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Abstract

The continuity of the position-vector gradients at the nodal points of a finite element (FE) mesh
does not always ensure the continuity of the gradients at the element interfaces. Discontinuity of
the gradients at the interface not only adversely affects the quality of the simulation results, but
can also lead to computer models that do not properly represent realistic physical system behaviors,
particularly in the case of soft and fluid material applications. In this study, the absolute nodal
coordinate formulation (ANCF) finite elements are used to define general curvature-continuity
conditions that allow for eliminating or minimizing the discontinuity of the position gradients at
the element interface. For the ANCF solid element, with four-node surfaces, it is shown that
continuity of the gradients tangent to an arbitrary point on a surface is ensured as the result of the
continuity of the gradients at the nodal points. The general ANCF continuity conditions are
applicable to both reference-configuration straight and curved geometries. These conditions are
formulated without the need for using the computer-aided-design (CAD) knot vector and knot
multiplicity, which do not account properly for the concept of system degrees of freedom. The
ANCEF curvature-continuity conditions are written in terms of constant geometric coefficients
obtained using the matrix of position-vector gradients that defines the reference-configuration
geometry. The formulation of these conditions is demonstrated using the ANCF fully-parametrized
three-dimensional solid and tetrahedral elements, which employ a complete set of position
gradients as nodal coordinates. Numerical results are presented in order to examine the effect of
applying the curvature-continuity conditions on achieving a higher degree of smoothness at the
element interfaces in the case of soft and fluid materials.

Keywords: Curvature continuity; position gradients; absolute nodal coordinate formulation;
soft and fluid materials; integration of geometry and analysis.



1. Introduction

Finite elements (FE) based on the absolute nodal coordinate formulation (ANCF), which have
been used in the analysis of large-deformation problems, can describe arbitrarily large motion
because of the use of position gradients as nodal coordinates [1 — 11]. For accurate formulation of
the equations of motion that govern the dynamics of flexible bodies, a distinction is made between
position and displacement gradients. Position gradients are tangent to coordinate lines (fibers),
while displacement gradients do not have this important geometric interpretation [12]. This
important geometric property of the position gradients allowed over the past few years introducing
new concepts and FE formulations that can contribute successful integration of the geometry and
analysis and for addressing many of the computer-aided-engineering (CAE) challenges that cannot
be addressed using existing FE technology [13 - 18].

The standard FE assembly of ANCF finite elements ensures the continuity of the position
gradients at the nodal points. This, in turn, ensures the continuity of the rotation, strain, and stress
fields at the FE mesh nodal points. Nonetheless, the continuity of the position gradients at the
nodes of an FE mesh does not ensure the continuity of these gradients at the element interfaces.
Such a gradient discontinuity at the element interface not only has an adverse effect on the quality
of the simulation results in some important applications, but can also lead to computer models that
do not properly describe the system behavior, particularly in the case of soft and fluid materials.
For example, in the case of fluids, the constitutive equations are formulated in terms of the time
rate of the position gradients using the Navier-Stokes equations [19]. Discontinuity of the gradients
at the element interfaces can lead to discontinuities in the viscous stresses and the resulting fluid

damping forces. Similarly, in the case of soft materials which can experience large deformations,



the gradient discontinuity at the element interface can lead to discontinuity of the rotation, strain,
and stress fields that can have adverse effect on the accuracy of the computer models.

The use of the position gradients as nodal coordinates allows for conveniently shaping the
element geometry. If the position gradients are not used as nodal coordinates, regardless of whether
or not they can be computed at arbitrary points, describing the element geometry in the reference
configuration can be difficult even when conventional isoparametric elements are used. As
demonstrated in this study, the matrix of position-vector gradients that defines the reference-
configuration geometry enters into the definitions of the general curvature equations that are
applicable to both straight and curved geometries. Therefore, it is not straightforward to formulate
these general curvature equations using conventional finite elements or rotation-based elements
that do not employ position gradients as nodal coordinates [13 - 18]. The position gradients do not
only enter in the formulations of the strains and stresses, but also define the stress-free reference
configuration. Consequently, their use as nodal coordinates is necessary in order to be able to
develop realistic and geometrically-accurate models without the need for using the B-spline (Basis
Splines) and NURBS (Non-Uniform Rational B-Splines) control points, knot multiplicity, and
knot vectors [20 - 22]. B-splines and NURBS were developed as graphics tools without
consideration of the important concept of the degrees of freedom which is fundamental in
mechanics. Therefore, such graphics tool can have limited potential in addressing the fundamental
and challenging CAE problems, and their use in analysis will put severe restrictions on the types
of models that can be developed in the future. In fact, the appropriateness of using B-spline and
NURBS representations in developing physics-based models for visualization and computer

animations has been debated by the computer science research communities for decades [23 - 28].



In this study, ANCF finite elements are used to formulate curvature-continuity conditions that
allow for eliminating or minimizing the discontinuity of the position gradients at the element
interface. The general ANCF continuity conditions developed in this investigation are applicable
to both straight and curved reference-configuration geometries, and as previously mentioned, do
not require the use of the CAD control points, knot vectors, and knot multiplicity which do not
properly account for the concept of degrees of freedom. In order to properly account for the stress-
free reference-configuration geometry, the ANCF curvature-continuity conditions are formulated
in terms of constant geometric coefficients obtained using the elements of the matrix of position-
vector gradients that defines the mapping between the straight and curved reference-configuration
geometries. The formulation of these conditions is demonstrated using the three-dimensional
ANCEF fully-parametrized eight-node solid and four-node tetrahedral elements; each of which has
twelve coordinates per node; three position and nine gradient coordinates [6, 29, 30]. One of the
basic differences between the ANCEF solid and tetrahedral elements used in this paper is the type
of parameterization and gradients used. For the ANCF fully-parametrized tetrahedral element, two
different position gradients are introduced; the volume and Cartesian gradients. The volume
gradients are systematically converted to Cartesian gradients in order to allow using a standard
FE assembly procedure. For the fully-parametrized ANCF solid element, on the other hand, only
Cartesian gradients are used. Using the ANCF solid and tetrahedral elements, numerical results
are obtained in order to demonstrate the effect of applying the curvature-continuity conditions on

reducing the element-interface gradient discontinuities in the case of soft and fluid materials.

2. Problem definition



Enforcing higher degree of continuity at the nodal points of an FE mesh can contribute to achieving
higher degree of smoothness at the element interface. In general, continuity of the position
gradients at the nodal points does not ensure continuity of the same gradients at the element
interface. One option to achieve a higher degree of smoothness at the element interface is to impose
curvature-continuity conditions at the nodal points. Achieving a higher degree of smoothness at
the element interface is particularly important in the case of soft and fluid materials in which the
definition of the forces, including the viscous forces, depends on the position gradients and their
time rate. Figures 1 shows the ANCEF solid and tetrahedral elements considered in this study to
examine the effect of enforcing the curvature continuity [6, 29, 30]. The ANCEF solid element has
8 nodes, while the ANCF tetrahedral element has 4 nodes. Each node of these two elements has
twelve nodal coordinates that include three position and nine gradient coordinates. The shape

functions of the two elements are provided in Appendix A of this paper. The displacement field of
these two elements is written as r (X, t) =S (x) e(t) , where r is the global position vector, S is the
element shape function matrix, e 1is the vector of nodal coordinates, ¢ is time, and
x=[x, x, x3]T is the vector of the element spatial coordinates. The vector of the coordinates

at a node k& of the ANCF solid and tetrahedral elements can be written as

T
r T T T .
e’ :[rk Yoot r"}} , where superscript k& refers to the node number, and

r. = (’51‘/ ox;, j=1,2,3, are the position gradient vectors.

2.1 Ilustrative example

Figure 2 shows a flexible pendulum made of soft material that is connected to rigid body at points

0,,0,,0,, and O, by four spherical joints. The pendulum is modeled using simple ANCF solid-

and tetrahedral-element meshes. In this example, the rigid body is connected to the ground by a



revolute joint that allows for only relative rotation about the X, axis. The coordinate system
X, X,X, is selected as the structure coordinate system, which is initially parallel to the global

coordinate system. The dimensions of the two meshes are @ =1m, b =c =0.2 m, and the numbers

of the elements in the solid-element and tetrahedral-element meshes are assumed two and five,
respectively. This simple example, which is used in this section to demonstrate the position-
gradient discontinuity at the element interface, will be further examined in the numerical results
section where the model material properties and other mesh dimensions are presented and
discussed in more detail. The standard assembly of the ANCF meshes ensures the continuity of

the position gradients at the nodes. In order to examine the continuity of the gradients at the
element interface, the rigid body is allowed to rotate about the X, axis freely from an initial
horizontal configuration. The motion about this axis is assumed to be specified and defined by the
function (0(t)=2a)t, where @ is a constant angular velocity that equal to 1rad/ s. The effect of
gravity is neglected in this example.

In order to use this simple example to demonstrate the fact that the continuity of the position
gradients at the nodes does not guarantee the same continuity at an arbitrary point on the element
interface, the central point B on the element interface shown in Fig. 2 is considered. The standard

ANCF FE assembly process ensures continuity of both position and gradient coordinates at the

nodal points when two elements are rigidly connected. For the solid-element mesh, the position-

gradient continuities (C 1) and (C 1) at the element interface are automatically achieved as the
X, X3

result of the standard FE assembly, while the (C 1) position-gradient continuity is not ensured,

where the notation (C ! ) implies /th degree of continuity (/=0 for position, and / =1 for position



gradients) associated with the coordinate o =Xx,,x,,x;.When assembling solid elements, the

connectivity interface defines a surface whose geometry is described by two parameters. The
continuity of the two gradients associated with these two parameters at the element interface
surface is ensured as the result of the continuity of the gradients at the nodal points, as will be
explained in the following sub-section. On the other hand, the continuity of the third gradient
associated with the remaining coordinate at the element interface surface is not ensured. Figure 3

shows the difference in the first element of the gradient vectors Ar, atpoint B when it is evaluated

using the two neighboring finite elements that share this point. This difference can be used as a
measure of the degree of the position-gradient discontinuity at the element interface. It is clear
from the results presented in this figure that the position gradients are not continuous for the soft

material example considered. Figure 4 shows the differences in the results as measured by

Ar, ( Jj ), j=1,2,3 at point B when the tetrahedral-element mesh is used. The results presented in

this figure also show the discontinuities in the position gradients at the element interface. Similar
position-gradient discontinuities at the element interface are also observed with the components of
other gradient vectors. Furthermore, numerical studies performed in this investigation
demonstrated that conventional lower-order tetrahedral finite elements which enforce only
position continuity at the nodal points suffer from more serious gradient discontinuity problems at
the element interface. The displacement field of the conventional tetrahedral element used in these
numerical studies is presented in the appendix of this paper.

2.2 Discussion of the results

The results obtained in the example discussed in this section demonstrate that the position-gradient

vectors associated with the parameters x, and x; of the element interface surface are continuous

everywhere on such an interface surface as the result of imposing the ANCF position-gradient
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continuity at the nodal points. On the other hand, the position-gradient vector associated with the

third parameter x, is not continuous on the interface surface despite the continuity of this gradient

vector at the nodal points. This interesting result can be explained by recognizing the fact that for

a given value for the coordinate x, , the interface surface is defined by a two-parameter polynomial

which has twelve coordinates as shown in the appendix of the paper. For a given value of the

coordinate x,, this cubic interpolating polynomial is function of the two parameters x, and x,

only. Therefore, imposing the continuity on r,r_, and r, at the nodal points leads to twelve

4
conditions that ensure that the two surfaces on the two elements are identical. This position-
gradient continuity can be achieved at the cubic element-interface surface because the solid
element surface has four nodes that can be used to define the twelve constraint equations that
ensure that the two surfaces on the two elements are the same. These twelve conditions cannot be
obtained for the four-node tetrahedral element which has interface surfaces defined by three nodes

only, and therefore, there are only nine conditions available when imposing the continuity of r,r,_
,and r_ at the nodal points. The tetrahedral-element nine conditions are not sufficient to ensure

that the two interface cubic surfaces of the two elements have the same geometry, and therefore,

there is no guarantee that these two interface surfaces are the same. This explains the r,_, and r_

discontinuity results obtained using the simple example discussed in this section in the case of the
tetrahedral element. For any surface on the tetrahedral element, one can always define two gradient
vectors tangent to a tetrahedral surface and a third gradient vector normal to the surface by using
gradient tensor transformation. The gradient vector normal to the surface does not enter into the
surface definition, and therefore, the continuity of the position and the two gradient vectors tangent

to the surface only contribute to the definition of the cubic surface.



Based on the discussion presented in this section, any ANCF element (solid or plate), which
can be used to define four-node surfaces ensures that there will be no gaps at the element interfaces.
This is an important feature that can be effectively exploited for developing new composite-
structure models which can be developed using conventional finite elements. The ANCF
continuity conditions at the nodal points ensure that the two interface surfaces of two elements
have the same geometry and location, and therefore, there are no gaps at the element interfaces.
Accomplishing such an important geometric feature is not even straight forward when B-splines
and NURBS, which employ control points, are used. Furthermore, as discussed in this paper, the
matrix of the position-vector gradients in the reference configuration plays a fundamental role in
the definition of the continuity conditions.

23 Proposed solution

A higher degree of smoothness can be achieved by imposing higher degree of continuity at the
nodal points. For example, curvature continuity at the nodal points can be used to achieve a higher
degree of smoothness at the element interface. Imposing the curvature continuity has also the
advantage of reducing the model dimensions. Curvature-continuity conditions can be
systematically formulated and applied at a preprocessing stage. Dependent mesh variables can be
eliminated, leading to a reduced-order model. Having such a capability of adjusting the degree of
continuity is necessary for the integration of geometry and analysis and for the development of
future mechanics-based CAD systems. Using the mechanics-based approach described in this
investigation, position, gradient, and curvature continuities can be enforced independently, a
feature that is necessary for efficient formulation of the MBS joint constraint equations using
ANCEF finite elements.

24 CAD/analysis systems

10



By adopting the mechanics-based approach described in this section to adjust the degree of
continuity, the use of the knot multiplicity and knot vectors of B-splines and NURBS can be
avoided, while properly accounting for the correct number of degrees of freedom of the system.
While determining the correct number of degrees of freedom as the result of properly imposing
any algebraic constraint conditions is a major mechanics issue that cannot be ignored, there is
another major limitation of using the graphics-based B-spline and NURBS representations as
analysis tools [31]. When the B-spline and NURBS knot multiplicity and knot vectors are used,
gradient continuity cannot be enforced before enforcing position continuity, and curvature
continuity cannot be enforced before imposing both position and gradient continuities. This serious
drawback limits the scope of future CAD/analysis systems by excluding some of the constraints
or joints which can be formulated as linear algebraic equations at a preprocessing stage. For
example, the formulation of linear ANCF joint constraints may require imposing conditions on the
gradient vectors in some directions without imposing position constraints in the same directions.
Because ANCF meshes do not require the use of local frames as it is the case with the floating
frame of reference (FFR) formulation, two gradient vectors at two points on two ANCF finite

clements i and j along a certain fiber defined by the parameter £ can be assumed equal using

the linear algebraic equations 6ri/6ﬂ =or’ /6,8, where the superscript refers to the element

number in the mesh. A large number of algebraic constraint equations, traditionally formulated as
highly nonlinear equations in the MBS literature, can be formulated as linear equations using
ANCEF finite elements; thereby allowing for the elimination of a large number of dependent
variables at a preprocessing stage, as previously discussed and also demonstrated in the literature.

The curvature-continuity conditions derived in this investigation shed light on the importance

of using the position gradients as nodal coordinates and also explain some of the fundamental
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problems that will be encountered if B-splines and NURBS are used to obtain these equations. In
the case of stress-free initially curved geometry, the matrix of position-vector gradients must be
formulated and used in the computations of the strains and stresses in a manner consistent with the
theory of continuum mechanics. As will be clear from the analysis presented in this investigation,
properly formulating some of the algebraic equations for curved reference-configuration geometry
does not preserve the B-spline and NURBS rigid recurrence structure. Therefore, such a rigid
recurrence structure will be eventually destroyed if general CAD/analysis algorithms are to be
developed in the future. This because curvature continuity conditions, as demonstrated in this
paper, require the use of the matrix of position-vector gradients in the reference stress-free
configuration. This matrix cannot be accounted for using the B-spline and NURBS knot
multiplicity and knot vector. Furthermore, such B-splines and NURBS approach for increasing the
degree of continuity does not always lead to the correct number of degrees of freedom
Consequently, general continuity conditions cannot, in general, be handled by B-splines and

NURBS without destroying their rigid recurrence structure [34].

3. General curvature definitions
In order to define the general curvature equations in the case of of initially curved reference
configuration, the straight-element and curved-structure coordinates (parameters) are defined,

respectively, as
T T
x=[x x, x]., X=[X X, X] (1)
The use of the structure coordinates X is necessary in order to be able to properly impose the

constraint equations between two different finite elements. The matrices of position-vector
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gradients defined with respect to the element and structure coordinates are defined, respectively,

as
Io=[r, v, x| I=[rg org or] @)
where I, = @l’/ da . One also has
J=JJ' 3)
where, when using the ANCF kinematic description, J, =Se_ is the matrix of the position-vector
gradients that accounts for the stress-free reference configuration. This matrix is the identity matrix

if the reference configuration is not curved. Because, in the case of general geometry, J J ;l =1,

where I is the 3x3 identity matrix, one has

(J9,), 3, +3,(3)) =0, k=123 4)

This equation leads to the following identity

(4.1), =-9.'(3,), 9.} k=123 (5)
In this equation, (J . )x' =0J, /ox, . The identity of Eq. 5 enables computing the derivatives of the

inverse of J  from the derivative of J . Therefore, upon using this identity, one can write

(”x=ﬂkﬁszbxa Iy lx%} =123 ©6)

J J /

This equation, in which (J), =8J/0X, and (JeJ;1 )x, =0J J' /X, , can be written as

3 1 6xk —1 .
(J)X/ - |:er)(1 rXZXJ rX3X/' :| - Z(JeJ" )Xk 87 - Z(JEJ[) )Xk aki ] - 1’ 2’3 (7)
' k=1 i k=l

J

where @;; = ox, / oX D J,k=1,2,3 . Therefore, the matrix J ;1 can be written as
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J;1 :[CJI C) CJ3]
Ox,/0X, 0x,[0X, 0Ox/0X, ay Qp Oy
=|0x,/0X, ox,/0X, ox,[0X|=|a, @, a,
Ox, [0X, 0Ox,/0X, Ox;/0X, ;) Gy O

(8)

where C ; is the jth column of J ;1 ,thatis, a,, =, /0X,, k,l =1,2,3 . Using this definition, one

can write the general expression for the curvatures as

3
_ -1
[rxlxj rxzxj rxsxj ] - Z(JeJo )xk ay,

=Z3:((Je)xk J;‘+JE(J;1)X )akj, j=1,2,3

k=1

Eond
n

)

where (J)) =[1’x]x, r r ] j=1,2,3. Equation 9 defines the general expression for the

x; XpX ; X3X;

curvature vectors. In the case of a surface, there are only three independent curvature vectors,
while in the case of a volume, there are six independent curvature vectors. This is clear from the

preceding equation since r, , =ry , ,k,/=12,3.

4. Curvature constraints and Jacobian matrix

The general curvature expressions developed in the preceding section are defined with respect to
the structure coordinates X, and therefore, they can be used to impose the curvature constraint
conditions at arbitrary points including the element nodes. These conditions automatically account
for the gradient tensor transformation which can be used to define tangents to the same structure
coordinate lines. Vector transformations normally used with conventional FE formulations are not
appropriate when gradient and curvature vectors, which have a clear geometric meaning, are
considered. Furthermore, the curvature expressions developed in this investigation allow for

imposing curvature constraints without the need for imposing position and gradient continuity
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constraints, as it is the case when using the graphics-based B-splines and NURBS. This important
ANCEF feature provides the flexibility for developing general mechanics-based geometry/analysis
algorithms that are necessary to address the CAE and durability-investigation challenges.

Using the general curvature expressions of Eq. 9, different curvature vectors can be equated at
two arbitrary points on the same element or on two different elements of the ANCF mesh. For
example, in the case of imposing curvature constraints at two points on two different elements i

and j, one can write the curvature vector constraint equation as

r: :r){mxn, k,,mn=1273 (10)

X, X,
While this vector equation defines three scalar equations, the algorithm can be designed in order
to allow imposing curvature-continuity conditions on only scalar equations. In order to use the
preceding constraint equations at a preprocessing stage to obtain the desired continuity conditions,
eliminate the dependent variables, and obtain a reduced-order model, the constraint Jacobian

matrix must be evaluated. To this end and after dropping the superscript that refers to the element

number for simplicity, the curvature vectors r, , = 621‘/ 0X.0X;,i,j=1,2,3 , can be written as

((4.), €, +3.C.) e

(alirxlx,( +a2ir X +a3irx3xk ta 'rl +ax,(2ir,2 +axk3irx3 )alq (1 1)

X, x, 1itx

1l
M- D T

3
(alirx,xk + aZirxzxk + aSirx3xk )ak/ + Z (axklirx] + axk 2irx2 ta r )ak/

X 3 x
1 k=1

=~
1l

where «

xiIm >

[,m=1,2,3 is the Imth element of the matrix (J;l) , that is,

Xz

w1l % Oy

(Jll)xk: Aoy Qm o (12)
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Because the displacement field of ANCF finite clements is defined as r(x,¢)=S(x)e(¢), the

derivative of the curvature vectors with respect to the nodal coordinates e can then be evaluated

as

3
Z( 11 XX +a21 XXy +a318xx )akj+z<ax lzs)cl +a\: 21S’C +a\: 31Sx )akj (13)

k=1

The shape function matrix S of an ANCEF finite element can always be written as
S(x):[sl(x)l S, (X)I S, (X)I:I (14)
where s,,k=12,...,n_, are the shape functions, and n, is the number of the element shape

functions. The shape functions of the ANCF solid and tetrahedral elements used in this study are
provided in the appendix of this paper. The first summation on the right hand-side of the preceding

equation that defines or, , / Oe can be written as

k=1 k=1 I=1 (15)

k=1 k=1 =1 ‘ (16)
3 .3
= ZZ[(%“@‘ (51),, )I (aliak/‘ (52),.. )I (%akj (51 ). 0 )IJ
The second summation on the right hand-side of Eq. 13, which does not require the evaluation of
the second derivatives of the shape function matrix with respect to the structural coordinates X
can be also evaluated in a straight forward manner. Equation 13 defines the element of the

constraint Jacobian matrix associated with the generalized coordinates of the finite element. The
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computations of the constraint Jacobian matrix is necessary in order to properly impose the
curvature constraint conditions.

The form of Eq. 16 demonstrates clearly the effect of the geometry in the reference
configuration on the shape functions when the curvature vectors are evaluated. Similar
manipulations can also be made for the second summation on the right hand-side of Eq. 13 that

defines the curvature Jacobian matrix or, , / oe . The equations developed in this section show the
ity

role of the matrix J, which must be evaluated to properly account for the curved geometry in the

reference configuration according to the continuum mechanics theory. It is, therefore, not clear
how such a matrix can be systematically evaluated and used in developing general curvature
equations when the graphics-based B-splines and NURBS are used in the analysis without
destroying their structure. This raises questions on the appropriateness of using these graphics
methods as analysis tools despite concerns on fundamental issues previously discussed in this
study and in the literature [34].

It is important to point out that Ma.et al [27] examined the discontinuity problem of solid

elements in the case of a flexible pendulum. They imposed continuity conditions using element
coordinates to achieve C' continuity along X, at the solid element interface. In this paper,

however, the general continuity conditions are formulated using structure coordinates to allow
handling discontinuities when fully-parameterized ANCF elements have different orientations and

have curved geometry in the reference-configuration.

5. Numerical investigation
As demonstrated in Section 2 of this paper, the standard FE assembly of ANCF fully-

parameterized finite element ensures the continuity of the gradient vectors at the nodal points but
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does not ensure such a continuity for all gradients at the element interface. The discontinuity of
the gradients at the element interface can adversely affect the strains and stress calculations,
particularly in the case of soft and fluid materials. In the case of fluid materials, for example, the
viscous stresses and forces are evaluated using the Naiver-Stokes equations which are expressed
in terms of the time-rate of the position gradients. Gradient discontinuities at the element interface
lead to discontinuities in the definitions of the viscous forces as well as in the accelerations. This
is true since the viscous and elastic forces are normally evaluated at integration points and not only
at nodal points. In this section, the effect of imposing the curvature-continuity conditions at the
nodal points on the gradient continuity at the element interface is examined for both soft and fluid
materials.

5.1 Solution procedure

The augmented form of the equations of motion of MBS systems that consist of rigid and flexible

ANCEF bodies can be written in terms of the system generalized reference and ANCF nodal
coordinates (, and e, respectively. The nonlinear algebraic constraint equations are combined

with the system differential equations of motion using the technique of Lagrange multipliers A .

In general, the augmented form of the equations of motion can be written as

T .
M 0 qu qr Qr

0 M, Cl|é=qQ (17)
c. C. o0xr]|]Q,

a e
where (, and € are, respectively, the second time derivatives of the rigid body and ANCF element
coordinates; M, and M, are, respectively, the mass matrices associated with the rigid body and
ANCF element coordinates; C, and C, are, respectively, the constraint Jacobian matrices

resulting from the differentiation with respect to the rigid body and ANCF coordinates; Q, and
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Q, are, respectively, the vectors of generalized forces associated with the rigid body and ANCF

nodal coordinates; and Q, is a quadratic velocity vector that results from the differentiation of

the constraint equations twice with respect to time. The solution of the preceding equation defines
the generalized accelerations as well as the vector of Lagrange multipliers A , which can be used
to determine the constraint forces [11].

Because the general continuity conditions are developed in this paper using linear algebraic
equations, dependent variables resulting from imposing these conditions are eliminated at a
preprocessing stage. Consequently, there is no need for using curvature formulations in the main
processor, and as a result, the model dimension can be significantly reduced.

5.2 Soft material

The example used in this section is the same as the illustrative example used in Section 2.1 to
introduce the gradient discontinuity problem at the interface. The results are obtained in this
section by applying curvature-continuity conditions at the nodal points in order to examine the

effect of such curvature-continuity conditions on the gradient continuity at the element interface.

For the solid-element mesh, since only (C 1) continuity is not ensured at the element interface,

X

one can impose continuity of r, , and r, , curvature vectors at the interface nodal points. While

for the tetrahedral-element mesh, (C 1) , (Cl) and (C 1) continuities are not ensured at the

X X2 3
element interface, and therefore, the continuities of r,, ,i=j=1,2,3 curvature vectors are
i)

imposed. The model material properties used in this numerical study are the density

p=1500 kg/m3 , and Young’s modulus £=1.2 Mpa .
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For the soft-material example considered in this section, it was found that the difference in the

results of the gradient vector r, at the interface point B obtained using the displacement fields of

the two neighboring solid elements when the curvature-continuity conditions are imposed is of

order 107". This difference, when compared to the results presented in Fig. 3, can be used as
measure of the degree of discontinuity and clearly demonstrates the significant effect of imposing
the curvature-continuity conditions. The curvature-continuity conditions used for the solid-

element model at a node k£ between two elements i=FEl and j=FE2 are rjfl X, =r§ll‘xz, and

rjfl X, = r}}fx} , k=2,3,6,7. The curvature vectors are defined by differentiation with respect to the
structure coordinates as previously explained in this paper. Therefore, twenty four linear algebraic
curvature-continuity equations are imposed for the solid-element model, and consequently, the
number of degrees of freedom of the model is reduced to 120. As previously discussed in this

paper, the dependent variables as the result of imposing the curvature-continuity conditions can be

eliminated at a preprocessing stage.

The differences, Ar_ ( j), j=12,3, between the results obtained using the displacement

fields of the two elements when using the tetrahedral-element model with the curvature-continuity
conditions is of order 10™". For the five-tetrahedral-element mesh, the curvature constraints are
imposed at the nodes of the interface surface between elements i = £1 (blue) and j = E2 (red) as

shown in Fig. 2(b). The curvature constraints used for the tetrahedral-element model are

i3 _ L3 i3 _ i3 i3

r XX

_ 3 . 5 _.j5 5 _.j5
Yo, =Ty, Ty x, =Ty s =1 for interface node 3 and r

XX, TTXX TN, T XX,

=r§35 \, for interface node 5; these conditions require the formulation of eighteen linear

i5
rX3X3
algebraic equations, and consequently the number of degrees of the tetrahedral-element model is
reduced to seventy two.
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Figures 5 — 8 show the displacement and velocity of the tip point A4 in the X, direction and

Figs. 9 and 10 show the change in the normal strain at point B predicted using the solid- and
tetrahedral-element models in the case of the soft material used in this section. The results
presented in these figures demonstrate that imposing the curvature-continuity conditions can have
an effect on the results, particularly in the case of the tetrahedral-element model. This can be
attributed to the reduction in the number of degrees of freedom of the model, which in turn, can
have an effect on the amount of energy absorbed due to the deformation of the soft materials.

5.3  Fluid material

In order to examine the effect of the curvature-continuity conditions on the behavior of the fluid
material, the simple liquid-sloshing example shown in Fig. 11 is considered. The fluid, which is

modeled using two simple ANCEF solid- and tetrahedral-element meshes, is assumed to fill a cubic

container subjected to a harmonic motion x;=0.3sin (3t) in the X, direction. The dimensions of
cubic container are a =b=c =1m. The fluid is assumed to have mass density p=1000kg / m’,
and viscosity #=0.001 Pa-s; and the gravity effect is considered in this example. Figure 12 shows
the first coordinate of the position-gradient vector r, at point B predicted using the displacement

fields of the two neighboring elements of the solid-element model when the curvature-continuity
conditions are not imposed. It is clear from the results presented in this figure that this position-
gradient vector is not continuous, and the difference in the first coordinate of this gradient vector

Ar, is shown in Fig. 13. Figure 14 shows the results obtained when applying the curvature

constraints described in Section 5.1. It is clear from the results presented in this figure that the two

elements predict the same gradient solution at the interface.
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Figures 15 and 16 show the results obtained using the tetrahedral-element model without and
with applying the curvature-continuity conditions, respectively. Comparing the results of these
two figures show clearly the effect of the curvature-continuity constraints on the position gradients
at the interface point B. It is noticed from the results presented in Figs. 15 and 16 that the
differences in the magnitudes of gradients as predicted by the displacement fields of the two
elements reduce when the curvature-continuity conditions are applied, and this contributes to
achieving a higher degree of smoothness. Figures 17 shows fluid sloshing simulation at different
time intervals using two-solid-element mesh without and with imposing the curvature constraints.
This figure shows, as previously discussed in the introduction, that imposing the curvature
constraints leads to improving the accuracy of the model and quality of the simulation results as

well as to smoother free surface.

Figures 18 — 21 show the displacement and velocity of the mass center in the X direction

predicted using the solid and tetrahedral-element models. As in the case of the soft materials, the
results presented in these figures show that imposing curvature-continuity conditions has more
significant effect on the motion of the tetrahedral-element mesh as compared to the solid-element
mesh. This can be attributed to the fact that the fluid constitutive model is function of the time-rate
of the position-vector gradients, thereby, reducing the number of degrees of freedom of the model
can have an impact on the energy absorbed by the deformation of the fluid material.

Figures 22 and 23 demonstrate the reduction in the difference between the gradient coordinates
at point B by increasing the magnitude of the penalty coefficient for both solid and tetrahedral
element models. These results show that, for incompressible materials, the effect of the
discontinuities can be reduced because of the penalty force. The increase of the penalty coefficient,

however, can lead to significant increase in the CPU time.
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Figures 24 and 25 show the effect of number of elements on the gradient continuity when the

curvature constraints are not imposed. For the solid element mesh, point C with the absolute

position [0.5 0.25 O.S]T is considered; while for the tetrahedral element mesh, point D with

the absolute position [0.75 0.25 O]T is considered. The results demonstrate that while mesh

refinement can improve the gradient continuity, the discontinuity problem is not totally solved.
Furthermore, increasing the mesh size leads to a larger model dimension that adversely affects the

computational efficiency. On the other hand, the curvature constraints can solve the discontinuity
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6. Conclusions

In soft- and fluid-material applications including flexible and soft robots and liquid sloshing
problems, continuity of the position gradients ensures continuity of the strains, stresses, and forces.
Nonetheless, continuity of the position-vector gradients at the nodal points of an FE mesh does not
ensure the continuity of these gradients at the element interfaces. Discontinuity of the gradients at
the interface not only adversely affects strain, stress, and force calculations as well as the quality
of the simulation results, but can also lead to computer models that do not properly represent
realistic physical behaviors of the systems to be investigated. In this study, the ANCF finite
elements are used to develop general curvature-continuity conditions that allow for eliminating or
minimizing the discontinuity of the position gradients at the interfaces of the elements of an FE
mesh. The general curvature-continuity conditions, which systematically account for both straight

and curved geometries in the stress-free reference configuration, are developed without the need
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for using the CAD knot vector and knot multiplicity which do not properly account for the system
degrees of freedom. The ANCF curvature-continuity conditions are expressed in terms of constant
geometric coefficients defined using the matrix of position-vector gradients that describes the
reference-configuration geometry. The formulation of these curvature-continuity conditions is
demonstrated using the ANCF fully-parametrized three-dimensional solid and tetrahedral
elements, which employ position gradients as nodal coordinates. The numerical results obtained
in this investigation show that by applying the curvature-continuity conditions in the case of soft
and fluid materials, higher degree of smoothness at the element interface can be achieved. Being
able to adjust the degree of continuity of an FE mesh using a mechanics-based approach is
necessary for the integration of geometry and analysis and for addressing the CAE- and durability-

investigation challenges [31].
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Appendix
In this appendix, the shape functions of the conventional tetrahedral, ANCF solid, and ANCF
tetrahedral elements used in this study are presented.

A.1 Conventional tetrahedral element
For the conventional four-node (FN) tetrahedral element, the nodal coordinates e at node k are
defined as

e =(r'),  k-1234 (A.1)
where ris the global position vector of node & . The displacement field of each position coordinate
of the element can be defined using a linear polynomial with four coefficients as
#(x,,x,,x,) = &, + a,x, + ayx, + ,x;, where o,k =1,2,3,4, are the polynomial coefficients. The
position vector of an arbitrary material point on element can be written as r = Ne, where N is the

shape function matrix and e is the vector of the nodal coordinates, which can be written

respectively as
N=[NI NI NI NJ]
e=[(¢) (&) (@) (¢)]

where I is the 3x3 identity matrix. The conventional FN tetrahedral element has twelve degrees

T (A.2)

of freedom, and the shape functions N,, k=1,2,3,4, are defined in a closed form as,
N, zé(ak+bkxl+ckx2+dkx3), k=1,2,3,4 (A.3)

where V is the volume of the element, and a,,b,,c,,d, are defined as

26



xlm x2m x3m 1 x2m x3m
=(-1)" h=(-1)‘l1

ak_(_ ) n o KXo X3 k_(_ ) Xon Xy
X, X, X3, 1 x,, x, (Ad)
'xlm 1 'x3m 'xlm x2m 1

K+l k

Ck_(_l) In 1 x3n b dk_(_l) xln x2n 1

X, I x » X, X, 1

where m, n, p are the other three node numbers that are different from node &, arranged according
to the sequence used for this element.
A.2 ANCEF solid element

For the ANCF solid element, the coordinates e* at node k are defined as [6, 29]
T
¢ = [(rk ) o) () (e )T} , k=12,..8 (A.5)

where r* is the global position vector of nodek , and rxf , ', and rx"3 are the position-gradient

2 b
vectors obtained by differentiation with respect to the spatial coordinatesx,,x,, and x;,
respectively. The interpolating polynomial of each position coordinate of the ANCEF solid element
is defined using thirty two coefficients as

G(x,,%,, %, ) = & + X, + X, + X, + Osx] + agx; + X
FOX, X, + QX X5 + X, Xy + A XD+ @, X + O
FOXT X, + QX)X+ O XX, + O X, X0 + O X, XS (A6)
F O X Xa + Uy X, Xy X5 + Oy X)X, + gy X, X5 + Gy X, X5 .
F0L X Xy + Qs X, X5 + Qg Xy X + Oy X Xy Xy + Oy X, X5 X,

-i_a29xlx2x32 + a30xl3x2x3 + 6l:‘slxl‘x;x:; + a32x1x2x§’
where «,,i=1,2,...,32 are the polynomial coefficients. The position vector of an arbitrary
. . . 8
material point on element can be written as r = ZH [Sk’ll A B Sk’4l]ek =Se, where S

is the shape function matrix and e is the vector of the nodal coordinates defined, respectively, as

27



sz[s"‘l Pha GELS SIS SNSRI BEL LS | s*"‘l}
e=|(¢) (@) (@) () (@) () () ()]

where I is the 3x3 identity matrix. The ANCF solid element has ninety six degrees of freedom,

T (A.7)

and the shape functions of the element are defined in a closed form as

S = (=) (g g 1) (4 ~1)(EH S 1)

(1+(£-£)(1-28) + (7-1,) (1-27)+ (£ ~¢,) (1-2¢))

< D" gt ()t (1) e () (8.8)
= ()T (G 1) (6 -)

( )Qﬂn ggﬁl(g 1) 777”(’7_1)] U §¢k+1(§_1)2—§k
k=12,..8

where a,b, and ¢ are the dimensions of the element in the x,x,, and x; directions,
Zx]/a,nzxz/b,§=x3/c, 5,77,(6[0,1], and &,,7,,¢, are the dimensionless nodal coordinates

for nodek .
For a given a given value for the coordinate x, one can show that the interpolation of Eq. A.6

reduces to

_ 2 2 3
G255, ) = O + X, + U X + QX; + XS + OX, X, + X, (A9)
3 2 2 3 3 ’
F XS + AXS X, + X, Xs + O XX, + QX X,

This two-parameter cubic interpolation has twelve coefficients, and therefore, imposing continuity
on r,r_, and r_ at the nodal points will ensure the continuity of the gradients r_ and r,_ at the
element interface surfaces as discussed in this paper.

For a given a given value for the coordinate X, , one can show that the interpolation of Eq. A.6

reduces to
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_ 2 2 3
G2, ) = O + X, + U X + QX; + XS + O X, Xy + X, A9)
3 2 2 3 3 ’

F XS + AXS X, + X, Xs + O XX, + QX X,

This two-parameter cubic interpolation has twelve coefficients, and therefore, imposing continuity

on r,r_,and r_ at the nodal points will ensure the continuity of the gradients r, and r_ at the

element interface surfaces as discussed in this paper.
A.3 ANCEF tetrahedral element
For the ANCF four-node (FN) tetrahedral element, the vector of the element nodal coordinates can

be written as [30]

(A.10)

where r"is the global position vector of node k of the element, and rgf‘ =or* / o¢, r,f =or" / on,
rf =or" /64” , rj; =or* / Oy, k=123,4, are the position-gradient vectors obtained by
differentiation with respect to the volume coordinates &,7,¢ , and y , respectively. The ANCF FN
tetrahedral element assumed displacement field is defined using a cubic Bezier tetrahedral patch

with twenty basis polynomials and four linear constraints [30]. The twenty Bezier basis functions

arc

2=, g=n, g=Cg=1
g,=3En, g,=3¢n", g,=3’¢, g,=3n’
g9=3§2§, g10=3§§2, g11=3§2;(, g12:3§lz (A.11)
g, =30"x, g.=3nx", gs=3"% g6=3x"
g, =6Ens, g,=6Eny, g,=6nCy, g, =650k

Using the four linear constraint equations [30], the displacement field of the ANCF FN tetrahedral

element can be defined using sixteen polynomials. The position vector of an arbitrary material
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point on element can be written as r = Se, where S is the shape function matrix and e is the vector

of the nodal coordinates defined, respectively, as

S=[sI sI sI sI sI sl sI sl

sl sl sy sl sl s, 1 sl s ]

e=[(¢) (@) (@) (¢)]

(A.12)

where I is the 3x3 identity matrix. The ANCF FN tetrahedral element has forty eight degrees of

freedom, and its shape functions are defined in a closed form as

5 =E(E 436+ 2) 420+ 2 (1+0)). s=3En(3E-C-1). 5 =3E (36 z-n),
5= (36n=0) s=n(nt3n(& ez +E)+2er+E(E42)))s s=3n¢ (Bn-2-8),
5= (3n-6-C), s=3nE(n-6-7), 5 =¢(E 436 (x+E4m) 2z +n(2+£)))
5= (36 =), 5, =38E0C-n-7), sa=3¢n(3¢ - 2-¢),
sw= (2 +32(E+n Q) e 2(En g (E4m)). su=32E(r-1-0),

815 =éﬂm(3z—§—§), Si6 Z%Z§(3l—§—ﬂ)

(A.13)

A surface, in general, can be described in terms of two parameters s, and s,, using the

following parametric form [25, 26],

r(Sl,Sz):[rl (51:8,) 7(s1.5,) ’E(SI’SZ)]T

(A.14)

The surface Jacobian matrix defined by differentiation with respect to the parameters s, and s, is,

o oy

Os, 0s,

JS{@ ﬁH,.S e ]-| % 2
Os, Os, b Os, 0s,

| Os, Os, |

This matrix has rank equal to two, and the condition r, xr, #0 must be satisfied.

30
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The relationship between the Cartesian gradients r, and the surface gradients r, is

or, or, 0X, o0X .
Js=rsl_=—": - L=J—L=r,C, i=12 ;=123 (A.16)
os, O0X, O, 0Ss, :

l

where, C, =0X, / 0s, is a 3x2 transformation matrix defined as

ox,  oX, |
a5 os,
C,= ox, &, (A.17)
Os,  Os,
oX, oX,
| Os,  Os, |

At the nodes, the Cartesian gradients r, are continuous, therefore, the surface gradients r, tangent

to the element interface surface are also continuous due to the gradient transformation. Use of
cubic interpolation with ten polynomial coefficients requires imposing ten conditions to ensure
that the interface surfaces of the two elements are the same. Because only nine continuity

conditions result from r, r,, and r, of the three nodes, they are not sufficient to ensure that the two

interface surfaces of the two elements have the same geometry.
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LIST OF FIGURE CAPTIONS

Figure 1. ANCF element (a) ANCEF solid element, (b) ANCF tetrahedral element

Figure 2. Flexible pendulum (a) ANCF solid-element mesh, (b) ANCF tetrahedral-element mesh

Figure 3. Gradient coordinate at point B predicted using ANCF solid element in the case of soft
material without curvature constraints

Figure 4. Difference in the gradient coordinates at point B when using ANCF tetrahedral
element in the case of soft material without curvature constraints

(—O—Ar, (1),-O~ Ar,_(2),-% - Ar, (3))

Figure 5. X, -displacement of tip point 4 using in the case of soft material predicted using

ANCEF solid-element mesh
( -0~ Without curvature constraints, -~O--With curvature constraints)

Figure 6. X, -displacement of tip point 4 in the case of soft material using ANCF tetrahedral-

element mesh
( O Without curvature constraints, --O--With curvature constraints)

Figure 7. Velocity of tip point 4 using in the X, direction in the case of soft material predicted

using ANCF solid-element mesh
( -0~ Without curvature constraints, O~ With curvature constraints)

Figure 8. Velocity of tip point 4 using in the X, direction in the case of soft material predicted

using ANCF tetrahedral-element mesh
( -0~ Without curvature constraints, -~O--With curvature constraints)

Figure 9. Normal strain change at point B when using ANCEF solid element in the case of soft
material

((a). Without curvature constraints, (b). With curvature constraints)
e /5~ &, ), (== Element 1, === Element 2)

XpXy 2 X3X3

Figure 10. Normal strain change at point B when using ANCF tetrahedral element in the case of
soft material
((a). Without curvature constraints, (b). With curvature constraints)

(O-¢,, O ¢, &, ) (= Element 1, === Element 2)

Figure 11. Fluid sloshing example (a) ANCF solid-element mesh, (b) ANCEF tetrahedral-element
mesh

Figure 12. Gradient coordinate at point B predicted using ANCF solid element in the case of
fluid material without curvature constraints

38



( O Element 1, O+ Element 2)

Figure 13. Difference in the gradient coordinate at point B predicted using ANCF solid element
in the case of fluid material without curvature constraints

Figure 14. Gradient coordinate at point B predicted using ANCF solid element in the case of
fluid material with curvature constraints
( O Element 1, O+ Element 2)

Figure 15. Gradient coordinates at point B predicted using ANCEF tetrahedral element in the case
of fluid material without curvature constraints

(=—r, (1), =—r_(2), =r,_(3)), (O Element 1, ~O~ Element 2)

Figure 16. Gradient coordinates at point B predicted using ANCEF tetrahedral element in the case
of fluid material with curvature constraints

(=1, (1), — r, (2), — r, (3)), (-0 Element 1, ~O- Element 2)

Figure 17. Fluid deformed shape using ANCF solid-element mesh
(a) Without curvature constraints, (b) With curvature constraints

Figure 18. Mass-center X, -displacement in the case of fluid material predicted using ANCF

solid-element mesh
( -0 Without curvature constraints, O~ With curvature constraints)

Figure 19. Mass-center X, -displacement in the case of fluid material predicted using ANCF

tetrahedral-element mesh
( -0~ Without curvature constraints, O+ With curvature constraints)

Figure 20. Mass-center X, -velocity in the case of fluid material predicted using ANCF solid-

element mesh
( O Without curvature constraints, --~O--With curvature constraints)

Figure 21. Mass-center X -velocity in the case of fluid material predicted using ANCF

tetrahedral-element mesh
( O Without curvature constraints, -~O-With curvature constraints)

Figure 22. Influence of penalty coefficient on the gradient coordinate difference at point B when
using ANCEF solid element in the case of fluid material without curvature constraints

(—O—k, =1x107 O~ k,. =1x10%)

Figure 23. Influence of penalty coefficient on the gradient coordinate difference at point B when
using ANCEF tetrahedral element in the case of fluid material without curvature constraints

(—OAr, (1), =O—Ar,_(2), D Ar, (3)), (== k;c =1x107 === k,. =1x10%)

39



Figure 24. Influence of mesh size on the gradient coordinate difference at point C when using
ANCEF solid element in the case of fluid material
(—3— 2 elements, --O-8 elements)

Figure 25. Influence of mesh size on the gradient coordinate difference at point D when using
ANCEF tetrahedral element in the case of fluid material

(—O—Ar, (1), —O— Ar, (2), =& Ar, (3))

(=2 clements, =+=5 elements, ==« 40 Elements)

Figure 26. Comparison test in the case of ANCF solid element and LsDyna solid element

(—M— ANCF 4x4x4 clements, —@— ANCF 5x5x5 eclements, —#— ANCF 6x6x6
elements; — 1l Ls-Dyna 40x40x40 elements, —@— Ls-Dyna 50x50x50 elements, —A— s
Dyna 60x60x60 elements)
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Figure 1. ANCF element
(a) ANCEF solid element, (b) ANCEF tetrahedral element

Figure 2. Flexible pendulum
(a) ANCEF solid-element mesh, (b) ANCF tetrahedral-element mesh
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Figure 3. Gradient coordinate at point B predicted using ANCF solid element in the case of soft
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Figure 5. X, -displacement of tip point 4 using in the case of soft material predicted using

ANCEF solid-element mesh
( -0 Without curvature constraints, --~O--With curvature constraints)
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Figure 6. X, -displacement of tip point 4 in the case of soft material using ANCF tetrahedral-

element mesh
( O Without curvature constraints, --O--With curvature constraints)
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Figure 7. Velocity of tip point 4 using in the X, direction in the case of soft material predicted

using ANCF solid-element mesh
( -0 Without curvature constraints, --~O--With curvature constraints)
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using ANCF tetrahedral-element mesh
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Figure 9. Normal strain change at point B when using ANCF solid element in the case of soft
material

((a). Without curvature constraints, (b). With curvature constraints)
(¢, O ¢, &, ), (— Element 1, ==~ Element 2)

45



0.12

0.08

0.04

Strain

-0.08
0.

Time (s)

0.10

0.05 A\

0.007 N N

Strain

-0.10 — - - - -
0.0 0.2 0.4 0.6 0.8 1.0

Time (s)
(b)

Figure 10. Normal strain change at point B when using ANCF tetrahedral element in the case of
soft material
((a). Without curvature constraints, (b). With curvature constraints)
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Figure 11. Fluid sloshing example
(a) ANCEF solid-element mesh, (b) ANCF tetrahedral-element mesh
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Figure 12. Gradient coordinate at point B predicted using ANCF solid element in the case of

fluid material without curvature constraints
(O Element 1, O+ Element 2)
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Figure 13. Difference in the gradient coordinate at point B predicted using ANCEF solid element
in the case of fluid material without curvature constraints
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Figure 14. Gradient coordinate at point B predicted using ANCEF solid element in the case of
fluid material with curvature constraints
( O Element 1, O+ Element 2)
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Figure 15. Gradient coordinates at point B predicted using ANCEF tetrahedral element in the case
of fluid material without curvature constraints
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Figure 16. Gradient coordinates at point B predicted using ANCEF tetrahedral element in the case
of fluid material with curvature constraints
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Figure 17. Fluid deformed shape using ANCF solid-element mesh
(a) Without curvature constraints, (b) With curvature constraints

50



1.06

1.04
E
o 102
ML)
Q :
1,00 :
‘G
0.98 L— - - - -
0.0 0.2 0.4 0.6 0.8 1.0
Time (s)

Figure 18. Mass-center X, -displacement in the case of fluid material predicted using ANCF

solid-element mesh
( -0 Without curvature constraints, -~O--With curvature constraints)
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Figure 19. Mass-center X, -displacement in the case of fluid material predicted using ANCF

tetrahedral-element mesh
( O Without curvature constraints, --~O--With curvature constraints)
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Figure 20. Mass-center X, -velocity in the case of fluid material predicted using ANCF solid-
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Figure 21. Mass-center X, -velocity in the case of fluid material predicted using ANCF

tetrahedral-element mesh
( O Without curvature constraints, --O--With curvature constraints)
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Figure 22. Influence of penalty coefficient on the gradient coordinate difference at point B when
using ANCF solid element in the case of fluid material without curvature constraints
(k. =1x107,~ O~ k,. =1x10%)
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Figure 23. Influence of penalty coefficient on the gradient coordinate difference at point B when
using ANCF tetrahedral element in the case of fluid material without curvature constraints

(—O-Ar, (1), =O—Ar, (2), & Ar, (3)), (==k;c =1x107 === k. =1x10%)
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Figure 24. Influence of mesh size on the gradient coordinate difference at point C when using

ANCEF solid element in the case of fluid material
(—3— 2 elements, -~O-8 elements)
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Figure 25. Influence of mesh size on the gradient coordinate difference at point D when using

ANCEF tetrahedral element in the case of fluid material
(—OAr, (1), —O— Ar, (2), =& Ar, (3))
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Figure 26. Comparison test in the case of ANCF solid element and LsDyna solid element
(—— ANCF 4x4x4 elements, —@— ANCF 5x5x5 elements, —#— ANCF 6x6x6
elements; — 1l Ls-Dyna 40x40x40 elements, —@— Ls-Dyna 50x50x50 elements, —h—1s-
Dyna 60x60x60 elements)
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