d x E - V w ell x( )
0

x c E( )

ò  .           ( 4. 1 7) 

T his q u a ntit y is t h e diff er e n c e of t h e e x p o n e nts i n t h e gr o wi n g a n d d e c a yi n g 

s ol uti o ns; i n m or e g e n er al sit u ati o n s, s u c h as t h e a p pr o xi m ati o n of i nt e gr als 

wit h s e v er al s a d dl e -p oi nts, t hi s diff er e n c e of r el e v a nt e x p o n e nts i s c all e d  t h e 

‘si n g ul a nt’[ 8]. 

 

5.  C o n cl u di n g r e m a r ks  

T h er e ar e t w o m ai n r es ult s fr o m t hi s  st u d y of tr u n c at e d p ot e nti al s . First, t h e 

e x a ct q u a nti z ati o n c o n diti o n c a n b e writt e n i n t h e f or m ( 2. 5),  i n w hi c h t h e 

c o ntri b uti o n s as s o ci at e d wit h t h e u ntr u n c at e d w ell a n d t h e tr u n c ati o n ar e 

s e p ar at e d. S e c o n d, t h e s e mi cl assi c al as y m pt oti cs of t h e q u a nti z ati o n c o n diti o n  

i n v ol v es t w o c o m p ar a bl e s m all e x p o n e nti al s: ass o ci at e d wit h  t h e tr un c ati o n, a n d 

wit h t h e u ntr u n c at e d w ell. T h es e ar e  

            ( 5. 1) 

F or t h e li n e ar p ot e nti al ( 1. 2), t h e e x p o n e nti als ar e 

tr u n c ati o n: e
t

E( ) = e x p -
4

3
L - E( )

3/ 2æ

èç
ö

ø÷
, w ell: e

w
E( ) = e x p -

4

3
E 3/ 2æ

èç
ö

ø÷

 

.       ( 5. 2) 
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T h us t h e tr u n c ati o n e x p o n e nti al d o mi n at es f or L / 2 <E < L , i. e. n e ar er t h e t o p of 

t h e w ell, a n d t h e w ell e x p o n e nti al d o mi n at es f or 0 <E < L / 2, i. e. n e ar t h e b ott o m 

of t h e w ell.  

 O ur i nt e nti o n h as b e e n t o e x pl or e a ‘ mi ni m al m o d el’ [ 1 7] of t h e i nfl u e n c e 

of n o n a n al yti cit y o n q u a nti z ati o n. S e v er al e xt e nsi o n s c a n b e e n vi s a g e d, s u c h as  

•  E x a ctl y s ol v a bl e m o d el p ot e nti al s diff er e nt fr o m ( 1. 2). f or e x a m pl e a 

h ar m o ni c w ell, w h er e t h e e x a ct q u a nti z ati o n c o n diti o n ( 2. 5) w o ul d i n v ol v e 

p ar a b oli c c yli n d er f u n cti o ns, or t h e P ös c hl -T ell er p ot e nti al, i n v ol vi n g L e g e n dr e 

f u n cti o ns. 

•  Diff er e nt f or ms of n o n a n al yti cit y, i n w hi c h t h e tr u n c ati o n is m or e g e ntl e t h a n 

t h e dis c o nti n uit y of sl o p e i n ( 1. 1). W e c o nj e ctu r e t h at if t h e l o w est 

dis c o nti n u o us d eri v ati v e of t h e p ot e nti al  is t h e n t h, t h e s a m e s m all e x p o n e nti al s 

will a p p e ar, b ut wit h pr ef a ct ors pr o p orti o n al t o   ( cf. ( 3. 2)). F or a r el at e d 

st u d y , f or r efl e cti o n s a b o v e n o n a n al ytic  p ot e nti al b arri ers, s e e [ 1 8]. 

•  M or e s o p histi c at e d r es u m m ati o n s of t h e t ails of s eri es s u c h as ( 4. 8), w h er e 

a p pr o xi m ati o ns s u c h as ( 4. 5) ar e c orr e ct e d b y i n c or p or ati n g t h e f a ct t h at t h e 

c o effi ci e nts of hi g h -or d er t er ms of di v er g e nt s eri es ar e r el at e d t o t h e c o effi ci e nt s 

of t h e l o w -or d er t er ms; t hi s i s t h e p h e n o m e n o n of ‘r es ur g e n c e’ [ 8, 1 2], l e a di n g 

t o ‘ h y p er as y m pt oti c’ a p pr o xi m ati o n s c h e m es [ 1 9-2 1] , i n v ol vi n g s u c c essi v e 

e x p o n e nti al i m pr o v e m e nt s : f or t h e first z er o of Ai, t h e r el ati v e err or i s of or d er  

1 0 – 7 . A l ess g e n er al b ut c o m p ar a bl y a c c ur at e alt er n ati v e [ 2 2] is b as e d o n 

e xt e n di n g a p pr o xi m ati o ns s u c h as ( 4. 1 2) t o hi g h er or d e 1/ 2 z[ ]rs i n . 

A c k n o wl e d g m e nt   

K B  t h a n k s t h e U ni v ersit y of Bri st ol f or a B e nj a mi n M e a k er Pr of es s or s hi p, a n d  

N S F f or gr a nt C H E  1 8 5 6 1 6 5.  
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Figure captions  

Figure 1 . Truncated potential, with energy less than the truncation.  

Figure 2 . Red curves: even and odd energy levels in the truncated potential 

(1.2), for increasing truncation distance L; dotted lines: levels of the untruncated 

linear potential, i.e. zeros of A i  (even levels) and Ai (odd levels).  
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Fi g u r e 3 . T est of t h e s m all w ell li miti n g f or m ( 2. 1 1) f or t h e gr o u n d-st at e e n er g y 

E 1, e v e n
. 

Fi g u r e 4 . Err ors i n a p pr o xi m ati o ns t o t h e tr u n c ati o n f u n cti o n Q t. D as h e d c ur v e: 

l ar g e X  a p pr o xi m ati o n Q t, l ar g e ( 3. 3); r e d c ur v e: a p pr o xi m ati o n Q t, c o m bi n e d  ( 3. 5) 

fitti n g t h e l ar g e a n d s m all X  li mit s. 

Fi g u r e 5 . L o w est l e v el s aft er t h eir a p p e ar a n c e w h e n L = L birt h (..) ( m a g nifi c ati o n 

of p art of fi g ur e 2): r e d c ur v es: e x a ct; d as h e d c ur v es: usi n g t h e a p pr o xi m ati o n 

Q t,c o m bi n e d  ( 3. 5); d ott e d li n es, l e v els of u ntr u n c at e d li n e ar p ot e nti al ( 1. 2), i. e. z er os 

of Ai a n d Ai . ( a) L o w est e v e n l e v el ( gr o u n d st at e); ( b) l o w est o dd st at e; ( c) first 

e x cit e d e v e n st at e; ( d) first e x cit e d o d d st at e.  

Fi g u r e 6 S N z E( )( ). Bl a c k d ots: err ors i n t h e a p pr o xi m ati o n s  

S ¥ z E( )( )

( 4. 3) t o t h e s u m 

 ( 4. 7) f or s u c c essi v e tr u n c ati o ns N , s h o wi n g t h e di v er g e n c e of t h e 

s eri es; t h e l ar g e d ots i n di c at e t h e s m all est t er m: N = N o pt (E ). R e d d ots: err ors 

w h e n t h e s eri es o pti m all y t er mi n at e d at N o pt (E ) is c orr e ct e d b y t h e r es u m m e d 

t ail R s u m m e d(E ) ( 4. 1 4), f or e n er gi es E  of t h e f o ur l o w est l e v el s of t h e u ntr u n c at e d 

p ot e nti al ( 1. 2): ( a) E = 1. 0 1 9 ( N o pt = 1); ( b) E = 2. 3 3 8 ( N o pt = 5); ( c) E = 3. 2 4 8 

(N o pt = 9); ( d) E = 4. 0 0 8 ( N o pt = 1 2).  

T a bl e 1 S ¥ z E( )( ). Err ors i n t h e s u m  f or t h e l o w est fi v e l e v els of t h e 

u ntr u n c at e d li n e ar p ot e nti al ( 1. 2), c orr es p o n di n g t o a p pr o xi m ati n g b y t h e 

l e a di n g t er m S 0  of t h e s eri es ( 4. 3), o pti m al t er mi n ati o n N o pt , a n d i n cl u di n g t h e 

r es u m m e d t ail R s u m m e d.   
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