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Vibration energy is becoming a significant alternative
solution for energy generation. Recently, a great
deal of research has been conducted on how to
harvest energy from vibration sources ranging from
ocean waves to human motion to microsystems. In
this paper, a theoretical model of a piecewise-linear
(PWL) nonlinear vibration harvester that has potential
applications in variety of fields is proposed and
numerically investigated. This new technique enables
automatic frequency tunability in the energy harvester
by controlling the gap size in the PWL oscillator so
that it is able to adapt to changes in excitations. To
optimize the performance of the proposed system, a
control method combining the response prediction,
signal measurement and gap adjustment mechanism
is proposed in this paper. This new energy harvester
not only overcomes the limitation of traditional linear
energy harvesters that can only provide the maximum
power generation efficiency over a narrow frequency
range but also improves the performance of current
nonlinear energy harvesters that are not as efficient as
linear energy harvesters at resonance. The proposed
system is demonstrated in several case studies to
illustrate its effectiveness for a number of different
excitations.

1. Introduction
Vibration energy harvesting is considered one of the
most promising green energy sources that can self-power
small-scale devices and fulfill the need of large-scale
electricity generation. On the one hand, as electronic
devices are becoming more compact and portable, a
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sustainable and scalable energy source with high-energy density is in high demand [1,2]. Ambient
vibration is an ideal energy source for these systems since it is ubiquitous and easily accessible.
On the other hand, large-scale vibrations such as those from ocean waves are now considered to
be a potential energy resource to power entire cities since they contain great source of recoverable
energy [3,4]. Thus, vibration energy harvesting is an attractive solution in fulfilling a variety
of energy needs and a significant amount of research has been conducted to optimize energy
extraction from vibration sources [5].

Vibration energy harvesting can be realized using piezoelectric [6–8], electromagnetic [9–11]
or electrostatic [12] approaches. Early designs of these power generators were based on linear
models [13–17] that provide the maximum power generation efficiency at resonance with their
efficiency decreasing dramatically even when the excitation frequency shifts slightly. Thus,
traditional linear energy harvesters are usually limited to very narrow frequency ranges. In
order to broaden the frequency bandwidth for effective energy harvesting, different techniques
such as nonlinear energy harvesting [2,18–27], array-harvester systems [28,29], and frequency-
tunable systems [30] have been developed so the harvester can accommodate a broader
frequency range. Each technique has its own advantages and disadvantages. For instance,
the array-harvester design can harvest the vibration energy over resonant frequencies of each
linear system; however, the system set-up and the corresponding electronic configuration
are complex, which makes the utilization very challenging [5]. Nonlinear energy harvesters
[2,18–27], which are commonly used in piezoelectric and electromagnetic generators, can
broaden the effective frequency bandwidth by exploiting geometric and material nonlinearities;
however, these nonlinear techniques are not as efficient as linear energy harvesters at
resonance.

Recently, new designs of energy harvesters with piecewise-linear (PWL) nonlinearities
have been proposed [31–39]. These nonlinear devices incorporate mechanical stoppers into
conventional linear energy harvesters. It is found that these PWL harvesters can effectively
broaden the effective frequency range for an up-sweep excitation condition. However, these
devices do not guarantee the best vibration performance at an arbitrary excitation frequency. Also,
they do not achieve the efficiency of linear harvesters at resonance.

In this paper, a theoretical model of a new vibration harvester composed of a PWL oscillator
and a controllable gap is proposed and investigated. In this new design, the resonant frequency
of the harvester can be tuned to match the dominant frequency of the excitation to provide the
instantaneous optimized vibration performance. The frequency tunability is enabled by adjusting
the gap size in the PWL oscillator. Furthermore, a control method combining the response
prediction, signal measurement, and gap adjustment mechanism is proposed to optimize the
system’s performance. In this control method, a response approximation technique referred to
as the bilinear amplitude approximation (BAA) method [40] is first used to compute the gap
size that can tune the system to resonance over an effective frequency range. BAA is one of the
techniques developed recently to efficiently capture the nonlinear response of PWL nonlinear
systems using linear techniques [40–42]. Frequency and amplitude estimators are then employed
to analyse the excitation signal over a specified time window. The gap in the PWL oscillator
is then adjusted to the appropriate size that can optimize the vibration performance based
on the measured excitation signal and the pre-computed optimized gap size. The proposed
energy harvesting strategy has a better performance than current PWL harvesters since it
provides a better vibration performance for both stationary excitation and drifting excitation
conditions.

The remainder of the paper is organized as follows. In §2, the system configuration and
its mechanical model are introduced. In §3, the dynamic properties of the proposed system
is investigated and discussed. In §4, the control method proposed to optimize the vibration
performance of the device is presented. In §5, the vibration performance of the proposed system
and method are numerically investigated and compared with current techniques. In §6, the
coupling of the mechanical model and energy transducer, and future research directions are
discussed. Finally, conclusions are given in §7.
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2. System configuration and modelling
The system configuration of the proposed PWL harvester and its mechanical model are shown in
figure 1 and introduced in this section. The proposed system is composed of a mass m, a linear
spring with stiffness k attached to the mass, and another linear spring with stiffness k∗ that has
intermittent contact with the mass. The system is assumed to be damped with damping coefficient
c and c∗. The gap size g(t) between the mass m and the linear spring k∗ is adjustable through a
linear actuator or a positioning system attached to the frame of the device. Note that the time
variation of the gap size is caused by the change of the reference point controlled by the linear
positioning system not by the displacement of the mass. The harvester is assumed to be subjected
to a base excitation with base displacement y(t). The displacement of the mass m is denoted using
x(t). The equations of motion of the system can be expressed as

mẍc(t) + (c + c∗)ẋc(t) + (k + k∗)xc(t) = −mÿ(t) + c∗ġ(t) + k∗g(t) when x≥ g,

and mẍo(t) + cẋo(t) + kxo(t) = −mÿ(t) when x< g,

⎫⎬
⎭ (2.1)

where x= x − y represents the relative displacement between the mass m and the moving base.
Note that the subscript c represents the displacement of the mass when the gap is closed, i.e.
x≥ g, and the subscript o represents the displacement of the mass when the gap is open, i.e. x< g.
Equation (2.1) can then be rewritten as

ẍc(t) + 2(ζω + ζ ∗ω∗)ẋc(t) + (ω2 + ω∗2)xc(t)

= −ÿ(t) + 2ζ ∗ω∗ġ(t) + ω∗2g(t) when x≥ g,

and ẍo(t) + 2ζωẋo(t) + ω2xo(t) = −ÿ(t) when x< g,

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(2.2)

where ω2 = k/m, ω∗2 = k∗/m, ζ = c/2mω, and ζ ∗ = c∗/2mω∗. In this paper, it is assumed that the
system is driven by a harmonic excitation y(t) = y0 sin (αt), where y0 is the excitation amplitude
and α is the excitation frequency.

Next, dimensionless variables [36] are introduced to simplify the subsequent analysis. First,
the time-related dimensionless variables are introduced

τ = ωt, ρ = α

ω
and ρ∗ = ω∗

ω
. (2.3)

Equation (2.2) can then be expressed as

x′′
c (τ ) + 2(ζ + ζ ∗ρ∗)x′

c(τ ) + (1 + ρ∗2)xc(τ )

= ρ2y0 sin (ρτ ) + 2ζ ∗ρ∗g′(τ ) + ρ∗2g(τ ) when x≥ g,

and x′′
o (τ ) + 2ζx′

o(τ ) + xo(τ ) = ρ2y0 sin (ρτ ) when x< g,

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(2.4)

where the prime symbol (′) indicates differentiation with respect to the dimensionless time
variable τ . Finally, the following spatial dimensionless variables are used:

u= x
y0

and δ = g
y0

. (2.5)

The dimensionless equations of motion can be written as

u′′
c (τ ) + 2(ζ + ζ ∗ρ∗)u′

c(τ ) + (1 + ρ∗2)uc(τ )

= ρ2 sin (ρτ ) + 2ζ ∗ρ∗δ′(τ ) + ρ∗2
δ(τ ) when u≥ δ,

and u′′
o (τ ) + 2ζu′

o(τ ) + uo(τ ) = ρ2 sin (ρτ ) when u< δ.

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(2.6)

Note that the non-dimensionalization allows pre-computation of all the responses for all base
displacement levels since the response has been scaled by y0. This enables offline pre-computation
of all information needed in the control method described in §4. Moreover, scaling the frequency
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Figure 1. Mechanical model of the PWL harvester. The system is composed of a PWL oscillator with an adjustable gap size
controlled by a linear actuator/positioning system. (Online version in colour.)

by ω enables efficient selection of the parameters of the harvester system without the need for
reconducting the analysis.

3. Dynamic properties
The vibration behaviour of simple PWL oscillators has been studied extensively over the past few
decades [43,44]. Nonlinear dynamic properties such as the well-known jump phenomenon have
been observed in these systems. In order to efficiently analyse the steady-state dynamics of the
proposed system for constant gap sizes, the previously developed BAA method is applied to find
the solution to equation (2.6) by setting δ′(τ ) = 0. First, the coordinates of the system in its closed
and open state are analytically expressed as combinations of the linear transient response and the
linear steady-state response

uc(τ ) = e−ζρτ ac sin
(√

1 − ζ
2
ρτ + φc

)
+ (ρ/ρ)2 sin (ρτ − θc + ψ)√

[1 − (ρ/ρ)2]2 + (2ζρ/ρ)2
+ δ

(
ρ∗2

1 + ρ∗2

)

and uo(τ ) = e−ζ τ ao sin
(√

1 − ζ 2τ + φo

)
+ ρ2 sin (ρτ − θo + ψ)√

(1 − ρ2)2 + (2ζρ)2
,

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
(3.1)

where ρ =
√

1 + ρ∗2, ζ = (ζ + ζ ∗ρ∗)/
√

1 + ρ∗2, θc = tan−1(2ζρρ/(ρ2 − ρ2)) and θo = tan−1(2ζρ/

(1 − ρ2)); [ac, ao] and [φc, φo] are scalar coefficients and phase angles of the linear transient
responses, respectively. The angle ψ reflects the phase difference between the excitation and the
linear steady-state responses.

The key idea of the BAA method is that an entire vibration cycle of the PWL oscillator can
be obtained by coupling the responses in the closed and open states. The motion of one steady-
state vibration cycle is schematically shown in figure 2. The BAA method assumes that a single
vibration cycle has only one time interval when the response is in the closed state and only one
time interval when the response is in the open state. These time intervals are denoted using Tc and
To, respectively. Note that T = Tc + To is the period of the harmonic excitation. Next, a nonlinear
optimization solver is used to solve for the unknowns ac, ao, φc, φo and ψ in equation (3.1) by
minimizing the residual of a set of compatibility conditions listed as follows:

uc(0) = δ,

uc(Tc) = δ,

uo(Tc) = δ,

uo(Tc + To) = δ,

u′
c(Tc) = u′

o(Tc)

and u′
c(0) = u′

o(Tc + To).

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3.2)
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Figure 2. One steady-state nonlinear vibration cycle of the PWL oscillator for a constant gap size δ. (Online version in colour.)
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Figure 3. (a) Forced responses of the PWL oscillator for different gap sizes. (−−) represents the linear response of the system
in its open state; (−·) represents the linear response of the system in its closed state; (−) and (· · ·) represent the stable
and unstable nonlinear responses when intermittent contact happens, respectively. (b–d) Basins of attraction for [δ = 10,
ρ = 1.06], [δ = 10, ρ = 1.17] and [δ = 10, ρ = 1.25], respectively. (�) represents the initial condition that converges to
the nonlinear response and (×) represents the initial condition that converges to the linear response. (Online version in colour.)

The first four equations in equation (3.2) represent the displacement compatibility conditions
at the transition moment when the dimensionless displacement u equals the dimensionless
gap size δ when the system switches from one state to the other. The last two equations in
equation (3.2) represent the velocity compatibility conditions whereby the velocity of the mass
must be continuous at the moment of transition. Note that Tc in equation (3.2) is also an unknown
since the time fraction that the system stays in two linear states cannot be predetermined. The
function ‘lsqnonlin’ in Matlab [45] was used in this work to solve for all the unknown parameters.
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One nonlinear vibration cycle can then be constructed once these unknowns are solved. The
detailed description of the BAA method can be found in [40].

The nonlinear forced responses of the PWL oscillator for different gap sizes δ are computed
using the BAA method and plotted in figure 3a. The system parameters used in this work are
ζ = 0.015, ζ ∗ = 0.015 and ρ∗ = 2. The linear response of the system when the gap is always closed
and the linear response of the system when the gap is always open are also plotted in the figure.
Figure 3a shows that the resonant frequency of the system can be shifted by changing the gap
size δ. The resonant frequency associated with δ = 0 is referred to as the bilinear frequency [43].
This resonant frequency can be lowered by increasing δ and can be raised by decreasing δ. This
implies that the resonant frequency of the harvester can be tuned to match an arbitrary excitation
frequency over the frequency range bounded by the natural frequencies of the linear systems by
adjusting the gap to the appropriate size. Furthermore, nonlinear characteristics such as multi-
stability, instability and jump phenomenon can be observed when δ �= 0.

Next, time integration is used to investigate the basins of attraction for the system since
multiple stable periodic responses can be observed. The Runge–Kutta method [46] and the event
function in Matlab [45] were used to conduct time integration. The results of ρ = 1.06, 1.17 and 1.25
when δ = 10 are plotted in figure 3b–d. These figures show that the system, when δ > 0, can settle
into either the nonlinear response where the intermittent contact happens or the linear response
where there is no contact. Similarly, the system can settle into either the nonlinear response or the
linear response where the gap is always closed when δ < 0. Furthermore, it is observed that the
area of the basins of attraction of the nonlinear response shrinks significantly when ρ approaches
the resonant frequency. Although the nonlinearity can provide a larger vibration motion when
the excitation frequency is extremely close to the resonant frequency, it is also more likely that the
system will jump from the nonlinear response to the linear response when it is slightly perturbed.

4. Methodology
A control method that combines BAA, signal measurement, and a gap adjustment mechanism
for optimizing the vibration performance of the proposed PWL harvester is introduced in this
section. In order to determine the gap size that can tune the system to resonance, the BAA
method is employed to conduct two consecutive sweep processes. In the first sweep, the BAA
method is used to sweep through the frequency range bounded by the natural frequencies of
the linear systems (i.e. open and sliding systems) by setting δ = 0. In this ρ-sweep process, the
nonlinear solver is provided with random initial values at the starting frequency point. The
solution that results in the minimum residual and that obeys the physical constraints is chosen
for the frequency sweep [40]. Next, the peak response and the corresponding gap size at each
frequency ρ is found by sweeping through the gap size δ. The δ-sweep process starts from δ = 0
using the ρ-sweep result as the initial value and ends at a δ value where the solution can not
be found using BAA. The results of the δ-sweep process for five different ρ values are shown
in figure 4a. The peak responses are indicated using (©)’s in the figure. Note that when ρ is
greater than the BF δ is decreased to locate the peak response; while when ρ is less than the
BF δ is increased to find the peak response. The gap size associated with the peak response
is referred to as the resonant gap size δr in this paper. These resonant gap sizes are indicated
using (↓)’s in figure 4a. δr represents the gap size that can theoretically provide the maximum
steady-state vibration amplitude at a specified excitation frequency ρ if the excitation signal is
perfectly harmonic. Figure 4a also shows that the vibration displacement amplitude is roughly
proportional to δ. By successively applying the δ-sweep process to each excitation frequency ρ, the
maximum response and the corresponding δr over the bounded frequency range can be efficiently
determined using the BAA method. The maximum response envelope and the corresponding δr

values over the frequency range are plotted in figure 4b.
With δr values computed, the vibration amplitude of the PWL oscillator can be amplified by

adjusting the gap size to approach δr at any excitation frequency within the bounded frequency
range. However, energy harvesters are rarely driven by perfectly a harmonic excitation with
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Figure 4. (a) δ-sweep process. (©)’s represent the peak responses and (↓)’s represent the associated resonant gap sizes.
(b) Maximum response envelope and resonant gap size over the bounded frequency range. (Online version in colour.)

a stable frequency and amplitude. Thus, a signal measurement and analysis process and a
gap size adjustment strategy are introduced in this work. This control process assumes that
the excitation signal is measurable through sensing devices and the gap size can be adjusted
instantaneously based on the measured signal. Moreover, the excitation is assumed to contain
a single frequency component that dominates the base motion at any given time. However, the
excitation is accompanied by perturbation, and the dominant frequency and the corresponding
amplitude can drift through time. If multiple significant frequencies are present in the spectrum,
the one with the highest vibration amplitude should be chosen as the dominant frequency. The
control process is described as follows:

(i) The measured excitation signal is collected over a specified time duration Ts.
(ii) The collected signal is analysed using frequency and amplitude estimators to extract the

frequency αest and amplitude y0,est that dominate the base motion.
(iii) The δr associated with ρest = αest/ω that has been pre-computed using BAA is identified.

Note that ρest generally does not hit a frequency point that has been pre-computed. δr at
arbitrary ρest can be obtained by interpolating adjacent δr values.

(iv) The optimized gap size δopt is determined by using only a fraction of δr to avoid jumping
from the nonlinear response to the linear response: δopt = aδr , where 0 < a< 1.

(v) The gap size is adjusted to gopt = y0,estδopt.
(vi) Steps (i)–(v) are repeated for next time window.

In this work, the dominant frequency and the associated amplitude are estimated using methods
developed by Zhivomirov et al. [47] and Lyons [48], respectively. These methods build on
discrete Fourier transform techniques, and estimate the frequency and amplitude by analysing
the windowed signal in the frequency domain. Also note that the system is more likely to jump
to the linear response if a is close to 1. The overall control process is summarized in figure 5.

Note that the computation of the optimized gap size gopt consists of two steps: (1) calculation
of the non-dimensional gap size δopt for specific frequency points; and (2) identification of
the dominant frequency ρest and amplitude y0,est. The most computationally expensive part
for determining gopt is step (1); however, this can be calculated in the design phase over the
frequency range of interest in an offline pre-computation (i.e. the BAA method). Thus, there will
not be a significant delay due to the control algorithm since the estimation of the frequency and
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Figure 5. The control process that instantaneously optimizes the vibration performance of the PWL oscillator. (Online version
in colour.)

amplitude will be done in a computationally efficient manner. Note that the control algorithm
already includes a ramp rate for the change in the gap size for time-varying excitations so that
the response will not drop to the lower responding linear response during the change in gap size.
Therefore, any hardware limitations in changing the gap size would be included when optimizing
the controller and setting the ramp rates for a specific application.

5. Numerical study
In this section, the PWL harvester integrated with the proposed control method is numerically
investigated using time integration. Different excitation conditions are applied in case studies to
validate the vibration performance of the system. The time duration used in the numerical studies
is Ts = 40τ , which is roughly equal to 6.4 times 1/ω. Note that the selection of Ts should cover at
least a couple of vibration cycles so that the frequency and amplitude estimators can provide good
estimates.

(a) Unperturbed stationary excitation
The system subjected to a perfectly harmonic excitation with fixed excitation frequency and
amplitude is studied first. In order to present the vibration amplitude variation, equations of
motion with physical spatial variables, i.e. equation (2.4), are used for time integration. The actual
excitation amplitude and frequency used in this case study are y0 = 1 and ρ = 1.15. Moreover,
94% of the resonant gap size is used as the optimized size to avoid the jump phenomenon,
i.e. a= 0.94. Two gap size control strategies are compared in the study: (1) fixing the gap at
the optimized size and (2) starting from g= 0 and gradually approaching the optimized gap
size with the proposed control method. The mass is assumed to have zero initial displacement
and zero initial velocity, i.e. (x0, x′

0) = (0, 0), in the simulation. The results are plotted in figure 6.
Figure 6 shows that the signal estimators provide very accurate estimations for both the excitation
frequency and amplitude when the base motion is perfectly harmonic. Furthermore, the vibration
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Figure 6. Numerical simulation with unperturbed stationary excitation. (a) Base excitation displacement. (b) Mass
displacement. (c) Actual frequency and amplitude generated for excitation input and estimated values using the signal
estimators. (d) Gap size history. (Online version in colour.)

response with the gradual adjustment strategy has a root mean square (RMS) amplitude of 19.81;
however, the RMS amplitude of the vibration response without this adjustment strategy is only
2.92 even when the gap size is optimized. The vibration amplitude is increased by 6.78 times
by employing the gradual adjustment strategy. When the gap size is fixed at the optimized
size, the PWL oscillator converges to the linear response with a lower vibration amplitude since
(x0, x′

0) = (0, 0) in this case is in the basin of the attractor of the linear response as discussed in
§3. Thus, current PWL harvesters do not always provide an improved vibration performance in
an arbitrary excitation frequency given a random initial condition since they do not have the
gap adjustment mechanism. This new vibration energy harvester is able to accumulate vibration
energy when the gap size is initially zero and gradually adjust the gap to the optimized size. This
gradual adjustment process ensures that the system preserves the intermittent contact behaviour
during the transient response. The controllable gap is required even when the system is subjected
to stationary excitation.

(b) Perturbed stationary excitation
The system subjected to a perturbed harmonic excitation with a fixed excitation frequency is
studied in this case. In this study, the excitation is assumed to be perturbed by a normally
distributed noise: y(τ ) = y0 sin (ρτ ) + p(τ ), where y0 = 1, ρ = 1.15 and p(τ ) is the random
perturbation with the variance being 35% of y0. The results are plotted in figure 7. Figure 7 shows
that the estimated frequency and amplitude both fluctuate around the ρ and y0 values used in
the excitation input, respectively. In particular, the estimated amplitude has a larger variation
due to the excitation perturbation. Furthermore, the system responses of using two optimized
gap sizes are compared in figure 7b. The optimal gap size fluctuates due to changing estimated
amplitude value as can be seen in figure 7c,d. When the system is tracking 88% of the resonant
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gap size, the PWL oscillator maintains intermittent contact over the entire simulation time range.
By contrast, the system loses the intermittent contact when it is tracking 93% of the resonant
gap size. This implies that the absolute optimized gap size needs to be reduced to prevent the
system from jumping to the linear response due to the large variation in the excitation. The
jump phenomenon significantly reduces the vibration performance. Thus, there is a trade-off
between maintaining a high vibration amplitude and avoiding the undesired jump phenomenon.
To determine the optimized a value, numerical studies can be used if there is knowledge about
the expected excitation conditions. Furthermore, a control strategy that can bring the system back
to the nonlinear response after the jump occurs is discussed in §5d.

(c) Drifting excitation
The case when the system is subjected to a gradually drifting excitation is studied next. In order to
test how the proposed control method responds to changing excitation, both excitation frequency
and amplitude are set up to drift through time. In this case study, the frequency gradually changes
from ρ = 1.05 to ρ = 2.2 and the amplitude changes from y0 = 2.0 to y0 = 0.5 over the simulation
time range. Note that a 35% perturbation of the amplitude is applied to the excitation signal and
87% of the resonant gap size is used for gap optimization. The results are shown in figure 8.
Figure 8 shows that both the estimated frequency and amplitude fluctuate around the actual
values due to the perturbation and signal drifting; however, the estimators track the trend of
changing excitation very well. The response of using the adjustable gap with the proposed control
method is compared with the response of using g= 0 and g= 20 in figure 8b. It is shown that the
PWL oscillator can maintain intermittent contact after the gradual adjustment process when the
gap is tracking the optimized size that changes with the excitation. By contrast, the system only
experiences resonance when the excitation frequency is close to particular values when the gap
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size is fixed at g= 20 and g= 0. Furthermore, it is observed that when g= 20 the system has a
wider bandwidth than g= 0; however, the system quickly jumps to the linear response shortly
after the excitation frequency passes the resonant frequency. The RMS vibration amplitudes are
32.94, 9.07 and 7.01 when using the adjustable gap, g= 20, and g= 0, respectively. In summary, the
proposed control strategy provides the optimized vibration performance when the PWL harvester
is driven by a changing excitation and the frequency drifts within the bounded frequency range.

(d) Excitation with abrupt changes
It has been shown that the proposed system can handle excitation with gradual changes in its
frequency and amplitude. The case where the system is subjected to abruptly changing excitation
is discussed next. In this case study, the system is subjected to piecewise stationary excitation
with 35% perturbations in amplitude. The excitation frequency and amplitude within the three
stationary regions are (ρ, y0) = (1.05, 1.3), (1.20, 2.0) and (1.70, 1.1), respectively. The excitation
condition changes abruptly when it switches from one stationary region to the next. The result
of applying the controllable gap is plotted in figure 9. Note that 87% of the resonant gap size is
used for the optimized gap size. Figure 9b shows that the system loses the intermittent contact
and tends to converges to the linear response shortly after the sudden changes in the excitation.
In order to maximize the response, the gap size is adjusted to g= 0 to trigger the intermittent
contact behaviour. Note that, as is shown in figure 3, the bistable regime does not exist when
g= 0, and the nonlinear response is guaranteed for any motion because the mass will initiate and
lose contact with the spring during a vibration cycle. Thus readjusting the gap size to g= 0 can
always trigger the nonlinear response. Once the intermittent contact event occurs, the gradual
adjustment process is activated to bring the system back to the optimized gap size to enhance
the vibration performance. Note that this control strategy can also be applied in the circumstance
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where the system loses the intermittent contact due to perturbations in the excitation as discussed
in §5b.

6. Energy generation discussion
In this section, the integration of the proposed mechanical model and electrical transducer
is discussed. Note that either electromagnetic or piezoelectric transducers can be integrated
with the proposed mechanical model to convert the kinetic energy into electrical energy;
however, only the electromagnetic transducer is discussed in this work. Figure 10 shows the
integrated vibration energy harvester consisting of the proposed mechanical oscillator and an
electromagnetic transducer with RH representing the electrical resistance of the harvester and fe
representing the electromotive force induced by the electromagnetic transducer. The equation of
motion of the integrated system can be expressed as⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x′′
c (τ ) + 2(ζ + ζ ∗ρ∗)x′

c(τ ) + (1 + ρ∗2)xc(τ ) + fe(τ )

= y′′(τ ) + 2ζ ∗ρ∗g′(τ ) + ρ∗2g(τ )

fe(τ ) = ωktkex′
c(τ )

mRH

when x≥ g

and

⎧⎪⎨
⎪⎩
x′′
o (τ ) + 2ζx′

o(τ ) + xo(τ ) + fe(τ ) = y′′(τ )

fe(τ ) = ωktkex′
o(τ )

mRH

when x< g,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(6.1)

where kt is the motor constant and ke is the electromotive force coefficient. Note that the
electromotive force fe can be thought of as a viscous damping force [49,50] and the equivalent
electrical damping can be defined as ce = ωktke/mRH. The instantaneous power absorbed by the
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electromagnetic transducer is Pinst = ce(x′)2 and the energy generated by the electromagnetic
transducer over a specific time range T is

E= ce

∫T

0
(x′)2 dτ . (6.2)

Note that the linear positioning system will require a certain amount of energy to change its
position. Therefore, the increase in harvested energy due to the proposed method must at least
overcome the energy consumed by the actuator. This yields the following criterion:

ηEwc − Ew/oc > 0, (6.3)

where Ewc is the energy generated by the transducer with the proposed control method, Ew/oc

is the energy generated by the transducer without the proposed control method, and η ∈ [0, 1] is
the energy generation efficiency that depends on the energy generated by the harvester relative
to the energy consumed by the actuator. Note that η = 1 represents the case where the actuator
consumes no energy. Equation (6.3) can also be written as

η

∫T
0

(x′
wc)

2 dτ −
∫T

0
(x′

w/oc)
2 dτ > 0, (6.4)

where x′
wc is the velocity response of the system with the proposed control method and x′

wo/c is
the velocity response of the system without the proposed control method. The proposed controller
can provide positive contribution to the energy harvesting only when equation (6.4) is satisfied.
Thus, applications where this control method (that requires linear actuation) is used, and the
actuator efficiency needed for specific applications requires further studies [51]. Furthermore,
the system response is influenced by several parameters including the mechanical stiffness,
mechanical damping and electrical damping.

7. Conclusion
In this paper, an energy harvesting system with a PWL nonlinear oscillator and an adjustable
gap is proposed. In this system, the resonant frequency of the device can be tuned to match the
excitation frequency using a real-time control mechanism by adjusting the gap to the appropriate
size. The proposed control method integrates the fast prediction of the optimized gap size,
signal estimators, and a gap adjustment mechanism to optimize the vibration performance over
a broad frequency range while also being able to achieve the best performance at resonance.
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The nonlinear dynamic properties of the PWL oscillator are also discussed. The vibration
performance of the proposed harvester with the proposed control method is numerically
investigated in this work. The simulation results show that the proposed control method can
enhance the vibration amplitude of the PWL harvester for both stationary and changing excitation
conditions. The proposed system can achieve a better vibration performance than traditional PWL
harvesters with the gap size fixed at a constant. Furthermore, the proposed energy harvesting
strategy can be applied to piezoelectric or electromagnetic devices.
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