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Abstract

A theoretical model with a single prognostic variable, column-integrated moist static energy (MSE), was constructed to
understand the dynamics of MJO eastward propagation and planetary scale selection. A key process in the model is the
interaction of MSE-dependent convection with free-atmospheric first, second baroclinic modes and planetary boundary
layer. Under a realistic parameter regime, the model reproduces the most unstable mode at zonal wavenumber 1 with a slow
eastward phase speed of about 5 ms™'. The slow eastward phase speed in the model arises from the competition of eastward
moving MSE tendencies caused by horizontal MSE advection, vertical MSE advection and boundary layer moistening
with westward moving tendencies contributed by surface latent heat flux and atmospheric longwave radiative heating. The
planetary scale selection is primarily attributed to the phase lag of longwave radiative heating associated with upper-level

stratiform clouds that occur in the rear of MJO deep convection.

Keywords MIJO theoretical model - A coupled moisture-dynamics mode - Eastward propagation - Planetary scale

selection - Stratiform cloud

1 Introduction

The Madden-Julian oscillation (MJO; Madden and Julian
1971, 1972) is a dominant intraseasonal mode in the
tropics (see Li and Hsu 2018 for a book review on this
topic). It is characterized by slow eastward propagation of
around 5 ms~! along the equator over the Eastern Hemi-
sphere (Knutson 1986; Lau and Chan 1986; Hendon and
Salby 1994; Lau and Lau 2010) and zonal planetary scale
(Zhang 2005; Li and Zhou 2009; Li 2014). In the energy
power spectrum, the MJO mode is well distinguished from
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convectively coupled equatorial waves (Wheeler and Kiladis
1999; Kiladis et al. 2009).

Early theoretical studies regarded the MJO as a moist
Kelvin wave interacting with convective heating through
the wave-CISK (conditional instability of the second
kind) mechanism (Chang and Lim 1988), but so derived
MIJO mode had a too fast phase speed and was favorable
for growth of shorter waves (Wang and Chen 1989). Ema-
nuel (1987) proposed a wind-induced surface heat exchange
(WISHE) theory but this theory depends on the presence of
the mean easterly in the tropics. In reality the MJO is most
active over the Indo-Pacific warm pool where the mean west-
erly is pronounced (Wang 1988a). Wang and Li (1994) and
Li and Wang (1994) proposed a convection—frictional con-
vergence (CFC) feedback theory in which free-atmospheric
first-baroclinic mode Rossby and Kelvin waves are coupled
with planetary boundary layer (PBL) by convective heating.
Various observational characteristics of the MJO, such as
slow and longitude-dependent eastward phase speed, hori-
zontal pattern of Kelvin—Rossby wave couplet, and a phase
leading of PBL convergence to the main convection center
(Hendon and Salby 1994; Jones and Weare 1996; Maloney
and Hartmann 1998; Chao and Chen 1999; Moskowitz and
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Bretherton 2000; Sperber 2003), were reproduced by the
model. However, under a linear heating, the MJO mode in
the model prefers the growth of shorter wavelength, and only
under a nonlinear heating did the model generate the most
unstable mode at wavenumber 1 (Li and Zhou 2009).

Recently there has been a growing body of theoretical
work for the MJO. Building upon previous versions of the
skeleton model (Majda and Biello 2004, Biello et al. 2007,
Khouider and Majda 2006, 2007; Majda and Stechmann
2009), Thual et al. (2015) constructed a stochastic skeleton
model. The essential physical process in the model is scale
interaction among planetary dry dynamics, planetary lower
tropospheric moisture, and the planetary envelope of syn-
optic-scale eddies. Under a controlled set of parameters, the
model reproduces a neutrally stable atmospheric wave solu-
tion, with the intermittent generation of MJO events. Various
assumptions have been made to close the system. The most
important one is the dependence of tendency of planetary
envelope of synoptic-scale eddies on planetary-scale lower
tropospheric moisture. Such an assumption requires further
observational validation.

Sobel and Maloney (2012, 2013) constructed a simple
theoretical model with the use of column-integrated spe-
cific humidity as a single prognostic variable. The circu-
lation anomaly was determined empirically. Thus strictly
speaking, this model is a semi-empirical model as the
dynamics governing equations are not derived from the first
principal. The essence of the model is the “moisture mode”
paradigm in which processes that control column integrated
humidity tendency hold a key for the eastward propaga-
tion (Maloney 2009; Hsu and Li 2012). Unfortunately, the
original model of Sobel and Maloney (2012) reproduced a
preferred westward phase speed, which is at odds with the
observation. Adames and Kim (2016) extended the origi-
nal Sobel-Maloney model framework by adding the first
baroclinic mode shallow water model equations and assum-
ing that precipitation anomaly is proportional to column
integrated specific humidity anomaly. The main process for
eastward propagation in the model lies in the advection of
mean moisture by anomalous meridional wind, which dif-
fers from the original Sobel-Maloney model in which the
anomalous zonal advection by the background mean flow is
the sole factor for eastward propagation.

Motivated by the moisture mode paradigm, Wang and
Chen (2017) extended the original 2.5-layer model of Wang
and Li (1994) and Li and Wang (1994) by incorporating
the moisture feedback to precipitation with a simplified
Betts-Miller cumulus parameterization scheme (Liu and
Wang 2017). The model reproduces a more realistic MJO
with slower eastward phase speed. Wang and Chen (2017)
argued that slowing down of eastward propagation com-
pared to the original model of Wang and Li (1994) with
Kuo (1974) cumulus parameterization scheme is attributed
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to strengthened coupling between precipitation and Rossby
waves in the Betts-Miller scheme. However, this Rossby
wave dragging hypothesis was recently challenged by Wang
et al. (2018), who demonstrated based on both Aqua planet
simulations and the diagnosis of 27 MJOTF/GASS mod-
els (Jiang et al. 2015) that a stronger Rossby wave com-
ponent favors faster eastward propagation due to enhanced
east—west asymmetry of MSE tendency.

So far, there is no satisfactory explanation of MJO plan-
etary scale selection by a linear model. Early attempt with a
2.5-layer model by Wang (1988b) showed a preferred plan-
etary zonal wavelength when a longwave approximation is
assumed. Using a 2.5-layer model with the CFC feedback,
Li and Zhou (2009) demonstrated that the model generates
the most unstable mode at a short wavelength under a lin-
ear heating, and a long wave selection can only be achieved
when a nonlinear conditional heating is specified. Physical
interpretation behind this nonlinear wave interference mech-
anism is that dry Kelvin waves move much faster than wet
(convectively coupled) Kelvin waves so that higher wave-
number perturbations are gradually damped. This nonlinear
wave interference mechanism was further confirmed by Wei
et al. (2017) using a simple analytical model that contains
both the moisture mode and the CFC feedback paradigm.

Whereas a few modeling works stressed the importance
of stratiform clouds in MJO simulation (e.g., Fu and Wang
2009; Zhang and Song 2009), most of previous theoreti-
cal models of the MJO neglected atmospheric second baro-
clinic mode motion. In a recent model diagnostic study,
Wang et al. (2017) demonstrated that the main difference
between a “good” model group (containing seven best MJO
propagation models) and a “poor” model group (containing
seven worst models) lies in their capability in capturing the
observed east-west asymmetry of vertical MSE advection.
While the main deep convective heating center is character-
ized by first baroclinic mode vertical velocity profile, there
is marked zonal asymmetry in anomalous vertical veloc-
ity field to the east and west of the main convection. The
anomalous vertical velocity field in these regions is charac-
terized mainly by the second baroclinic mode vertical profile
(Wang et al. 2017). To the east of the main MJO convection,
subsidence is pronounced in the upper troposphere while
ascending motion anomaly appears in the lower troposphere.
An opposite vertical velocity anomaly field is observed to
the west of the main MJO convective center. Given the mean
MSE profile (with maxima in tropopause and near the sur-
face and a minimum in middle troposphere), such a vertical
velocity pattern induces a positive (negative) MSE tendency
to the east (west) of the MJO convection, favoring eastward
propagation. The vertically tilting vertical velocity struc-
ture is consistent with the observed feature of upper-level
stratiform cloud deck in the rear and lower-level congestus
clouds in the front.
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Motivated by the aforementioned observational, theoreti-
cal and modeling studies, we intend to build a unified theo-
retical framework that contains the essence of the CFC and
the moisture mode paradigms, with explicit description of
time change rate of column integrated MSE and governing
equations for free-atmospheric first and second baroclinic
mode motions. The goal of this theoretical model is to seek
an analytical solution to understand the relative roles of vari-
ous processes in contributing to MJO slow eastward phase
propagation and planetary sale selection. By constructing a
linear model that contains all existing physical processes that
affect the MSE tendency, one may analyze the relative role
of different processes in contributing to the slow eastward
phase speed and planetary scale selection. The remaining
part of this paper is organized as followings. In Sect. 2, a
theoretical model framework is constructed step-by-step. In
Sect. 3, we show the model dispersion relation and theoreti-
cal solutions. The physical mechanisms for the slow east-
ward propagation and planetary scale selection are discussed
in Sects. 4 and 5, respectively. Finally, a conclusion and
discussion are given in the last section.

2 Model formulation

Figure la shows the lagged time—Ilongitude diagrams of
regressed rainfall and MSE anomalies based on observa-
tional data. The column-integrated MSE anomaly follows
the rainfall anomaly closely, which suggests that to the first
order of approximation, the MSE anomaly may be regarded
as a key variable to represent the MJO convective envelope.
At day 0 when MJO convection and MSE center are located
at 80 °E, there is a clear zonal asymmetry in the MSE ten-
dency field, with a positive tendency to the east and a nega-
tive tendency to the west of the MSE center (Fig. 1b). The
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Fig. 1 a Longitude-time section of rainfall anomalies (shaded, units:
mm day~!) and column-integrated MSE anomalies (contour; units:
J m~2) averaged over 10°S—10°N regressed against 20-100 day
band-pass-filtered rainfall anomaly over the equatorial eastern Indian

essence of the moisture mode paradigm is that it is the zonal
asymmetry of the MSE tendency that causes the eastward
propagation of the MJO. Thus, understanding the cause of
the zonal asymmetry of MSE tendency becomes critical for
understanding the MJO propagating behavior.

Given that the MSE is a conservative quantity in the trop-
ics (Neelin and Held 1987) and that MJO convective rain
band is in general in phase with the anomalous MSE center
(e.g., Jiang et al. 2015; Wang et al. 2017), it is desirable to
construct a simple theoretical framework with anomalous
MSE as a key variable. The column-integrated MJO-scale
MSE budget equation may be written as following:

(om') = (=V+Vm) = (wom) +(Qf) +Qpy (1)

where m’ = ¢, T’ + gz’ + L,q’ represents MSE anomaly, 7" is
anomalous temperature, 7’ is height anomaly, ¢’ is specific
humidity anomaly, ¢, is the specific heat at constant pres-
sure (1004 JK! kg_l), g is the gravitational acceleration (9.8
ms~2), L, is the latent heat of vaporization (2.5 X 10°J kg_l),
V is horizontal wind vector, and @ is vertical pressure veloc-
ity. A prima represents MJO-scale component, and an angle
bracket denotes a mass-weighted vertical integral from top
of tropopause at P, (100 hPa) to the surface at P, (1000 hPa):

Ay =/, PI: éAdp, where A represents a given variable and

p is pressure. The first and second terms on right hand side
of Eq. (1) represent horizontal and vertical MSE advection,
respectively, the third term (< Q;)) represents the sum of
vertically integrated anomalous shortwave and longwave
radiative heating rate, the fourth term (Q’LH) denotes the sur-
face latent heat flux anomaly. In the equation above, we
neglect anomalous surface sensible heat flux as it is small.
An observational diagnosis of anomalous MSE budget
by Wang et al. (2017) showed that the horizontal and

Ocean (75°-85°E, 5°S—-5°N). b Regressed column-integrated MSE
tendency anomaly (shaded, units: W m~2) and MSE anomaly (con-
tour; units: J m™?) at day 0. From Wang et al. (2017)
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vertical MSE advection terms in the free atmosphere are
primarily determined by the advection of mean MSE by
anomalous meridional and vertical velocity. Compared to
the meridional advection, anomalous zonal advection is
small. Therefore the sum of column integrated horizontal
and vertical advection terms may be approximated as

Py

<—‘7 . Vm>/ - <a)0pm>/ = 1/ (—v'o,m)dp
gPT
PB
- é/ (' 0,m)dp + 50,m),
PT

(@)

where Py denotes the pressure at top of PBL, d,m’, denotes

the mean MSE tendency at PBL, 6=%, and

APy = Pg— Py. A bar denotes the background mean state.
We further assume that the MSE tendency at PBL is primar-
ily determined by that of the moisture component. Thus, the
column integrated anomalous MSE equation may be approx-
imated as

PB PR
1 1
d/i—/—’d,_d——/ 0 m)d
(om") ‘) (—v'oym)dp g ('0,m)dp .
T T

+ (Qp) + Qs +8L,9,d

Physical processes associated with the first two terms
in the right hand side of Eq. (3) may be expressed as fol-
lowing. To the east of the MJO convection, anomalous
poleward flows induced by suppressed convection east of
MJO convection tend to generate a positive MSE tendency
through the anomalous advection of the mean MSE (Kim
et al. 2014). To its west, anomalous low-level Rossby wave
cyclonic gyres tend to generate a negative MSE tendency
through anomalous meridional advection of the mean
MSE. According to the observation, the horizontal wind
anomaly in the free atmosphere shows a prominent first
baroclinic mode structure (Wang et al. 2017).

Different from the horizontal motion, MJO-scale ver-
tical velocity field exhibits a distinctive second baro-
clinic mode structure away from the deep convective
center (Mapes 2000; Wang et al. 2017). To the east of
MIJO convective center, a pronounced descending anom-
aly appears in the upper troposphere and an ascending
anomaly appears in lower troposphere. To the west, an
opposite profile is observed, with a pronounced ascending
anomaly appearing in the upper tropospheric stratiform
cloud region and a descending anomaly in the lower tropo-
sphere. Assuming that the mean MSE vertical profile has a
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minimum in the middle troposphere (Fig. 2), such a second
baroclinic mode vertical velocity anomaly would lead to a
positive (negative) MSE tendency to the east (west). The
MSE advection by the first baroclinic mode vertical veloc-
ity, on the other hand, would be negligibly small and thus
is not considered in the current model framework.

The discussion above emphasizes the important con-
tributions of both the free-atmospheric first and second
baroclinic mode motion. Thus, we will first derive gov-
erning equations for the first and second baroclinic mode.
Figure 2 shows the vertical profiles of horizontal veloc-
ity, geopotential height and vertical velocity fields for the
first and second baroclinic modes. For the first (second)
baroclinic mode, horizontal velocity and geopotential
height fields are written at 700 hPa (500 hPa) and vertical
velocity and diabatic heating fields are written at 500 hPa
(300 hPa).

The first baroclinic mode governing equations may be
written as:

e — Py, = ~0.8,

! /
Pyuy = ~0,¢, v @
R R

C, 2P,

where ¢ is the damping coefficient at free atmosphere, ¢
is geopotential height, C, denotes gravity wave speed for
the first baroclinic mode (50 ms™), Q, represents atmos-
pheric diabatic heating, R is gas constant for dry air
(287 J K~ kg™!), P, = 500 hPa denotes pressure level in
middle troposphere, and AP, = 800 hPa represents the depth
of free atmosphere.

In a simplified Betts-Miller scheme the precipitation
anomaly is proportional to column integrated specific
humidity (Wang and Chen 2017). On the other hand, as
shown in Fig. 1, MJO-scale precipitation and column inte-
grated MSE fields have similar horizontal structure and
propagation characteristics. Thus one may directly link
(m') to the diabatic heating anomaly at the equator, that is,

Q] RAP,

< am, b0 =m0 ®)
p

where coefficient b, can be determined empirically based on
the observed scattering relationship (Fig. 3a). Correlation
coefficient between a linear fitting function and observed
data is 0.77, which passes a 99% confidence level with a
student-t test.

Through a series of derivation (see Appendix for detailed
derivation), the meridional wind anomaly of the first baro-
clinic mode may be written as:

2.
V/l — —blyMe 2 ¢ el(kx—o‘t)Dl' (6)
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Fig.2 Vertical profiles of key variables for (top) the first baroclinic »

mode, (center) the second baroclinic mode and (bottom) vertical
profile of an idealized background mean MSE field. Green (orange)
lines represent the profiles of vertical velocity and diabatic heating
(horizontal velocity and geopotential height). Variables are defined at
specific pressure levels. Subscript 1 and 2 represent variables for first
and second baroclinic mode respectively. Purple line represent mean
profile of MSE

The second baroclinic mode governing equations may
be written as:

et /— pyv, =,—dx(;b;
byw, = =0,, @)

’ 2 ’ r\ _ _ @ RAP,
e + G, (axuz + ayvz) ~7¢, 2,

where C, denotes gravity wave speed for the second baro-
clinic mode (26.2 ms™!), P, =300hPa denotes pres-
sure level where maximum stratiform heating is located,
AP, =400 hPa represents the half depth of free atmos-
phere, and others are conventional variables. For the detailed
derivation of the first and second baroclinic mode govern-
ing equations, readers are referred to Li and Hsu (2018)
(Chapter 1).

The diabatic heating process associated with the second
baroclinic mode away from the deep convective center is
primarily controlled by stratiform heating in the rear and
by low-level congestus heating in the front. Following the
method applied to the first baroclinic mode, one may derive
a linear relationship between the upper-tropospheric strati-
form heating in the rear and the column integrated MSE
anomaly at the equator. Mathematically, O, may be param-
eterized as

Q) RAP,
C, 2P,

|y:0 = by(m') (t,x + x,) |y:0. 8)

Figure 3b illustrates the relationship between the diabatic
heating in the rear upper troposphere and the column inte-
grated MSE anomaly over the MJO convective center. The
correlation coefficient between a linear fitting function and
the observed data is 0.59, which passes a 99% confidence level
with a student-t test. Note that a lagged correlation between the
two quantities was also calculated, and the result shows that
maximum correlation occurs at the simultaneous time. Thus
no time lag is assumed between the two in Eq. (8).

Through a series of derivation, the vertical velocity anom-
aly of the second baroclinic mode may be written as:

32

Yo .
@) = —AP,b,Me” 7 & M=) p (2) ()

With the derivation of the first-baroclinic-mode meridi-
onal wind and the second-baroclinic-mode vertical velocity

100hPa

v

5 Pl )
j00hPa_ ——————— “—'_ -i'{z_g vg ] ¢;_‘

w

1000hPa |~ """~~~ """ "o

500hPa

900hPa
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Fig.3 Scattering diagrams oY
for a column-integrated MSE (a) Ql cor=0.77 2
(x-axis; units: 10’ J m~2) and
mid-tropospheric diabatic 2
heating (y-axis, unit: K day™")
over MJO convective center 1
(75°-85°E, 10°S—10°N), b
column-integrated MSE at the 0
MIJO center and diabatic heating
in upper troposphere (averaged
over 500-200 hPa, y-axis) west -1
of the MJO center (55°-75°E,
10°S—10°N; unit: K day™), -2
and ¢ column-integrated MSE
and column integrated radia- <3
tive heating rate (y-axis; unit: 3 2 0 1 2 3
K day~!) over the MJO center. '
Here diabatic heating fields <m >
were calculated based on Euro- .
pean Centre for Medium-Range (b) QZI 1.5
Weather Forecast (ECMWF) i cor=0.59
reanalysis date (ERA-Interim, a® 1
Dee et al. 2011) with a horizon- ° 000,
tal resolution of 1.5° latitude by
1.5° longitude, and shortwave 0.5
and longwave radiative heating
fields were obtained from Mod- 0
ern-Era Retrospective Analysis
for Research and Applications 05
(MERRA) (Rienecker et al.
2011), for an analysis period of 1
1979-2008
-1.5
3
2
1
0
-1
-2
-3 -2 0 1 2 3

anomaly fields, the first two terms in the right hand side
of Eq. (3) are resolved. Next, we derive the radiative heat-
ing—MSE relationship. This term is primarily controlled by
longwave radiative heating. It has been shown that this term
generally contributes positively to the MSE tendency in cloud
covered regions and plays an important role in maintaining the
MJO strength (Jiang et al. 2015; Adames and Kim 2016). Due
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to the occurrence of the stratiform cloud in the rear, this term
also contributes to the zonal asymmetry in the MSE tendency,
favoring a westward phase speed (Wang et al. 2017).

A simple way to describe the longwave radiative effect
in the current theoretical framework is to relate the column
integrated radiative heating anomaly to the MSE anomaly.
A linear fitting function <Q;?> =aq,(m') + ay(m') (t,x +xp)
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is assumed and coefficients a; and a, are determined empiri-
cally based on the observational data over the deep convective
and stratiform cloud regions respectively. Figure 3¢ shows the
observed scattering diagram over the deep convective cloud
region. The correlation coefficient between the fitting function
and the observed data is 0.51, which passed a 99% confidence
level with a student-t test. A similar significant relationship
is found over the stratiform cloud region (figure not shown).
The amplitude of the slope over the convective cloud region,
however, is about four times as large as that over the stratiform
cloud region.

To calculate the surface latent heat flux (term 4 in the right
hand side of Eq. 3) and PBL. MSE changes (term 5 in the right
hand side of Eq. 3) contribution, a vertically integrated PBL
model (Wang and Li 1993) is introduced:

Euly, — pyvy, = =0,

EVy + Pyuy, = =0,
m/

0,1, + 0,V + a7 =0

A

10)

where E denotes Ekman damping coefficient, subscript B
denotes the boundary layer variable, ¢ denotes geopotential
height anomaly at top of PBL, which is the sum of geopoten-
tial height anomalies associated with the first and second
baroclinic modes. Through a series of derivation, anomalous
zonal wind at PBL, u;, and anomalous vertical velocity at
top of PBL, a)g, may be written as:

25 2 .
M;? — blMe 2¢ el(kx—at)D3(y2) _ b2M€ 70 ez(kx—at)elkxlD4(y2)
an

@, = APBblMe_%%ei(kx_"t)D5(y2)
i (12)

2 .
+ APyb,Me™ 2 @ ¢/l D (y?)

The surface latent heat flux anomaly may be written as

-

0y = | CeraL(a, = 4.)|Va ]’, (13)

where Cy, is exchange coefficient (1.5 X 1073), p, denotes air
density at the standard sea level (1.225kg m™), ¢, denotes
specific humidity at sea surface, and g,, is specific humidity
at 10 m.

For simplicity, we neglect the effect of sea-air specific
humidity difference anomaly and assume that MJO-scale
latent heat flux anomaly is primarily determined by anomaly
zonal wind. The total surface wind speed may be linearly
decomposed into the following two terms:

‘T/B| =\Jud+V2 = \/(ﬁB +ul) + (vp+v,)°

Il

—_

<

SRS

+

<

o

[\) S——
S|

—_

~ +
4 S| B
<

+ |
< |

oo

SN—

u
_ _Bujlg
=|V],+ —=
|Vl
(14)
Substituting (14) into Eq. (13), one may obtain
' — — ﬁBul/S
QLH = CEpaLV(qs - qa) = (15)
\1

Therefore, for given the mean westerly over the warm
pool, an easterly (westerly) anomaly to the east (west) of the
MIJO center would lead to reduced (strengthened) surface
latent heat flux, which favors a westward MSE tendency and
thus a westward phase speed. The result is consistent with
the observational analysis (e.g., Jiang et al. 2015; Wang et al.
2017).

Observational analyses (e.g., Hsu and Li 2012) showed
that a positive tendency of PBL specific humidity often
appears in front of MJO convection, and this positive ten-
dency is primarily attributed to the advection of mean mois-
ture by anomalous ascending motion associated with PBL
convergence. Thus, the PBL MSE tendency equation may
be written as:
8L,0,qy = —6vagdpc"13. (16)

The derivations above lead to a single variable equation
for the column- integrated MSE anomaly:

AP,

A e _ ry =
(0,m > g ( Vlaym) |p=700hPa g (a)de )|p=300hPa
/ AP
+ (x(m’) + paCELv(‘_Is - ‘_Ia) MIEMB - Lv_Bw;gapz]B
[Vg| 8

where o,/ represents the meridional gradient of observed
northern winter mean MSE field at 700 hPa averaged over
the Indo-Pacific warm pool region (80°E-160°E), d,m and
d,qp denote the vertical gradients of observed northern win-
ter mean MSE field at 300 hPa and mean specific humidity
at PBL averaged over the same longitudinal zone, and i,
denotes observed winter mean surface zonal wind averaged
over the warm pool region. Because the horizontal gradi-
ent of mean MSE is small in upper troposphere, we only
consider the lower-tropospheric meridional advection in
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Eq. (17). For the vertical advection term (the second term
in the right-hand side of Eq. 17), we consider both the lower
and upper tropospheric advective processes.

The observed column integrated MSE anomaly field
shows a Gausian meridional structure (Wang et al. 2017).
Thus, to the first order of approximation, wze assume the fol-

lowing solution for (m’): (m') =M e *e®=o  where
Ly= \/% represents meridional e-folding length scale.
Substituting Egs. (6,9, 11 and 12) into Eq. (17) and integrat-
ing Eq. (17) meridionally from —L to L,,, one may derive a
dispersion equation. Let 6 = o, + io;, where oy denotes fre-
quency and o; denotes growth rate. Then both the frequency
and growth rate are function of zonal wavenumber k, and can
be calculated based on the dispersion equations (see the
Appendix for detailed derivation).

It is worth mentioning that a number of key assumptions
have been made in the simple analytical framework. Firstly,
we neglect the time change rate of the first and second
baroclinic mode motions. Secondly an empirical relation
between anomalous precipitation and MSE fields and a lon-
gitudinal phase difference between the stratiform and deep
convective center are assumed. Thirdly, a lowest meridional
mode structure for the MSE is assumed so that a simple
analytical dispersion relation between frequency/growth rate
and zonal wavenumber can be derived.

3 Analytical solutions
3.1 Frequency and growth rate
Given a zonal wavenumber k, frequency and growth rate of

the simple analytical model can be determined. The zonal
phase speed can be further derived by the following formula:

C =oy/k.

The standard values of the model key parameters are
listed in Table 1. Figure 4 shows so calculated frequency,
growth rate and phase speed using standard parameter val-
ues listed in Table 1. In the presence of all five physical
processes (right hand side of Eq. 2), the model generates a
slow eastward phase speed, with the maximum growth rate
at zonal wavenumber 1.

With the increase of zonal wavenumber or decrease of
zonal wavelength, both the growth rate and the phase speed
decrease. For wavenumber 1, the growth rate is 0.18 day_l,
corresponding to an e-folding scale of 10 days. This ampli-
fication rate is within the observed range for the MJO-scale
motion (Wang and Li 1994). The corresponding phase speed
is 5.2 m s~!, which is similar to the observed MJO phase
propagation speed over the warm pool.

To understand the relative contribution of each process
to the planetary scale selection and slow eastward phase
speed, we show the contributions from individual terms in
the right hand side of Eq. 3 (Fig. 5). It is found that the plan-
etary scale selection in the model is primarily attributed to
the atmospheric radiative heating effect (Fig. 5a). The slow
eastward phase speed, on the other hand, is a result of com-
petition of eastward phase speed contributed by horizontal
MSE advection, vertical MSE advection and PBL specific
humidity tendency and westward phase speed contributed
by the surface latent heat flux and the atmospheric radiation
heating.

Figure 6 shows the relative contribution of each term to
zonal phase speed for the most unstable mode (i.e., wave-
number 1). While horizontal MSE advection, vertical MSE
advection and PBL moisture tendency contribute to an east-
ward phase speed of 4 m s™!, 3 m s~ and 1 m s, respec-
tively, the surface latent heat flux and atmospheric radiative

Table 1 Standard values of key

. . Symbol Description Standard value
parameters in the theoretical
model € Damping coefficient in free atmosphere 1076571
E Ekman pumping coefficient 1075571
AP, Depth of free atmosphere 800 hPa
AP, Half depth of free atmosphere 400 hPa
APy Depth of boundary layer 100 hPa
C, Gravity wave speed for the first baroclinic mode 50 ms™!
C, Gravity wave speed for the second baroclinic mode 26.2ms™!
X Distance between stratiform and convective cloud center 1200 km
L, Meridional e-folding scale of (m") 1.1x10° km
4, — 34, Mean sea-air specific humidity difference 3.26 gkg™!
b, Convective heating coefficient (Eq. 4) 4.43x10719m? kg~ 57!
b, Stratiform heating coefficient (Eq. 8) 3.96x 107" m? kg™l 57!
a, Longwave radiative heating coefficient due to convective clouds 1x107m? kg™!
a, Longwave radiative heating coefficient due to stratiform clouds 2.5%x107" m? kg™
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(a)
0.2
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0.08
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(b)

Fig.4 a Growth rate (unit: day™') and b frequency o (dashed line;
unit: 1.57x1077 s7!) and phase speed (solid line; unit: m s7h as
function of zonal wavenumber k

heating contribute to a westward phase speed of 1 m s™!

and 2 ms™'. As a result, the net effect is about 5 m s~'. The
relative contribution of horizontal and vertical advection,
surface latent heat flux and atmospheric radiative heating to
the eastward propagation in the simple theoretical model is
quite consistent with the observational and general circula-
tion model results (see Fig. 3 of Wang et al. 2017).

3.2 Structure of the most unstable mode

The horizontal structure of the most unstable mode is
shown in left panel of Fig. 7, while the observed coun-
terpart derived from ERA-I is shown in the right panel of
Fig. 7. For MJO convective center located over 85°E, 0°N,
meridional wind at 700 hPa shows pronounced equatorward
flow to the west of MJO convective center and pronounced
poleward flow to its east. The former is the part of Rossby
wave response to the MJO deep convective heating, while
the latter is the part of Rossby wave response to suppressed
convective heating anomaly to the east of MJO convective
center. Such a pattern in the simple theoretical model is quite
similar to that derived from the observation.

The vertical velocity field at 300 hPa primarily reflects the
zonal asymmetry between the ascending anomalies within

(a) growth rate
0.6

=d= horizontal =il vertical
== humidity =@=radiation

0.4 -mgommzmgmmm oo oo

== latent heat

Fig.5 a Growth rate (unit: day™') and b phase speed (unit: m s~') as
function of zonal wavenumber k in the presence of horizontal MSE
advection (triangular), vertical MSE advection (square), surface latent
heat flux (stellate), PBL specific humidity tendency (diamond), and
atmospheric radiative heating (circle)

phase speed

il .
(o)

Fig.6 Zonal phase speed (unit: m s™') caused by vertical MSE
advection (Wadv), horizontal MSE advection (Hadv), surface latent
heat fluxes (Q, ), atmospheric radiative heating ({Q})), PBL spe-
cific humidity tendency (A | 6,%) and sum of the five terms (SUM)

Wadv Hadv Ql,n' ﬂlalq;i SUM

the stratiform cloud in the rear and pronounced cloud-free
descending anomalies in the front (see Fig. 6 of Wang et al.
2017). The simple model is able to capture the zonal asym-
metric vertical velocity distribution.

The anomalous ascending motion at the top of PBL
to the east of MJO convection reflects the phase leading
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Fig.7 Horizontal structure of the most unstable mode in the model
(left) and observed counterpart (right). From top to bottom: column-
integrated MSE (unit: J m~2), meridional wind at 700 hPa (unit:

of boundary layer convergence, which is caused by heat-
ing induced free-atmospheric Kelvin wave responses (Hsu
and Li 2012). This boundary layer convergence process is
critical in determining the PBL moistening (via the vertical
advection of mean moisture) to the east of MJO convection.
Such a phase-leading characteristic of PBL vertical veloc-
ity predicted by the simple theoretical model is seen in the
observations.

To sum up, the most unstable mode has a circulation
structure similar to the observed. Thus the simple model is
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m s~1), vertical velocity at 300 hPa (unit: Pa s™1), and vertical veloc-
ity (unit: Pa s™!) at the top of PBL. The black line denotes the longi-
tudinal position of MJO deep convection

able to reproduce the observed first and second baroclinic
mode circulation and boundary layer wind fields reasonably
well. However, it is worth mentioning that the meridional
structure of the unstable mode was not predicted, rather
specified from the observation. As a result, the unstable
mode here is only referred to the zonal longwave selection.
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3.3 Sensitivity of the model solution to key
parameters

Several key parameters appear in the simple theoretical
model. Among them are the zonal distance (x;) between the
MJO deep convective center and the center of the strati-
form cloud in the rear and heating coefficients b; and b,. As
shown in Table 1, a standard value of 1200 km is used for x;.
To test how sensitive the model solution is to the parameter,
an increase or a decrease of the value by 25% is tested, and
the result is shown in Fig. 8. For all the three parameter val-
ues, the planetary scale selection remains the same, that is,
the most unstable mode always appears at zonal wavenumber
1. With the decrease of x;, the growth rate increases, while
the phase speed decreases.

Similarly, the sensitivity test with an increase or a
decrease of the heating coefficients b, and b, by 20%
was done. Figure 9 shows the so-calculated growth rate
and phase speed when both the heating coefficients are
increased or decreased by 20%. Again the planetary scale
selection is clearly presented in all the three cases. While
the fundamental features of dependence of frequency and
growth rate on wavenumber do not change much, both the

(a) growth rate
03

== 900km =@= 1200km ==K=1500km

0.2 p--------- B
\.-—-.._—l-——.---.,__.

8 =X

Fig.8 a Growth rate (unit: day™') and b phase speed (unit: m s
as function of zonal wavenumber k£ when different values (900 km,
1200 km and 1500 km) of x; are used

growth rate and phase speed increase with the increase of
the heating coefficients. In particular, the eastward phase
speed is almost doubled when the heating coefficients
increase by 20%, indicating that the eastward propagation
is sensitive to the heating strength.

Another sensitivity test with or without the PBL humid-
ity term in Eq. (3) was conducted. The result shows that
without consideration of the PBL humidity tendency,
eastward propagation speed decreases by 20.6% (i.e.,
from 5.2 m s™! to 4.13 m s™!) and maximum growth rate
decreases by 1.7% (i.e., from 0.179 day~' to 0.176 day™").
This indicates that even from the moisture mode theory
perspective, the asymmetric PBL moistening effect plays
a role in eastward phase propagation, while it is of little
importance in affecting overall MJO intensity.

4 Mechanisms for slow eastward
propagation and planetary scale selection

In this section we briefly discuss mechanisms respon-
sible for the slow eastward phase speed and planetary
scale selection in the model. In particular, we will dis-
cuss specific physical processes through which horizontal
MSE advection, vertical MSE advection and boundary
layer moistening promote an eastward phase speed, while

(a)growth rate
0.25

=X=0.8b =@=b —ll= 1.2b

12

Fig.9 As in Fig. 8, except that different values of the heating coef-
ficients b (b, and b,) are used
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surface latent heat flux and atmospheric radiative heating
contribute to a westward phase speed.

4.1 Mechanism for slow eastward propagation

It is seen clearly from Fig. 6 that horizontal MSE advec-
tion, vertical MSE advection and boundary layer mois-
tening process promote eastward propagation. What are
physical mechanisms behind the analytical results? In the
following we will examine the role of each process from
the spatial phase difference point of view.

Figure 10 shows the spatial phase difference between
column-integrated MSE anomaly and MSE tendency
caused by horizontal MSE advection. As the MJO con-
vective center is located near phase 90, maximum MSE
tendency due to meridional advection appears at phase
180. It is the near quadrature phase relation that causes
the system moving eastward.

The cause of a positive MSE tendency to the east of the
MJO convective center is attributed to poleward meridi-
onal wind anomalies (Fig. 7) that advect high mean MSE
away from the equator. The anomalous poleward flow
results from Gill type response to a suppressed convec-
tive anomaly in the front, which is a result of Kelvin wave
induced subsidence. A negative MSE tendency center to
the west of the MJO convection is a result of mean MSE
advection by anomalous equatorward wind as part of
Rossby wave response to MJO deep convection.

The phase relationship between the column-integrated
MSE and the vertical advection induced MSE tendency
fields is shown in Fig. 11b. The center of the MSE tendency
due to the vertical advection appears east of phase 270. As
aresult, a positive tendency appears at phase 180. This pro-
motes eastward propagation for the MJO mode. In the pres-
ence of stratiform cloud behind the MJO deep convection,
there is anomalous upward motion to the west in the upper

level and downward motion in the lower level (Wang et al.
2017). Given the mean MSE vertical profile, this anoma-
lous vertical velocity distribution would lead to a negative
vertical MSE advection west of the column integrated MSE
center (Fig. 11a). To the east, the stratiform heating induced
second baroclinic mode causes a descending anomaly in the
upper level and an ascending anomaly in the lower level,
which generates a local positive MSE tendency. As a result,
the vertical MSE advection promotes eastward propagation.

The phase relationship between the column-integrated
MSE and the part of the MSE tendency caused by PBL
moistening is shown in Fig. 12. Again a positive tendency
appears at phase 180, indicating an eastward phase speed.
The positive tendency is attributed to the occurrence of PBL
convergence due to heating induced free-atmospheric wave
effect (Hsu and Li 2012).

It is seen from the previous section that the surface latent
heat flux and atmospheric radiative heating promote a west-
ward phase speed, which slows down the overall eastward
propagation. Figure 13b shows the spatial phase relation
between the column-integrated MSE and MSE tendency
caused by the latent heat flux. A positive tendency appears
near phase 0, indicating that this process indeed promotes

A New Mechanism for MIO Eastward Propagation:
Advection of the background MSE by second baroclinic mode vertical motion
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Fig. 10 Phase relationship between column-integrated MSE (unit:
10° kg s™2 red line; right y-axis) and MSE tendency (unit: kg s
blue line; left y-axis) caused by horizontal MSE advection for the
most unstable mode. Horizontal ordinate is wave phase. The black
dots represent the peaks of the MSE or MSE tendency curves
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phase

Fig. 11 a Schematic diagram illustrating the role of vertical MSE
advection in contributing to zonal asymmetry of MSE tendency
and MJO eastward propagation (from Fig. 10 of Wang et al. 2017).
b Phase relation between column-integrated MSE (unit: 10° kg s72;
red line; right y-axis) and MSE tendency (unit: kg s=%; blue line; left
y-axis) caused by vertical MSE advection in the model
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Fig. 12 As in Fig. 10 except for the MSE tendency caused by PBL
moistening

westward propagation. The cause of this westward tendency
is attributed to the distribution of anomalous zonal wind at
low level. According to Gill (1980) response, anomalous
westerly (easterly) appears to the west (east) of the MJO
convective center (Fig. 13a). Given the mean westerly over
the warm pool, the surface latent heat flux is increased
(decreased) to the west (east) of the MJO convection, which
promotes westward propagation.

The spatial phase relation between the column-integrated
MSE and MSE tendency caused by atmospheric radiative
heating for the most unstable mode (i.e., wavenumber 1)
is illustrated at top panel of Fig. 14. Due to the presence of
upper-level stratiform cloud in the rear, the positive MSE

(a)
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Fig. 13 a Schematic diagram illustrating surface wind and latent heat
flux anomalies associated with the MJO. b As in Fig. 10 except for
the MSE tendency caused by the surface latent heat flux effect in the
model

tendency is shifted slightly to the west. This promotes a
westward phase speed.

4.2 Mechanism for planetary scale selection

As shown in Fig. 5a, the main contribution of planetary
zonal scale selection of the MJO mode in the simple ana-
Iytical model arises from the atmospheric radiation heating
term. To illustrate how this mechanism works, the phase dif-
ferences between the column-integrated MSE and radiation
induced MSE tendency for zonal wavenumber 1, 4 and 7 are
plotted in Fig. 14 for comparison. Note that the phase differ-
ence between the maximum MSE center and the maximum
MSE tendency center increases with increased wavenumber.
Meanwhile the amplitude of the MSE tendency decreases
with increased wavenumber. Because of both the phase shift
and the amplitude decrease, the value of the MSE tendency
projected into the MSE center decreases with increased
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Fig. 14 Phase relationships between column-integrated MSE (unit:
10° kg s7%; red line; right y-axis) and MSE tendency (unit: kg s~°;
blue line; left y-axis) caused by atmospheric radiative heating pro-
cess. From top to bottom: model solutions for wavenumber-1, 4 and
7, respectively. Horizontal ordinate is wave phase. The black dots rep-

resent the peaks of the MSE or MSE tendency curves
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wavenumber. As a result, the growth rate of the MJO mode
decreases with increased zonal wavenumber.

As the phase shift is primarily attributed to the stratiform
heating in the rear of the MJO convection, we point out the
important role the stratiform cloud plays in scale selection.
For given a fixed length between the center of the strati-
form cloud and the MJO deep convective center, a greater
wave length implies a smaller phase difference. Given that
longwave radiative effect of clouds tends to warm the air
column and thus increases the MSE, a smaller phase dif-
ference implies a greater tendency of the MSE and thus a
greater growth rate of the MJO mode.

In addition to the column integrated radiative heating, the
surface latent heat flux also plays a minor role in favoring
longwave selection. The horizontal and vertical MSE advec-
tion terms, on the other hand, favor the growth of smaller
scale waves (Fig. 5). But the final outcome is that the atmos-
pheric radiative effect dominates. It follows that while MJO
planetary scale selection and amplitude growth are primarily
controlled by the atmospheric radiative process, its phase
propagation is more controlled by horizontal and vertical
MSE advection.

5 Conclusion and discussion

A theoretical model that involves the coupling of the mois-
ture mode thermodynamics with equatorial dynamics of
free-atmospheric first and second baroclinic modes and plan-
etary boundary layer was constructed to understand the fun-
damental cause of the MJO propagation and scale selection.
An essential part of the simple model is column integrated
MSE tendency, which is determined by horizontal and ver-
tical MSE advection, radiation heating, surface latent heat
flux, and boundary layer moistening. The dynamic fields
are determined based on the first principal. Under a realistic
parameter regime, the simple theoretical model reproduces a
most unstable mode with zonal wavenumber 1 structure and
a slow eastward phase speed of about 5 m s~!. The horizon-
tal circulation pattern of the most unstable mode resembles
well the observed MJO structure. For instance, there is low-
level equatorward (poleward) flow to the west (east) of MJO
convective center, and PBL convergence and upward motion
lead the MJO convection.

The slow eastward propagation in the simple model is
the competition result of eastward propagation induced by
horizontal MSE advection, vertical MSE advection and PBL
moistening and westward propagation induced by atmos-
pheric radiative heating and surface latent heat flux. While
the horizontal advection is primarily attributed to advection
of mean MSE by anomalous first baroclinic mode meridional
wind (Kim et al. 2014), the vertical advection is attributed
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to advection of mean MSE by anomalous second baroclinic
mode vertical velocity (Wang et al. 2017).

Physical mechanisms that contribute to the eastward
propagation are summarized as follows. In response to
MIJO deep convective heating, low-level cyclonic gyres
with equatorward flow appear to the west of MJO convec-
tion, as a Rossby wave response. To the east, a Kelvin wave
response leads to anomalous subsidence and negative heat-
ing anomalies, which induce low-level poleward flow. As the
maximum mean MSE appears near the equator, the anoma-
lous meridional flow would lead to a positive MSE advec-
tion to the east and a negative tendency to the west, which
favors for eastward propagation. Meanwhile, the presence of
upper-level stratiform clouds in the rear of MJO convection
causes zonally asymmetric second baroclinic mode verti-
cal velocity response, with anomalous descending motion
in the upper level and ascending motion in the lower tropo-
sphere to the east and an opposite pattern to the west. As
the mean MSE has a minimum in middle troposphere, the
second baroclinic mode vertical motion anomalies cause a
positive MSE tendency to the east but a negative tendency
to the west, promoting eastward propagation. The boundary
layer moistening due to PBL convergence in front of MJO
convection (Hsu and Li 2012) also favors an eastward phase
speed. Surface latent heat flux and atmospheric radiation
heating promote westward propagation, because both wind-
induced latent heat flux and longwave radiative feedback due
to upper-level stratiform clouds increase to the west of the
MJO deep convection.

The planetary scale selection in the model is primarily
determined by the atmospheric longwave radiative heating.
In the presence of upper-level stratiform cloud in the rear,
the model generates the strongest longwave radiative feed-
back when the MJO has a zonal wavenumber 1 structure. In
contrast, horizontal and vertical MSE advection and bound-
ary layer moistening processes favor the growth at shorter
wave length. But these processes are overwhelmed by the
atmospheric radiative process. As a result, the moisture-
dynamics coupled mode favors planetary scale selection.

It is worth mentioning that a number of assumptions
have been made in the simple analytical model, including
a longitudinal phase difference between the MJO deep con-
vective center and stratiform cloud in the rear and a simple
meridional mode structure for the MSE. Strictly speaking,
it is still a semi-empirical framework. A further effort to
relax these assumptions by developing a conceptual model to
mimic the stratiform cloud formation process and by resolv-
ing the model meridional structure explicitly is needed, in an
attempt to improve the current theoretical model framework.
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Appendix

The free-atmosphere first-baroclinic-mode governing equa-
tions may be written as:

ey = Pyvy = -0, ¢}
ﬁyu - _ay # 0! RAP (%)
e + C2(ou) + o)) = ST

Because observed MJO circulation exhibits a large-scale
characteristic in both the zonal and meridional directions, we
keep the lowest three meridional modes (Hermite functions)
for anomalous wind and geopotential height fields. There-
fore, one may derive the following solutions for Eq. (18):

-

- [UIOHO(Y) + U12H2(y)]e B C1 o pitk—01)

= V“Hl(y)e 2 Cl et(kx of)
< (19)
[d)lOHO(y) + ¢12H2(y)]e 2 Cl el(kx—g[)

Q RAP
Cl 2Pl =b MHO(y)e 2 Cl ez(kx ot)
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1
/
1

where k is zonal wavenumber, ¢ is a complex parameter
with its real part representing frequency and its imagine
part representing growth rate, y denotes meridional distance
away from the equator, and M represents the amplitude of
the MSE anomaly at the equator. Subscript 1 denotes the first
baroclinic mode variable.

Hermite function H,,(y) satisfies the following meridional
profiles:

Hy(y) =1
H\0) =2/ .
Hy(y) =

Through a series of derivation, the meridional wind
anomaly of the first baroclinic mode may be written as:

2
Vi = —byyMe * @ /PN, (20
where
D, = !
[C}(9€° + 11Ce2k* + 19CTe*k> + CkS) |
[3e® +2C1%k* + 5C3 k> — Ck° — Cie2k*)

+i(4C €k + 5CI ek + 3CIEK +3C ek’ + Clek))

The second-baroclinic-mode governing equations may be
written as:

e - Byv, =,—6x<;b£
Py, = =0y, (21)

’ 2 / AN Q RAP,
e¢2 + C2 ((3Xu2 + 0}.1/2) = C2 2P22

Using the same meridional truncation approach, one may
derive the solutions for the second baroclinic mode motion:

= [Uono()/) + U22H2(y)]e T 62 & pitk=ct)
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where x, represents the longitudinal distance between the
MIJO deep convective center and the stratiform cloud center
in the rear. The sensitivity of the model solution to this
parameter was tested.

Through a series of derivation, the vertical velocity anom-
aly of the second baroclinic mode may be written as:

P2 )
W, = —APyb,Me” * @ ¢ P=ei(n) p (2) (23)
where
D,() = !

2C2(9¢® + 11Coe2k* + 19C2e*k? + CSkS)
{ [(3e° + 11Ce*k* + 9C,%k* + CSK°)
+i(4C, ek +4C3e )]

—y* [<3£6C£ +6e'C, k> + 36 CIK* B
2

+i(ekp + 26’ CICp + ec;‘kSﬁ)] }

To calculate the surface latent heat flux and PBL moisture
tendency contribution, a vertically integrated PBL model is
introduced:

Eu}’B - ﬁyv;} = —()Xq');;

Evy + fyuy = _‘?yd’B
[0)

0,y + 0V + =0

b= b — &,

; (24)
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Through a series of derivation, anomalous zonal wind at
PBL, u;g, and anomalous vertical velocity at top of PBL, cog,
may be written as:

2 2 A
M;; — blMe 2 ¢ el(kx—dl)Ds(yZ) _ sze 20, el(kx—ot)elkxlD4(y2)
(25)
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Ds(y*) =

- yzazﬁ(E -)[(3C,Ek* +2Cek* — C,£°K°)
+i(3e*k +4CTeX + C11°) |
- yzcﬁlE[(écfék“ +3C ek’ + 36°k%)

+i(Ci 'l +2C3%K° + k)]
—y*B*[(8CTE*k* + 2C1k° + 6¢*K?)
—i(4C, 'K +4CJek)| }
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1

(E? + B2y?) (9€6 + 11Che2k* + 19C2%k2 + CSkS)
{E[-(66°k* + 8C3e°k* + 2C,ek®)

+i(6C,e*K° + 4%k — 2C,6*K) |

+2B(E - ©)[(3C,€°K* + 2Cyek* — C,e7K°)
+i(3e'k +4C3€% 7 + )|

_ yzcﬁz
+i(3e'k + 4G5 + 3K |

De(y*) =

2B(E — &)[(3C,e°K* +2C3ek* — Cre%k)

- yzcﬂE[(écgék“ +3Cek® + 36°k%)
2

+i(Ce*l + 207K + OOk )|

—y*B*[(8C3€%k* + 2C3k° + 6¢*K?)

—i(4C,eK +4C3ek) | }

The column integrated MSE tendency equation may be
written as:

(om') = - (—v)o,m) |p=700hpa e (@50,m) |p=300hPa
u AP
+ a(m'> + PuCELv(Z]s - _a) |€/BT V_Bw;apEIB
27

Assuming a Gausian distribution for (m') = M e % eitkv=o0,
and integrating Eq. (27) meridionally from —L; to L, one
may derive an analytical solution for frequency oy and
growth rate o; respectively:

—5,b,C3(B,B, + B,B;)
Or =

8,C}(B? + B3)
.\ —b,C;
8,C2\/BC,(B? + B2)

X {cos (kx,) [53%(3235 — B\By) + 6,(B,B; + BIBB)}

— aysin (kx;)

+sin (kx, ) [@é (B,Bg + B,Bs) — 6,(B,Bg — BIB7)] }

1 { 2 12 B
+—— b5 [2/3 C,2B,, — B, <E—s k
8,(B5 +B,) G

+EBC, K + 2ﬁ2ek>] + 2Ee’kb,54(Byy — By)
— b,5;B,)[-2E°k* + 2p(E — €)C,k°| + b, 64By
X [2B(E — e)C\k* + E(C3k* + €*k*) + pC, 26K’
+b,6,By[2EC ek’ + 2p(E — €)ek| — b, 64B,
X[2B(E — e)ek — 2C3° | }
(28)
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” = 8,b,C>(B,B; — B,B,)
5,C3(B*+ B%)
. b,C}
8,C3V/BC, (B} + B)

X {Cos (kx;) [53%(3135 + B,Bg) + 64(B,B; — Bng)]

+ a; + a, cos (kxl)

+sin (kx;) [536% (BBs — ByBs) — 6,(B,Bg + 3237)] }
1

+——— b 5.[28*C,K*By + B
61(354—3%0){ 1 5[ ﬂ 1 9 10

<EC£ezk +EBC,I° + 2ﬁ25k>] +2Eekb,64(By + B
1

— b,6,By|—2E€’k* + 2B(E — €)C\k*| + b, 64By

X [2B(E — &)C K + E(CTk* + €°k*) + pC,2¢k?]

— b 8;B,y[2EC ek’ + 2p(E — €)ek|

+ b 6gBo[2B(E — €)ek — 2C3K° | (29)

where:

B, =18 x 107e%k* + 4.4 x 10%*%,* — 3.6 x 10°k° + 1.4 x 10'€®
B, = 6.3 x 10%k® + 4.0 x 10°%k> + 3.7 x 102k

By =17 x 10*%*2 + 1.5 x 107e*k* + 4.8 x ° +3.6 x 10°%°
B, =3.1 x 10°%k* +2.0 x 10%°k + 3.4 x 10%k°

Bs =15 x 10%*K* + 8.2 x 10°%%k + 4.8 X &°

By =25 x 10°%* + 1.4 x 10%k° +8.0 x 10'ek

By =24 x 10%*® +2.8 x 1072k + 4.8 x €5 - 3.6 x 10°%4°
By =2.7 x 10%%* — 6.3 x 10%K° + 4.6 x 10’k

By =3’ +7.5 x 10%k?

By =-1.3 x 10°6* — 5.0 x 10'e%

=0
()
Il

Loa_ API _%(ci)d
/_L(J ym|700hpa?ye B

Ly ~ - . 2

m +m —-2m _2(L
\ 100 hP: 1000 hP; hP. :
53 P2/ 00 hPa 000 hPa 500 ayze 2 (62 )dy

Ly 2g

Ly 7 = 2
m . M . — 2 . (L
5, = APZ/ 100hPa 1000 hPa 500hPa = <02>dy

Ly 28
55 = /_: p.CrL, (3, %)% _%yz (E? +1ﬂ2y2)
8 = /_ Z: P.CeL, (3, fla)lb_—t—zle_%% (E? +1ﬁ2y2)
5, = /_ Z: —Lvﬂap%e'%y2 G +1 57)
%= / L0 q )
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