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Keywords: is the rarest Standard Model process that has been observed and provides a unique
Double beta decay test of the understanding of weak nuclear interactions. Observation of neutrinoless
Lattice field theory double-$ decay would reveal that neutrinos are Majorana fermions and that lepton
Nuclear matrix elements number conservation is violated in nature. While significant progress has been made

in phenomenological approaches to understanding these processes, establishing a con-
nection between these processes and the physics of the Standard Model and beyond
is a critical task as it will provide input into the design and interpretation of future
experiments. The strong-interaction contributions to double-8 decay processes are non-
perturbative and can only be addressed systematically through a combination of lattice
Quantum Chromoodynamics (LQCD) and nuclear many-body calculations. In this review,
current efforts to establish the LQCD connection are discussed for both neutrinoful and
neutrinoless double-8 decay. LQCD calculations of the hadronic contributions to the
neutrinoful process nn — ppe~ e~ V.V, and to various neutrinoless pionic transitions are
reviewed, and the connections of these calculations to the phenomenology of double-8
decay through the use of effective field theory (EFTs) is highlighted. At present, LQCD
calculations are limited to small nuclear systems, and to pionic subsystems, and require
matching to appropriate EFTs to have direct phenomenological impact. However, these
calculations have already revealed qualitatively that there are terms in the EFTs that can
only be constrained from double-8 decay processes themselves or using inputs from
LQCD. Future prospects for direct calculations in larger nuclei are also discussed.
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1. Introduction

The study of nuclear beta decays has been instrumental in the development of the modern theory of electroweak
interactions encoded in the Standard Model (SM) [1]. Single beta decay of the neutron and nuclei with sufficiently high
precision has been used to test the SM and probe new physics in charged-current electroweak interactions [2]. Double
beta decay [3] (DBD) is a rare nuclear process, observable only in certain nuclei with even numbers of protons and
neutrons (even-even nuclei) for which single beta decay is energetically forbidden. In such decays, two neutrons decay
into two protons with emission of two electrons and two anti-neutrinos. Neutrinoful double-g (2v88) decay is the rarest
SM process whose rate has been measured [4] and it therefore offers a non-trivial test of our understanding of weak
interactions in nuclei.

It was realized as early as 1939 [5] that a neutrinoless variant of double beta decay could occur if neutrinos are
Majorana fermions [6]. In the neutrinoless double beta decay mode (Ov88), two neutrons convert into two protons with
emission of two electrons and no neutrinos (nn — ppe~e~), thus changing the number of leptons by two units. Since
lepton number (more precisely at the quantum level the difference of baryon and lepton number, B—L) is conserved in the
SM, observation of OvB8 would be direct evidence of new physics, with far reaching implications: it would demonstrate
that neutrinos are Majorana fermions [7], shed light on the mechanism of neutrino mass generation [8-10], and probe
a key ingredient, lepton number violation (LNV), needed to generate the matter-antimatter asymmetry in the universe
via “leptogenesis” [11]. Because of these outstanding scientific motivations, a vigorous worldwide experimental program
exists searching for OvB 8. Current experimental limits are very stringent [ 12-24]; for example, the Ov3 lifetime of 1*6Xe
is T]O/”2 > 1.07 x 10% yr [16]. Next-generation, ton-scale, experiments aim to improve sensitivity by one or two orders of
magnitude.

By itself, the observation of OvB8 would not immediately resolve the underlying mechanism of LNV. In fact, ton-scale
OvBp searches will constrain LNV from a variety of mechanisms at unprecedented precision [25,26]. For example, the
standard see-saw mechanism for neutrino mass generation originates at very high scale [8,10], through the exchange of
heavy right-handed (RH) neutrinos which leave behind a single dimension-5 operator at low-energy [27] written in terms
of lepton and Higgs fields, suppressed by the scale A associated with LNV, which in this case coincides with the mass of RH
neutrinos (A ~ Mg). Below the electroweak scale the dimension-5 operator provides a Majorana mass term for the light
neutrinos. In this case OvSg is a direct probe of the neutrino mass matrix. The decay rate scales as I" o |My, |2m§ﬂ, where

Mo, is the nuclear matrix element and mgg = !Z,Uezimi‘ is the “ee” component of the neutrino Majorana mass matrix in
the flavor basis with U being the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [28,29]. From neutrino oscillation
experiments, some inputs for mgg are constrained [4]. However, the two Majorana phases, the ordering of the spectrum
(Miightest = M1 OT Mijghtest = M3), and the value of Myightesr remain unknown. This implies that in the mgg vs Myightest Plane
one has two bands, whose width is due to the unknown Majorana phases. The current understanding is summarized in
Fig. 1, including the experimental constraint on mgg from Ref. [16]. Experimental sensitivities appear as horizontal bands
rather than lines, due to estimates of the uncertainties in the nuclear matrix elements My,, which vary by a factor of 3
depending on the nucleus and on which model is adopted in the calculation [30]. Next-generation experiments aim to
explore parameter space, covering the entire “inverted hierarchy” band in mgg (green region), assuming nuclear matrix
elements are given by the minimum of available calculations. A discovery will be possible if nature realizes an inverted
spectrum, or if Mygneest > 50 meV, irrespective of the ordering. Note that the interplay of Ov88 with other neutrino mass
probes, namely constraints on mg = (}_,;|U.i|*m?)"/? from tritium beta decay [31,32] and £ = ,;m; from cosmology [33],
can test the high-scale see-saw model and possibly unravel new sources of LNV or physics beyond the standard ACDM
+ m, cosmological paradigm.

Alternatively, LNV could originate at an intermediate scale, close to the TeV-scale, as in for example the Left-Right
Symmetric Model [9]. TeV sources of LNV (such as a TeV-mass right-handed neutrino) may lead to sizeable contributions
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Fig. 1. |mgg| versus lightest neutrino mass for both normal (pink band) and inverted neutrino mass hierarchy (green band). Current experimental
sensitivities are reported as gray and blue horizontal bands, whose width is determined by order-of-magnitude theoretical uncertainties on the
nuclear transition matrix elements.

Source: Figure from Ref. [16].

to Ov BB not directly related to the exchange of light neutrinos, provided the scale A is not too high compared to the weak
scale. In such cases, the Large Hadron Collider (LHC) can compete with OvB g to constrain the parameter space of certain
models, see for example Refs. [34,35]. Note that the new contributions from TeV scale LNV can interfere with mgg or add
incoherently, significantly affecting the interpretation of experimental results. In these scenarios the exchange of heavy
particles leaves behind operators of odd dimension (d = 7,9, 11, ...) [36] written in terms of lepton, Higgs, and quark
fields, and suppressed by A% 4. Importantly, these TeV scale mechanisms can lead to different transition operators at the
hadronic and nuclear scale, which in most cases probe the structure of nuclei at very short distances. Finally, LNV could
be lurking at very low-scale, through mass terms of light sterile neutrinos. Implications of light sterile neutrino exchange
for OvB B have been studied in the context of current short-baseline neutrino oscillation anomalies [37].

To summarize, ton-scale OvB8 searches, which will reach sensitivities T1, > 10?728 yr, will probe uncharted territory
and thus have significant discovery potential. In combination with oscillation experiments, direct mass measurements,
and cosmology, OvB 8 can effectively probe the high-scale see-saw paradigm. At the same time, Ov38 is quite sensitive
to LNV originating at scales lower than the GUT scale, and by itself, or in combination with the LHC experiments, can
discover LNV at the multi-TeV scale.

For any of the possible underlying mechanisms, the interpretation of Qv88 experiments and the constraints on
fundamental LNV parameters, such as the Majorana masses of left-handed neutrinos, rely on having a theoretical
framework that provides reliable predictions of transition rates with controlled uncertainties. As shown by the horizontal
bands in Fig. 1, current knowledge of the relevant hadronic and nuclear matrix elements is unsatisfactory as it is a
key source of uncertainty [30]. For reviews of the standard approach to nuclear matrix elements, we refer the reader
to Refs. [30,38-41]. Here we note that various approaches to the many-body problem lead to estimates of the matrix
elements that differ by a factor of two to three, and, more importantly, lack a systematic way in which to assess the
uncertainties. In fact, few of the current calculations of nuclear matrix elements are based on ab-initio many-body methods
and effective field theory (EFT) analysis of the transition operators, where lattice QCD can provide key input. To improve
upon this situation, recent efforts have advocated an “end-to-end” EFT analysis of Ov38 to link the scale A of LNV to
nuclear scales. This multi-prong approach includes various steps:

1. The use of the Standard Model EFT to link the scale A of LNV to the hadronic scale A, ~ 0(1) GeV, where non-
perturbative QCD effects arise. This step is by now mature: the operator basis (to which any underlying model can
be matched) is known up to dimension-nine and the renormalization group evolution of these operators under
strong interactions is known. Light new degrees of freedom (such as sterile neutrinos) can also be included in this
framework.

2. The matching of the quark-gluon level EFT to hadronic EFTs such as Chiral Perturbation Theory (x PT) in the meson
and single nucleon sector, and chiral EFT and pionless EFT in the multi-nucleon sector. This step can be performed
consistently in the strong and weak sectors of the theory, which in the case of interest here involves AL = 2

Please cite this article as: V. Cirigliano, W. Detmold, A. Nicholson et al., Lattice QCD Inputs for nuclear double beta decay, Progress in Particle and Nuclear
Physics (2020) 103771, https://doi.org/10.1016/j.ppnp.2020.103771.




4 V. Cirigliano, W. Detmold, A. Nicholson et al. / Progress in Particle and Nuclear Physics xxx (XXxX) XXX

transition operators. The form of the transition operators is known to leading order in the hadronic EFT expansion
for all underlying LNV mechanisms, and sub-leading corrections are also known for most mechanisms. The matching
procedure typically requires the introduction of hadronic interactions that are short-range compared to the typical
nuclear scale and have effective couplings encoding non-perturbative strong-interaction physics. In what follows,
we refer to these effective couplings as low-energy constants (LECs).

3. The use of lattice QCD (LQCD) to determine the LECs relevant to double beta decay, including the ones controlling
the AL = 2 transition operators needed to predict neutrinoless double beta decay. This step involves matching a
given hadronic or few-body amplitude computed in LQCD to the corresponding expression in the hadronic EFT.
This is a relatively new area of research. Recent activity has focused on the calculation of polarizability effects
for neutrinoful double beta decay, as well as mesonic LECs of relevance for both TeV LNV mechanisms and light
Majorana neutrino exchange for neutrinoless double beta decay. Addressing the challenges associated with two-
nucleon (such as nn — ppee) and multi-nucleon matrix elements in LQCD is an active area of research. In concert,
EFT calculations for LNV transitions will need to be extended to finite-volume to optimize the matching procedure.

4. The solution of the nuclear many-body problem for nuclei of experimental interest, through ab initio nuclear
structure methods, relying on QCD-rooted chiral potentials and weak transition operators (including those with
AL = 2). These calculations are in their infancy for nuclei of experimental interest such as 76Ge, and can be
benchmarked in lighter nuclei where ab initio many-body methods are available [42,43].

With this framework in mind, this review focuses on recent progress and future prospects in the use of LQCD to
compute the LECs relevant for neutrinoful and neutrinoless double beta decay (step 3 above), which is intertwined
with the EFT description of the these processes (step 2 above) and serves as input for many-body calculations (step 4).
Whenever appropriate, we discuss the correspondence between the EFT and traditional approaches to nuclear matrix
elements [30,38-41]. For a broader overview of the role of LQCD and EFT in searches for violations of fundamental
symmetries, the reader is referred to Ref. [44].

The manuscript is organized as follows: the EFT framework for double-8 decay and the basics of Lattice QCD are
reviewed in Sections 2.1 and 2.2, respectively. In Section 3 neutrinoful double-8 decay is discussed. Section 4 is devoted
to neutrinoless double beta decay, focusing on short-range (TeV scale) mechanisms of LNV in Section 4.1 and on the light
Majorana neutrino exchange mechanism in Section 4.2. The prospects for two- and multi-nucleon matrix elements in
OvBp are discussed in Section 4.3 before this review is concluded with an outlook in Section 5.

2. Lattice QCD and effective field theory
2.1. Effective field theory for double-B decay

In most beyond the Standard Model (BSM) scenarios, the LNV source responsible for Ov 88 is induced at an energy scale
A well above the electroweak scale. This scale separation justifies an effective field theory approach. Such an approach has
the advantage that Ov38 and its correlation with collider observables can be described in a model-independent fashion.
The Standard Model can be seen as the renormalizable part of an EFT that includes higher-dimensional operators which
are suppressed by powers of the scale of BSM dynamics [27,45]:

C’gd) (d)
i O (1)

Lsmerr = Lsm + Z
n, d>5

The dimension-d operators oﬁ,"), where n indexes the allowed forms of operators of the given dimension, are built out SM
fields (or additional light degrees of freedom) and are invariant under the SM gauge group SU(3), x SU(2); x U(1)y. If
the underlying BSM model is known, the dimensionless Wilson coefficients ' can be calculated in terms of the model
parameters. The effective Lagrangian in Eq. (1) describes the low-energy limit of any high-scale extension of the SM, and
defines the so-called SM Effective Field Theory (SMEFT).

Within this EFT, the AL = 2 operators have odd dimension [36]. The first AL = 2 term therefore appears at dimension
five [27] and provides a contribution to the neutrino Majorana mass [27]. In the standard type-I see-saw mechanism, this
dimension-five operator arises from integrating out heavy right-handed neutrinos typically at the GUT-scale, A ~ 10"
GeV. LNV operators with a dimension d > 5 are then suppressed by multiple powers of v/A ~ 107'3, where v ~ 246
GeV is the Higgs vacuum expectation value, and can be safely neglected. In various models, however, the scale of LNV
new physics is much lower and the dimension-five operator may be suppressed by loop factors and/or small Yukawa
couplings. For instance, in the above-mentioned left-right symmetric models the dimension-five operator scales as y?/ A,
where y is a Yukawa coupling scaling as y ~ m,/v ~ 1078, While dimension-seven [46] and -nine [47-49] LNV operators
are suppressed by additional powers of A, they can be suppressed by only one power of y, or even by O(y°). As such,
the dimension-seven and -nine operators can have contributions at the same order as the dimension-five operator, for
A in the 1-10 TeV range. Since for operators at dimension 11 and larger, the usual v/ A suppression holds (no factors
of Yukawa couplings can compensate it), in order to describe OvB8 in a model-independent way, one should include all
SU(3): x SU(2), x U(1)y-invariant AL = 2 operators up to dimension-nine in the SMEFT. Dimension-seven and -nine
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operators have been discussed in the literature in the context of models of radiative neutrino mass generation [50-55],
R-Parity Violating Supersymmetry [47,56-58], and Left-Right Symmetric model [34,59-63] (this is not an exhaustive list
of references).

Below the electroweak scale, these high-scale operators induce an SU(3), x U(1)em-invariant AL = 2 Lagrangian that
includes operators of dimension three, six, seven, and nine [64-66]. The mismatch in dimensions is due to the fact that
the Higgs field acquires a vacuum expectation value (vev) and the Higgs and W boson are integrated out of the EFT. At
the scale A, ~ 1 GeV, characteristic of nonperturbative QCD effects, the effective Lagrangian is given by [66]

m 6 7 9
Leif = Locp + Lw — % v Cver + L5 + L5 _5 +£5), . (2)

Lw = —Hw = —2v2GVyqfipy™d, €LYy Vel (3)

where C is the charge conjugation matrix. Here, the first term denotes the strong interactions among quarks and gluons,
and the second term represents the charged-current weak interactions of up and down quarks with leptons, whose
strength is determined by the Fermi constant Gr and the V4 element of the Cabibbo-Kobayashi-Maskawa (CKM) matrix.
Analogous terms involving strange quarks can be included but are irrelevant in the context of this review so are omitted.
The remaining terms denote the AL = 2 contributions, with the dimension-three Majorana mass term displayed explicitly.
Details of L 6 7 9) can be found in Ref. [66].

In order to calculate Ovpp transitions, below the scale A, ~ 1 GeV, the Lagrangian in Eq. (2) needs to be matched onto
a theory of hadrons. Since the relevant hadronic and nuclear processes involve momentum transfer Q < A,, the tool of
choice is chiral effective field theory (xEFT) [67-69] (for reviews see [70,71]), which organizes the effective Lagrangian
according to the scaling of operators in powers of the typical momentum in units of the breakdown scale,

& =Q/A,, Q~my~kp, Ay ~4nF, ~1GeV, (4)

where m, >~ 140 MeV and F,, >~ 92.2 MeV are the pion mass and decay constant, respectively, and kr represents a typical
Fermi momentum inside a nucleus. The y EFT Lagrangian schematically reads

Gr _ _ _
—Vua j,u(”, N, A)eLyuveL - 4G%V5d771.v(77a N, A) eL)/'uVeL eL)’vveL

V2

— SMgp vl Cvg, — %Vud O(m,N, A)eI'Cil, — GEO'(n,N, A)eI''Ce" +H.c., (5)
where the first line contains the strong, first- and second-order charged current weak interactions, respectively, while the
operators in the second line violate L by two units. Here Lstrong, Jyu» T, O, and O are combinations of pion, nucleon, and
Delta isobar fields, organized according to increasing powers of ¢,. They encode the non-perturbative QCD effects arising
from distances shorter than A;1. Ju 1s the hadronic realization of the weak current [72-81], while 7,,, encodes the weak
hadronic polarizability [82,83]. Finally © and @’ parametrize the hadronic component of AL = 2 interactions. I" and I’/
represent the possible Dirac structures of the leptonic bilinear, and for simplicity, possible Lorentz indices in I, I/, ©
and O’ are suppressed.

For situations in which the momentum transfer Q — & <« m; ~ Ay, which can be realized in particular kinematic
regions or in LQCD calculations at unphysically large values of the quark masses, the appropriate EFT to use is the so-called
pionless EFT [84-88] (#EFT), in which pion degrees of freedom are integrated out. The structure of Eq. (5) carries over
in Lyerr = Lyerr, With Lsong, o Tuvs ©, and O’ now combinations of the nucleon fields only. In 7 EFT, operators and
amplitudes are expanded in powers of ¢, = X/Ay. Pionless EFT allows one to gain analytic insight into the structure
of strong and electroweak amplitudes and is particularly useful in matching to current LQCD calculations in the multi-
nucleon sector (see Section 3 for a concrete example). The lepton-number conserving terms in the first line of Eq. (5)
are discussed in greater depth in Section 2.1.1. In particular, the contributions to neutrinoful double beta decay using the
dibaryon formulation [89] of pionless EFT are presented, setting the stage for matching to LQCD in Section 3.

Concerning AL = 2 effects, the Lagrangian in Eq. (5) can be used to calculate few-body amplitudes, from which one can
then obtain non-relativistic potentials and weak transitions operators to be used in nuclear many-body calculations (see
for example Ref. [71]). This step is equivalent to integrating out pions (and Majorana neutrinos) with “soft” ((k°, |k|) ~
(€4, €,)A,) and “potential” (K0, |K|) ~ ( , €4)A, ) scaling of their four-momenta, while keeping in mind that the effects
of “hard” Majorana neutrinos (k% ~ |K| >> A, ) are already included in the local terms in Eq. (5). Through this procedure,
one arrives at nuclear-level weak currents that contribute to single beta decay and neutrinoful double beta decay, as well
as the Ov 3 transition operators, often referred to as “neutrino potentials”. The part of the effective nuclear Hamiltonian
controlling OvBB8 can be written as

Lygrr = Estrong(”7 N, A) —

HO) = 2G2v2 8,8 S (mﬁﬁ V@) 4y oy | vg‘”’)) , (6)
a#b

where a, b label nucleons in the system and Vﬁ”*”) and Véa’b) are the two-body transition operators induced by the

dimension-3 operator (neutrino mass) and dimension-d operators of Eq. (2), respectively. Within the current EFT
framework, the two-body transition operators admit an expansion in powers of v/A, A, /v, and €, = Q/A, or ¢ =
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N/ Ay [66,90]. In the case of Majorana neutrino exchange, three-body transition operators (suppressed by 6)2(
to the leading two-body ones) have been considered in Refs. [91,92].

Full details of each of the matching steps outlined above can be found in Ref. [66]. The potentials Véf’;b ) require the
hadronic and nuclear realization of isovector quark bilinears of the form ul"d (I € {1, ¥s, Yu, Yu¥5. 0, }), Which also
appear in the analysis of single beta decay of nuclei in the SM and beyond. The LQCD input needed here is the single-
nucleon char%es [93-97] as well as LECs associated with two-body currents [98-100]. In Sections 2.1.2 and 2.1.3, only
Vﬂ“”’) and Véa‘ ) are discussed in detail, since at the leading order (LO), these potentials involve genuinely non-factorizable
contributions with new LECs that cannot be extracted from data and whose first-principles determination requires input
from LQCD.

compared

2.1.1. Lepton number conserving interactions

It is useful to begin with consideration of the lepton number conserving first and second order weak interactions
in nuclei. As is appropriate for the analysis of the LQCD calculations of 2v3, presented in Section 3, in the dibaryon
formulation [87,89,101] of pionless EFT [84-87] the lepton number conserving strong and weak interactions (the first
line in Eq. (5)) are expressed in terms of nucleon and dibaryon fields for each possible two-nucleon channel. The purely
strong interaction Lagrangian, and the form of the dibaryon propagators that re-sum effects on multiple nucleon-nucleon
scatterings, are given in Refs. [87,101] and reproduced in the current context in Ref. [83]. The corresponding Lagrangians
for the first-order [102-104] and second-order axial current interactions (implemented as an axial background field W/
where a (i) denotes the isovector (vector) indices of the field) are

£ = —5%9NTa3UM;r+4—m€r3+4N;r*]N
l]A t
— M \wrdst +Wils® + Widls™ h.c.], 7
T W 5T Wi s + 7)
and
h
£®) 5 23 ypabgateh (8)
2Mrg

respectively. Here, N = (p, n)” is the nucleon doublet field and t; and s, are the isosinglet (3S;) and isotriplet (1Sg)
dinucleon fields. The nucleon mass is M, the chiral limit axial coupling of the nucleon is g4 o, and the spin singlet and
triplet effective ranges are r;, respectively. The two body counterterms at first and second order in the weak interaction
are Iy 4 and hy s. Finally, o; and t; are Pauli matrices in spin and isospin space, respectively, with t* = (t; £i rz)/«/i. For
simplicity, the background axial field is defined to be non-vanishing only for the i = 3 component. It is useful to define
a new coupling, I; 4, that encapsulates solely two-body contributions to the amplitudes,

Lia = ha+2M/rirega. 9
For the second order coupling, W% = WéaW? is the symmetric traceless combination of two background field

insertions at the same location, and only terms relevant for the nn to pp isotensor transition are shown and involve
only the isovector dibaryon field. As with I; 4, a new coupling h, s can be defined to exclude the one-body contributions
to the transition amplitudes from the interaction in Eq. (8),

2
M<rs

—g. 10
2,2 &4 (10)

hys =hys —

2.1.2. Lepton number violation from light Majorana neutrino exchange

In x EFT, the LO neutrino potential V\E“*”) induced by light Majorana neutrino exchange (see Eqs. (5) and (6)) arises from
double insertions of the weak current depicted in Fig. 2, entailing long- and pion-range effects, as well as a short-range
contact interaction [90,105]:

2 2
V1) _ (@4 . 284, 6. o (14 ml _Brogn (4 mi
’ e 3 2(q* +mZ 3 (@* +m3)?

—2gNN (@0 (11)

Here q is the nucleon momentum-transfer and 50 = ¢(V . ¢/ — 3¢{V . q? - q/q? is the spin tensor operator. Finally,
g™ is an a priori unknown LO contact coupling, scaling as g\N ~ O(F2), which encodes the exchange of “hard” neutrinos
with virtualities much greater than the nuclear scale. A term like this is expected to arise from the interactions in Eq. (2),
through non-factorizable terms induced by quark and gluon exchange in the T-ordered product of two weak currents.
In the low-energy EFT, the presence of the contact interaction is required by renormalization of the nn — ppee
amplitude [90,105]. The argument is as follows: the first term in the Ov S8 transition operator in Eq. (11) has Coulomb-like
behavior at large |q|, which induces ultraviolet (UV) divergences in LNV scattering amplitudes, such as nn — ppee, when
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Fig. 2. Long-range contributions to the neutrino potential V{**). Double and dashed lines denote, respectively, nucleons and pions. Single lines denote
electrons and neutrinos, and squares denote insertions of mgg.

both the two neutrons in the initial state and the two protons in the final state are in the 'Sy channel. The UV divergence
arises when including strong re-scattering effects in the 'Sy channel through the LO xEFT potential in the 'Sy channel

- g2 m

V]\][\]O = Cng - ém (12)
Here, Cig) ~ O(F; 2, miFn‘ 4) is a contact interaction that accounts for short-range physics from pion exchange and other
QCD effects. This term is needed for renormalization and to generate the observed, shallow 1Sy virtual state. It is expected
at LO [68,69] on the basis of naive dimensional analysis (NDA), and it is present at LO in all formulations of chiral EFT.
The diagrammatic contributions to the nn — ppee amplitude to LO in xEFT are given in Fig. 3. The first diagram in the
third row of Fig. 3 has a logarithmic divergence, which stems from an insertion of the most singular component of the
neutrino potential, i.e. 1/q?, and two insertions of C; So* This divergence requires the introduction of the contact term gL"N,
and the associated renormalization group equation determines its scaling: g ~ O(F_2) [90,105].

The contact term gNN corresponds to a genuine new contribution due to the exchange of neutrinos with momenta
gl > A,. The new coupling encodes a non-factorizable two-nucleon effect, beyond the factorizable one-nucleon
corrections captured by the radii of weak form factors, which also give a short-range neutrino potential. Moreover, g\ is
not part of the so-called “short-range correlations” [106-109], as it is needed even when one works with fully correlated
wavefunctions, i.e. exact solutions of the Schrodinger equation with the appropriate strong potential. The situation is
somehow analogous to 8 decay, where two-nucleon weak currents and short-range correlations are both present, and
can both be viewed as an “in-medium quenching” of g4, as recently discussed in Refs. [110,111].

The neutrino potential V{2 in #EFT can be obtained by taking the m, — oo limit in Eq. (11). While the tensor
component of V, vanishes in this limit, the most singular part of V,, proportional to 1/q?, survives. Therefore, re-scattering
effects (in particular, the first diagram in the third row of Fig. 3, without the pion ladder) induced by the LO strong potential

VISO = G ~ 4m /(MyR) produce a UV divergence and require a LO counterterm gl',“N in 7/EFT as well [112].

The leading order LEC ghN is currently unknown. Chiral and isospin symmetry arguments relate g"V to one of two
Al = 2NN contact interactions of electromagnetic origin. A fit to NN scattering data confirms the LO scaling of such
couplings, but does not allow the two couplings to be disentangled and hence gfﬂ” to be extracted [90,105]. Therefore,
the first-principles determination of g\N through LQCD is of the greatest importance. This calculation is quite challenging
and will be most likely be first performed at unphysically large values of the quark masses. This can still be useful for
phenomenology, as it will allow one to extract g™ in # EFT, which can be related through an EFT matching calculation to
gl'fN in xEFT, in the schemes suitable for implementation in many-body calculations. Subsequent LQCD calculations closer
to the physical pion mass will allow for direct matching to x EFT.

In Ref. [90], it has been shown that the short-range OvB S operator is only needed in spin-singlet S-wave transitions,
while leading-order transitions involving higher partial waves depend solely on long-range currents. Moreover, Ref. [90]
extended the calculation to include next-to-leading order (NLO) corrections finding that no additional undetermined
parameters appear.

At next-to-next-to-leading order (N’LO), a number of corrections to Eq. (11) arise. These include corrections from the
momentum dependence of the nucleon vector and axial form factors, as well as from weak magnetism. These are usually
included in the neutrino potential, see for example Refs. [30,38]. However, at the same order (N>LO) in x EFT, there appear
many other non-factorizable contributions, for instance from pion loops that dress the neutrino exchange [112]. Due to
UV divergences, at N2LO there appear three new O(1) LECs, namely g7, g”™", and gV [112]:

2172
@ = 2GEVigmep [SFgg;”f 3,7~ "™ 4+ v 2gaoFog™ pS,n o ™ + gNPpn [m] g.Cel +---, (13)
(47Fy)> |6
where S, is the nucleon spin vector and F is the pion decay constant in the chiral limit. In the nucleon rest frame one
has S* = (0, ¢/2). As in the case of the LO contact term, the couplings g”, g”", and g"N®) are related to LECs in the
electromagnetic sector. Using large-N¢ based resonance saturation estimates for the electromagnetic LECs [113], one finds
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Fig. 3. Diagrammatic representation of LO contributions to nn — ppee. Double, dashed, and plain lines denote nucleons, pions, and leptons,
respectively. Gray circles denote the nucleon axial and vector currents, and the black square represents an insertion of mgg. The blue ellipse
represents iteration of V. In the counterterm amplitude (fourth line) the black square represents g{,VN . The ellipses in the second, third, and fourth
lines denote diagrams with arbitrary numbers of bubble insertions.

g7 (uw = m,) = —7.6, to which one should attach a conservative 50% uncertainty. The LECs can also be computed by
matching LQCD and yxEFT expressions for appropriate scattering amplitudes. So far LQCD efforts have focused on the
determination of g™, see Section 4.2.

Before concluding this section, we compare the neutrino potential derived in the EFT with the standard approach.
We begin by noting that in the EFT approach the neutrino potential Vﬁ‘”’) depends only on the momentum scale g ~ kg
and not on infrared scales corresponding to the excitation energies of the intermediate odd-odd nucleus in Ov33. In the
standard approach, the energy difference E;, — 1/2(E; + Ef) appearing in the denominator of second-order perturbation
theory is often approximated by the average E — 1/2(E; + Ef), which is called the closure approximation. Now, up to the
contact term g, the standard neutrino potential [30,39] reduces to the LO potential in Eq. (11) when E — 1/2(E; + Ef) is
set to zero and the form factors are evaluated at zero momentum. In the EFT approach, the form-factor effects appear to
N2LO. Similarly, the sensitivity to nuclear intermediate states appears in the EFT approach to N°LO through the exchange
of ‘ultrasoft’ neutrinos (q° ~ |q| < kg), as discussed in detail in Ref. [112].

In summary, for the light Majorana neutrino exchange mechanism, LQCD input is needed for the LO coupling gV as
well as for the N2LO couplings g*”, g*V, and g\N), Clearly a determination of g"N is the most urgent task in order to
address the implications of next-generation experimental results on the LNV parameter mgg.

2.1.3. Lepton number violation from short range mechanisms
The set of SU(3). x U(1)em invariant four-quark, two-lepton operators at dimension-9 can be written as [47,49]

1 o o _ _
9 = = Z[(c}? &xCep + eLCe{) 0; + CPey, ysce’ o;*}, (14)
i

where 0; and O} are four-quark operators that are Lorentz scalars and vectors, respectively. The renormalization group

evolution of the Wilson coefficients, Cfff;z is known and summarized in Ref. [66]. The scalar operators have been discussed
in Refs. [47,49] and can be written as

01 = @yuriq av'cta . 0y =@yt Ghy ity

0, = gsttq Ghrtq) 0, =g trq;atqp .

05 = git*q) qhrtq, 0, =g tray a. v . (15)
04 = @ythal Ghy'cral

0s = @yuttal @hy'cral,
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Fig. 4. The different contributions of dimension-9 LNV operators to the OvBS potential Véa'b), see Refs. [47,56,114,115]. Double, dashed, and single
lines denote, respectively, nucleon, pion, and lepton fields. The black square denotes AL = 2w, N, and NN operators realizing the dimension-9
quark-level operators at the hadronic level. The remaining vertices are SM interactions between nucleons and pions.

where «, B are color indices. The O] operators are related to O; by parity. Finally, there are four vector operators Og 7.8.9
whose explicit form can be found in Ref. [49].

In x EFT, the scalar operators {0y, ..., Os} generate the wee, w NNee, and NN NN ee LNV vertices shown as black squares
in Fig. 4. The operators O; 3 45 induce non-derivative pionic operators [116], while the first pionic operators induced by
0 contain two derivatives [117]. Based on this, within the Weinberg power counting of xEFT, one finds that for 0, 3 45,
the dominant contribution to the nn — pp transition operator arises from the double pion exchange diagrams in Fig. 4,
while for O all diagrams in Fig. 4 are equally important [47].

The mesonic chiral Lagrangian for O , 5 , 5 is given by

FAT5
e = 2 2 e+ (67 + 57C) Te (0 )
7 ~(9) am ~(9) +rrt+ éLCéIT_-
+(g4 Cy + &2 CSL)Tr(Ur Ut )]T—HL(_)R)
F3 5 nn®a o - B S S ) W ) S 1 o |
= 2| Serc o orn + (g0 + g — g5 — g C ) w2
+(LoR+..., (16)

where U = u? = exp (i - ©/Fp) is the matrix of pseudo-Goldstone boson fields, and L, = iUD,U*. Assuming NDA, the
LECs of the non-derivative pion operators are expected to be g7'3 , 5 = O(Ai ), while g7 = O(1). In Section 4.1, the LQCD
determination of these LECs is discussed. The physical amplitudes are scale and scheme independent provided one uses
: : (9) : T
Wilson coefficients ;™ evaluated at the same scale and in the same scheme as used for the g™
The mN terms are only relevant for the O; operator and can be written as

_ e Cel
sl — gV COR2 [ NS ul e uN Tr (w,uftu) ] =L + (L < R)
3 &.ce
= V2gagTV Ry [BS - (97 )n] LUSL +(L<R+..., (17)

where u, = u'Lu = i[u(d, —ir,u’ — uf(d, —il,)u]. The LEC gI'™ is currently unknown, but expected to be O(1) by
NDA.

In a power counting based on NDA, LNV four-nucleon contact interactions are relevant at LO only for O;, together
with the 7w and 7N interactions g7™ and gf” . However, the LNV potential induced by the non-derivative 7 operators
in Eq. (16) has the same high-momentum behavior as the neutrino potential mediated by the Majorana neutrino mass,
V(q) ~ 1/q? at large |q|. In Refs. [66,105] it has been shown that for these potentials the nn — ppee scattering amplitude
has a logarithmic UV divergence, which must be removed by promoting the NN operators stemming from 03345 to
leading order. The relevant NN operators are

_ _ e Cel

e — ghN O (Nyt et uN)(Nuf et uN) — L
NN9) | NN O (R v eCey
+ (g2 c® 4 g C3L) (NutHut NY(Nut et ny 55

_ _ e.ce’
+ (gfl"NCg) +gé‘”"C§f)) (NutttuN)(NurtufN) L—SL +(L<R)
v
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eCe]
v

= (el + g + e + gl + 8V ) ) ()

+(L<R)+.... (18)

In the Weinberg power counting, the scaling giNN ~ O(1) holds. However, in a properly renormalized yxEFT, the scaling
is modified to gl-NN ~ O((4m)?) for 033,45 [66]. The renormalization of the scattering amplitude does not require such
enhancement for gM.!

With the above chiral Lagrangians, the LO AL = 2 OvSf potential from the scalar dimension-9 operators is given by

VE(,LZ) — _(1(1)+T(2)+)2g7:2
(9) 2 (9) 2
x {— (o106 _ 512 (CngL = fmg,)z - Cﬂ3Nquj’rm%> + ;CL?JL} : (19)
where the combinations CSEJNA’NN are defined as

€, — g5 (€9 + ) + g7 (0 + ) — g — g

- gErm (e e
B = (e = o) (e + ).
€0 = 8 (4 C) g (€ +c) +2 (€ + )

+eew + 8"y (20)

and ;imilarly for C{(g)ﬂ,ﬂN..NN}_R' In the abO\{e expressions one has g = (q.O, q) = (p — p/)“., where 2p ar!d 2p’ are the
relative momenta of the ingoing and outgoing nucleon pairs. The potential in Eq. (19) can be implemented in many-body
nuclear calculations to obtain bounds on Cff; «~. nv» Which, using knowledge of the gf”’”N’NN, can then be converted into
bounds on the Wilson coefficients Ci(f,?R, and hence on the underlying LNV model parameters. We conclude this discussion
by noting that the pion contributions to the potential Vé]‘z) have appeared throughout the Ov g literature in the context
of various models, see for example [56-58,114,115].

In summary, one finds that for all scalar operators in Eq. (14) the wwee and NN interactions contribute at the same
order (LO) to the two-nucleon transition operator. Moreover, for O; and 0}, there appears an additional LO contribution

from the 7w N interaction. Chiral symmetry implies that the contributions from O; to Vg(]'z) are suppressed by 6)2( compared

to the contributions induced by O, 3 4 5. The transition operator Véu) induced by the vector operators Og 7 3.9 has the same

chiral scaling as the one induced by 05, and it is dominated by the 7N and NN contributions [66]. The above considerations
imply that from the phenomenological point of view the most needed LQCD matrix elements are (7 +]033.45|7 ) and
(pP|02,3,4.5nn), followed by (*|0y]7 ), (pp|O: [nn), (m+p|Oy|n), (PplOL, ¢ glnn), and (m+plOL, 4 oln).

2.2. Lattice QCD

The hadronic and nuclear physics inputs needed to study double B-decay can be calculated from the underlying
Standard Model, where the most relevant part is quantum chromodynamics (QCD), using lattice field theory techniques,
referred to as lattice QCD (LQCD). In this approach, the relevant information is extracted from various correlation functions
that are evaluated from their QCD functional integral representation. As an intermediate stage of these calculations,
a Euclidean space-time lattice is used to regulate the divergences of the theory by making the functional integral
finite-dimensional. Because the normalized exponential of the Euclidean discretized QCD action has the same form as
a Boltzmann distribution, importance sampling Monte-Carlo methods can be used efficiently to stochastically evaluate
the requisite integrals. The physical information is then recovered in the limit in which the lattice regulator is removed
(the continuum limit) and the limit in which the space-time volume is taken to infinity (the infinite volume limit). Many
excellent introductions to lattice QCD exist, see for example Refs. [118,119], and the reader is referred to these works for
more complete details. In this brief overview, aspects of lattice QCD that impact the discussion of quantities relevant for
double B-decay from LQCD are discussed.

The formulation of LQCD, first proposed by Wilson [120], uses a discrete, space-time geometry which in almost
all cases is taken to be a regular four-dimensional hypercube, A4 = {n, = (ni,ny, n3,ny)In; € al0,1,...,Ll}

1 The i, wN, and NN Lagrangians for the O’u'3 operators can be related to the ones for 0; 3 by parity considerations, leading to wm, 7N, and

NN vertices of the same form as above, with the replacement C%}g - C;(§:§)~
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where a is the (dimensionful) lattice spacing and L; is the extent of the lattice in the ith direction. Periodic spatial
boundary conditions are typically used on all fields, with periodic temporal boundary conditions on gluon fields and anti-
periodic temporal boundary conditions for quarks (thereby implementing finite temperature). In some cases, anisotropy
is introduced between the spatial and temporal directions, providing a finer discretization in the temporal direction, and
other geometries have been investigated in the past [121].

The underlying QCD action must be implemented approximately on this discretized geometry, replacing derivatives by
finite differences and implementing the gauge fields in terms of the links between the sites of the lattice. For the gauge
fields, it is common to use the Wilson action

2
Swison = 5 D) (1 —Re Tr{P,, (X)), (21)

XEAg p<v

where P,,(x) is the elementary plaquette and corresponds to products of gauge link variables U,(x) around a 1 x 1
elementary cell,

P/w(x) = Tr[Uu(X)Uv(X + /:L)U;,(X + l,))U\]L(X)]

The link variables U, (x) = exp(igaA,(x)) are associated with the site x and are parallel transporters to the site x + fi.
Expanding this action around the limit a — 0 reproduces the continuum QCD action up to O(a?) effects. Variants of this
action introduce additional terms that remove higher powers of a, providing a closer-to-continuum, improved action.

Naive implementations of lattice fermions have multiple zero modes (2¢ of them, where d is the space-time dimension)
corresponding to “doubling” of the light degrees of freedom. These are avoided with the Wilson quark action [120], the
Kogut-Susskind [122] quark action, and twisted-mass quark actions [123], but these actions explicitly break the chiral
symmetry of the massless QCD action. Chiral fermion formulations such as the domain-wall fermion action [124], which
bypasses this issue by introducing an additional space-time dimension, and the overlap fermion action [125] maintain
a lattice chiral symmetry. These chiral actions are more numerically expensive to implement, but offer advantages in
certain contexts; for example, the additional symmetry can prohibit unwanted operator mixings. As with the gauge
actions, the action for fermions can also be improved to reduce discretization artifacts; in this case, there is a unique
dimension-five operator to add to the action [126], ¥ o,,,G*"v, known as the clover term. The (L)QCD action is bilinear in
the fermion fields, Stermion ~ f dxy My (where the Dirac operator M depends on the choice of action and on the gauge
field) and consequently the fermions can be integrated over exactly. For the action encoded in M, this results in a fermion
determinant DetM in the gauge field functional integral or equivalently an effective action Sesf = TrLn[M].

Given a particular form of the lattice action, LQCD calculations proceed by evaluating the QCD path integrals that define
the appropriate correlation functions using importance sampling Monte Carlo based on the distribution defined by that
action. For an operator O(x1, X,, . ..) built from quark and gluon fields, the expectation value is determined by the integral

(O(x1, X2, ...)) = é / DUO(x1, X2, . . .)det[M[U]]e~Seauee (22)

where the partition function is defined as z = f DUdet[M[U]]eS#uze, The (multi-local) field operator O(xq, x;, .. .)
corresponds to the original operator O after the quark fields have been integrated out; this integration results in the
“contraction” of fermion-anti-fermion pairs in all possible ways, replacing them with quark propagators S[U] = M[U]~ ..
To evaluate the integral, Monte-Carlo methods are used; the factor P[U] = 2~ 'det[M[U]]e s is common to all such
integrals and is a probability distribution (non-negative definite and bounded). Sampling the gluon field according to this
distribution, the integral above can be approximated as

N
1 -
(O3, % 3 Bk, MU+ O (1/vN) (23)
c=
where {Uy, ..., Uy} corresponds to an appropriately distributed set (ensemble) of gauge fields. These requisite configu-

rations are produced with the correct distribution as a Markov chain Monte Carlo process, with the standard algorithm
being Hybrid Monte Carlo [127] (HMC). In the previous millennium, many studies were performed in “quenched QCD”
in which the quark determinant above was omitted for computational expediency. Modern calculations do not do this,
although the freedom of using different value of the quark masses in the quark determinant (referred to as sea quarks)
and the quark propagators (valence quarks) is sometimes used and is referred to as partial quenching.

To perform a lattice calculation, the quark masses and the gauge coupling need to be specified (the irrelevant operator
couplings are also needed if such terms are used to improve the action). To determine these parameters, Ny + 1 physical
quantities must be computed and compared to experiment. While a number of different approaches to the tuning are
taken, a standard method is to use the pion and kaon masses and a quantity that is relatively mass independent, such as
the Wilson flow scale t, [128], for this purpose. Having undertaken sets of simulations at a range of different values of
the bare parameters, extrapolations to the continuum and infinite volume limits must be performed in order for physical
results to be determined. As well as the statistical uncertainties of the simulations, the uncertainties that arise in taking
these limits must be carefully investigated and accounted for. LQCD actions differ from the continuum QCD action by
terms of O(a) or in some cases ©(a?); many volume effects are controlled by terms ©(e~™r!) where L is the smallest
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dimension of the lattice geometry and m,, is the pion mass, being the lightest hadron. In most cases, LQCD calculations
are performed with degenerate up and down quark masses, ignoring the up and down quark mass spitting, and do not
include the effects of electromagnetism as these contributions are typically small, although both effects can be (and are)
included when necessary. Precision calculations must account for these additional systematic effects.

2.2.1. Example: the proton mass

To further introduce the LQCD method, it is useful to overview calculations of the proton mass which proceed
via the evaluation of correlation functions on representative ensembles of gauge configurations. The proton mass can
be determined from two-point correlation functions (assuming an infinite temporal extent of the lattice geometry for
simplicity, and making use of translational invariance):

Cop(t, p) = a3Ze PXCup(t,X) =@ Y e (0] xu(X, 1)X4(0, 0)]0) , (24)

X

where p is a chosen three-momentum, x* = (t, X) and

Xa(X, 1) = €%Ul(x, O, (%, O[C ys],5d5(x, 1) (25)
is an interpolating operator that has the quantum numbers of the proton and C = yyy» is the charge conjugation matrix
(C yOT C~! = —y). After the quark fields are integrated out in the path integral formulation, this correlator is expressed in
terms of the gluon field and products of the inverse of the Dirac operator (which depends on the gluon field):

Coplt.3) = —a* 3 e PRIV [y [y Cly (26)

X
1 _17ikK _17jK
([ T { [ T I Ty = [ T [0 T )
where the quark propagator Mf =M, I(x, 0) is the inverse of the Dirac operator for flavor f. This correlator can be

evaluated stochastically as an average over representative gluon field configurations as discussed above.

By inserting a complete set of states between the source and sink interpolating operators in Eq. (24), it is clear that this
two-point correlator has time dependence governed by the energies of states with the quantum numbers of the proton
and with three-momentum p:

e—En(P)t

Cop(t,p) = 2E.p)

Olx«In; p, o) (n: P, olxpl0) (27)

I
Q
[
=
)
N
(%21

e*En(P)f
_l’_
2En(p)

where Z(p) is an overlap factor and higher excited states are indicated by the ellipsis but provide only exponentially small
contributions in the large time limit. Taking the trace of this correlator with a given Dirac structure, often chosen to be
I' = 1(1+ y4), leads to

o Cup(t, p) = ZA e En(P), (29)

P) Y uy(n=0,p,0)is(n=0,p,0) (28)

where the A,(p) are products of overlap factors. From analyzing the time dependence of correlators determined on a
representative set of gauge configurations, the energy of the proton state of the specified momentum can be extracted.
This can be achieved either using fits to the time dependence at late times or by employing more sophisticated variational
approaches based on correlators with sets of different source and sink interpolating operators [129-132].

2.2.2. Operator renormalization

An important application of LQCD that is centrally relevant to the topic of this review is in computing the matrix
elements of external currents in hadronic and nuclear states. In the continuum, the external currents one might consider
are operators such as the axial-vector quark current ¥y, ysy, or four-quark operators v 'y 'y (where I and I" are
Dirac and flavor structures) arising from integrating out physics above the hadronic scale. In the lattice theory, these
operators are implemented using the lattice degrees of freedom and differ from the continuum operators by terms O(a)
(improved lattice operators can be constructed that eliminate the lattice artifacts at a particular order). Even for operators
such as the vector and axial-vector current, the lattice operators must be renormalized to connect to the continuum
operators.

At a sufficiently high scale (fine lattice spacing), lattice perturbation theory may in principle be used to connect
lattice and continuum operators. By performing calculations in lattice perturbation theory with the appropriate lattice
action [133], along with the corresponding continuum perturbation theory calculations, matrix elements of lattice
operators can be converted to the corresponding continuum operators in a given renormalization scheme (for the case
of scale dependent operators). Due to the complexities of lattice perturbation theory, these calculations are typically
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performed to one loop and introduce matching uncertainties of (’)(ozsz(a)) that are a limiting factor in the precision with
which final physical results can be determined. An alternative is to utilize a non-perturbative renormalization scheme.
Such approaches involve calculating the appropriate vertex function non-perturbatively within the lattice framework
itself as an intermediate step before being matched onto perturbative calculations performed in the modified minimal
subtraction scheme (MS). A popular choice is the so-called regularization independent momentum subtraction (RI/MOM)
scheme [134], in which correlation functions of renormalized operators do not depend on the choice of regulator, up to
cutoff effects. The renormalization constants, Z, are defined as,

Or(p) = ii_rf(l)z(ﬂv a)Orare(a) . (30)

In order to suppress nonperturbative effects from chiral symmetry breaking and other infrared effects, as well as
truncation error in the conversion ratio from the RI/MOM scheme to the MS scheme, the so-called RI[SMOM scheme
may be employed [135]. This scheme is an RI/MOM scheme with non-exceptional kinematics, using the renormalization
scale 42 = (Pin — Pout)® = pizn = p2,.» which is symmetric in the incoming and outgoing momenta (pin, out, respectively) of
the vertex function.

2.2.3. 3-point matrix element calculations

A common way to extract matrix elements from LQCD calculations is to form a 3-point function, C?pt(r, t;p,q) in
which the desired operator is inserted between source and sink operators coupling to the states of interest, which are
separated in Euclidean time:

ngt(‘[ tp.q) = Zeip-xeiq-y<0|)(a(0, 0)O(z, y)xs(t, x)0) , (31)
xy

where O is the operator of interest, and x, (g)(t) is an interpolating operator with non-zero overlap onto the desired
final (initial) state. For the purposes of this review, zero-momentum states and vanishing momentum insertion at the
current are sufficient and are chosen henceforth; extraction of matrix elements in states of non-zero momentum and
with non-zero momentum transfer at the current are simple extensions. Inserting two complete sets of states, |&’), |8’)
to this expression gives,

3 —E ;7 —Eg(t—
Copl(r,£:0,0) =Y e " "™ (0|, 10) (0l x4 1B) O (32)
0[/,/3/
where Oy g = (’|O|B’) are the matrix elements between eigenstates |«’), |8') and are the quantities of interest. One
may extract the desired ground state matrix element, Ogg, by simultaneously taking the large {r, v — t} limits of this
expression
3 T, r t—oo _ - —

Ch(r.1:0,0) e Fa0Te BTz, 074 5000 (33)
where E, o (Zy,0) are the ground-state energy (wavefunction overlap) corresponding to interpolating field y,. These
constants may be determined from a simultaneous fit to the corresponding 2-point correlation functions, or by forming
appropriate ratios with the 2- and 3-point functions to eliminate these contributions. Excited state contamination can be
shown to be exponentially suppressed in the limit of large {t, 7, |t — t|}.

2.2.4. Background field techniques

An alternative method for extracting hadronic and nuclear matrix elements is by undertaking spectroscopy calculations
in the presence of a fixed external field [82,83,99,136-147]. This method was first used to study the proton axial charge
and magnetic moment in Refs. [148-150] and has subsequently been used to extract polarizabilities. Background fields
can be implemented in a number of ways. One approach is to modify the gluon link field to incorporate an external U(1)
field. This results in all-orders couplings of the external field to the quarks, but provided the field is small (such fields
must be of quantized strength to be consistent with the periodic lattice geometry), the linear and quadratic responses can
be determined. For the background field calculations discussed in Section 3, an alternative fixed-order approach is used.

In the fixed order approach of Ref. [83,99], the hadronic and nuclear correlation functions are modified at the level of
the valence quark propagators. Such compound propagators in the background field can be written as

Starap(%,3) = S(x, ) + /szxz)Al(z)( »

/dz /de x,2)A1(2)S(z, w) Az (w)S(w, y) + - - -, (34)

where A;j(x) are space-time-dependent matrices in spinor and flavor space, while S(x, y) is a matrix in color, spin (and in
principle flavor) space. Once the background fields A;(z) are specified, the sequential-source technique is used to calculate
the second, third and all subsequent terms in Eq. (34), which are then combined with the first to form the compound
propagator (each insertion of a coupling to the field requiring an extra inversion). Since couplings to the sea quarks are not
included, this approach is only exact for isovector combinations of fields in the isospin-symmetric limit and, even then,
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only for maximally stretched isospin (I3 = £I) quantities and thus do not involve operators that couple to the sea quarks.
At the single-insertion level, this corresponds to isovector quantities such as the isovector axial charges of the proton
and triton, and the axial matrix element relevant for the pp — de™v, fusion cross section. With two insertions of the
background field, either through the third term in Eq. (34) or from single insertions on two different propagators, isotensor
quantities can be computed correctly. To compute more general quantities, the effects of coupling the background fields
to the sea quarks need to be included. This can be done either in the generation of dynamical gauge configurations [137]
or through a reweighing method [151].

In order to extract matrix elements of currents that involve zero-momentum insertion, a uniform background field is
implemented. In the work of Refs. [82,83], a set of flavor-diagonal background axial-vector fields was used, with operator
structure

AY =2 ysys(1+13)/2  and  AY = aq y3ps(1 — 13)/2, (35)

where A4 are parameters specifying the strength of the background field. Zero-momentum-projected correlation functions

C (0 =D (0lxa(x, £)x,(0, 0)[0)3,1, B

X

are formed from the compound propagators S;,w)(x,y) and S,y (x,y) that have at most a single insertion of the
background field (indicated by (.. .),;,). Here, h denotes the quantum numbers of the hadronic interpolating operator,

xn. The correlation functions CSZ) xd(t) are, by construction, polynomials of maximum degree Af,’”)\z'd in the field strengths,
where Ny is the number of up (down) quarks in the interpolating operator.

2.2.5. Challenges for nuclear physics

In principle, either the 3-point or background field methods could be used in conjunction with many-nucleon
interpolating operators to directly calculate 2v88 and OvB8 matrix elements within experimentally relevant nuclei.
However, practically speaking, direct LQCD calculations must be limited to few-body systems, currently to A < 4. There
are several technical reasons for this restriction, as will be discussed below. Central to all of these issues is the use
of quark fields as the relevant degrees of freedom. As systems become larger and the relevant energy scales diminish,
the use of these microscopic degrees of freedom becomes increasingly inappropriate, manifesting as rapidly increasing
computational complexity. Thus, the program outlined in this review, of matching LQCD calculations of small A systems
onto effective field theories, to be then utilized within computational many-body techniques, is paradigm.

One of the issues that arises for large systems is simply the number of lattice points that are required to resolve the
large range of relevant scales. These scales encompass both the high-energy physics of the quarks and gluons, as well as
low-energy excitations, such as those associated with collective motion of the nucleons. Correctly describing these scales
requires both very small lattice spacing and large volumes. Another issue is the number of quark propagators that must
be produced, as well as the number of Wick contractions of these propagators that must be computed. The latter naively
scales factorially with the number of nucleons, although algorithms have been proposed which can reduce this scaling to
power law in some cases [152-156].

A further challenge is the exponentially poor signal-to-noise ratio associated with nucleons and nuclei, decaying
roughly as [157-159].

R ~ LE—A(mN—3/2mﬂ)t , (37)

for large Euclidean time, t, and number of configurations, A. The difference in the exponent arises due to the use of quark
fields, which can couple both to the nucleon state in the signal as well as the much lighter pions in the corresponding
correlator that determines the variance. This difference is numerically smaller for heavier-than-physical pion masses,
which is currently why many calculations are not performed directly at the physical point. For large times where the
ground state dominates, an exponentially large number of configurations is thus necessary to extract the desired signal,
increasing as A increases.

3. Neutrinoful double-g decay

Neutrinoful double-8 decay is the rarest SM process whose rate has been measured. As such, this decay provides
a crucial test of the SM, and in particular of our understanding of weak interactions in nuclei. Achieving controlled
predictions of 2vB8 decay rates from the SM is, however, challenging; the nuclei which undergo this decay are too
large for the application of LQCD or ab initio methods, and there is considerable model-dependence inherent in the
more phenomenological many-body methods which can be applied, leading to significant model uncertainties in current
best theory calculations of these rates. A promising approach to improving the reliability of these predictions is to
couple LQCD and ab initio methods, as outlined in this review. First progress has been made towards this goal; the
second-order weak BB-decay matrix element of the two-nucleon system was recently computed from LQCD for the
first time [82,83]. With sufficiently precise and systematically-controlled calculations of few-body 2vS8 decay matrix
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elements, the free parameters of few- and many-body methods, including those based on EFTs, can be constrained from
LQCD, effectively anchoring phenomenological approaches in the SM. It can be expected that this approach will reduce
the model-dependence implicit in many-body calculations of double-beta decay rates, enabling reliable predictions for
these rates with systematically-improvable uncertainties.

The rate of the neutrinoful double-g decay resulting in the nuclear transition A; — Ar (and also the corresponding
neutrinoless double-8 decay in a light Majorana-neutrino scenario), is dictated by second-order weak interactions.
Since the long-distance contribution from the Fermi (vector) piece is suppressed by isospin symmetry, the dominant
contribution arises from the Gamow-Teller (axial-vector) piece of the weak current. Precisely, neglecting lepton-mass
effects, the inverse half-life of the neutrinoful double-g decay [T /2] 1 can be expressed as [30]

[T2,17" = Gyu(Ei — B, Z)IMZT, (38)
where the matrix element M2} is defined from the time-ordered product of two axial currents by

(A5 In) (U5 1As)

(39)
E, — (E +Ep)/2

1
2 4., 14
M2 =6 x 5fd xdby (AT [JF U5 )] 1A) _GZ
where Z; is the proton number of the initial nuclear state A;, E;; are the energies of the initial and final states, and
G,,(AE, Z;) is a known phase-space factor [160,161]. The spatial component of the Al; = 1 zero-momentum axial current
in the 3-direction is expressed as

V3V5 _a

e =Jo0.t = 0) = f Paixt=0), with 00 =007 g, (40)

where 7 denotes a Pauli matrix in isospin space, and T+ = % (r1 +i 12). A complete set of zero-momentum states is

indexed by n, and the factor of 6 in M§¥ is a consequence of rotational symmetry (as Mé; is written using the third spatial
component of the axial currents) and the convention for the normalization of the currents.

The second-order Gamow-Teller transition matrix element M2}, as well as individual contributions to this matrix
element, can in principle be determined for various nuclear transitions from LQCD calculations, providing refined inputs
for nuclear many-body calculations of double-beta decay rates. In Refs. [82,83], the first LQCD calculation of Mé; was
undertaken, for the nn — pp transition. While this is not an allowed transition in nature because the dineutron is not
bound, the corresponding matrix element itself is well-defined, calculable, and related to the two-body sub-process of
double-8 decays of larger nuclei. This calculation was performed without the inclusion of electromagnetism, at a single
lattice spacing and volume, and at the SU(3) flavor-symmetric point with degenerate up, down and strange quark masses
corresponding to a larger-than-physical pion mass of m,, ~ 806 MeV. While all of these caveats are possibly important, the
key qualitative result of that work was to reveal the potential significance of an operator that contributes to the 88-decay
of nuclei, but not to single-f decays, namely the isotensor axial polarizability, ﬁA , of the 1Sy two-nucleon system. This
polarizability is defined from M2} by subtracting the term corresponding to an intermediate deuteron state, i.e., the ‘Born’
term as in forward Compton scattermg

~+ 2

1y _ g 10PUSIT an
6 Epp — Eq

Since terms of this form have not been included in phenomenological analyses of double-g8 decay, its significance
in the numerical calculation of Refs. [82,83] implies that theoretical predictions of double-8 decay rates with fully
quantified uncertainties will require constraints on the isotensor axial polarizabilities of nuclei. In Refs. [82,83] it was
also explicitly demonstrated how LQCD results can provide input to many-body methods to constrain second-order
electroweak properties of nuclear systems, by constraining the leading AI = 2 low-energy constant of pionless EFT
(see Section 2.1.1) from the LQCD two-nucleon transition matrix element. The remainder of this section will review that
calculation, with a particular focus on the difficulties, especially related to the bi-local nature of weak processes, which
must be overcome in order to undertake such calculations with controlled uncertainties at the physical quark masses,
and for larger nuclear systems.

3.1. Lattice QCD calculations

An efficient way to determine the matrix elements relevant to double-8 decay processes in LQCD calculations is via
the background field technique discussed in Section 2.2. From the isospin structure of the operator inducing the nn — pp
transition, it is clear that no self-contractions of the quark fields in the axial-current operators, no contractions of quark
fields between the two axial-current operators, and no double insertions of axial-current operators on a single quark line,
contribute to the matrix element. The matrix element of interest can thus be constructed from correlators formed from
propagators computed in a background-field corresponding to a single axial-current insertion. For an axial current J§(x),
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Fig. 5. Example contraction for the nn — ppe~e™ transition corresponding to Eq. (43). The solid blue and dashed green lines represent down and
up quark propagators respectively, while the solid orange circles represent the Al = 1 weak interaction vertices. The dotted and solid black arrows
represent the neutrino and electron final states, respectively.

and hadron h, these background-field correlators have the form

t
C(6) = (01 xa(x. £)x:1(0)10) + 20 D D (0L xalx. Y5y, t1)x,(0)I0)

X Xy t1=0

2 ¢
+ 2SS Obu U, 0, )7 ()0) + 06, (42)

X.y.Zt1 =0

where X,(IT) defines an interpolating operator with the quantum numbers of h. The second-order term in the field strength,
i.e., the piece proportional to )\ﬁ, can be extracted from fits to calculations of the background-field correlators at multiple
values of A,. While this construction of the background-field correlator involves sums over all possible insertion times
t1, of the two axial currents, which is sufficient for a determination of the matrix element of the nn — pp transition in
Refs. [82,83], background-field constructions with the current insertions restricted to smaller temporal regions provide
additional constraints which allow the Euclidean time-dependence of the correlators to be further decomposed. This will
likely be necessary in extensions of this approach to calculations of the double-8 decay transitions of larger nuclei, at
values of the quark masses corresponding to lighter pion masses.

For a calculation with the background field inserted at all times, the key correlator which is extracted from a LQCD
calculation is

t
Cty="y_ D (Olxpp(x, 0T [J5 (v, 615 (2, £2)] x,,(0)10). (43)

XY,z ty =0

This can be determined either using a t* background field insertion, or alternatively using only flavor-diagonal fields via
the isospin relation (detailed in Ref. [83]):

u u 1 u u
(ppUF (XT3 Inn) = (npUS (xS ) inp) — 5<nnu§ x4+ 1P () nn). (44)

An example of the quark contractions which contribute to this correlation function is displayed in Fig. 5. Inserting complete
sets of states, the correlation function C(t) of Eq. (43) can be expanded as

(nlf57 1) 40 U5 ) (e@'f")f —1 el 1)

v .
E[’ - Em E[’ - En En - Em

= (Ol xpp ) (m| x5, |0)e o

n,m,l’

(45)
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where zero-momentum energy eigenstates with the quantum numbers of the pp, nn and deuteron systems are expressed
as |n), |m) and |I') respectively, and E; = E,, + &y and E, = E,, + 8, are the energies of the ['th and nth excited states in
the 3S; and 'Sy channels. From the Euclidean time-dependence of this correlation function, the short-distance isotensor
axial polarizability, defined in Eq. (41), can be extracted. The long-distance deuteron pole contribution, however, which is
dictated by the single-current matrix element (ppL/3+ |d), can be determined most precisely from the linear contributions
to the background field correlation functions defined in Eq. (42).

Forming a ratio of the background field correlation function, given in Eq. (45), to the zero-field two-point function of
the nn system (C[()”") in the notation of Eq. (42)), and subtracting the term with a deuteron intermediate state, defines

2 THIV 2 T oAt
2R = ° C(t)  [{ppU5Id)| [e 1 t]

—2c™e) A A
T+ Y14 T+ nn .
_ 5 U5 10005 | >+c+dem+0(e“”), (46)
VAd Ey — Em

where A = En, — Eg, and § ~ 8., 8 denotes a generic gap between eigen-energies of two-nucleon systems. In the final
expression, the terms ¢ and d collect t-independent factors involving overlap factors, energy gaps, and ground and excited-
state transition amplitudes. In this expansion, A is assumed to be small relative to the inverse of the time separation
between the source and the sink, and the gaps between eigen-energies are assumed to be large, i.e.,, § > A. While these
assumptions are valid for the analysis of Refs. [82,83], in the generic case the simplifications applied in Eq. (46) cannot
be used. In the limits of physical quark masses and large simulation volumes in particular, § — 0 and A — 2.22 MeV, so
that contributions involving the transition matrix elements of excited states can no longer be neglected. In this scenario,
alternative strategies involving insertions of the background field over ranges of timeslices that are separated from the
source and sink, will need to be pursued [162].

The coefficient of the term linear in t in Eq. (46), which determines the isotensor axial polarizability ,Bff) defined in
Eq. (41), can be extracted from the large-time limit of

(e + 1R(t 4 a) — R(t 4 2a) — e"4R(t) 150 1 B

(lin) _ FA
RIM(t) = o — T (47)

Here, the isotensor axial polarizability is renormalized by the square of the axial current renormalization constant, Z?2;
this is correct up to lattice-spacing suppressed artefacts arising from radiatively-generated four-quark operators. Such
corrections necessarily occur in the background field approach, which includes contributions where both insertions of
the axial current are localized around the same space-time point. In the analysis of Ref. [83], it is concluded that this
mixing results in sub-percent effects, which are neglected in that analysis. Finally, the complete bare Gamow-Teller matrix
element is defined by the combination of RU™(t), defined in Eq. (47), with the deuteron-pole contribution:

~ 2
l(ppU35 |d)]
aA 6az;’

) MZU
,R(full)(t) _ ,R(lm)(t) _ f—>_°)° GT (48)

Numerical results for R(t), RUM(t), and RW(t), determined in the calculation of Refs. [82,83], are shown in Fig. 6.
Two different analyses were undertaken, with correlation functions constructed with different smearing prescriptions;

the results from both analyses are consistent, with the isotensor axial polarizability resolved from zero to two standard
deviations.

3.2. Phenomenological consequences

As discussed in previous sections, the Gamow-Teller matrix element for the nn — pp transition determined in lattice
QCD calculations can be used to constrain counterterms in effective field theory descriptions of the same system. Then,
by matching to few-body methods, the potentially key contribution from the axial polarizability can be included in
calculations of the decay rates of larger nuclei than are accessible to LQCD; this approach was explored for spectroscopy
in Refs. [163,164]. For LQCD calculations undertaken with the heavy pion mass of Refs. [82,83], it is natural to consider
pionless EFT descriptions, as discussed in Section 2.1.1. At lighter quark masses approaching the physical point, pionful
EFTs as discussed in Section 2.1 will likely be required. The general approach to matching LQCD results for double-8
decay transitions to EFT is to equate correlation functions constructed in the two formalisms, where couplings to the
background fields are included in the effective Lagrangian of the EFT. To study the nn — pp matrix element, then, the
correlation function matrix in the {nn, np(3S;), pp} EFT channel space can be constructed (since the axial background field
changes both spin and isospin, there is no coupling of the np('S) state):

Chn—nn Cnn%np@sl) Cnn—>pp
CNN—NN = Cnp(351 )—nn Cnp(351 y—np(3S1) Cnp(351)9pp . (49)
Cpp—nn Cop—mp®sy) Cop—pp
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Fig. 6. =(t), RUM(t), and RMW(¢t) (Eqs. (46)-(48)) determined in the calculation of Refs. [82,83]. In each panel, the blue circles and orange diamonds
indicate results obtained from correlation functions constructed with different sink smearing prescriptions. Note that R is expected to differ between
the two sets of results, as it includes the terms in Eq. (46) with coefficients ¢ and d which contain ground-state and excited-state overlap factors
and are thus smearing-dependent.

Source: From Ref. [83].

This matrix is constructed as an expansion in terms of LECs, including couplings to the background axial field. In
Refs. [82,83], a dibaryon formulation of pionless EFT [87,101] was used; matching to the LQCD calculation then enabled
the coefficient of a short-distance, two-nucleon, second-order axial-current operator in that formalism to be determined.
In that approach, the nn — pp transition, expanded to second order in the background axial field, can be expressed
as shown in Fig. 7. The correlation function can then be expressed in a cubic spatial volume with periodic boundary
conditions, Fourier-transformed in time, and Wick-rotated to Euclidean space by xo — it. Taking the ratio of the nn — pp
transition correlator to two times the zero-field two-point function, as done for the LQCD correlation function in Eq. (46),
and taking the second derivative with respect to the background-field strength to extract the terms linear in time which
determine the second-order finite-volume matrix element, yields an expression that can be matched precisely to the LQCD
result. The key matrix element can be expressed as
1 Lial?  Mg?

Mpnspp = — 241+ 5) + L1al” +SA)+ 1Al + 4753 —Hys. (50)
The first term corresponds to the deuteron pole, while the remaining terms are short-distance contributions; the quantities
L;4 and H, s denote the correlated two-nucleon axial contribution to the phenomenological quenching of g4 and the
correlated two-nucleon two-axial coupling contribution, respectively. In terms of the parameters in Section 2.1.1,
_ ZsZt Vi Vs~ _ VSZSZ Mzrs 2

la,  Hys= hos — ——81). 51
1A 25 = Sy (has ZVsZgA) (51)

L
A 2M
where y; = /M(2M — Es;) and Z;; = 1/(1 — ys.Ts¢)- These can be constrained using the LQCD matrix elements for the
nn — pp transition, in addition to the values of the proton axial charge, and the binding momenta and effective ranges.
In Eq. (50), S is an SU(4) Wigner symmetry-breaking factor, y; = +/MB; (where B; = 2M —Eﬁo) is the binding energy), and
the tower of shape parameters has been ignored. From the results of Refs. [82,83], the correlated two-nucleon two-axial
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Fig. 7. Diagrammatic representation of the nn — pp correlation function in the pionless dibaryon EFT formulation. The light (dark) gray circles
denote the isotriplet (isosinglet) strong dibaryon coupling to two nucleons, when inserted on the nucleon line the crossed circle represents the
singly-weak single-nucleon coupling to the background field, and when inserted on the dibaryon line it denotes the singly weak dibaryon coupling.
The crossed square represents the doubly weak dibaryon coupling to the background field. The thick dashed light (dark) gray lines denote the
fully-dressed isotriplet (isosinglet) dibaryon propagator, and the thin black lines represent nucleon propagators.

Source: From Ref. [83].

coupling contribution can be constrained to be H,s = 4.7(1.3)(1.8) fm. While the deuteron-pole term dominates (the
full matrix element and the Born term differ by approximately 5%), the contribution from Hj s is of the same order of
magnitude as the term proportional to gj, and is thus non-negligible. While this result suggests that the two-nucleon
two-axial coupling should not be neglected in analyses of double-8 decay, the numerical result is valid only at the
heavier-than-physical quark masses used in the LQCD calculation. Connecting directly to phenomenology will require
LQCD calculations at, or close to (with chiral extrapolation), the physical masses.

For future calculations via this approach to reduce the model-dependence implicit in many-body calculations of double-
beta decay rates, significant progress is still required. In particular, repeating the LQCD calculation of Refs. [82,83] at quark
masses corresponding to the physical point presents several challenges. Firstly, the hierarchy of mass splittings changes
from that which was exploited in that work to isolate the matrix element of interest. As discussed above, this could be
addressed by separating the source and sink from the background field region, and considering calculations with several
different regions. Moreover, the initial and final states will no longer be bound, complicating the relationship between the
finite-volume bi-local matrix elements and the infinite-volume transition amplitudes; a generalization of the formalism
presented in Ref. [165] will be required. One might also consider exploring extensions to investigate the many-body
effects directly by calculations of the nnp — ppp or nnn — npp transitions. This requires I = % states such as ppp to
be constructed in the LQCD calculation, which will need non-local source structures, not studied in previous work, to be
constructed. Nevertheless, the path to achieving such calculations is reasonably clear, despite the above challenges, and
LQCD calculations with physical quark masses have the potential to provide critical input to many-body calculations of
double-g rates that cannot be obtained through any other known method.

4. Neutrinoless double-3 decay

As discussed in the introduction and in Section 2.1, there are a number of potential BSM scenarios that result in a double
beta decay process in which there are no neutrinos in the final state. The two important classes of new physics are a)
light Majorana neutrinos and b) new short distance lepton number violating processes at scales beyond the electroweak
scale. To understand the effects of either scenario in physical states requires knowledge of nuclear matrix elements.
Experimental searches for this process make use of large nuclei which are at present too difficult to study in LQCD.
However, as discussed in Section 2.1, effective field theory allows one to obtain critical non-perturbative input for the
many-body transition operators by performing LQCD calculations of simpler systems. To this end, recent work has focused
on calculations in pionic systems where the numerical complexities of nuclei in LQCD are absent and the techniques
necessary to study Ov88 can be developed.

4.1. Short distance contributions in pion matrix elements

As discussed in Section 2.1.3, if there is BSM physics contributing to OvSf at scales above the electroweak scale, then
the effects manifest at lower scales as local composite operators whose contributions arise from integrating out the new
physics. Generically, a given high-scale physics scenario will produce multiple different operators at low energies, listed in
Eq. (14), of which the most phenomenologically relevant are the five four-quark scalar operators, O1 3 3 4,5. In Section 2.1.3,
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Fig. 8. Contractions for the 7~ — mw+e~e~ transition induced by short distance four-quark operators. The solid blue and dashed green lines represent
down and up quark propagators respectively, and the dark circle represents the Al = 2 operator. The solid black lines represent the electron final
states.

the chiral EFT realization of these operators is reviewed in detail, in various power counting schemes. The EFT analysis
implies that in order to construct the leading-order transition operators one needs to determine (7 |0;23.45|7 ) and
(pp|01.2.3.45|nn). So far the LQCD community has focused on the pionic matrix elements, as the two-nucleon matrix
elements suffer from technical complications. In addition to the generic issues related to LQCD calculations involving
nucleons (Section 2.2), difficulties arise from the fact that (i) the quark line contractions for two-nucleon OvSf calculations
are more involved, resulting in the need for either highly improved position-space operators for the nucleons or stochastic
methods for projecting onto definite momenta; (ii) the connection with infinite volume physics for two-body systems
requires the calculation of scattering phase shifts coupled with a sophisticated finite-volume formalism [166,167].

While the 7= — mte”e™ in vacuum is itself unphysical due to kinematic considerations, this transition can occur
within an off-shell pion exchanged inside a nucleus. Computing the pure QCD portion of this transition at unphysical
kinematics gives access to the relevant EFT LEC’s, namely the g7” introduced in Eq. (16).

The most straightforward method for performing these calculations is to use a traditional 3-point function, Cl.3 pt(t, T—t)
(see Section 2.2), in which a four-quark operator is inserted between source and sink operators for the pion which are
sufficiently separated in Euclidean time:

Gt ) =y Y e ST {al T (t, X)0/0, O)IT* (8, y)ler) (52)

o X,y

where IT*(tf, X) = dy®u and ITt(t;,y) = IT-1(t;, y) are annihilation and creation operators with the quantum numbers
of a 71 and a 7~ respectively. The corresponding quark contraction is shown in Fig. 8. Note that here the operator is
chosen to be held at a fixed space-time point while the times at which the source and sink pion interpolating operators
are inserted are free to vary.

The contractions for these 3-point functions can be easily performed by creating a single pion “block” [168]

Mownp =) Y [Sax 60,0 pslppc, [SIX 60,00 ys], . (53)

.,y X

from d and u propagators, Sg(x; y) and SZ(x; y), respectively. The pion block has indices contracted at time t = 0, and
open spin and color indices at the other time. These open indices are then contracted by the operator at t = 0 and
a single space-time point. This same pion block is time reversed, utilizing the periodic boundary conditions, such that
the sink pion propagates backward toward the operator insertion (see Fig. 8). The spatial indices at source and sink are
summed over in order to project onto zero momentum. This setup, requiring all quark propagators to be contracted by
the operator, is similar in spirit to calculations of K°- [169-177], D°- [175,178] and B?S)-meson mixing [179-182] or NN
oscillations [183,184].

From Cfpt(t, T —t), Eq. (52), ratios R;(t) with the pion correlation function, C,(t), can be formed and related to the
pion matrix element of operator O; as:

4 .
Ri(t) = CP(t, T — t)/(Cr()Co(T — 1)) a*(m|0il)

(@R ‘ 54
l LT—t>oo  (a2Z7 ) + Res(t) . (54)

where Z[ gives the overlap of the pion operator onto the pion ground state and may be extracted from the pion two-point
correlation function C,(t), analogous to Eq. (24). Residual effects from excited state contamination in R (t) can be shown
to fall of exponentially with the time separations {t, |T — t|}. Forming this ratio, which removes the need to extract the
pion masses in a separate calculation, has the added benefit of canceling the contributions from the first thermal state in
the pion correlation functions. In Fig. 9, an example of this ratio calculated in Ref. [185] is reproduced, showing the clear
ground-state plateaus obtained with this method.

Once matrix elements have been extracted on various ensembles of gauge fields, extrapolations to the continuum,
physical pion mass, and infinite volume limits must be performed. To determine the pion mass dependence, it is
straightforward to include the operators in xPT and to derive the virtual pion corrections which arise at next-to-leading
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Fig. 9. An example of the t; and t; dependence of the ratio correlation functions, Ri(t;, t) for the five relevant OvgS operators on a near physical
pion mass ensemble with a ~ 0.12 fm. The filled black symbols correspond to the diagonal components |t;| = t;. The neighboring points with open
symbols correspond to, from left to right, |t;| = tf + [—2, —1, 1, 2]. The horizontal bands are the ground state contributions to R; extracted from
single-state fits.

Source: Data and fits from Ref. [185], converted to the basis of Eq. (15).

order in the chiral expansions,

O] b1A4
7 = Gy |:1—8 (31In(e )+1—c1)]

&

b4,5A;‘( 2 2
O45 = (4n)2 T+ (In(e2)—1+cs5) |,

b2 3
(An?
where A, = 4nF;,and ¢, = m” is the small expansnon parameter. The dimensionless LEC’s, b; and ¢; may be constrained

from fits to the data, with the)i) determmmg the g™ in Eq. (16). These expressions can be generalized to incorporate
finite lattice spacing corrections arising from a partlcular lattice action [186] and finite volume corrections arising from
virtual pions becoming sensitive to the finite periodic volume [187].

Finally, the bare quark operators must be renormalized and evolved to the appropriate scale for matching onto a given
BSM model. While the combined currents that enter the chiral Lagrangian are necessarily “color blind”, gluon interactions
will intermingle the colors amongst the quarks in a given four-quark operator. In particular, as the scale is run between
the electroweak and QCD scales, some of the operators defined in Eq. (15) will mix under renormalization. In particular,
0, will mix with 03, while O, mixes with Os. Therefore, one must compute the renormalization of the full matrix of
operators including the off-diagonal mixing which will become non-zero as the scale is varied.

One group [185] has calculated the dominant 7~ — x " matrix elements arising from short-range operators
relevant for experimental searches for Ov38, performing a full extrapolation to the physical point. The calculation was
performed on Highly-Improved Staggered Quark (HISQ) ensembles produced by the MILC collaboration [188], and includes
ensembles with pion masses ranging from 130< m,; < 310 MeV, lattice spacings 0.09=< a< 0.15 fm, and several volumes
corresponding to m,L ~ 3.2 — 5.4, allowing for all systematics to be controlled. A mixed action approach is taken by
solving for Mébius Domain Wall Fermion (MDWF) propagators on these gauge field configurations, after applying gradient
flow smearing to the ensembles to reduce noise stemming from UV fluctuations [128]. While more costly to produce, the
MDWEF valence quark action has improved chiral symmetry properties, resulting in smaller discretization errors beginning
at O(a?). The effects of the mixed action are incorporated into the extrapolation formulae using a partially quenched
version of xPT [189].

The relevant matrix of renormalization constants is computed non-perturbatively following the Rome-Southampton
method [134] with a non-exceptional kinematics-symmetric point [135], using the RI/[SMOM (y,., y,.)-scheme [190].
Momentum sources are implemented to achieve a high statistical precision [191], and non-perturbative step-scaling
techniques [192,193] are used to run the Z-factors to a common scale (reported at « = 3 GeV in the original publication).
The mixed-action setup provides an additional benefit because the renormalization pattern is the same as in the
continuum (to a very good approximation) and does not require the spurious subtraction of operators of different chirality.
Examples of the chrial and continuum extrapolations are shown in Fig. 10.

At the scale 4 = 2 GeV in the MS scheme, Ref. [185] finds: g7* = 0.36 & 0.02, g™ = 2.0 £ 0.2 GeV?, gr =
—(0.62 & 0.06) GeV?, g™ = —(1.9 £ 0.2) GeV?, gZ™ = —(8.0 + 0.6) GeV>. Note that the scaling of these LECs agrees
with the NDA estimate. Prior to the direct LQCD calculation, these LECs were also extracted in Refs. [116,117] using SU(3)
relations between 7 -7~ and the kaon processes K-K and K — m7 matrix elements, for which LQCD results are also
available [171,172,175-177,194,195]. Ref. [ 116] found g7™ = 0.38£0.08, g¥™ = 2.940.6 GeV?, g¥™ = —(1.0£0.3) GeV?,
g7 = —(25%1.3) GeV?, g = —(11+4) GeV2. This indirect LQCD extraction is in good agreement with the more
precise results of Ref. [185].

ERN]

2,3 =

[1 +&2( In(e2)—1 +c2,3)] (55)
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Fig. 10. Interpolations/extrapolations of the pion matrix elements. Light and dark blue correspond to O, 3, respectively, light and dark green to Oy s,
and red to O;. The fit bands are constructed with A, held fixed while changing ¢, so the corresponding LQCD results are adjusted by (F, /Fiat)*
(where F1* is the value of the pion decay constant determined on a given ensemble) for each lattice ensemble in order to be consistent with this
interpolation. The bands represent the 68% confidence interval of the continuum, infinite volume extrapolated values of the matrix elements. The
vertical gray band highlights the physical pion mass point.

Source: Data and fits from Ref. [185], converted to the basis of Eq. (15).

4.2. Long distance contributions in pion matrix elements

A light Majorana neutrino propagates over “long distances” that are resolvable at the QCD scale, and therefore the
non-locality of the second order weak-process must be incorporated into the evaluation of the QCD matrix elements. This
leads to more complicated calculations than those discussed in Section 4.1. In contrast to the 2v88 process discussed
in Section 3, the momentum carried by the neutrino propagator must be integrated over, also leading to additional
complications.

The OvB B process between an initial state i and final state fe"e™ is induced at second order in perturbation theory,
with two insertions of the Al = 1 weak Hamiltonian in Eq. (3) leading to the bi-local matrix element

f d*xd*y(fee|T {Hw (X)Hw(Y)} |i) = 4mppGEViy / d*xd*y Hap(X, y)Lap(x. y). (56)
where the leptonic tensor is given by

Lop = &(P1)vaSu(X, Y)ypef (p2)e” P17 e~ P2 (57)
and the hadronic tensor is given by

Hog = (FIT {Jor: U0} 1) (58)
and J,;(x) = uy(x)y,di(x). The neutrino propagator is given by

d*q ety
5.0) =Six-) = [ o (59)

The convolution with the leptonic tensor and resulting integration mean that evaluations of the hadronic tensor are
required for all sets of space-time points. The leptonic tensor results in an integration kernel that has significant support
for momenta of up to ©(100) MeV. An additional complication is that LQCD calculations are performed in finite volume
Euclidean space-time, while the physical matrix elements are required in Minkowski space. The analytically continued
information can be extracted but requires careful treatment, particularly when the initial and/or final state involve
multiple hadronic states.

4.2.1. The transition 1~ — w e e

Two groups [196,197] have pursued calculations of the OvBS matrix element that induces a transition between an
initial 77~ state and a final wTe~ e~ state. While this transition is not physical due to the electron masses and degeneracy
of the 7%, it can be studied at unphysical kinematics. This matrix element is equivalent to the charge exchange zero-
momentum scattering process 7 ~e™ — 7 Te~. From the point of view of LQCD, it is the simplest Ov88 process that can
be investigated as it does not suffer from an exponential signal-to-noise problem at increasing Euclidean time, and the
initial and final states contain only single hadrons.

This process is a low energy process and yx PT provides a prediction for it. At next-to-leading order, this is determined
by a single low energy constant LEC [112]

Alr~ — mwTee)
ALO

(60)

m? w? 5
=1 o 3log— +6+ =g'" ,
+ (4rF, 2 ( gm% +6+ 68 (M))
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Fig. 11. Contractions for the 7~ — wTe~e~ transition in Eqs. (62) and (63). The solid blue and dashed green lines represent down and up quark
propagators respectively and the circles represent the Al = 1 weak vertices. The dotted and solid black lines represent the Majorana neutrino
propagator and electron final state respectively.

where AC = —802|Vud|2mlgﬁﬁL(pel)CuZ(pe2) X F,% is the leading order prediction (corresponding to the vacuum saturation
approximation [197]). Here, the LEC g7™ () from Eq. (13) depends on the renormalization scale in such a way that the
amplitude is renormalization-scale independent.

In Ref. [196], a preliminary study of this process is presented using domain wall fermions at a pion mass of m, ~
420 MeV with further developments underway [198]. The calculation builds on the pioneering studies of rare kaon decays
by the RBC collaboration [199,200] and the NPLQCD collaboration study [82,83] of the 2v88 process discussed in the
previous Section. Specifying to the particular initial and final states in Eq. (56), the hadronic matrix elements of interest
can be determined from the correlation function

Co(Ee, %,y €)= (OIT [ (6 Va0 ()} 10) (61)

with x,+ and X;, being interpolating operators for zero-momentum pion states. The correlation function above is
constructed from two different types of Wick contractions which are shown in Fig. 11. The forms of the quark line
components of these contractions are

Co™ =Tr[S}(tr — X)Sa(ts — )y (1= ) SH(E= = Y)Sa(t= — X)y, (1= 5)] (62)
and
Chy ™ =Tr[Si(t- = X)y (1= ys) Sa(t— — x)] - Tr [S{(ts — ¥ (1 = y5) Salts — y)] (63)

respectively. Here, a simple local pion interpolator, y,+ = uysd, has been used and terms with u <> v and x <> y are
also required. Inserting a complete set of states between the two currents in Eq. (61) as in Refs. [200,201], it is clear that
the correlation function has the asymptotic time dependence

G "t x,y, )

T—>TT d 4 Uw(x’y) L
CTUT(T) = ZZZ lCn(t)

XY 6=01t,=0
ee|Hw |n)(n|H e~ (En—mz)T _ 1
O(Z(ﬂle(lwlN) T+ (64)
En(En - mﬂ) E, —my,

for pions at rest, where T is the size of the temporal integration window for the weak current insertions and t = |t, —t_|
is the 7~ — ™+ source-sink separation. In deriving this formula, it is assumed that the current insertions are held
sufficiently far from the pion source and sink (t- « 0 <« T « ty) so that the couplings to excited states before and
after the integration window may be safely neglected. The states contributing to the sum are: |ev,), |Tev,), [n = 2), ...,
with energies E ~ m, < m,, E ~ m, and E > m,. For the lowest-energy state, the terms in the square brackets in Eq. (64)
are growing exponentially with T and the matrix element is the square of the pion decay constant; for the second state,
|reve), the terms in the square brackets behave approximately quadratically; for the remaining n > 2 terms, the large T
behaviour of Eq. (64) is linear. Combining these pieces, the matrix element governing Ovgp

Mo =3 (weelHw [n){n[Hw |7)

En(En - mT[) (65)

can be determined. The procedure by which this can be achieved is illustrated in Fig. 12 ad discussed in detail in Ref. [202].

The calculation of the double sum over the spatial volume in Eq. (64) is naively numerically prohibitive for all but the
smallest volumes. Fortunately, the translational invariance of the neutrino propagator can be exploited to reduce this to
O(V log V) using the convolution theorem

/ Py f(Lap(x — Y)g(y) = / Pxf(0) [F {Fllap) - Fgn))] ) (66)
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Fig. 12. The integrated transition amplitude for various different neutrino masses (left) and decomposed into

Eq. (64).
Source: From Ref. [202].
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Fig. 13. The runtime of the various implementations of the double summation over the neutrino creation and annihilation points. The results
correspond to the naive double summation, a CPU implementation (FFTW) of the FFT, a GPU implementation of the FFT and, simply setting one
of the ends of the neutrino propagator to be fixed (single sum), albeit this last method has significantly larger variance. Further details on the
comparison are given in Ref. [202].

Source: From Ref. [202].

and the Fourier transform, 7(...). As discussed in Ref. [202], this convolution can be implemented using the fast Fourier
transform (FFT). The second type of contraction, C(’ITJ)_’”, in Fig. 11, requires the FFT to be performed for the various
spin-color components separately. The speed-up achieved using FFT is significant and is shown in Fig. 13.

In Ref. [197], Tuo et al. have presented a further, more complete study of this 7~ — m+e e~ process also using
domain wall fermion ensembles. This calculation differs in technical details from that of Ref. [202] and also contains
results at the physical values of the quark masses for the first time. This calculation uses sophisticated statistical methods
and also implement the infinite volume reconstruction technique [203] to ameliorate the finite volume effects of the
almost massless neutrino propagator. In addition, the calculation proceeds by dividing the full correlator by the completely
disconnected version of contraction C(’Ef” in Fig. 11 (performing separate averages over gluon field configurations of the
two traces) which corresponds to subtracting the leading order xPT result. Noting the similarity of the 7= — wTe e~
hadronic matrix element to the electromagnetic self energy of the pion (computed in Feynman gauge), Tuo et al. used the
infinite volume reconstruction method [203] which in this case removes all power-law suppressed finite-volume effects
caused by the (almost) massless neutrino propagator. The infinite volume reconstruction method works due to the fact
that at large enough time separation, the matrix elements are dominated by single pion intermediate states contribution
(significant effort is put into assessing the systematic effects of this and the remaining exponentially suppressed finite-
volume effects). Four different DWF ensembles at quark masses very close to their physical values were used with
volumes ranging from m,L = 3.3-4.5. Different lattice spacings and actions were also used, enabling an estimate of
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Fig. 15. Contractions for the 7 =7~ — e~ e~ transition. The solid blue and dashed green lines represent down and up quark propagators respectively,
and the circles represent the Al = 1 weak vertices. The dotted and solid black lines represent the Majorana neutrino propagator and electron final
state respectively.

the continuum limit. Fig. 14 shows the continuum limit extrapolation. To achieve clean signals, all mode averaging and
low-mode deflation were used and wall sources for the quark fields were placed on every timeslice. The final result in Tuo
et al. is the amplitude A = 0.1045(34)(50).(55), where the uncertainties are from statistics, finite volume and continuum
extrapolation respectively. This allows a determination of the xPT low energy constant

g7 (w))| = —10.89(28)(33)(66)a , (67)

p=my

more precise and in reasonable agreement with the large-N¢ estimate g7 (u)|y=m,= —7.6 [112,113].

4.2.2. The transition 17~ — e” e~

Second order weak interactions also generate the crossed channel transition 7“7~ — e~e~. This transition, while
kinematically allowed, is not accessible experimentally but provides a similarly useful theoretical arena as the 7= —
wTe~e” transition. In Ref. [204], Feng et al. have investigated the corresponding transition amplitude in the light
neutrino exchange scenario. The calculations were performed using domain-wall fermion ensembles with quark masses
corresponding to pion masses m, = 420 and 140 MeV. While exploratory, this calculation demonstrated the feasibility
of the methods used.

As with the 7~ — mTe~e™ calculations above, there are two types of contractions involved in constructing the
LQCD correlators from which the transition amplitudes can be extracted; these are shown in Fig. 15. A key difficulty
in this calculation is that the initial state in the correlation functions is a multi-particle state |7~ ~) and is a finite
volume state that must be converted to the desired infinite volume state using the Lellouch-Liischer factor [205,206],
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requiring knowledge of the m-scattering phase shifts. Fig. 16 shows the integrated matrix element extracted in this
calculation for the two different quark masses. The transition amplitudes that were obtained are 24% and 9% smaller
than the predication from leading order chiral perturbation theory at the two different quark masses. The results provide
lattice QCD constraints on the NLO x PT counterterms. As discussed in Ref. [197], these are compatible with those obtained
from the #~ — mte e~ transition amplitude. Follow-on calculations in which all the systematic uncertainties are fully
controlled will be possible with larger-scale computational resources.

4.3. Two-nucleon nn — ppe~ e~ and other matrix elements

The pion transition calculations discussed above have served to investigate technical aspects of the methodology
of both short and long-distance contributions to OvBg8, and also constrain pionic contributions within nuclear decays.
However, the next stage of development is to move to the more directly phenomenologically relevant two-nucleon process
nn — ppe~e~, as has been done for 2v88 decay. There are some differences in the computational details for the two-
nucleon processes from those of the pion. There is no disconnected type contribution, but the complexity of the connected
contractions is significantly higher. Considerable effort has been put into efficient contraction methods for spectroscopy
of nuclear systems [152-156] and this can be extended to the contractions relevant for the Ov88 and 2vgB8 decays of
nuclear systems. For each contraction necessary for spectroscopy of a nuclear system, there are C;d contractions for the
case of the long distance 88 decay transition where ng4 is the number of down quarks in the initial state interpolating
field. This is shown in Fig. 17 for the long-distance case (the short distance contributions scale similarly).

Beyond the two-nucleon transition, the next relevant systems to consider are “H — “Li e"e~, ®H — °Li e"e~ and
6He — SBe e~e™. Calculations of these transitions are considerably more complicated than the two-nucleon calculations,
requiring significantly higher statistics, new types of interpolating operators, and sophisticated approaches to the much
larger computational complexity of the quark contractions. These calculations would serve as additional benchmarks
for nuclear many-body methods, in particular allowing determinations of LECs in EFT-based many-body approaches and
providing an assessment of the convergence of the EFT for larger nuclear systems. It is also possible to consider OvSf
matrix elements in any other hadronic or nuclear states with I > 1. As an example, the ¥~ — Xte~ e~ transition is a
simpler transition to study numerically which involves the same type of contractions as are necessary for the two nucleon
transitions.

5. Outlook and prospects

While first principles studies of Ov88 and 2v88 decays are in their early stages, the last few years have seen the
application of lattice QCD techniques to calculations relevant for hadronic and nuclear inputs needed for a concrete
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(a) (b)

Fig. 17. Example contraction for (a) nn two-point correlation functions and (b) the corresponding set of contractions for the long-distance Ovjp
nn — ppe~e~ transition. The solid blue and dashed green lines represent down and up quark propagators respectively, and the circles represent the
Al = 1 weak vertices. The dotted and solid black lines represent the Majorana neutrino propagator and electron final state respectively.

predictions for these processes. This review highlights recent calculations of the 2v88 transition nn — ppe~e™ V. V,, and
on various pionic OvBg transitions induced through either short-distance higher-dimensional operators originating from
high scales, or long-distance contributions from light Majorana neutrinos. A central aspect of this topic is the connection
between these LQCD calculations and the effective field theories needed to make connection to phenomenology.
Important progress in both the LQCD calculations and the EFT matching can be anticipated in the coming years. The
scope of LQCD calculations will increase; already there are efforts underway to pursue the OvSg transition nn — ppe~e™,
and one might anticipate the extension of these calculations to larger atomic systems with A = 4,6. The control
of systematic uncertainties for two- and higher-nucleon systems will also improve dramatically with multiple lattice
spacings and volumes being used; for the more challenging nuclear calculations an understanding of the quark mass
dependence of these amplitudes will also emerge. In the context of effective field theory, a major improvement will come
from performing finite volume EFT calculations of these processes, first for pionic amplitudes and subsequently for the
nuclear systems. Such an advance will enable more precise matching to the (necessarily finite volume) LQCD calculations.
As this area matures, LQCD and EFT will have an important impact on 88 phenomenology:

e Two-nucleon amplitudes for both short- and long-range mechanisms are essential to determine the LO transition
operators to be used in nuclear many-body calculations. Currently, ignorance of the LO LECs induces an order-
of-magnitude uncertainty in the predicted decay rates even before considering nuclear structure uncertainties.
Therefore, the calculation of two-nucleon amplitudes in LQCD and their extrapolation to the continuum and physical
quark masses are of highest priority;

e LQCD calculations in systems with A = 4 and A = 6 will help in quantifying uncertainties in the nuclear many-body
methods. In particular, even if one knew the LECs by matching to two-body amplitudes, one expects additional
uncertainty in nuclear calculations from residual scheme dependence and regulator dependence of the results.
Benchmarking against LQCD may help constrain the size of these uncertainties. Transitions that can be used for
benchmarking purposes include: ®He — ®Be e"e™ (Al = 0) (nuclear structure results exist from several groups),
H — SLiee™ (Al = 2) (more difficult for nuclear structure methods because °H is unstable) and possibly
4H — “Lie"e” (Al =0)and 4n — “Hee e".

In summary, LQCD coupled to EFT has the potential to greatly impact double beta decay phenomenology, by
dramatically reducing current uncertainties arising from matching of quark to hadronic degrees of freedom, and further
benchmarking nuclear structure methods in A < 6 systems. While this program requires very challenging calculations,
significant progress is expected in the next five to ten years, commensurate with the time-scale of next generation
‘ton-scale’ experimental searches for Ovgg.
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