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Abstract. We study constrained nested stochastic optimization problems in which the objective
function is a composition of two smooth functions whose exact values and derivatives are not avail-
able. We propose a single timescale stochastic approximation algorithm, which we call the nested
averaged stochastic approximation (NASA), to find an approximate stationary point of the problem.
The algorithm has two auxiliary averaged sequences (filters) which estimate the gradient of the com-
posite objective function and the inner function value. By using a special Lyapunov function, we show
that the NASA achieves the sample complexity of O(1/e?) for finding an e-approximate stationary
point, thus outperforming all extant methods for nested stochastic approximation. Our method and
its analysis are the same for both unconstrained and constrained problems, without any need of batch
samples for constrained nonconvex stochastic optimization. We also present a simplified parameter-
free variant of the NASA method for solving constrained single-level stochastic optimization prob-
lems, and we prove the same complexity result for both unconstrained and constrained problems.
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1. Introduction. The main objective of this work is to propose a new recursive
stochastic algorithm for constrained smooth composition optimization problems of
the following form:

(L1) min {F(x) = f(9(x))}.

zeX

Here, the functions f : R™ — R and g : R® — R™ are continuously differentiable,
and the set X C R" is convex and closed. We do not assume f, g, or F' to be convex.

We focus on the simulation setting where neither the values nor the derivatives
of f or g can be observed, but at any argument values z € R™ and v € R™ we can
obtain random estimates of g(x), of the Jacobian Vg(z), and of the gradient V f(u).
Such situations occur in stochastic composition optimization, where we need to solve
the problem

(1.2) min E[¢(E[(z;¢)];€)]

in which ¢ and £ are random vectors, and E denotes the expected value. In such
situations, one can obtain samples (£, () of (&,¢), and treat w(x,f), V.¥(x, (), and
Vup(u,€) as random estimates of E[¢)(x;¢)], VE[¢(x;¢)], and VE[¢(u,§)], respec-
tively. In this paper, we propose stochastic gradient-type methods for finding approx-
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imate stationary points of problems of this type. We also derive sample complexity
guarantees for these methods.

Stochastic composition problems of form (1.1)—(1.2) occur in many applications;
we present three modern motivating examples.

Ezample 1.1 (stochastic variational inequality). We have a random mapping
H : R™ x Q@ — R™ on some probability space (2, F, P) and a closed convex set X.
The problem is to find x € X such that

(1.3) (E[H(z)],y —x) <0 forall yeX.

The reader is referred to the recent publications [13] and [17] for a discussion of the
challenges associated with this problem and its applications (our use of the “<”
relation instead of the common “>” is only motivated by the ease with which we
show the conversion to our formulation). We propose to convert problem (1.3) to the
nested form (1.1) by defining the lifted gap function f:R"™ x R® — R as

1
1.4 h) = hoy—a)— =|ly—z|?
(1.4 ) =g { oy = a) = Sy = alP}.
and the function g : R — R" x R™ as g(z) = (z,E[H(z)]). In this case, we actually
have access to the gradient of f, but the value and the Jacobian of g must be estimated.
We do not require E[H(x)] to be monotone. O

Ezample 1.2 (policy evaluation for Markov decision processes). For a Markov
chain {Xo, X1,...} € X with an unknown transition operator P, a reward function
r: X — R, and a discount factor v € (0,1), we want to estimate the value function
VX — Rgiven by V(z) = E[}7°,7'7(X:) | Xo = z|. For a finite space X, the
functions r and V may be viewed as vectors, and the following policy evaluation
equation is satisfied:

V =r+4+~PV.

As P is not known and |X| may be large, this system cannot be solved directly. To
reduce the dimension of this problem, we employ a sketching matrix S € R¥I¥l and
a linear model for the value function V(x) ~ Zle w;¢;(x), where ¢1(-), ..., dx(:) are
given basis functions. Then we can formulate the residual minimization problem for
the policy evaluation equation:

min E “|S’ (@w —r— WIE[P]@w) Hﬂ )

weRd
where @ is the matrix with columns being the basis functions, Pisa sample transition
matrix (see [28] and the references therein), S is a sketching matrix that selects a
random subset of {1,...,d} such that E[||Sy||?] = yT =y corresponds to a weighted
norm (this weight is often chosen to be the invariant distribution of P, which is not
known but can be sampled from to construct the random S). In this case, we may
define the outer function f as the weighted squared norm, and the inner function g as
the linear mapping inside the norm. Neither of the functions has an easily available
value or derivative, but their samples can be generated by simulation. ]

Ezample 1.3 (low-rank matrix estimation). Let X € R™ " be an unknown
matrix that we aim to approximate. One can sample from the unknown matrix and
each sample returns a random matrix X such that E[X] = X. Let kK < n be a
prespecified rank. The low-rank matrix estimation problem has the following form:

min ¢ (E[X]-UVT).
(U,v)es
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In this problem, the unknowns U and V are n x k matrices, S C R**F x R"*¥ is a
bounded set, and ¢ : R™*"™ — R is a loss function (e.g., the Frobenius norm). Low-rank
matrix approximation finds wide applications including image analysis, topic models,
recommendation systems, and Markov models (see [8] and the references therein).
Our formulation is nonconvex. When data arrive sequentially, our method can be
applied in an online fashion to find a stationary solution. 0

Interest in stochastic approximation algorithms for problems of form (1.1) dates
back to [6, Chap. V.4], where penalty functions for stochastic constraints and com-
posite regression models were considered. There, and in the literature that followed,
the main approach was to use two- or multiple-level stochastic recursive algorithms
in different timescales. For problems of form (1.1) this amounts to using two step size
sequences: one for updating the main decision variable x, and another one for filtering
the value of the inner function g. The crucial requirement is that the outer method
must be infinitely slower than the inner method, which decreases the convergence
rate and creates practical difficulties. Sample complexity analysis and acceleration
techniques of stochastic approximation methods with multiple timescales for solv-
ing problems of form (1.1) gained interest in recent years. We refer the readers to
[27, 28, 30] for a detailed account of these techniques and existing results for the
general nested composition optimization problem. Furthermore, a central limit theo-
rem for the stochastic composition problem (1.1)—(1.2) has been established in [5]. It
shows that the N-sample empirical optimal value of problem (1.2) converges to the
true optimal value at a rate of O(1/v/N). The work [7] establishes large deviation
bounds for the empirical optimal value.

In addition to the general solution methods studied in [5, 27, 28, 30|, several
notable special cases of the composition problem have been considered in the machine
learning literature. In the case where f is convex and g is linear, one can solve (1.1)
using duality-based methods via a Fenchel dual reformulation [2]. In the case where
it is allowed to take minibatches, [1] proposed a sampling scheme to obtain unbiased
sample gradients of F' by forming randomly sized minibatches. In the case when f
and ¢ take the form of a finite sum and strong convexity holds, one can leverage the
special structure to obtain linearly convergent algorithms; see, e.g., [18, 20]. To the
authors’ best knowledge, no method exists for solving (1.1) with general smooth f
and g, which uses a single timescale stochastic approximation update and does not
resort to minibatches. There is also no method for approximating stationary solutions
that has provable complexity bounds, when the composition problem is constrained.

Our contributions are the following. First, we propose a new nested averaged
stochastic approximation (NASA) algorithm for solving (1.1), which is qualitatively
different from the earlier approaches. Its main idea, inspired by [25, 22, 23], is to lift
the problem into a higher dimensional space, R™ x R™ x R™, where our objective is not
only to find the optimal x, but also to find the gradient of F' at the optimal point, and
the value of g at this point. In this space, we construct an iterative method using one
step size sequence, and we prove convergence by employing a specially tailored merit
(Lyapunov) function. This leads to the first single-timescale stochastic approximation
algorithm for the composition problem, and entails essential improvements over the
earlier approaches.

Second, we show that with proper choice of the step size sequence, O(1/£2) obser-
vations are sufficient for the NASA algorithm to find a pair (7, Z) € X x R™ satisfying
E[V(Z, z)] < e, where Z is an estimate for VF(Z), and V(z, z) is an optimality measure
generalizing | VF(z)||? to constrained problems; see (2.6). This complexity bound is
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consistent with the central limit theorem for composite risk functionals [5] and is bet-
ter than the best-known complexity of O(1/£%2%) obtained in [28] for smooth nested
nonconvex stochastic optimization. In fact, our complexity bound for the two-level
composition problem is of the same order as the complexity of the stochastic gradient
method for general smooth one-level nonconvex stochastic optimization [9].

Third, our convergence analysis of the NASA method is the same for both un-
constrained and constrained problems, allowing us to obtain the same complexity of
O(1/€?) for the constrained case, without taking batches of samples per iteration. To
the best of our knowledge, this is the first direct convergence analysis of a method
for general stochastic nested problems of form (1.1) which avoids multiple samples
per iteration to reduce the variance of the stochastic gradients. Hence, this property
makes the NASA method attractive for online learning where the samples are received
one by one.

Finally, we present a simplified variant of the NASA method for solving a class
of single-level stochastic optimization problems, i.e., with g(z) = z in problem (1.1).
This simplified version is a form of a constrained dual averaging method. We show
that the sample (iteration) complexity of this algorithm is of the same order as that
of the NASA method. Moreover, the step size schedule of this method, unlike almost
all existing stochastic approximation algorithms, does not depend on any problem
parameters or employ line-search procedures. Its rate of convergence is established
without forming minibatches of samples, and is valid for both unconstrained and
constrained problems. It should be mentioned that a similar complexity bound has
recently been obtained in [4, 3] for finding an approximate stationary point (albeit
with a different optimality measure) for nonsmooth, constrained, and nonconvex one-
level stochastic optimization problems without taking minibatches of samples per
iteration. Some online algorithms for constrained problems that use minibatches of
samples choose their size to improve error complexity, while making a trade-off with
sample complexity (see, e.g., [10, 11]). Hence, they may be more desirable in the cases
where the projection onto the feasible set is computationally hard.

Notation. The optimal value of problem (1.1) is denoted by F*. For any Lip-
schitz continuous function h, we use L to denote its Lipschitz constant. We use Vh
to denote the gradient (or Jacobian) of a scalar (or vector) function h.

2. The method. Our goal in this section is to propose a stochastic approxima-
tion algorithm for solving problem (1.1) where estimates of the gradient of f and the
value and Jacobian of g are available through calls to a stochastic oracle.

The method generates three random sequences, namely, approximate solutions
{x*}, average gradients {z*}, and average g-values {u*}, defined on a certain proba-
bility space (2, F, P). We let Fj be the o-algebra generated by

{29 00 2k 20 2R a0, WY
We also make the following assumption on the stochastic oracle.

Assumption 1. For each k, the stochastic oracle delivers random vectors G**1 ¢
R™, s¥*1 € R", and a random matrix J*¥*1 € R™*" such that

BIG P = g(a™h),  E[IGM — g )|P|F] < o,
]E[Jk+1|]:k] — Vg(:EkJrl), E[‘|Jk+1”2|]-"k} < 037
E[s51F] = VWb),  E[ls"?|F] < o2,

and J**! and s**! are conditionally independent, given F.
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The shift in indexing of 2* in the above assumption is due to the fact that z*+!
will be Fi-measurable in our method. Our method proceeds as presented in Algorithm
2.1.

Algorithm 2.1 Nested averaged stochastic approximation (NASA).
Input: 2° € X, 2° e R, v € R™, 0 >0,b>0, 8 > 0.
0. Set k= 0.
1. For an Fj-measurable step size 7, € (0,1/a], compute

. > p
(2.1) y* = arg min {(zk,y—xk>+2y—xk||2
yex
and set
(2.2) "t =2k 4o (yF - 2b).

2. Call the stochastic oracle to obtain s*t1 at u*, G¥*' and J**! at z**!, and
update the running averages as

(2.3) = (1 — amp)2* + am, [J’“H]Tsk"’l,

(2.4) = (1 — bry)u® + b, GRHL

3. Increase k by one and go to step 1.

A few remarks are in order. First, the stochastic gradient [J k“}Ts’”l returned
by the stochastic oracle is a biased estimator of the gradient of F(x**!). Hence,
2F*1 as a weighted average of these stochastic gradients, is also a biased estimator
of VF(z**1). However, the sum of the bias terms of the latter estimator grows
slower than the former one, ensuring convergence of the algorithm (see Theorem 3.5).
Second, u**! is also a biased estimator of g(z**1), whose error can be properly
controlled and asymptotically driven to 0. Finally, convergence of Algorithm 2.1
depends on the choice of the sequence {7} and the parameters a, b, and g, which
will be specified in the next section.

We end this section with a brief review of the optimality conditions for problem
(1.1) and their relation to the subproblem (2.1). The following fact is standard (e.g.,
[24, Thm. 3.24]).

THEOREM 2.1. If a point & € X is a local minimum of problem (1.1), then
(2.5) — VF(2) € Nx(&),

where N'x (&) denotes the normal cone to X at the point Z. If in addition the function
F(-) is convex, then every point & satisfying (2.5) is the global minimum of problem
(1.1).

Condition (2.5) is closely related to the subproblem (2.1). Denote (for 5 > 0)

oo z18) =agin { ey — o+ Sy —1?}.

yeX

Elementary manipulation shows that

g(z,z,8) =1k (J: — %z),
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where IIx (+) is the operation of the orthogonal projection on the set X. The relation
—z € Nx () is equivalent to g(z, z, ) = x. We will, therefore, use the function

(2.6) V(z,2) = |g(x,2,1) — z|* + ||z = VF(2)|?

as a measure of violation of the optimality condition (2.5) by the primal-dual pair
(r,2). In the unconstrained case where X = R", we have V(x,2) = ||z||*> + ||z —
VF(z)|?.

The following lemma relates the optimality measure V' (z, z) to subproblem (2.1)
for an arbitrary 5 > 0.

LEMMA 2.2. For every x € X and every 8 > 0,
(2'7) Hg(w,zg 1) - Z‘H < maX(LB) HQ(.T,Z,ﬂ) - CUH

Proof. To simplify notation, set = 0, y(8) = y(z, 2, 8) = Hx(—%z). By the
characterization of the orthogonal projection,

(2.8) (z+7y(r),—y(r)) >0 forall £€X, 7>0.
Setting 7 = 8 and & = y(1) we obtain
(= +By(B),y(1) —y(B)) = 0.
Now we set 7 = 1 and £ = y(8) in (2.8) and get
(z+y(D),y(8) —y(1)) > 0.
Adding these inequalities yields

(2.9) (By(B) —y(1),y(1) —y(B)) = 0.

Consider two cases.
Case 1. § > 1. Inequality (2.9) implies that

B=DlyB) = 118y(B) —yB)Il = ly(1) —y(B)I]-

By the triangle inequality and the last relation,

Iy <y B+ ly(1) = w(B)Il < Blly (B,

which proves our claim in this case.
Case 2. 0 < 8 < 1. From (2.9) we obtain

(1= 8)(w(B) —y(1),y(1)) = Blly(8) —y(1)[|* > 0.

Therefore, ||y(8)]] > |ly(1)]] and our claim is true in this case as well. |

Note that our measure of nonoptimality in (2.6) is an upper bound for the squared
norm of the gradient, when X = R™. For the constrained case, it can also be related
to the existing ones in the literature. To do so, we need to view other algorithms in
the primal-dual space. For example, for the proximal point mapping used in [4, 3],

N . 1
i = arguin { F(y) + 3lly - oI}
yeX

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/01/20 to 128.6.45.205. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

966 S. GHADIMI, A. RUSZCZYNSKI, AND M. WANG

the squared distance ||§ — z||? is employed as a measure of nonoptimality (the use
of a parameter « there can be dealt with by minor adjustments). By optimality
conditions of the above subproblem, we have § = y(z, 2,1) with 2 = VF(g). If we
view the method of [4] as generating primal-dual pairs of form (z, 2), we obtain

15 = 2l < V(w,2) = 1§ — 2l + |2 = VF(2)|* < 1+ LT p)l|§ — ]|,

It follows that both optimality criteria would be equivalent in the primal-dual space,
if 2 were observed. In the (accelerated) projected gradient method of [10, 11], the
optimality criterion is the squared distance || — z||?, where

- . 1
i = argumin { (VF(@).) + gy~ alP}.
yeX

Evidently, § = gy(z,2,1) and if we could see the dual vector Z = VF(x) we would
obtain
15 = 2l = V(z,2) = [l — «|* + 12 = VF ()],

It should be mentioned that while the above Z and Z are not computable under the
stochastic setting, the vector zj defined in (2.3) is computed every iteration and can
be used as an online estimate of VF(z).

3. Convergence analysis. In this section, we provide convergence analysis of
Algorithm 2.1. To do so, we need the following assumption.

Assumption 2. The functions f and g and their derivatives are Lipschitz contin-
uous.

This immediately implies that the gradient of the composite function F' is Lip-
schitz continuous.

LEMMA 3.1. Under Assumption 2, the gradient of the function F defined in (1.1)
is Lipschitz continuous with Lyp := L2Lyy 4+ LyLvy,.

Proof. Let x,& € X be given. Then, by the chain rule we have

IVF(z) = VF(&)| = |Vg(x) "V f(g(x)) = Vg(#) "V [(g(2))]
< Vg@) IV f(g(x) = VF(g@)I + IV (g@)IV(z) — Vg(@)]l
< (LgLvy + LyLvg)llz — . 0
The next result about the subproblem employed at step 2 of Algorithm 2.1 will
be used in our convergence analysis.

LEMMA 3.2. Let n(x, z) be the optimal value of subproblem (2.1) for any (z,z),
i.€.,

(3.1) n(z,z) = min {<z,y _a) fnyxn?}.

yeX

Then the gradient of n w.r.t. (x,z) is Lipschitz continuous with the constant

Loy =2,/(1+8)2 + (1 + )2

Proof. Let §(x,z) € X be the solution of (3.1). Since the solution is unique, the
partial derivatives of the optimal value function 7 are given by

Vrn(xaz) =—z+ ﬂ(x - y(x,z)), Vzﬁ(ﬂ%z) = g(ajaz) - .
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Hence, for any (z, z) and (Z, 2), we have
IVn(x, 2) = Vin(z, 2)|| < [Ven(z, 2) = Van(Z, 2)|| + [ Van(z, 2) — Van (2, 2)|
<201+ B)llz — 2 + 2+ 1/B)||z = 2 < Loyll(z,2) — (&, 2)]],

where the inequalities follow from the nonexpansiveness of the projection operator
and the Cauchy—Schwarz inequality, respectively. 0

The proof of convergence of Algorithm 2.1 follows from the analysis of the follow-
ing merit function:

(3:2) W(a,zu) = a(F(e) = F) = n(@,2) + Zlg(x) - ul”

where vy > 0 and n(z, z) is the optimal value of subproblem (3.1).

LEMMA 3.3. Let {z*, 2% y* u*} >0 be the sequence generated by Algorithm 2.1.
Also assume that Assumption 2 holds, and

(3.3) 2(af —c)(vb—2¢) > Lg(ava +7)?

for some positive constants ¢ and y. Then

N—-1 N—-1
(34) > (1d¥) + lga®) — uF?) < W, 20 ) + Y YN > 1,
k=0 k=0

where, for any k > 0,
dF = o — g

7_2
P4t = 2 (laLr + Ly +7L5 + 20L3 Lyl ¥ + 57 lg(a ) — G )?)

Ly,
+ 7 (Y001 = b7 (g 1) — b, AF) + ald®, AF) ) + T - E2,
AY =g(z" 1) — GFFL AF = Vg TV f(u) - [Jk+1]—rsk+1.
(3.5)

Proof. We estimate the decrease of the three terms of the function W(z, z,u) in
iteration k.
1. Due to Assumption 2 and in view of Lemma 3.1, we have

L
F(a¥) = F(e"1) 2 (VF (M), 2% — o) — T8 |lah — o412

After rearranging the terms and using (2.2), we obtain
(3.6) F(2*Y) — F(a%) < i (VF(a"), d%) + LVTFT’?W’“HQ.
2. By (2.2), (2.3), and Lemma 3.2, we have
Dz, ) — (xRt 2R < (2R 4 By — k), et - k) - (g gk R Ry

L
+ tvn [”xk-ﬁ-l o $k||2 + ||Zk+1 _ ZkH2]

2
= (1 + a)2* + Bd*, d*) — am (d*, [Jk+1]Tsk+1>
L
(37) + % [”xlﬁ-l _ xk”Q + ||Zk+1 _ ZkHQ] .
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Due to the optimality condition of subproblem (2.1), we have (z*+3(y* —2*), y—y*) >
0 for all y € X, which together with the choice of y = z* implies that

(3.8) (zF,d*y + p||d*||* <o.
Combining the last relation with (3.7), we obtain
n(z®, 28) = (@ M) < —apnl|dt|? — am(d®, V(@) TV F(u"))
+ am(dF, V(") TV f(ub) — [JFH] sk

L
(39) + % [”xk-l-l . xk”Q + ||Zk+1 . ZkHQ} )

3. By (2.4) we have
lg(@™ 1) — TP = (b7) [l g (") = G + (1 — br) P lg (") — |12
+ 2b7 (1 — ka)<g(xk+1) — Gk+1,g(ﬂck+1) — uk),
(3.10) [lg(z" ") —u||* < |lg(a®) — u*||* + LIr2(|d"||* + 2Lgmel|d* |||l g(2") — u*|,

where the last inequality follows from (2.2) and the Lipschitz continuity of g. More-
over, using (2.2) and Assumption 2, we obtain
(3.11)

(d", VF(@@"*) = Vg(@* ) TV f(uh)) < LyLvy [meLglld®| + [|d"[[[lg(=*) — u*|]] .

4. The overall estimate is obtained by combining (3.2), (3.6), (3.9), (3.10), and
(3.11):

W(IkJrl, Zk+1’uk+1) o W(Ik Zk ulc)
vb , , ,
<~ (aBlld* |2 + Fllg(a®) — w2 = (aLy Loy + L) [d llg(@®) — ) + 74+,

where r*+1 is defined in (3.5). Hence, when condition (3.3) holds, we have
W@, 24, ) < W, 25, 0b) < —enm, (2 + lg(a®) — o)) + 7.
Observe that n(z,z) < 0 for any (z, z), due to (3.8). Therefore, W(x, z,u) > 0 for all

(z,z,u). Summing up the above inequalities for all k, we obtain (3.4). d

As a consequence of the above result, we can provide upper bounds for the se-
quences generated by Algorithm 2.1.

PROPOSITION 3.4. Let {xF 2% o uk}kzo be the sequence generated by Algorithm
2.1 and Assumption 1 holds. Then
(a) if 7o = 1/a, we have
BPE[||d*|?| Fee1] < E[||2%}|Fr1] < 0302 VE> 1

— S

(b) if Assumption 2 also holds and a1, < 1/\/5 for all k > 1, we have

o0 oo
SR 2 PF] < 2|20 + 24a%0%02 S 72,
k=0 k=0

(3.12) S ERFR] <> 7,
k=0 k=0
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where

(3.13)
1
O'2 = 5 ([LVF + Lvn + ’)/LZ + 2aL2va]

72 =+ b20. 4+ 4Lvy [|12°]* + 24a20302})

Proof. We first show part (a). The first inequality follows immediately from (3.8)
and the Cauchy—Schwarz inequality. Also, defining

k—1
L ].7 T0 = 1/0,, L . :
(3.14) Iy = { L am, m<1/a T =T, .Ul(l ar;) Yk > 2,

and noting (2.3), we obtain

k+1

zi _ (1- aTo)ZO ary [Jl} 1 z

k
_ 7 aTk 1 1k+17T gk+1
— J Vk > 1.
Iy Iy F1 vl ]

Tiv1 Tk Thp

Summing up the above inequalities and assuming that 79 = 1/a, we obtain, for any
k>1,

(3.15) Za f[ 7] ST aig = =Ty, Zazk =1,
’L+1

where the last equality follows from the fact that

o arg A ar, arg 201 1 1 1-—ar
¢ _ 97 L —— )= T
=0 FiJrl - Fl + ; (1 — aTi)Fi Fl + Zz:; (Fi+1 Fl) Fk Fl )

Therefore, noting that |- ||? is a convex function and using Assumption 1, we conclude
that

k—1 k-1
IE[sz||2|}"k_1} < Za@kE[HJiHHQ|]-}]IE[HSH1H2|]:i] < 0303 Zai”f = 0303.
i=0 i=0

We now show part (b). By (2.3), the above estimate, and assuming that 7o = 1/a,
we have

E[l=" = 2112 %] < 21202 + B[ s 2| o] ) < 21120012 + o%0?),

2 2.2
]E[||Zk+1 —Zk||2’]:k] < a”Ty, (E[sz+1”2’}—k] +E[||[Jk+l]Tsk+lH2}]_—k]>

- (1 — aTk)2
4a20303713 vk > 1
~ (1—amg)? =

implying that

. k+1 k2 02 2 2 2 = Tk 2
SB[l - 2 wsﬂnz 2+ 0% <1+2a > () )]

Combining the above inequality with the fact that (17(1% < 12 due to the assump-
k)

tion that a7, < 1/4/2, we obtain the first inequality in (b). Finally, due to the
equation
E[(g(z*t) — uF, AD)| Fi] = E[(d¥, AF)|Fr] =0,

the second inequality in (b) follows from the first one in (a) and (3.5). d
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We are now ready to estimate the quality of the iterates generated by Algo-
rithm 2.1. In view of Lemma 2.2, we can bound the optimality measure at iteration
k as follows:

(3.16) V(2" 2*) < max(1, 52) [[d¥]* + ||zF — VF(*)|%.
THEOREM 3.5. Suppose Assumptions 1 and 2 are satisfied and let
{Ika Zka ykv uk}kZO

be the sequence generated by Algorithm 2.1. Moreover, assume that the parameters
are chosen so that (3.3) holds and step sizes {1} are deterministic and satisfy

(3.17)
N

1
Z 7l <elpy1 VE>0 and YN >1, and am, <1/V2 VYE>1, 70= -,
i=k+1 a
where Ty is defined in (3.14), and € is a positive constant. Then
(a) for every N > 2, we have

(3.18)

N 1 N-1
ZTkE[||VF(xk) — zk||2‘]-'k_1] <ac ( max(Ly, Lo)o? + 2a030§> ( Z T,f)
k=1 ¢ k=0

+ % max(Ly, L)W (2, 2%, u"),
c
where
2L p 472 272
(3.19) L, = 2 +4L, L5, Ly i= 4L, L5
(b) as a consequence, we have
(3.20) E[V(z",27)]
1 1 N-1
§ J\,_l{aé <C [maX(L17 LQ) + max(]—, 62)]02 + 2a0303> ( TE)
k=1 Tk k=0

+ 1(aémax(Ll, Ls) 4+ max(1, ﬂ2)> W (22, 2°, uo)},
c

where the expectation is taken with respect to all random sequences generated by the
method and an independent random integer number R € {1,..., N — 1}, whose prob-
ability distribution is given by

Tk
PORiE
j=1 Tj

(c) moreover, if a = b =1, if the reqularization coefficient is equal to

(3.21) P[R=k] =

(1+a)3? 5, «a
(3.22) B < " ot ) Lys
for some a > 0, and if the step sizes are equal to

(3.23) 70 =1, Tk

2=

Vk=1,...,N—1,
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then

(3.24)
E [V(QTR, zR)]

< \/N4—1(05L2VF [max(L1, Lo) + max(1, 8%)] [W (2, 2°,u°) + o?] +030§>

and

(3.25) E[lg(z") — u

ru2 . W(2%, 2% 1% + o2
7] < .
OZLVF(\/N — ].)
Proof. We first show part (a). By (2.3), we have
VF(xk+1) _ Zk+1
= (1 —am)[VF(z%) = 2% 4+ VE (25T = VE(2F)] + ary [VF (21 — [JFF1 TR

Dividing both sides of the above inequality by I'y11, summing them up, noting the
fact that 79 = 1/a, similarly to (3.15), we obtain

VF(xk)—zk=Zozi7k [ei—FAf] Vk>1

with
(3.26) e = (—an) [VE(2™1) = VE(2")] + VE(2™) — Vg(a'™) TV f(u'),

aT;
where A" is defined in (3.5). Hence,

k—2
VF(zh1) = k1 :Zai’kil [eﬁ-Aﬂ = ZO‘”“ ez—&-A ]

=0 =0

Flcl

which together with (3.26) implies that
IVF(2*) - 2~

2
— Hrk X k—l) _ Zk_l] —|— akfl,k) [6k,1 + Agfl] H

f” (1—arg— 1)[VF( k= 1)72 ]+a’7’k 1[ek 1+Ak 1] ||2
= || lfaTk_l)[VF(:rkfl)fzk ]+a’7’k 1€5— 1” +a? Tk 1HA 1||

+ 2a7p—1((1 — aTk_l)[VF( b — ] +atp_1ep—1,A7_1)
< *CLTk—l)HVF(xkA) 2k~ 1|| +aTk 1 |lex—1ll® + a2 |AF 1”
+ 2a7'k,1<(1 —amp_1)[VF(zF1) — 2F 1 + aTk71€k71,Ak,1>,
where the inequality follows from the convexity of || - |?. Dividing both sides of the

above inequality by I'y, using (3.14), summing all the resulting inequalities, and noting
the facts that 7o = 1/a, and 7 < 1/a, we obtain

k—1
at; Z 2a1;0;
(327)  |VF(*) —2*><Ty [Z ( leall® + AT + )] )

iz \Lin
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where
6 = {((1 —ar)[VF(z") — 2] + amie;, AL).

Now, using (2.2), (3.11), with a view to Lemma 3.1, we obtain

2L p(1 —amy)® | i i i
ol < SR @2 4+ 4L2L%  [72L2 2 + lg(a) — '),
which together with (3.19) implies that

(3.28)
N

> (X

k=1

> Z <7'ka2 aT; L 1|2 + Lal|g(a?) _uZ”Q])
N—-1 N
o {Fm [ 2 F] [Ll”d’“HQ + Lallg(a*) — ukn?]}

k=0 i=k+1
N-1

< ac Z {7 [Lalld®|” + Lallg(z") — u*|?] },
k=0

where the last inequality follows from the condition (3.17). In a similar way,
(3 29)
N N-1

N-—1
Z(mZ S AR ) =0t X T (3 nn)IALIE < e S AL

k=1 k=0 RN T k=0
Moreover, under Assumption 1 we have
E[|AF 2|1 F] < 2B[[J5H] MY F] < 20202, B[Sk Fi] = 0.

Therefore, by taking the conditional expectation of both sides of (3.27), noting (3.28),
(3.29), the above inequality, and Lemma 3.3, we obtain (3.18). Part (b) then follows
from (3.16) and the facts that

N—-1
¢ Y mE[[ld*]?|Fi] < W(a0, 20, u® +U2ZT,€7
k=0 k=0
Elv k .k
E[V(z®, %)) = Zk L [ (@2 )],
Zk 1 Tk

due to (3.4), (3.12), and (3.21).
To show part (c), observe that condition (3.3) is satisfied by (3.22) and the choice
of v =4c = aLyy. Also by (3.14) and (3.23), we have

N-1 1 \ k-1
Y om=VN -1, ka<2 rk:(k—) ,
k=1 =

1

> ri- (1 mz’“( ) =0

i=k+1 1=

N

which ensures (3.17) with ¢ = 1 and, hence, together with (3.21), implies (3.24). 0O
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We now add a few remarks about the above result. First, the estimate (3.24)
implies that to find an approximate stationary point (&, Z) of problem (1.1) satisfying
E[V(z,2)] < e, Algorithm 2.1 requires at most O(1/?) iterations (stochastic gradi-
ents), which is better than O(1/¢%2%) obtained in [28] for unconstrained nonconvex
stochastic optimization. Our complexity bound indeed matches the sample complex-
ity of the stochastic gradient method for the general (single-level) smooth nonconvex
optimization problem [9]. It is also consistent with the central limit theorem for com-
posite risk functionals [5], because the objective value gap is essentially proportional to
the squared gradient norm at an approximate stationary point (in the unconstrained
case). Second, Theorem 3.5 provides the same convergence rate of Algorithm 2.1 for
both constrained and unconstrained problems: we can still get sample complexity of
O(1/€?) with taking only one sample per iteration in the constrained case. To the
best of our knowledge, this is the first direct convergence analysis for constrained
nonconvex stochastic optimization providing the aforementioned sample complexity.
Third, (3.25) provides not only accuracy bounds for the approximate stationary point
2™ but also squared error bounds for estimating the exact value of the inner function,
g(z®), by the second running average, u’. As a result, Algorithm 2.1 provides not
only accurate approximations to the stationary solution but also reliable estimates of
the gradients. Finally, note that Assumption 1 implies that derivatives of f and g are
bounded. Hence, to establish the results of Theorem 3.5, we can relax Assumption 2
and require Assumption 1 together with Lipschitz continuity of the derivatives of f
and g.

For the stochastic variational inequality (SVI) problem of Example 1.1, our method
has significantly lower complexity and faster convergence than the approach of [13].
Most of the literature on stochastic methods for SVI requires monotonicity or even
strong monotonicity of the operator H(-) (see, e.g., [14, 17] and the references within).
The authors in [13] consider SVI with operators E[H(-)] satisfying a weaker pseu-
domonotonicity assumption. With the use of a variance reduction technique by in-
creasing sizes of minibatches, a generalization of the extragradient method originating
in [16] was developed, with the oracle complexity O(s~2), which is matched by our
results. The recent manuscript [19] considers a special case of SVI, a stochastic saddle
point problem, with weakly convex-concave functions. By employing a proximal point
scheme, the resulting SVI is converted to a monotone one, and approximately solved
by a stochastic algorithm. The resulting two-level scheme has the rate of convergence
O(e72), if acceleration techniques are used. Our approach does not make any mono-
tonicity assumption and achieves the oracle complexity of O(e~2) as well. This is due
to the use of a one-level method for a special merit function (3.2), involving the lifted
gap function (1.4) as one of its components (the other being a projection mapping
using its gradient).

We also have the following asymptotic convergence result.

THEOREM 3.6. Assume that the sequence of step sizes satisfies
o0 o0
(3.30) ZT’“ =400 a8, EZT;? < 0.
k=1 k=1

Then a constant @ > 0 exists such that, for all a € (0,a), with probability 1, every
accumulation point (z*, 2*,u*) of the sequence {x*, 2% u¥) generated by Algorithm 2.1
satisfies the conditions

o= [Vga)] VW), u=g@), -2 €Nx(z).
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Proof. Note that the sequence {r*} defined in (3.5) is adapted to {F%} and sum-
mable almost surely under Assumption 1 and (3.30). Therefore, (3.4) implies that
almost surely

lim inf ||d*|| = 0, lim inf ||g(z*) — u*|| = 0.
k—oo k—oo

Using the techniques of [23, Lem. 8], we can then show that with probability 1,
d* — 0 and g(2*) — u* — 0. Following analysis similar to [23], we prove that each
convergent subsequence of {(z*, 2, u*)} converges to a stationary point of problem
(1.1), the corresponding gradient of F', and the value of g. ]

In the convergence theorem, we allow the step sizes to be random (but adapted to
the filtration {F}), because earlier experience indicates that adaptation of the step
sizes, based on the information gathered along the path, greatly improves performance
of stochastic subgradient methods [25]. We plan to explore this avenue for composition
optimization in our future research.

4. Dual averaging with constraints. Although our main interest is in com-
posite optimization, we also provide a simplified variant of Algorithm 2.1 for solving
a single-level stochastic optimization. Our techniques allow the same convergence
analysis for both constrained and unconstrained problems which removes the neces-
sity of forming minibatches of samples per iteration for constrained problems (see,
e.g., [11, 10]). Moreover, this variant of the NASA method, different from the ex-
isting stochastic-approximation—type methods, is a parameter-free algorithm in the
sense that its step size policy does not depend on any problem parameters and allows
for random (history dependent) step sizes. This algorithmic feature is more impor-
tant under the stochastic setting since estimating problem parameters becomes more
difficult.

Throughout this section, we assume that the inner function ¢ in (1.1) is the
identity map, i.e., g(x) = z, and only noisy information about f is available. In this
case, our problem is reduced to

(4.1) min f(z),

and it is easy to verify that
(42) G:g, J:I, (TG:O, JJ:]., Lgil, ng:O.

Moreover, Algorithm 2.1 can be simplified as follows.

Algorithm 4.1 The averaged stochastic approximation method.

Replace step 2 of Algorithm 2.1 with the following:

2'. Call the stochastic oracle to obtain s**1 at z* and update the “running average”
as
(4.3) = (1 — arp)2® + ams™L

The above algorithm differs from Algorithm 2.1 in two aspects. First, stochastic
approximation of Vg is replaced by its exact value, the identity matrix. Second, the
averaged sequence in (2.4) is not required and u* is simply set to 2, the exact value
of g(x*).
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The resulting method belongs to the class of algorithms with direction averaging
(multistep) methods. The literature on these methods for unconstrained problems is
very rich. They were initiated in [26] and developed and analyzed in [12, 15, 21] and
other works. Recently, these methods play a role in machine learning, under the name
of dual averaging methods (see [29] and the references therein). In all these versions,
two timescales were essential for convergence. The first single-timescale method was
proposed in [25], with convergence analysis based on a different Lyapunov function
suitable for unconstrained problems. Our version is related to [22, 23], where a similar
approach to constrained problems was proposed, albeit without rate of convergence
estimates. We may remark here that the version of [22, 23] calculates s**! at z*+!
rather than at z* at step 2/, which is essential for nonsmooth weakly convex f(-). For
smooth functions both ways are possible and can be analyzed in the same way with
minor adjustments.

Convergence analysis of Algorithm 4.1 follows directly from that of Algorithm 2.1
by simplifying the definition of the merit function as

(4.4) Wz, 2) = a(f(x) = f7) = n(x, 2),
exactly as used in [22, 23]. We then have the following result.

LEMMA 4.1. Let {zF, 2, yk}kzo be the sequence generated by Algorithm 4.1. Also
assume that function [ has Lipschitz continuous gradient. Then
(a) for any N > 2, we have

N-1 N-1
(4.5) B mlld (P < W0, 20 + Y A,
k=0 k=0

where, for any k > 0,

d¥ =¥ — 2, Aisz(mk)—sk'H,
(4'6) k+1 1 21 7k 12 k ASf 1 k+1 k2
r =5 Balyy 4 Loy [d7|7 + ami(d”, Ay) + S Loyl = 2715

(b) if, in addition, Assumption 1 holds along with (4.2), at, < 1/v/2 for allk > 1,
and 19 = 1/a, we have

B2E[[|d* |21 Fs]] < B[22 Feal] <02 VE > 1,
STE[A - 2RI F] < 2|11 + 240%02 > 77
k=0 k=0

o0 o0

3alL L 2
E E[rkﬂ\]—'k] < g2 E 2, o= (3a vf2;2 vn)s +2LV77[HZO||2 +24a202].
k=0 k=0

(4.7)

Proof. Multiplying (3.6) by a, summing it up with (3.9), noting (4.2), (4.4), and
the fact that
ar(d*, V(@) = V(")) < aLygri||d*||?,

we obtain
(4.8) W (1 2800 — W (ah, ) < —apmy||d®|® +

The remainder of the proof is similar to that of Lemma 4.1 and Proposition 3.4; hence,
we skip the details. 0
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Using the above results, we can provide the main convergence property of Algo-
rithm 4.1.

THEOREM 4.2. Let {xk,zk,yk}kzo be the sequence generated by Algorithm 4.1
with a = 1. Moreover, assume that Assumption 1 holds along with (4.2), and the step
sizes are set to (3.23). Then, for a random R distributed according to (3.21), we have

1 1
4.9) E[V(zf, 2] < ——— < max(1, %) + L% ) [W (2, 2°) + 202 +40’§>,
(49) B[V, 2] <~ (Gmax(1, ) + o) [V, 2) + 207
where V (x,z) and 0? are, respectively, defined in (2.6) and (4.7).
Proof. Similarly to (3.26), we have
k—1 i1y _ i
(4.10) VF(xk) — k= Zai)’“ {ei + Aﬂ . €= ViET) - Vi ),
i=0

aT;

which, together with the Lipschitz continuity of V f and (2.2), imply that
L slld?

2 vV
(4.11) les]|” < 2

In view of Lemma 4.1, the rest of the proof is similar to that of Theorem 3.5. ]

It is worth noting that unlike Algorithm 2.1, the regularization coefficient 8 in
Algorithm 4.1, due to (4.8), can be set to any positive constant number to achieve
the sample (iteration) complexity of O(1/e%). Such a result has not been obtained
before for a parameter-free algorithm for smooth nonconvex stochastic optimization.
Moreover, Algorithm 4.1, similarly to Algorithm 2.1, outputs a pair (z'?, 2f*), where
2% is an accurate estimate of V f(2®) without taking any additional samples. This
is important for both unconstrained and constrained problems, where one can use
the quantity max(1, 8)||y* — z*|| as an online certificate of the quality of the current
solution; see Lemma 2.2.

Note that the convergence result of Theorem 4.2 is established under the bound-
edness assumption of the second moment of the stochastic gradient. In the remainder
of this section, we modify the convergence analysis of Algorithm 4.1 under a relaxed
assumption that only variance of the stochastic gradient is bounded. This assump-
tion, which is common in the literature on smooth stochastic optimization, is stated
as follows.

Assumption 3. For each k, the stochastic oracle delivers a random vector s**1 €
R™ such that
E[s""1|F] = Vf(="),  E[ls" = Vf(")|?|F] < 62.

LEMMA 4.3. Let {z*, 2%, y*} >0 be the sequence generated by Algorithm 4.1. Also
assume that the function f has a Lipschitz continuous gradient. Then
(a) for any N > 2, we have

N-1 No1
(112) 3mSR ) a2 < W', 20) + T
k=1 k=0

where, for any k > 0,
(4.13)

. 1
P = (amd —a?r Loy (VF () =), Al ) +50%E Loy [[VF(") = 2412 + 1 A1)2]
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(b) if, in addition, Assumption 3 holds and step sizes {7y} are chosen such that

N
(4.14) 70 =1/a, > mTi<énlip V>0 and VN > 2,
i=k+1

where Ty, is defined in (3.14) and ¢ is a positive constant, we have

N—-1

1 .
(4.15) > (5 — 5Balys + Lyy + atlyy LY fm) E[||d*[|*[F]
k=0

i

L 1
SW(a®,2%) + TIVF@) = 2 + 5 (Lyy +28)67 Y 1.

S
I
=

Proof. To show part (a), note that by (2.3), (4.2), and (4.13), we have
|25 = 2R)2 = a?7 |V (b) — 252 + A2 - AVF) - 2, A])]

which together with (4.5) and in view of (4.13) implies (4.12). To show part (b), note
that by (4.10), (4.11), and, similarly to the proof of Theorem 3.5, part (a), we have

N
ZT |VE(z*) — 2%
-1
N—1 2 11dk)12
L
<é¢ T,? <Vf|(|L|| + a27k||A£||2 + 2a<VF(xk+1) — 2k aTk[VF(xk) — zk], A£>> )
k=0

Taking conditional expectation from both sides of the above inequality and using
(4.13) under Assumption 3, with the choice of 79 = 1/a, we obtain

N—1
> B[ F]
k=0
0%(Lyy +20)62 N, atLonlyy N, Lvy 0y_ 02
< T L2005 S 2 SN S R P Fi i ]+ SV F ()~
k=0 k=0
(with the notation of F_; = Fy), which together with (4.12) implies (4.15). d

We can now specialize the convergence rate of Algorithm 4.1 by properly choosing
the step size policies.

THEOREM 4.4. Let {x*, 2%, yk}kzo be the sequence generated by Algorithm 4.1, the
gradient of f(-) be Lipschitz continuous, and step sizes set to (3.23). If Assumption 3
holds and

2(3va + Ly, + éLanzvf)
3 )
then, for a random R distributed according to (3.21), we have

(4.16) B>

(4.17) E[V(z",2M)] < 1 (G(max( )+ 15 )W(xo,zo)

T VN1 p
+%HVF(J;0)—Z°H2 + (Lyy +2)6 }+za>.
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Proof. First, note that by the choice of step sizes in (3.23), condition (4.14) is
satisfied with ¢ = 1. Moreover, by (4.15) and (4.16), we have

N-1

6 L
> nE[|d¥ (P Fia] < 3 {W(wo,zo) V”HVF( ) = 2°° + (Lyy +2)52
k=0
N N-1
ZTkE IVF(a*) = 2% Feoa] < L3y Y mB[|d¥|?| Fi) + 267

k=0

Combining the above relations with (3.16), we obtain (4.17). 0

While the rate of convergence of Algorithm 4.1 in (4.17) is of the same order as
n (4.9), the former is obtained under a relaxed assumption on the outputs of the
stochastic oracle, as stated in Assumption 3. However, in this case, the regularization
coefficient 8 depends on the problem parameters (like in other algorithms for smooth
stochastic optimization).

We also have the following asymptotic convergence result.

THEOREM 4.5. Assume that the sequence of step sizes satisfy (3.30). Then a
constant a > 0 exists such that, for all a € (0,a), with probability 1, every accumu-
lation point (z*,2*) of the sequence {x¥, zF) generated by Algorithm 4.1 satisfies the
conditions

=V/f(z"), —z"eNx(z).
Proof. The analysis follows from [23]. 0

5. Concluding remarks. We have presented a single-timescale stochastic ap-
proximation method for smooth nested optimization problems. We showed that the
sample complexity bound of this method for finding an approximate stationary point
of the problem is of the same order as that of the best-known bound for the stochas-
tic gradient method for single level stochastic optimization problems. Furthermore,
our convergence analysis is the same for both unconstrained and constrained cases
and does not require batches of samples per iteration. We also presented a simplified
parameter-free variant of the NASA method for single-level problems, which enjoys
the same complexity bound, regardless of the existence of constraints.
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