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a b s t r a c t 

As one simple metamaterial, nanopatterns are often fabricated across a thin film so that the thermal 

transport can be manipulated. The etched sidewalls for these nanostructures are usually rough due to 

surface defects introduced during the nanofabrication, whereas the top and bottom film surfaces are 

smoother. In existing analytical models, the contrast between these surfaces has not been addressed 

and all boundaries are assumed to be diffusive for phonon reflection. In this paper, a new two-step ap- 

proach to address this issue is proposed for phonon transport modeling of general thin-film-based struc- 

tures. In this approach, the effective in-plane phonon mean free paths ( �Film ) are first modified from the 

bulk phonon MFPs to account for the influence of the top/bottom film surfaces, with possibly enhanced 

probability of specular phonon reflection at cryogenic temperatures. This �Film is further modified to 

include the scattering by etched sidewalls with almost completely diffusive phonon scattering. Such a 

two-step phonon mean free path modification yields almost identical results as frequency-dependent 

phonon Monte Carlo simulations for etched nanowires and representative nanoporous thin films. This 

simple yet accurate analytical model can be applied to general thin-film-based nanostructures to com- 

bine the phonon size effects along orthogonal directions. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

In solid thin films, the lattice thermal conductivity k L and thus

hermal conductivity k can be dramatically reduced from that for

he bulk counterpart, resulting from the film surface scattering of

article-like phonons [1] . Such classical phonon size effects have

een widely studied for thermal management of electronic de-

ices based on thin films [2–4] . In more recent studies, various

orous patterns have been introduced to thin films to tune the in-

lane k L , such as periodic micro- to nano-pores [ 1 , 5–9 ], periodic

anoslots [10] , and nanoladders [11] . When electrons with a typi-

ally much shorter mean free path (MFP) are less affected for their

ransport, the thermoelectric performance can be enhanced. In ex-

eriments, nanowires fabricated from a thin film using reactive ion

tching (RIE) are often used to calibrate the thermal measurements

nd are compared with the nanoporous thin films [7] . Compared

ith nanowires synthesized by the vapor-liquid-solid method, dry-

tched nanowires have very rough sidewalls and the effective wire

idth can be smaller due to surface defects. As the result, the

IE-etched nanowires exhibit a much lower k than synthesized
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anowires [12] . Similar arguments can be found for nanoporous

hin films etched with RIE or deep RIE, where the pore-edge de-

ects can expand the effective pore diameter [ 13 , 14 ]. In modeling,

he dry-etched nanowires have a rectangular cross section, with

elatively smooth top/bottom film surfaces and rough wire side-

alls. At cryogenic temperatures, the top and bottom film sur-

aces are expected to have enhanced specular phonon refection as

nown for a solid film [1] , whereas the wire sidewalls still have

ostly diffusive phonon reflection. The influence of surface rough-

ess on the phonon boundary scattering has been widely studied

or nanowires [ 15 , 16 ] and nanoporous Si films [ 17 ]. The contrast

etween the film surfaces and nanowire sidewalls cannot be easily

andled in analytical modeling using a temperature-independent

haracteristic length for the whole structure. More broadly, the

ame issue also exists for nanoporous thin films at cryogenic tem-

eratures. A simple method is thus required to incorporate the

honon size effects due to both the film thickness and the pore-

dge phonon scattering. 

In this work, a simple but accurate analytical model is

eveloped, which extends the previous work on nanoporous

lms [ 5 , 10 ] to dry-etched nanowires and general thin-film-based

anoporous structures. The model predictions agree well with

requency-dependent phonon Monte Carlo (MC) simulations that

ncorporate the specularity of individual surfaces and the exact

https://doi.org/10.1016/j.ijheatmasstransfer.2020.119636
http://www.ScienceDirect.com
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Nomenclature 

2D Two-dimensional 

3D Three-dimensional 

BTE Boltzmann transport equation 

MBL Mean beam length 

MC Monte Carlo 

MFP Mean free path 

RIE Reactive ion etching 

SOI Silicon on insulator 

Greek Symbols 

η Average film-surface roughness (m) 

θ Included angle between the phonon traveling direc- 

tion and the cross-plane direction (rad) 

�Bulk Bulk phonon mean free path (m) 

�eff Effective phonon mean free path (m) 

�Film 
Effective in-plane phonon mean free path along a 

solid thin film (m) 

�Pore 
∗ Dimensionless ratio L eff/ p 

λ Phonon wavelength (m) 

φ Porosity 

ω Phonon angular frequency (rad/s) 

ω max, i Maximum phonon angular frequency for branch i 

(rad/s) 

Roman Symbols 

A Pore surface area (m 
2 ) 

b Nanoslot depth (m) 

c p Volumetric phonon specific heat (J/m 
3 •K) 

D Side length of a square nanowire (m) 

d wire Diameter of a circular nanowire (m) 

F Heat conduction reduction due to porosity 

f Differential phonon mean free path distribution for 

a bulk material (W/m 
2 •K) 

h Film thickness (m) 

k Thermal conductivity (W/m •K) 

k L Lattice thermal conductivity (W/m •K) 

k Solid Solid in-plane lattice thermal conductivity (W/m •K) 

k ‖ In-plane lattice thermal conductivity along the l di- 

rection (W/m •K) 

k ⊥ In-plane lattice thermal conductivity along the p di- 

rection (W/m •K) 

L Characteristic length of a nanostructure, as deter- 

mined by the geometry (m) 

L eff Effective characteristic length of a nanostructure 

(m) 

l Periodic length of a periodic nanoslot pattern (m) 

i Phonon branch index 

P 1 Specularity for film-surface phonon reflection 

P 2 Specularity for phonon reflection at etched side- 

walls 

p Pitch of a nanoporous film with circular pores (m) 

p s Width of one period for a periodic nanoslot pattern 

(m) 

q Wave vector (1/m) 

q max Cutoff wave vector (1/m) 

r Thickness-width ratio of a rectangular nanowire 

S Phonon suppression function 

V Solid Solid region volume (m 
3 ) 

v g, i Phonon group velocity for branch i (m/s) 

w Width of a rectangular nanowire (m) 

w s Neck width between adjacent periodic nanoslots 

(m) 
l  
hree-dimensional structures. The proposed model is based on the

wo-step modification of the bulk phonon MFP ( �Bulk ), which well

ddresses the phonon MFP reduction along the cross-plane direc-

ion and in-plane direction. This model can be named as a “two-

tep model” based on the strategy for the phonon MFP modifica-

ion. 

. Analytical model and phonon MC simulations 

A rectangular nanowire, with its height h as the film thickness

nd width w defined by nanofabrication, can be viewed as the

nterception between two perpendicular thin films ( Fig. 1 a). For

anoporous thin films, they can be viewed as a two-dimensional

2D) porous structure intercepted with a thin film ( Fig. 1 b). As il-

ustrated in Fig. 1 , the proposed two-step model first introduces

he influence of the top/bottom surfaces of a film by converting the

ulk phonon MFP �Bulk into �Film 
. This �Film 

is further modified

s �eff to incorporate the boundary scattering by etched nanowire

idewalls or nanopore/nanoslot edges. This �eff is then used in the

hermal conductivity predictions based on the kinetic relationship.

his phonon MFP modification treats the phonon size effects along

he cross-plane and in-plane directions in a sequential way. 

.1. Rectangular nanowires 

For rectangular nanowires, the two-step modification follows

he Fuchs-Sondheimer model. First, the in-plane phonon MFP

ithin a thin film ( �Film 
) is computed as [18] . 

�F ilm 

�Bulk 

= 1 − 3 [ 1 − P 1 ( λ) ] �Bulk 

2 h 

1 

∫ 
0 

(
x − x 3 

) 1 − exp 
(
− h 

�Bulk x 

)

1 − P 1 ( λ) exp 
(
− h 

�Bulk x 

)d x, 

(1)

here P 1 ( λ) is the specularity of film-surface phonon reflection

or a film with its thickness h . In Ziman’s theory, the proba-

ility P 1 ( λ) for specular reflection can be estimated as P 1 (λ) =
xp[ −16 π2 ( 

η1 
λ

) 
2 
] = exp[ −( 2 q η1 ) 

2 
] , in which η1 is the average

lm-surface roughness, q is the wave vector, and λ is phonon

avelength [19] . In the literature, π2 is often wrongly replaced by
3 and is corrected by Zhang and Lee [20] . A better understand-

ng for film-surface phonon scattering can also be found in exper-

ments [ 21 , 22 ] and simulations [ 23 , 24 ]. In this modification, a thin

lm is converted into another film with a reduced phonon MFP

Film 
but specular phonon reflection at film surfaces. 

In the second step, the computed �Film 
is further modified as

he effective phonon MFP �eff in a nanowire, given as 

�e f f 

�F ilm 

= 1 − 3 [ 1 − P 2 ( λ) ] �F ilm 

2 w 

1 

∫ 
0 

(
x − x 3 

) 1 − exp 
(
− w 

�Film x 

)

1 − P 2 ( λ) exp 
(
− w 

�Film x 

)d x, 

(2)

here P 2 ( λ) is the phonon specularity for a film with its thick-

ess w . In real samples, this width w is defined by the nanofabri-

ation, e.g., dry etch to remove regions other than nanowires with

idth w (as shown in Fig. 1 a). Because the surface roughness for

tched sidewalls can vary significantly with the employed fabrica-

ion technique, P 2 ( λ) can be very different from P 1 ( λ). The mod-

fied �eff can then be used for the prediction of the axial lattice

hermal conductivity k L based on the kinetic relationship: 

 L = 

1 

3 

3 ∑ 

i =1 

ω max,i ∫ 
0 

c p ( ω ) v g,i ( ω ) �e f f,i ( ω ) dω, (3)

here c p ( ω) and v g, i ( ω) are the differential volumetric phonon

pecific heat and phonon group velocity for the branch i and angu-

ar frequency ω, respectively. Without phonon confinement within
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Fig. 1. (a) Illustration of the two-step model for rectangular nanowires. The rectangular nanowire (green) shown as the interception between two perpendicular thin films. 

In real samples, h is the initial solid film thickness, while w is defined by the nanofabrication. (b) Illustration of the two-step model for nanoporous thin films. A nanoporous 

film is viewed as the interception between a thin film with its thickness h (green) and the nanoporous patterns (gray). The definition of top/bottom surfaces and sidewalls 

are illustrated in the cross-sectional views. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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ltrafine nanostructures to modify the phonon dispersion [ 25 , 26 ],

oth c p ( ω) and v g, i ( ω) are the same as those for bulk materi-

ls. Above procedure can be easily extended to general thermal

nalysis using the exact phonon dispersions and first-principles-

omputed phonon MFPs [27] . The energy-related integration in

q. (3) is simply changed to the summation over all the phonon

odes in the first Brillouin zone. 

.2. General nanoporous thin films 

In a simple treatment for nanoporous structures, Eq. (2) be-

omes �e f f = ( 1 / �F ilm 
+ 1 / L e f f ) 

−1 based on the Matthiessen rule.

ere L eff is the characteristic length of a 2D nanoporous thin film,

.e., a thin film with specular phonon reflection on its top/bottom

urfaces. This L eff is unchanged for films with different thicknesses

nd varied phonon specularity at the top/bottom film surfaces. The

n-plane k L is now given as 

 L = 

F ( φ) 

3 

3 ∑ 

i =1 

ω max,i ∫ 
0 

c p ( ω ) v g,i ( ω ) �e f f,i ( ω ) dω, (4) 

n which F ( φ) accounts for the heat transfer reduction due to the

orosity φ. In general, F ( φ) can be determined by the Fourier’s

aw analysis, e.g., as the thermal conductance ratio between a

orous film and its nonporous counterpart [ 27 , 28 ]. For periodic 2D

anoporous patterns, the Hashin-Shtrikman factor [29] is used and
s given as 

 ( φ) = 

1 − φ

1 + φ
. (5) 

.3. Phonon MC simulations 

In this work, the analytical model is validated by comparing

ts predictions to phonon MC simulations that track the move-

ent and scattering of individual phonons [30] . The solution for

he phonon Boltzmann transport equation (BTE) can be statistically

btained when the code converges. As one big advantage, the ex-

ct structure geometry and frequency-dependent phonon MFPs can

e both considered in these simulations. Using a boundary condi-

ion assuming a periodic heat flux and a constant virtual wall tem-

erature [30] , the selected length of the simulated nanowire does

ot affect the result. For periodic nanoporous structures, a single

eriod can be employed as the computational domain. A variance-

educed MC technique developed by Péraud and Hadjiconstantinou

as also been employed to improve the computational efficiency

31] . 

As the input of the MC simulations, the frequency-dependent

ulk phonon MFPs are obtained by fitting the bulk-Si k L , in

hich impurity scattering and Umklapp scattering are considered

32] . Only three identical sine-shaped acoustic branches are con-

idered and the phonon dispersion is assumed to be isotropic.

hen phonon specularity should be calculated, the wave vec-

or q is computed with ω = ω max sin ( 
π
2 

q 
q max 

) for any given ω, i.e.,
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Fig. 2. Lattice thermal conductivities of a rectangular nanowire with (a) all diffusive surfaces at 300 K, and (b) partially specular phonon reflection by the top/bottom film 

surfaces at 77 K. All results from phonon MC simulations are in symbols and model predictions are in lines. The predictions using Eq. (6) is further plotted as dashed lines 

in (a) for comparison. 
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q = 2 q max arcsin ( ω/ ω max ) /π . Here q max is the cutoff wave vector at

the edge of the first Brillouin zone. The corresponding λ = 2 π/q is

used in Ziman’s theory to compute P ( λ). 

3. Results and discussion 

Various thin-film-based nanostructures are studied with the

proposed analytical model that is further validated with frequency-

dependent phonon MC simulations. As one big improvement from

previous studies, the partially specular and partially diffusive

phonon reflection by the top/bottom film surfaces can be consid-

ered, instead of just assuming complete diffusive phonon reflection

by all boundaries. The discussions are focused on representative

thin-film-fabricated structures, i.e., nanowires and periodic porous

films, but it can be further extended to other geometries, including

nanoladders [11] , fishbone nanowires [33] , and films with dog-leg-

shaped pores [34] . The only requirement is to find out the charac-

teristic length L eff for the 2D structure that intercepts with a thin

film to yield the computed three-dimensional structure. 

3.1. Rectangular nanowires 

For a circular nanowire, the characteristic length L as the

nanowire diameter d wire is used to modify the bulk phonon MFP

�Bulk , i.e., �e f f = ( 1 / �Bulk + 1 / d wire ) 
−1 . This effective phonon MFP

�eff is then used in Eq. (3) for thermal conductivity predictions.

For a square nanowire, L = 1 . 12 D is used, with D as the side of

the square cross section [35] . Assuming diffusive nanowire bound-

ary scattering of phonons, L expression is given for a rectangular

nanowire with its height h and width w [36] : 

L = 

√ 

hw 

4 

[ 
3 r 

1 
2 ln 

(
r −1 + 

√ 

1 + r −2 

)
+ 3 r −

1 
2 ln 

(
r + 

√ 

1 + r 2 
)

−r 
1 
2 

√ 

1 + r 2 − r −
1 
2 

√ 

1 + r −2 + r 
3 
2 + r −

3 
2 

] 
(6)

in which the ratio r = h/w . Simplified expressions are also

available. For instance, the square nanowire L expression can

be borrowed so that L = 2 
√ 

hw/π ≈ 1 . 12 
√ 

hw is proposed [12] .

For r > 1 and better r > 1.5, Lee et al. also suggests L =
3 w ( ln 2 r + 1 / 3 r + 1 / 2 ) / 4 as an approximation for Eq. (6) [37] . 

Other than L to modify the phonon MFPs, a suppression func-

tion S ( �Bulk ) related to h and w can also be used to compute the

lattice thermal conductivity [38] : 

k L = 

∞ 

∫ 
0 

S ( �Bulk ) f ( �Bulk ) d �Bulk , (7)

where f is the differential MFP distribution for the bulk material.

An expression of S ( � ) for a rectangular nanowire is available
Bulk 
 39 ] but it is more complicated than the proposed two-step model.

n addition, this given S ( �Bulk ) expression and Eq. (6) are only

pplicable when all four nanowire boundaries only have diffusive

honon boundary scattering. 

In this work, nanowires with varied h and w values are com-

uted for their lattice thermal conductivities. Assuming diffusive

honon reflection by all boundaries, Fig. 2 a compares the room-

emperature calculations using the procedure in Section 2.1 and

hose predicted by frequency-dependent phonon MC simulations.

n comparison, Eq. (6) is used to calculate k L and the predic-

ions are plotted as dashed lines. For a large w / h ratio, it is found

hat k L predicted using Eq. (6) can be slightly higher than other

redictions but the divergence is still within 7%. In addition, it

s observed that k L values become saturated with an increased

 / h value. When the nanowire width w approaches infinity, the

anowire simply expands as a thin film, with its k L solely deter-

ined by the film thickness h . This trend can also be found in

he two-step model, where �eff/ �Film 
→ 1 at the limit w → ∞

n Eq. (2) . 

As an advancement, the proposed two-step model can be ex-

ended to a film with smoother top/bottom surfaces but two rough

anowire sidewalls etched by RIE. For a typical silicon on insula-

or (SOI) wafer, the surface roughness is 0.2–1 nm [40] . The two

urfaces related to the film thickness h is assigned with a 0.2 nm

oughness as an extreme case here, whereas the other two etched

idewalls diffusively scatter all phonons. The simulations are car-

ied out at 77 K to induce more specular phonon reflection at

he top/bottom film surfaces. Fig. 2 b compares the k L yielded by

honon MC simulations (red solid line) and the analytical model

red triangle). The case with diffusive top/bottom film surfaces

s also shown as blue circles (simulations) and dashed blue line

model). In general, the analytical model agrees well with the pre-

ictions by complicated phonon MC simulations. 

To further verify the two-step model, the experimental data on

IE-etched nanobeam as a rectangular nanowire, as given in Park

t al. [38] , are compared with the model predictions. The film

hickness h is fixed at 78 nm, with a varied nanobeam width w .

hese nanowires are fabricated from the same Si film as the mi-

rodevice, which eliminates the critical thermal contact resistance

etween the measured nanostructure and the microdevice. With

egligible electron contributions, the measured thermal conductiv-

ty k is very close to the lattice part k L . Fig. 3 compares the model

redictions (solid line) with measurement results at 300 K (sym-

ols) for a varied ratio w / h . All boundaries are assumed to be dif-

usive here. A dashed line predicted with Eq. (7) is extracted from

ark et al. for comparison purposes. To be consistent with Park

t al., first-principles phonon MFPs for bulk Si [41] are used in
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Fig. 3. Room-temperature thermal conductivity ( k ≈ k L ) of a nanobeam with a fixed 

h = 78 nm, with comparison between predictions using the two-step phonon MFP 

modification (solid line) and measurement results [38] (symbols). The prediction 

using a suppression function [38] is plotted as a dashed line. 
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ur calculations for Fig. 3 . In general, two predictions generate very

imilar results, and both agree very well with the experimental re-

ults. 

.2. Films with periodic circular nanopores 

As one big advantage, this two-step model can be easily ex-

ended to general nanoporous films ( Fig. 1 b). The in-plane phonon

FP �Film 
introduced by Eq. (1) can account for the partially or

ompletely diffusive phonon scattering by the top/bottom surfaces

f a film. With this conversion, an actual thin film with rough

op/bottom surfaces can be viewed as an equivalent 2D film with
ig. 4. (a) Porosity- and period-dependent dimensionless �Pore 
∗ = L e f f /p, as summarize

C simulations, and the analytical model for temperature-dependent thermal conductivi

imulations, and the analytical model for the in-plane k Solid as a function of the ratio L eff/
mooth top/bottom surfaces but a phonon MFP �Film 
reduced from

he bulk �Bulk . For this 2D film, the nanopore influence can be

urther included using the characteristic length L . Restricted only

y the 2D porous patterns, this L is unchanged for different film

hicknesses. For a thin film with periodic circular pores, various

nalytical expressions of L have been proposed, as a function of

he pitch and pore diameter [42–45] . However, some divergence

an often be found between the model predictions and the pre-

ictions based on the phonon BTE. Detailed discussions can be

ound in a recent review [5] . Along another line, an effective char-

cteristic length L eff can be obtained by matching the in-plane

 L predicted by Eq. (4) with that predicted by the frequency-

ependent phonon MC simulations ( Fig. 4 a) [28] . Here dimension-

ess �Pore 
∗ = L e f f /p varies slightly for a changed pitch p . The plot-

ed �Pore 
∗ is thus averaged over those for the three pitch values,

iven as p = 50, 200 and 500 nm. The given L e f f = p × �Pore 
∗ is

nticipated to be accurate for general Si thin films with pitches

f 50–500 nm. Fig. 4 b compares the in-plane k L predicted by the

wo-step model using L eff (solid lines), the in-plane k L predicted

y frequency-dependent phonon MC simulations (dash lines), and

xperimental results (symbols) [ 14 ]. The diameter/pitch combina-

ions of the nanoporous thin films are given in Fig. 4 b. An ef-

ective pore diameter is assigned for all measured samples to ac-

ount for the amorphous pore edges, as revealed with electron mi-

roscopy studies [ 8 , 13 , 14 ]. The film thickness h is fixed at 220 nm

or all computed cases and all boundaries are assumed to be diffu-

ive. In general, the model predictions agree with the predictions

y the phonon MC simulations. For representative temperatures,

ig. 4 c further presents the in-plane solid lattice thermal conduc-

ivity k Solid = k L / F ( φ) as a function of the ratio L eff/ h at 300 K and

50 K. The introduction of k Solid allows direct comparison between

amples with different porosities. This figure uses a single value
d from figures in Hao et al. [28] . (b) Comparison between experiments, phonon 

ty along the in-plane direction. (c) Comparison between experiments, phonon MC 

 h at 300 K and 150 K. 
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Fig. 5. (a) Top view of a thin film with patterned periodic nanoslots, with all geometry parameters marked. Two periods are shown here. Temperature profiles within a 

single period, with the heat flow along the (b) l direction for k ‖ calculations, and (c) p direction for k ⊥ calculations. In simulations for (b) and (c), the used dimensions are 

w s = 30 nm, b = 5 nm, and p s = l = 100 nm. (d) Anisotropic in-plane k L of representative Si thin films with periodic nanoslots. All computations are at 300 K. (e) Comparison 

between phonon MC simulations and the analytical model for the in-plane k Solid as a function of the ratio L eff/ h . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1 

L eff values given by matching the predictions from frequency-dependent phonon MC 

simulations and Eq. (4) for different 2D nanoslot patterns. 

w s (nm) b (nm) l (nm) p s (nm) Direction In-plane k L (W/m •K) L eff (nm) 

30 5 100 100 ‖ 14.1 56.1 

⊥ 50.9 257.4 

200 100 ‖ 22.9 85.9 

⊥ 68.1 525.1 

100 200 ‖ 6.6 46.3 

⊥ 49.1 239.3 
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d  

L  

h  

d  

s

L eff to represent a periodic 2D pattern with varied diameter/pitch

combinations. At any given temperature, a universal curve is thus

obtained for the same film thickness h . 

When L eff is unavailable, the radiative mean beam length (MBL)

can be used as an estimated characteristic length, defined as

MBL = 4 V Solid / A [ 28 , 46 ]. In its definition, the solid-region volume

V Solid and pore surface area A are evaluated within a single period.

In practice, the MBL gives identical results as MC ray tracing under

the ballistic phonon transport [ 28 , 46 ]. This treatment often gives

some errors in the computed k L because it is inaccurate to use the

Matthiessen rule to combine the boundary phonon scattering and

internal phonon scattering inside the volume [18] . Different from a

structure-determined characteristic length such as the MBL, the fit-

ted L eff in Fig. 4 a further depends on the phonon MFP distribution

within a given material. The error associated with the Matthiessen

rule is eliminated by directly matching the model predictions with

the predictions by the phonon MC simulations. Similar effective L eff
values have also been extracted in another study [45] . 

3.3. Films with periodic nanoslots 

The analytical model can also be extended to other nanoporous

patterns fabricated across a thin film. For instance, L eff can be accu-

rately predicted for a 2D structure with a row of periodic nanoslots

drilled in the middle of the film [10] . With this L eff expression and

�Film 
in Eq. (1) , the in-plane k L can be predicted. 

As a more general case, the anisotropic in-plane k L of a thin

film with period nanoslots ( Fig. 5 ) can also be predicted. When

the L eff expression is unavailable, simulations of 2D porous pattern

can be carried out first and compared to the prediction by Eq. (4) ,

where L eff can be found by matching the two predictions. This L eff
can then be used for films with different thicknesses and an arbi-

trary phonon specularity on the top/bottom film surfaces. 

Without losing the generality, thin films with periodic nanoslots

( Fig. 5 a as the top view) are considered. The nanoslot pattern can
ffectively block the heat transport along the l or “‖ ” direction

y only allowing the phonons to travel through a channel with a

arrow neck width w s and depth b . In contrast, the heat trans-

ort along the p s or “⊥ ” direction is largely intact. As a result, the

anoslot design leads to a large contrast between k ‖ and k ⊥ , as the
n-plane lattice thermal conductivities along the two major axis di-

ections. Fig. 5 b and 5 c show the temperature profiles of a repre-

entative 2D periodic nanoslot pattern with the heat flowing along

he two directions. Around room temperature, an ~8 K temperature

ifference is applied across the simulated period with a periodic

eat flux and constant virtual wall temperature boundary condi-

ion [30] . The employed dimensions are w s = 30 nm, b = 5 nm, and

 s = l = 100 nm. In Fig. 5 b, a large temperature gradient can be found

hen phonons pass through the narrow neck. In Fig. 5 c, the tem-

erature profile generally has a more uniform gradient, except for

ome disturbance at the leading and back edges of the nanoslot.

s anticipated, Fig. 5 b usually leads to a much lower in-plane k L . 

Based on the 2D simulations, L eff used for Eq. (4) can be

etermined for k ‖ or k ⊥ , respectively. Table 1 summarizes the

 eff values for three representative nanoslot patters and the two

eat-flow directions. These L eff values are then used for three-

imensional (3D) thin films with different thicknesses and diffu-

ive film-surface phonon scattering. The anisotropic in-plane k 
L 
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Fig. 6. In-plane k L of a 100-nm-thick Si thin film with varied pitches and porosities. The calculation is at 300 K and all boundaries are diffusive for phonon reflection. 
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re shown in Fig. 5 d, where the analytical model again agrees

ell with frequency-dependent phonon MC simulations. To get a

nified picture, the solid k Solid = k L / F ( φ) is again plotted against

he ratio L eff/ h ( Fig. 5 e). The required F ( φ) is extracted from the

ourier’s law analysis using COMSOL. 

.4. Inverse thermal design of a nanoporous thin film 

With the given �Bulk of a material, the nanoporous pattern can

e designed to modify the in-plane k L of a thin film for speci-

ed requirements. For a Si film with aligned circular nanopores,

ig. 6 displays the dependence of the in-plane k L on the pitch p

nd porosity φ, using F ( φ) in Eq. (5) and L eff in Fig. 4 a. The film

hickness is fixed as 100 nm and all boundaries are assumed to be

iffusive at 300 K. In this k L contour, the possible combination of

 and φ for a targeted in-plane k L can be easily found. In prac-

ice, the selection can further incorporate factors such as the spa-

ial resolution of the nanofabrication and mechanical strength of

he nanoporous films. 

.5. Comparison to other techniques used for a nanoporous thin film 

In existing studies, three-dimensional porous films have been

alculated with multiple techniques. Accurate k L predictions can

e provided by frequency-dependent phonon MC simulations

 28 , 30 , 45 ], as an alternative to directly solving the phonon BTE.

owever, such simulations are usually complicated and other tech-

iques are thus pursued. With MC ray tracing or path sam-

ling, the effective phonon MFP �eff in Eq. (4) can be obtained

or a given �Bulk and an arbitrary three-dimensional structure

 37 , 47 , 48 ]. The Matthiessen rule may not be used here. The advan-

age of this MC-based �eff determination lies in that the k L calcula-

ions can easily incorporate the exact phonon dispersion and wave-

ector-dependent bulk phonon MFPs [27] . However, such calcula-

ions should be carried out across the whole phonon MFP spec-

rum and must be completely repeated for varied film thicknesses,

hich is computationally expensive in many cases. 

Instead of modifying the phonon MFPs, the suppression func-

ion in Eq. (7) can be obtained by solving a MFP-dependent

honon BTE for phonon transport along a nanoporous film [49] . In

eneral, numerically solving the phonon BTE is complicated with

he discretization of the solid angle. In practice, it is computation-

lly heavy to repeatedly carry out such calculations for varied film

hicknesses and phonon specularity at the film surfaces. 
For the analytical model, a travel-direction-dependent charac-

eristic length h /2| cos θ | related to the film thickness and another

haracteristic length L for the corresponding 2D porous struc-

ure are combined to modify the bulk phonon MFPs with the

atthiessen rule, i.e., �e f f = ( 1 
�Bulk 

+ 
1 
L + 

2 | cosθ | 
h 

) −1 . Here θ is the

ncluded angle between the phonon traveling direction and the

ross-plane direction. In its calculations, k L is integrated over all

olid angles and angular frequencies, and then summed over all

honon branches [50] . Although the thickness variation can be eas-

ly addressed in �eff, this model again assumes completely diffu-

ive film-surface phonon scattering and is lack of the flexibility to

reat the film surfaces differently from pore edges. 

In comparison, existing simulations or calculations mainly fo-

us on the cases with diffusive film top/bottom surfaces. In many

ases, the calculations can be very complicated with varied film

hicknesses and surface phonon specularity. This critical issue can

e easily addressed in the proposed two-step model. 

. Summary 

In summary, a simple two-step model has been developed to

ompute k L for rectangular nanowires and general nanoporous

tructure etched from a solid thin film. With the two-step phonon

FP modification, the phonon specularity difference for the orig-

nal film surfaces and the etched sidewalls can be separately ad-

ressed. Using this model, the influence of the film thickness de-

endence can be easily considered in data analysis. When an an-

lytical expression is not available, the required L eff for certain 2D

atterns can always be determined by matching predictions of the

honon MC simulations and the analytical model. Then this L eff can

e used for varied film thicknesses and specularity for the film sur-

aces. The model can be easily extended to the most complicated

honon transport studies of nanoporous thin films, where the ex-

ct phonon dispersion and wave-vector dependence of phonon

FPs are considered [27] . For thermal designs of such nanoporous

hin films [ 11 , 34 ], the film thickness must be considered and the

roposed model can play an important role in such applications. 
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