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Abstract. This paper is concerned with a class of (controlled) singular Volterra integral equations, which
could be used to describe problems involving memories. The well-known fractional order ordinary differential
equations of the Riemann—Liouville or Caputo types are strictly special cases of the equations studied in this
paper. Well-posedness and some regularity results in proper spaces are established for such kind of equations.
For an associated optimal control problem, by using an extended Liapounoff’s type theorem and the spike
variation technique, we establish a Pontryagin’s type maximum principle for optimal controls. Different from
the existing literature of optimal controls for fractional differential equations, our method enables us to deal
with the problem without assuming regularity conditions on the controls, the convexity condition on the
control domain, and some additional unnecessary conditions on the nonlinear terms of the integral equation
and the cost functional.
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1 Introduction

Consider the following controlled Volterra integral equation:

F(ts,y(s), u(s))
(1.1) / =) 1 7 ds, a.e. t € [0,T].
In the above, n(:) and f(-,-,-,-) are given maps, called the free term and the generator of the state equation,

respectively, y(-) is called the state trajectory taking values in the Euclidean space R™, and u(-) is called
the control taking values in some separable metric space U. To measure the performance of the control, we
introduce the cost functional

m

T
(1.2 Tue) = [ oty uw)ar+ 3w o)

with the two terms on the right hand representing the running cost and the prespecified instant costs (at
0<ty <ty <--+ <ty <T), respectively.

Equations like (1.1) can be used to describe some dynamics involving memories. In the classical situations
of optimal control for Volterra integral equations, people usually assume that § = 1, namely, the term W
is absent. Relevant works can be traced back to those by Vinokurov in the later 1960s [46], followed by the
works of Angell [4], Kamien—Muller [28], Medhin [34], Carlson [15], Burnap—Kazemi [12], and some recent
works by de la Vega [19], Belbas [6, 7], and Bonnans—-de la Vega-Dupuis [9]. On the other hand, in the past
several decades, fractional (order) differential equations have attracted quite a few researchers’ attention due
to some very interesting applications in physics, chemistry, engineering, population dynamics, finance and
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other sciences; See Oldham—Spanier [38] for some early examples of diffusion processes, Torvik—Bagley [45],
Caputo [13], and Caputo-Mainardi [14] for modeling of the mechanical properties of materials, Benson [8] for
the advection and the dispersion of solutes in natural porous or fractured media, Chern [16], Diethelm—Freed
[23] for the modeling behavior of viscoelastic and viscoplastic materials under external influences, Scalas—
Corenflo-Mainardi [42] for the mathematical models in finance, Das-Cupta [18], Demirci-Unal-Ozalp [20],
Arafa-Rida—Khalil [5], Diethelm [22] for some population and epidemic models, Metzler et al. [35] for the
relaxation in filled polymer networks, and Okyere et al. [37] for an SIR model of population. An extensive
survey on fractional differential equations can be found in the book by Kilbas—Srivastava—Trujillo [32]. We
also refer the readers to [17, 21, 39, 40, 43] for fractional (order) differential equations and their applications.
In the recent years, optimal control problems have been studied for fractional differential equations by a
number of authors. We mention the works of Agrawal [1, 2], Agrawal-Defterli-Baleanu [3], Bourdin [11],
Frederico-Torres [24], Hasan-Tangpong—Agrawal [26] and Kamocki [29, 30].

The most popular fractional differential equations are those in the sense of Riemann—Liouville or in the
sense of Caputo (See Section 3 for some details). It turns out that these equations (of the order no more
than 1, for scalar functions) are equivalent to Volterra integral equations with the integrand being singular
along s = t, and the free term 7(-) being possibly discontinuous (blowing up) at ¢ = 0. More precisely, the
corresponding controlled state equation of form (1.1), with 8 € (0, 1), could have the feature that

(13) M) =5 ore),  ftsyu) = flepu,  0<s<t<T, ¥ (yu),

for some map f(-,-,-) and constant ¢ € R. The singularity of the integrand makes the optimal control prob-
lems for fractional differential equations different from the classical problems for Volterra integral equations
as in the above-mentioned literature.

The purpose of this paper is to study an optimal control problem for a singular Volterra integral equation
of form (1.1). We see that the integrand (¢,s) — ](ct(iji)z{_%) has singularity along ¢t = s and we also only
assume certain integrability of the map s — f(¢,s,y,u). Moreover, the free term 7(-) can be (unboundedly)
discontinuous. Since the free term 7(-) will be an LP function in general, we expect, under suitable conditions,
that the state trajectory y(-) will also be in LP space. On the other hand, in the cost functional, we need
y(t;) to be defined.! Therefore, we need to have the continuity of the state trajectory at the points t;. To
this end, we impose suitable conditions on the generator f(¢,s,y,u), and extend some classical tools to be
applicable to our situation, including the extended Gronwall’s inequality. Concerning the optimal control
problem, we will establish a Pontryagin’s maximum principle. Among others, a major difficulty that we
encounter is the control set U which is merely a separable metric space. Therefore, we could only use the
spike variation. Due to the singularity in the integral kernel, we need to extend a crucial lemma found in
[33] applicable to the current singular integral equation case.

The rest of the paper is organized as follows. In Section 2, necessary preliminaries will be presented. Some
results are interesting by themselves. Well-posedness of the state equation, together with the continuity of
the solutions, will be established in Section 3. Section 4 is devoted to a proof of Pontryagin’s type maximum
principle for our optimal control problem of singular integral equations. As a special case, the maximum
principles for fractional differential equations in the sense of Riemann—Liouville, and Caputo, will be briefly
described. Some concluding remarks will be collected in Section 5.

2 Preliminary

In this section, we will present some preliminary results which will be useful later. First of all, let 7" > 0 be
a fixed time horizon. We introduce the following spaces:

T 1
L?(0,T;R") = {(p 1[0, 7] - R" ‘ ©(+) is measurable, ||¢(-)|l, = (/ |g0(t)|pdt)p < oo}, 1<p< oo,
0

L>(0,T;R") = {(p :[0,T] — R™ | ¢(-) is measurable, [|¢(-)|loc = esssup|p(t)| < oo}
te[0,T]

1 Practically, such kind of cost may often appear; e.g., they could be monthly, quarterly, semi-annually, or annually perfor-
mance checks.



Also, we define
L0, T;R") = | J L7(0,T5R"), 1<p<oo, LP7(0,T;R")=()L"(0,T;R"), 1<p< o0,
r>p r<p

and
C([0,T;R™) = {¢: [0,T] = R™ | () is continuous}.

When R™ = R, we simply write LP(0,7T) and so on, omitting R.

Next, we denote A = {(t,s) € [0,T]* | 0 < s <t < T}. Note that the “diagonal line” {(¢,¢)|t € [0,T]}
is not contained in A. Thus if ¢ : A — R"™ with (¢,s) — ¢(¢,s) being continuous, then ¢(-,-) could be
unbounded as |t — s| — 0. Throughout this paper, we denote ¢; V to = max{t1,t2} and t; Aty = min{ty, t2},
for any t1,t2 € R. In particular, ¥ = ¢V 0. The characteristic function of any set E is denoted by 1g(-).
For two sets E; and Fs in R and a function ¢(-) : E; — R, we denote

_ sg(t), t e El n EZ&
o(t)1E,(t) = {07 teR\ (Ey NEy).

We call a continuous and strictly increasing function w(-) : [0,00) — [0,00) a modulus of continuity if
w(0) = 0. Before going further, let us recall the Young’s inequality for convolution (Theorem 3.9.4 in [10]).

Lemma 2.1. Let p,q,r > 1 satisfy % +1= % + % Then for any f(-) € L1(R"™), g(-) € L"(R"™),

(2.1) 1£C) % g()llee@ny < IF)lla@myllgC)lLr@ny-

Corollary 2.2. Let § € (0,1), 1 < r < ﬁ, and % +1= %+ %, p,q > 1. Then for any a < b,
0<0<b—a,and ¢(-) € LY(a,b),

(22 ( /:H |/ t (tffﬂ-ads}pdt)’l’ < (M)’l”||w<'>||m,b).

Proof. Hereafter, we denote 05(t) = t7 =11 5)(¢), for all t € R. Let ¢(-) € L(a,b). Then

b ¢
{le()1ap ()] * 05(-) }(t) = / ((,0(8)1(0’6] (t—s)ds = / &ds, a.e. t € [a,b+0].

t—s)1=8 av(t—s) (t —8)1F

For t ¢ [a,b+ d], the value of the above convolution is 0, and

t
o(s)
(eOLn = 00}0 = [ 725 ds e telaati
Hence, by Lemma 2.1, for % +1= % + % with 1 <r < ﬁ, we have

(7] 2l ) = MOt 05 aar

sl-r(1-p) |1

< Kl a0 ()] * 05 () H e @y < [0l La(a,p) 105 ()l L (0,6) = (m>:||90(')||ﬂl(a,b)-

This proves (2.2). O
We now present the following result.

Lemma 2.3. Let 5 € (0,1) and p > 1. Suppose ¢ : A — R"™ is measurable with ¢(0,-) € LP(0,T;R"),
and for some modulus of continuity w(-), together with some ¢(-) € LP(0,T), it holds that

(2.3) o(t,s) — ot )l Sw(ft = t')a(s),  t,1"€[0,T], s € [0, T\{t,#'}.



Define

(2.4) ¢(t):/0 mczs, ae. t€[0,7].

Then ¢(-) € LP(0,T;R™) and
T8
B

In addition, if p > 3, then t — ¢(t) is continuous on [0,T] and

(25) 16y < = (10, llp + (D)0l ).

(2.6) )] < K (e, Yo + 160l ), ¢ € [0.7):

Hereafter, K > 0 stands for an absolute constant which could be different from line to line.

Proof. By our condition,

lo(t, 5)] < le(0,s)| +w(T)@(s) = @(s),  (t.s) €A, s#0,
with @(-) € LP(0,T). Thus, by Corollary 2.2,

()l = /\/ t_slﬁd\dt)% [/()T(/Ot@f(j)i_ﬂds)pdt}’kf@(-)HP,

proving (2.5). Next, let p > B which is equivalent to £ = (1 — 8) ;57 < 1. Pick any o € (0,7) and let § >0
small so that [tg — 20,9 + 26] C [0,T). For any tg — 0 < t < t' <ty + J, we look at the following:

i |_’/ t—s _/Ot(t/(p_(t;lﬁd‘
t—6 s s
</o 'w(t’s”((t—i)l—ﬁ _l(t'—ls)l—ﬂ)d”/o |S0(t(;f’)_s)¢1(—tﬁ’ L,
+/t_5 (t@(sj)lBd”/t_(5 mds

c s [° o(s) o [0 (s)
SE-9 5/0 (tf.sﬂfg(tff.s)lfﬁd”“’('t_t')/o T

p—1

HIZOs / té @i'l)) 180l ( /t: @f))

< 10+ =D () T 160l + 1801 [ () 7+ (L0,

11—k

Hence, for any ¢ > 0, we first take 6 > 0 sufficiently small so that

L BTENE BB e
18O [(1—) 7 +(52—) "] <3
Since the modulus of continuity w(-) is continuous and w(0) = 0, we can take & € (0,8) even smaller so that
61 1—Kk =1

o 12O +w@)(7—) 7 12Ol < 5

Combining the above, we see that ¢(-) is continuous at tg. The points 0 and T can be treated similarly.
Finally,

(t—s)=P

o< " Lp(0, )| + )@(8)d8<(|90(0,')||p+w(T)|<P(')|p)(/0t(]55)6(?—6)1,‘71)1)]71

- (||sa<o, My + w0 ) ;p‘llt’?’f)v <K (90, )l + 10l ) ¢ € [0,7].



This proves (2.6). O

The above lemma show that for any p € [1,00), under condition (2.3), one has ¥(-) € LP(0,T;R"™). To
guarantee the continuity of ¢(-) on [0, 7], we need @(-) € LP(0,T") for p > %

The following result is an extended Gronwall’s inequality with a singular kernel.

Lemma 2.4. Let 5 € (0,1) and ¢ > % Let L(-),a(+),y(-) be nonnegative functions with L(-) € L1(0,T)
and a(-),y(-) € L771(0,T). Suppose

" L(s)y(s)
2. < —————ds, €. , 1.
(2.7) y(t) a(t)—|—/0 (t—s)lfﬁds a.e. t€[0,T]
Then there exists a constant K > 0 such that
t
(2.8) y(t) <a(t)+ K/ %agi)ﬂds, a.e. t € [0,T).
o (t—s5)

Proof. Since L(-) € L%(0,T) and y(-) € LT7(0,T), we have that L(-)y(-) € L*(0,T). Hence, the integral
on the right-hand side of (2.7) is well-defined, as a function in L'(0,T). Now, we observe the following:

L(s)y(s) " L(s)a(s) 10 * L()y(r)
y(t) <a(t)+/ s ﬁds < a(t)+/0 md8+/o (t—s)l—ﬁ/o (s—r)l—[’deS

0

< a(t) —|—/0 (f(_s)s)g)ﬂds —|—/O L(7) [/T - 5)1—];3((2)_ = dS}y(T)dT, a.e. t € [0,T].

/Tt (t— 3)1—61((2)_ p (/ qu) % (/: (t— 5)<1—5)51d(ss B ds) -

g=1
< L(- q ) ! .
H ()Hq(t 2(1 ﬁ) q 1 /O (1 ﬂ)q 171(1 B)qj

Since ¢ > % which is equivalent to

Let r = ;9—77 Then s =7+ (t — 7)r and ds = (¢t — 7)dr. Thus,

(1-B8)q q—1-q+Bg Bg—1

2. 1-— = =
(2.9) 0< p— — 1
we obtain
! L(s) 12011 Ba—1 Bqg—1\%* ¢
ds < 1 B , =__ 9
/7_ (t—s)1=P(s— )15 S (t_7)2(1_/3)—‘1%1 ( g—1"¢—1 ) (t —7)1-h

with B(-, ) being the Beta function and

O e e R e e C R = RS (R B

g—1" ¢g—1
Consequently,
b L(s)a(s) b L(s)y(s)
y(t) <a(t)+/0 mdS"‘t‘Cl/{) mds
b L(s)a(s) <. b L(s)a(s) ot e ¢ L(s) 5 L(r)y(r) ds
<o)+ [ it ra [ g ba [ g [
_ ~ ' L(s)a(s) ! t L(s)
a(t)+§q/0 mdercl/o L(T){/T (t—s)l_ﬂl(s—r)l—f@ds]y(T)dT’ a.e. t €[0,T]



with ¢g = 1 and By = 5. Letr:i_T

. Then s =7+ (t — 7)r and ds = (t — 7)dr. Thus,

/T (t—s)l‘];l(z—f)l—ﬁds s (/ L(S)qu)a</r (t_s)<150(1“??5_7)(1@(1“1615);

o)) — o -
B e e N I N e '

Since ¢ > % > é, we have

1-— —1- -1
(2.10) <1 U=Bg 4 q+pg_ Pra-1
qg—1 q—1 q—1

Hence, we obtain

K : _ 1=t
C1/ L(s) ds < allL()lq _ B(ﬁq 17 Biq 1) 7 C2 7
, (t—s)1=B(s—7)1-8 (t —7)> A= g—1" ¢g—1 (t —7)1-Pe

with

Bg—1 51(]—1)%1

CQZCIHL(')”qB(q_l’ g—1 52:1_(2_ﬂ_51_%):6+2<5_3) > b

Consequently,

1 t t
y(t) <alt) + Zci/o Mds + 02/0 (L(S)y<s>ds a.e. t €[0,T].
=0

t— 5)1-pi t—s)l=B""

By induction, we are able to show that

t—s)l-Fi t—g)l=Be

(" L(s)a(s) L L(s)y(s)
y(t) < a(t) + ;ci/o (%ds + Ck/o (7d5 a.e. t € [0,T).

with 8; = 6+ i(ﬁ — %>7 0 < 7 < k, and recursively defined ¢; > 0:

ﬁq—l Bi*lq_l %
Ci:ci,1||L(')HqB(qf1’ ¢-1 ) 7

We let k > 1 be the smallest integer that 5 > 1. The above implies

1<i<k.

k—1 t t
y(t) <alt)+ iz_:OCi/<) wds + ckTB’f_l/O L(s)y(s)ds, a.e. t € [0,T).

Then by a standard argument in proving a usual Gronwall’s inequality, and using

1 < K
(=8B S {t—s) P’

we obtain (2.8). O

0<i<k 0<s<t<T,

3 State Equation

In this section, we discuss our state equation (1.1), together with the cost functional (1.2). Let U be a
separable metric space with the metric p, which could be a non-empty bounded or unbounded set in R™
with the metric induced by the usual Euclidean norm. With the Borel o-field, U is regarded as a measurable
space. Let ug € U be fixed. For any p > 1, we define

%P0,T) = {u:[0,T] = U | u(-) is measurable, p(u(-),uo) € LP(0,T;R)}.



3.1 Well-posedness in L” space and continuity of the state trajectory

We introduce the following assumptions for the generator f(-,-,-,) of our state equation.

(H1) Let f: A x R®" x U — R”™ be a map with (¢,s) — f(¢,s,y,u) being measurable, y — f(t,s,y,u)
being continuously differentiable and (y,u) — f(t, s,y, u) being continuous. There are nonnegative functions

(3.1) Lo(-) € LY *T0,T),  L() e LGY#DT(0,T),
for some p > 1 (with the convention that § = co) and for some 8 € (0,1), ug € U.

(3.2) |f(t,s,0,u0)| < Lo(s), (t,s) €A,

(3:3) f(t,s,y,u) = f(t s,/ 0) <L) [ly — /| + p(u,u)],  (ts) €A, y,y €R™, w,u’ € U
We note that (3.2)—(3.3) imply

(3.4) |f(t,s,y,u)| < Lo(s) + L(s) [|y| + p(u,uo)], (t,s,y,u) € AxR" x U.
Further, one sees that L(-) belongs to a smaller space than that to which Lg(-) belongs.

We now present the well-posedness of the state equation (1.1) in L? spaces.

Theorem 3.1. Let (H1) hold with some p > 1 and 8 € (0,1). Then for any n(-) € LP(0,T;R™) and
u(-) € 2?[0,T), (1.1) admits a unique solution y(-) = y(-;n(-),u(:)) € LP(0,T;R™), and the following
estimate holds

(3.5) lyOllp < (Yl + 5 (14 oG, wo)llzr o )

, (m2(+),ua(v)) € LP(0, T; R™)x P[0, T) and y1(-), y=(-) are the solutions of (1.1) corresponding
to (M (+),u1(+)) and (n2(-),us(+)), respectively, then

39) on) =y < )= [ ([ 1L DaOD T pnlo)taloll g7 ).

Proof. Fix any n(-) € L?(0,T;R") and u(-) € #?[0,T]. For any z(-) € LP(0,S;R") with 0 < S < T
define

t
T12())( f ffs Js 2 uls) g e e, s)
B itk 1 _ 1 1
Then by Corollary 2.2, for any ¢ > 1,0 < e < & 5> with > +1= 7 + 12

76O 6 smm < InOlosan + ([ | [ LEUD 4 )
(3.7) < IO+ | /OS ( /0 Lo(s) + L(s) [|2(s)| + p(u(s), wo)] )" dt]%

G1-(1+e)(1-)

< Gl + (1 —(1+9)(1 —B))

We consider three cases.

Case 1. p > /3 In this case, % > pf and 1+/3 > 1. For any ¢ € (0, %), which is equivalent to
1-P)1+¢) < 1 we have (noting p > ﬁ for the current case)
1 1 1 1 1 1 1 1 1
-=-+1 - =—-+p5<1, -—=-=1- < p.
q P l+e " p 1+% »p v q p T



Thus,
Pq 1 B
>1, — \\ =, ase SN ——.
1+ Bp p—q "B 1-5
Since Ly(-) € Llfﬁﬁ'(o7 T)and L(-) € L%"’(O7 T), we could find € close enough to % so that Lo(-) € L9(0,T)

and L(-) € L?°7(0,T). Then

(3.8) 1Lo()+L()[lz()+p(ul-), u0)]  Lao,s) < I Lo()llzao,ry + 1 LC)

q

L5 o FOL+ () w0 s(0.5)

which leads to

17 [zl e (0,57

1
1-(1+)(1-8)
<Ol + (Errms) 10Ol sy + ILON, 22, o 1 1O+ p(), w0) 2o0,5) -

Consequently, .7 : L?(0,S5;R") — LP(0,S;R"™), for any S € (0,7]. Next, let § € (0,7] be undetermined,
and let z1(+), 22(-) € LP(0,9; R™). We look at the following: (again making use of Corollary 2.2)

|7 [21(-)] = y[@(')]”m(o 5Rn) = (/06 | T [21(1)](t) — 9[22(-)](t)|pdt>%
C[[[] [ Henn )t )y

(t— )17

L(s)[z1(s) — 2a(s)| p (00070 e
< D ———— M prg c)— . RN .
X |:/0 (/0 (tfs)l B ds ) dt] (17(1+5)(17ﬂ)) ||L( )HLH(O,T)”zl() ZQ( )HLP(O,&R )
1
. -(14+0)(1-8) | TH2 n
Taking 6 € (0,7] such that (m) L ()”Lp o) < 1, one sees that 7 : LP(0,0;R™) —

LP(0,0;R™) is a contraction. Hence, it admits a unique fixed point y(-) on LP(0,d; R™), which is the unique
solution of the state equation (1.1) on [0,d]. Next, we look (1.1) on [4,28]. For any z(-) € LP(4,25;R"),

define
T[2()] / id fyi‘;)lqg(s ds +/ 1. fzi"; : (S))ds, ae. t € [5,20).
Denote z(-) = y(-)110,5)(*) + 2(+)1(5,26)(-) € LP(0,26; R™). Then similar to (3.7)-(3.9) (with S = 20),
[y (S)’U( ) _ * f(t,s,y(s),u (8 »
HU / e d ‘LP((S 25;R") / (t—s)1=5 ds) dt]

<</5|<>pdf [ “)'ds)dtr
5 Lo(s) + L) [ly(s) + plus) w)] | y7 1
<o+ [ ([ Rl ds)"at]
R R UV A R J
<l + [ [ ([ g2as) )+ [ [ ( [ HAE A0 ) o

< Ol + K(l + [yl e 0,6:mm) + 12() || L (5,26mm) + H/J(U('%UO)HLP(O,T))-

Hence, similarly to the proof of (3.9), we can get & : LP(§,26;R™) — LP(0,20;R™). Let z1(-), 22(-) €
LP(§,26;R™). By Corollary 2.2, we have

171210 = T lea()]l oo zsin) = (/:6 T ()] (8) — ﬁ[zz(.)](t)lpdt)%
) [/25 /t (b5, 21 (5), u(s)) _f(t,s,zg(s),u(s))ds)pdt}% . { 26 (/t L(s)|z1(s) _Z2(5)|ds)pdt}%
s s ' ’

(t—s)="F (t—s)i—7p

1
1-(1+e)(1-8) \ T+e
S (16—(1+a)(1—*3)> HL(')HLﬁ(O’T)HZI(')_ZQ(')||LP(6,26;R")-

8



Then we obtain the existence and uniqueness of the solution to the state equation on [§,26]. By induction,
we can get the solution y(-) in [0,4], [6,26], ---, [([] — 1)d, [£]6], [[£]6,T].

Now, let (m1(-),ur()), (na(-),uz() € LP(0,T3R") x %?[0,T] and yi(), ys(-) be the corresponding
solutions. Then

0 — 1] < (0 — )|+ [ L2 I s (s).valo)

o ()17
M0 )= )0,
(t —s)1-F
[t s, y1(5), ua(s)) = f(t, 5, 91(5), ua(s))] "L(s)ly1(s) —y2(s)]
< bm(t) =m0+ ekl S () el g [y,
= a(t) +/O L(S)gillfss)l—ZQ(s)'ds, a.e. t €[0,T].
Hence, by Lemma 2.4,
b L(s)a(s)
(3.10) y1(t) — y2(t)] < alt) + K/o md& a.e. t €[0,7],

for some constant K > 0. Consequently, similar to (3.7),

) =20 < Ol + K [ ([ md )ar?
Kl —mOly+ [ [ ([ Lo nl) - onh bl fy,

S =
\q,_/

t

proving the stability estimate We can use the similar argument to prove (3.5).
Case 2. 1 <p< . In this case,

P Py
p—1 1+ 6p

Also, since 1 — 8 < % < 1, for any € € (0,p — 1), the following holds:

<

| =

1 1
1-< =< .
g p l4e¢

This implies (1 — 3)(1+¢€) <1. Then

—

1 1 1 1 — 1
—< - = ,+1_7/‘1’ u _
p q p 1+e¢ rq q p 1+e p

ase /'p—1.

Consequently, by Lo(-) € L'*(0,T) and L(-) € L7 17(0,T), we could find ¢ close enough to p — 1 so that
Lo(-) € L%0,T) and L(-) € L7~ (0,T). Then the rest of the proof will be the same as Case 1.

Case 3. p = 1. In this case, the condition reads Lo(-) € L*T(0,T) and L(-) € L>(0,T). Then we take
e =0, and (3.9) reads

B1) 7O 0w < IOl + - {1200l 0 + ILO N0 201+ o). w0)llr0s) -

The rest of the proof is similar to that of Case 1. O

Let us make some comments and observations on the above theorem. First of all, the above theorem
gives some sufficient conditions under which for (n(-),u(:)) € LP(0,T;R™) x %?[0,T), equation (1.1) admits
a unique solution y(-) € L?(0,T; R™). The conditions we imposed in (H1) are compatibility conditions of the
integrability for the free term 7(-), the control u(-), and the coefficients Lo(-) and L(-). From the above, we

9



see that if (n(-),u(-)) € LP(0,T) x UP[0,T] with p > then by assuming L(-) € L%JF(O,T) (in the current

- B’
case, -t < E)’ the equation has a unique solution y(-) € LP(0,T;R™). This is the case, in particular, if
n(-) € L*°(0,T;R"™) and U is bounded (under the metric p). On the other hand, if 1 < that is,

\ 9
say, the free term and/or the control have weaker integrability, then we need to strengthen the 1n‘cﬁegrability
of L(-) from L?% to Lyt1t (in the current case, £y > %) to get LP solution y(-). But, the integrability
of Lo(+) is only required to be L'*(0,T). Finally, since we have used the contraction mapping theorem to
establish the well-posedness of the state equation, one can see that the solution to the state equation can be
obtained by a Picard iteration.

Let us present an example from which we could get some feeling about the above result.

/ls — 1|22 + 42
Example 3.2. Let f(¢,s,y,u) = , V(t,s,y,u) € AXRxU, s # 1.

s 1ie Consider the

following Volterra integral equation

1 N \/5_125 2 4 y(s)2
L i U s

(3.12) y(t) = ds, a.e. t €[0,T],

for some «, 8 € (0,1), 7,9 € (0,1], and with T > 1. In this case, we can take

1 1 1
)=r—n5 Lis)=7—5as L) =r—7% t#Ls#1L
77() ‘t_l‘lf,\/a O(S) ‘8—1|270‘76, (8) |S—1‘170‘7 7é ) S7é
We see that
1 1.
n(-) € LP(0,T) — p(l—-9)<1 <= p<ﬁ (6200);
1
2-—a-— 5)1+ﬁp<1 = 2-a-p-0<3
jEzr) 1
Lo(-) € Lm0, T) — -
o(") (0,T) P P
2—a—-0<1 = a+6>1;
1—
L L (DI oa+3>1,
L() e LBEVFEDH0,T) «— p ) )
O—a%£—<l — l-a<l-- <<= p>-—.
p_l P %

Hence, equation (3.12) has a unique solution y(-) € LP(0,T) for any p € (a, Ve 1(1 5= 5)+) provided
(3.13) a+p>1, a+0>1.

We point out that in general, the solution y(-) of the equation (3.12) is not necessarily continuous, even if
the free term n(-) is continuous. In fact, let v = 1. Then n(¢) = 1 which is continuous. It is seen that the
solution y(+) is positive (which can be seen from a Picard iteration). Consequently,

hm 1+11m/ _/1ds—oo
y(t t—1 |s — 12—~ 5( s)1=h B o (1—s)3—a=B=3 =
provided
(3.14) 3—a—-pB-56>1 = a+p+6<2.
This will be the case if we take
2
Q= 57 ﬁ_a—

) l\D\»—t

In this case, the solution y(-) € LP(0,T) exists with p € (2,3) and it is discontinuous at ¢t = 1.

10



Note that in the above example, the solution y(+) is discontinuous at ¢ = 1 only, which is the singularity of
Lo(-) and L(+). Since in our optimal control problem, the values y(¢;) of y() are needed in the cost functional
(1.2), we need to locate the discontinuity points of the solution y(-) a priori based on the information

of 77() o(-), and L(:). To explore the continuity of the state trajectory, let us assume (H1) and let
y(-) € LP(0,T;R™) be the unique solution to the state equation (1.1) which is rewritten here:

f (t,5,y(s), uls))
(3.15) (= s)—? =l s, a.e. t € [0,T].
Define

(t,

(s, y(s),u(s))ds, a.e. t € [0,T7].
(t —s)1-p
We introduce the following assumptlon.
(H1)' Let (H1) holds with p > %,

(3.16) Lo() € LFT(0,T),  L() € L0, 1),
and
(3.17) (s s,y,u) = f(E s, y,u)| S Kw(t =N+ [yl),  (55),(t,5) €A, y R, uel,

for some modulus of continuity w(-).
Note that in the case p > %,

L5H(0,T) c L'HmYY*(0,7),  L#1H(0,T) c LGY#1H(0,T).
Hence, (H1)’ is stronger than (H1). We have the following result.
Proposition 3.3. Let (H1)" hold. Then y(-) —n(-) € C([0,T]; R™).

Proof. By Theorem 3.1, for any u(-) € %?[0,T], (1.1) admits a unique solution y(-) € L?(0,T;R™). B
(3.,

(3.18) £ (t,5,9(s),u(s))| < Lo(s) + L(S)[|y(8)| + plu(s), u )] =2(s),  (t,s) €A,
Now, by (3.16), we have L(-) € L"(0,T) for some r

1
~<qg<p, ——=r.
pP—q

B

Consequently,

pP—q

[ 1ot + ptuts) o)) as < ([ 16+ o) uas) ([ p6)#5as) T <o

Hence, ¢(-) defined by (3.18) is in L9(0,T) for some g > Then our conclusion follows from Lemma

2.3. O

™|

3.2 Special cases

In this subsection, we look at some special cases.

1. Linear Volterra integral equations. Let p > 1. Consider the following linear integral equation:

(3.19) y(t) = n(t) + /O st, ae. t € [0,7),

where 8 € (0,1), n(-) € LP(0,T;R™) and A : A — R™*™ is measurable and satisfies
(3.20) |A(t, s)| < L(s), (t,s) € A,

11



for some measurable function L(-) € L(%VP%IH(O,T). Then, by Theorem 3.1, for any n(-) € LP(0,T;R"),
equation (3.19) admits a unique solution y(-) € LP(0,T;R™). For any s € [0,T'), consider

A(t,s) At 7)(7,5) |
(3.21) D(t,s) = (=57 —&-/9 (= 7)P T, a.e. t € (s,T],
where 1
At s)| < L(s), (t,s)eA,  L(-)e LGEY&DH(0,T) with 1 < p < 5

We have the following result.

Proposition 3.4. For almost all s € [0,T), equation (3.21) admits a unique solution ®(-,s) on [s,T]
and the following holds:

T 1
(3.22) (/ |D (¢, s)|pdt) " < K[1+ L(s)], a.e. s € [0,77.
Consequently,

(3.23) /OT (/T o(t, s)|pdt) T s < oo,

Moreover, the following holds:

(3.24) / ‘/ (t, s)n(s)ds dt)% [/OT(/ST|CI)(t,5)|Pdt>pllds}pl|17(.)||p.

Proof. Fix an s € [0,T) at which both A(t,s) and L(s) are well-defined. Following the proof of The-
orem 3.1 on [4,24], we see that equation (3.21) admits a unique solution ®(-,s) on [s,T]. Moreover, the
corresponding estimate (3.5) reads

([ meora)’ < ([ ma’ sxc< ([ ima)’ s <sussi, e om

This proves (3.22). Since L(-) € L%v#(QT), we obtain (3.23).
Now, for any n(-) € LP(0,T), and any R > 0, we truncate both |®(-,-)| and |n(-)| as follows:

o, s)l] =12t s)| AR, [In(s)]] = In(s)| A R.

Then, both [|®(-, ~)|]R and [|n(-)||r are bounded. Now, thanks to the above estimate, we have

[ ([ 1o ol gas) ae= [ / A M e s M A s e
[ [ ([ 1o TMJR[hxrn]RdT) 102, 5)1] 5 [(5) ] e

s;A [L (/ﬁuéﬁTm [ln(r de)ﬂﬂp*(/w[@asnr[m@m;ﬁ)ik

g[/OT(/Ot (7)), Rdr)pdt /OT[ /ST [|q>(t,s)|];dt)%ds

< [/OT(/t (.7, Rd7>pdt (/OT [/OT(/T [I¢(t78)l];dt)ﬁds}T.

Hence,

T 1 p—1

[/OT(/;[|q><t,s>|}3[ln<s>|] 4]’ < 0 / "DtS)l]idt)plds}p(/OT[”(S)”%dS)
12
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By Fatou’s Lemma, sending R — oo, we obtain (3.24). O
Define

(3.25) y() = n(t) + /O O(t, $)n(s)ds,  ae te[0,T].

We calculate the following:
PA( s)y(s bOA(t,s) s
/0 st—/o W[W(SH/O ®(s, 7)n(r)dr]ds

B
[ [ [

B Al(t, s) A(t, )P(T, 8) B ¢ _
_/0 (m +/S Wdr)n(s)ds = /0 D(t, s)n(s)ds = y(t) — n(t), a.e. t€0,T].

Hence, (3.25) gives a representation for the solution to the linear equation (3.19). We call (3.25) the variation
of constant formula.

2. Fractional differential equations. Let us first recall some basic notions of fractional integrals and
derivatives. For a € (0,1), let

(3.26) [I“f(')}(t)=r(la) / . J ())d >0,

and as long as the right-hand side is well-defined, where I'(+) is the Gamma function. We call I* the a-th
order integral operator. Let

(3.27) DO = U OI0 = e
and
(328) DSV = [D(60) = yO)e) = [P - 1t

In particular, when y(-) € AC(]0,T]; R), the set of all absolutely continuous functions defined on [0, T}, one
has

(3.29) PR = Ol = i [ 6 et

We call D% and D¢ the a-th order Riemann-Liouville and Caputo differential operators, respectively. We
have the following standard result (see [32], Lemmas 2.5 and 2.22).

Proposition 3.5. Let a € (0,1). Then for any y(-) € L*(0,T;R) with [I*~?y(-)](-) € AC([0,T]; R).

I'y()](0)

(330) (D O = 0(t) g fia A te (O]

and for y(-) € AC([0,T];R), the set of all absolutely continuous functions,

(3.31) I*{DZy()1}HE) = y(t) — y(0).
Now, let us consider the following fractional differential equation of Riemann-Liouville type:
(3.32) Dy())(t) = f(t,y(t),u(t)),  te[0,T].

Applying the operator I* to the above, we obtain

(3.33) () =L F(a[)tl { / /(s t_s’lu ) g5 ae. teo,1].

13



We refer the readers to Theorem 3.1 in [32] for the equivalence of (3.32) and (3.33).

Likewise, if we consider the following fractional differential equation of Caputo type:

(3.34) DEyOI®) = f(ty(0),u®),  t€]0,T],

applying the operator I to the above, we obtain

(3.35) y(t) = / f(s t_s’lu ) g5, ae. te0,7].

We refer the readers to Theorem 3.24 in [32] for the equivalence of (3.34) and (3.35).

From the above, we see that fractional differential equations of Riemann-Liouville and Caputo types are
special cases of (1.1).

3.3 A backward linear Volterra integral equation

In this subsection, we consider the following linear backward Volterra integral equation:

T S T S
(3.36) W(t) = £(t) + /t wds, ae. t€[0,T),

where A : A — R™ " is measurable and satisfies (3.20) with L(-) € L(FY#°1)7(0,T). Such an equation will
play an important role in the next section. Let p > 1. We claim that for any £(-) € Lﬁ(O,T;R”), the

above equation admits a unique solution ¥(-) € L%(O,T;R”). In fact, by our condition, we can find an

r > % V E; such that L(-) € L7(0,T). By r > %, we can find an € > 0 such that

1 1
1Jr€:1—;>1—,8 = (1+eg(1-p5)<1.

Then, for any ¢(-) € L71(0,T;R"), we have (denote p’ = L)

T T s T T s I)l ;Tl/
H/ As— s ﬁ{/o (L(t)/t (s w(t))1| gds) i

s
1 T T s rip, r;z:’ 1~(1+¢€)(1-8) =
<[ reral [ ([ G2 a] 7 < () OOl

Here, the Young’s inequality for convolution is used with

1 1 r—p 1 1 1 1
l+e p p'r pr 1+e r

By a similar argument used in the proof of Theorem 3.1, we get the well-posedness of equation (3.36).

4 Pontryagin’s Maximum Principle

In this section, we discuss the optimal control problem for equation (1.1) with cost functional (1.2). To begin
with, let us introduce the following assumptions. The conditions assumed are more than sufficient. But for
the simplicity of presentation, we prefer to use these stronger conditions.

(H1)” Let (H1)’ hold with (y,u) — fy(t,s,y,u) being continuous.

(H2) Let n(-) be continuous at t;, j = 1,2,--- ,m. Let h/ : R® - R, j = 1,2,--- ,m be continuously
differentiable, and ¢ : [0,7] x R™ x U — R be a map with ¢ — g(¢,y,u) being measurable, y — g(t,y,u)
being continuously differentiable and (y, u) — (g9(t, y, ), gy (t,y, v)) being continuous. There exists a constant
L > 0 such that

9(t, 0, u)[ + gy (t,y, )| < L, (t,y,u) € [0,T] x R" x U.
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Clearly, under (H1)” and (H2), our cost functional (1.2) is well-defined. Hence, we can formulate the
following optimal control problem.

Problem (P) Find a u*(-) € %?[0,T] such that
(4.1) Ju(+)) = inf J(u(+)).

u(-)€%P[0,T]

Any u*(-) satisfying (4.1) is called an optimal control of Problem (P), the corresponding state y*(-) is called
an optimal state and (y*(-),u*(-)) is called an optimal pair.

In this section, we shall first give a set of necessary conditions for optimal pairs of Problem (P). Usually,
such a result is referred to as a Pontryagin’s mazimum principle. Then, we shall show some examples.

4.1 Pontryagin’s maximum principle for Problem (P)

In establishing the Pontryagin’s maximum principle for the case that U is not assumed to be convex, we
need the following Liapunoff’s type theorem (see, Corollary 3.9 of Chapter 4 in [33]).

Lemma 4.1. Let X be a Banach space. For any § > 0, let
& ={EC(0,1]||E| = o},

where |E| stands for the Lebesgue measure of E. Then for any h(-) € C([0,T]; L'(0,T; X)),

t
/0 (%1E(s) B 1)h(.’ s)dsHC([O,T];X) =0

The following is an extension of the above result to the case having singularities.

2 ook,

Lemma 4.2. Let ¢ : A — R"™ be measurable such that

s A0S0, D<asT

' o' ) <w(t—=tNe(s),  (t,s),(t',5) € A,
for some @(-) € L9(0,T) with ¢ > %, B € (0,1) and some modulus of continuity w : [0,+00) — [0,+00).
Then

t,s)
4.4 f | / 1 UL Y
#4) Aot sup 2= 1) 755

Proof. First of all, we extend (¢, s) to be 0 on [0,7]?\ A. By our condition,
ot s)| < (0, 5)| +w(t)o(s) < L+ w(T)]@(s),  (t,s) €A, s#0.
Let II: 0 =1ty < t; <ty <--- <t;, =T be a partition of [0, 7] and we denote ||II|| = maxi<;<e(t; —t;—1) to

be its mesh size. For each t;, since ¢(t;,-) € L9(0,T) (by extending to be 0 for s = 0 and s = t;), there exist
a sequence of continuous functions {4 (-)}72, such that for any k=0, 1,---,

@5) ([ et —h@ls) <5 O] < el < [1+e(T]E6) = 7). s e 0.T)
Now, let

¢
ti—t t—t;—1
k(t,s) = Z [m% H(s) + m‘ﬂk(s)} L, 1), t,s €[0,T].
=1

Then (t,s) — @k(t, s) is continuous and

14

ti—t t—tio1, .

for(t: ) < 3 [l @)+ T k@) L () S (), s €[0.T]
i=1 7 11— K2 —
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Further, for any k=0, 1,---,

[o(t,9) = on(t,9)] < 3 [ (10(t9) = oltin, o) + loltion,s) = 0} (9)])

1=1
t—1; i
g (et s) = ol s) et ) = eh(3)]) | Laa (1)
J4
5 ti—1 i1 t—1li i
w<|n||>so<s>+§(ti_t“w(ti_l,s)—wk ()] =l 8) = 2h()] L 1)
Z . .
w(ITN@(s) + 3 (lelti1,8) = i ) + ot s) = k() )1, ea(t), (s) €A, E£0,
=1
sHEt, i=1,2, - L
Hence, noting ¢ > %, for any t € (0,7] and k=0, 1,---,
et = ol gy < ([ ptt) - ute s>|%ls)3(/t e ds)qT_l
0 (t—s)t=7 0 ’ 7 0o (t— )(175)%1
K t — qd%<KH K — it qd%
Il s) = oultss)lds w(ITDIZC) g + Z tio1,s) = ) H(9)]"ds

T
+( / (p(tins) = e (©17ds) |16, (0) < Kao(ITDIZO, +

Next, for any € > 0 and k, we define the following

e [ en(ts) e [T @) ~ [T B(s)
1/%(75) _/0 (t* 8)176 +€d87 w (t) - A (t* 8)175 +Ed8a ’(/}(t) _/0 (t* S)lfﬁd& te [07T]
We claim that

K
=

t
gl_f)r(l)iﬁk( ) = () = /0 mds, uniformly in ¢ € [0,7] and k=0, 1,---

In fact, for any € and k,

0 -] < [ (2o G )i = 00— (0, € .11

(t—s)tB+e

Since m is monotone increasing, approaching to W for all (¢,s) € A, by monotone convergence

theorem, we have () * §(t) as e \, 0, for any ¢ € [0,T]. Further, by Lemma 2.3, ¥)(-) is continuous,
by Dini Theorem, the above convergence is uniform in ¢ € [0,7] and k¥ = 0, 1,---. Since (“”“& is

~ t—s)l—F+te
continuous on A, by Lemma 4.1, for any 6 > 0, we may find Es € &5 such that

max ’/ 1E5 — 1)( wr(t,s) ds‘ <.

te[0,T] t—s)l B e
Then
[ e )2iton] | [ G -5t
t
+‘/0 CSIEJ(S)_1)(@—%)(?—2)%_ f—k;fﬂ s ‘*’/ has(o) —1) B it)_sﬁk(ﬁt g

<o+ (%—1—1) /Ota(s)((ti)lﬁ _ (tis)liﬁJrE)ds—i-K(g—i—l) (w(||H||)—|— E)
=6+(%+1)[$(t)—$5(t>]+1<(% 1) () + ) te[0,1].
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Consequently, for any small enough 6 > 0, we let € — 0, &k — oo, |[II|| = 0. Then the right-hand side of the
above will approach to é > 0 which can be arbitrarily small. This proves our conclusion. O

We now state Pontryagin’s maximum principle for Problem (P).

Theorem 4.3. Let (H1)” and (H2) hold. Let n(-) € L?(0,T;R™) and n(-) be continuous at t;, j =
1,2,---,m. Suppose (y*(-),u*(-)) is an optimal pair of Problem (P). Then there exists a solution 1(-) €
LP%I(O, T;R™) of the following adjoint equation

m i * U* T )
(4.6) =1 (t; =)
/ Ju(s, tsy_ 01 uﬁ(t))—rw(s)ds7 a.e. t € 10,7,

such that the following maximum condition holds:

/ ()T LSS OO gy o ()0 () — S A (7 (1)) o (5) L2222 ) ()

(t—s)1=8 = (tj —s)t=h
(4.7) Tf s,y<> u) . S Fts,5,97(5), u)
= mag / wlt) TS — g (s, (s),u) = > bl (¥ (£)) Lo (5 i e £

1

<.
Il

YueU, ae se€][0,T].

Proof. We split the proof into several steps.

Step 1. A wariational inequality. Let (y*(-),u*(-)) be an optimal pair of Problem (P). Fix any u(-) €
wP[0,T). Let

(48) { 3(s) = ( “(s),

Taking

ut(s)),  (s) €A,
“(s)),  sel0,71].

o(t,s) = f(t,s), h(t,s)=3(s), (t,s) €A,

and making use of Lemmas 4.2 and 4.1, respectively, for any é > 0, we can find an Es € &5 such that

‘/t 11E5(s)—1)(tf(t8d‘ te0,1],

(4.9)
]/ 15, (s 1>§(s)ds‘ <.
Denote
fwr@),  telo,T]\ Es,
(4.10) ul(t) = {u(t), t € Es.

Clearly, u®(-) € %?[0,T). Let y°(-) = y(-;n(-),u’(-)) be the corresponding state. Then
¢ 5(t s Pt s
v -0 = [ (Ll e -y o) e e e,

where f( ,+) is given in (4.8), and

fit,s) = / Jo(t5.y7(8) + 7l () — v (8)] Wb () dr,  (ts) € A
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By (H1)"”, we have

~

Pt 9)] = [F(t 5,57 (5), u(s)) = F(t 5,57 (5),u"(s)
< 2Lo(s) + L(s) [2ly" ()] + pluls) uo) + p(u (), u0)] =(s),  (t,s) € A,
S <L), (ts) €A

Clearly, () € L90,T) for some g € (%,p). Now, we have

< [ ) : t o(s)
0=y 01 < [ TS 6 v @l + [ a0 S s el

By the extended Gronwall’s inequality (Lemma 2.4), choosing ¢’ € (%, q),

|y6(t)y*(t)|</t1E6( )( ())1 5d +K/ t—s)l B/SlEé( )( (p(:))l—ﬁdes
<K(/Ot1E5( qu > K/ tL(S) /1Eé(7)q’¢(r)q dT)id8<K\E§| KT 0,

— S)l

as § — 0, uniformly in ¢ € [0,7]. Define

Then Y?(-) is the solution of the following:

t o s s D s
vio - [ (e 22 L0 e e

Now, let Y(-) be the solution to the following wvariational equation:

(4.11) Y(t):/o (fy(t’é’y*iff’z*(s))Y(s)+(tf(ts’;)ﬁ)ds, te0,7].

We have

|Y(t)|</t 25 g +/Ot LY, eqo,m).

o (t—s)1" (t—s)=7

By the extended Gronwall’s inequality, noting ¢ > 3 L and L(-) € L%JF(O, T,

¥ol< [ Gk [ G | Gt < KIeOl, e

Hence,

v g (1. 5) . i
Yé(t)—Y(t):/O (tfif;ﬁg[ d8+/ £, J;y_ts yﬂ() Dy (a5
e f(t,s)
+/O (51E“(5) -1) t—si8%
t 9 s
E/O (tfz(zj)lzﬁ [Y5(s)—Y(s)}ds—i—a‘l;(t)-yag(t)’ te0,7].
Since
) s)— y Sy *(s ,U* S P
fi(t,s) {;yfts)ffﬁ() Dy <@2_L())5 (), ae s,
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with
/t 2L(s)|Y (s)|
0

(t— )17

by dominated convergence theorem, we obtain

ds < 00,

lima{(t) =0, t€[0,T].
6—0

On the other hand, by (4.9),

Thus,

Y0 -0l < [ G V) - V(s + 0]+l te .1

By the extended Gronwall’s inequality again,

b L(s)
Vo0 - YO < a0+ 50|+ K [ =55 (lad(o) (@) )as, e 0.7

Then by the dominated convergence theorem, one obtains

lim [Y2(t) = Y(t)| =0, t€l0,T].
6—0

Also, by the optimality of (y*(-),u*(-)), one has

WO () — J(u*(- T LA
0< U)(SJ( () :/0 [gg(t)yé(t)+%1E5(s)§(s)}dt+Zh;ﬁY‘;(tj),

J=1

where g(+) is given in (4.8), and
1 . 1 .
g, () =/ 9y(ty* (1) + 7y (1) — y" ()’ ()dr, ¢ € [0,T], hY° =/ h(y* (t5) + 7y’ (t5) — y* ()] dr.
0 0
Thus, using the second inequality in (4.9), together with the convergence 3°(t) — y*(t), t € [0, T], we have
T noo
0< [ (a0t O IV 0+ 0005”00 00) = 9(t5” (0.0 ) )t + 3 1 07 (0) V()
j=1

= [ (ol (0w )Y 0) .97 (3) 5D = (oo () 5) ) s
B ST A (A CE ACSAEI OIS CRYAORI S CRVAC KA

(tj —s)1=P (tj —s)1=°

T m S, y*(s), u*(s
- / (gy<s,y*(s>,u*<s>>+Zhi(y*(t»)l[o,tj)(s)fy(t](’tj’f i)f’ﬁ DYy s
[ ot @)ute) = gto57 (9. 07(5)

(5 (1)) Lio,0,)(5) s U((Z»_s{l(t? b u*(S))} as,

with Y'(+) being the solution to the variational equation (4.11).
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Step 2. Duality. Let 1(-) be the solution to the adjoint equation (4.6). Then we have

T - S, y*(s), u* (s
0< [ (905,57, u7 () + S B (5 () Loy () L2 LD Ny g
0 (tJ s)

j=1

T
+ [ oo (9)us) = oo 0). 07 (9)
_|_Zh] 1[0t )( )(f(tj’ s,y*(s),u(s)) - f(tj757y*(5)7U*(5)))]d8

(tj —s)1=7
/OT( vis / thiys(; Z ))¢(t)dt)TY(s)ds
T
[ ot (6)us) = o670, ()
+§:lhgj N1, )(s )(f(tj,s,y*(3)7u((2)__8{1(?g s,y*(sm*(s)))]ds

/ P(t) ( Yt / fult, St,gs u( ) (s)ds)dt
o[ [g(w*(s),u(s)) sy (5). ()
+Z 070 Ly o (L2201 = s G )y

(t; —s)'=F
:/0 [ oo /( (t,5,y"(s),u (&St))—S)Ji(t[;s,y*(s),U*(S)))dS}dt
T
+/O [ u(s)) = g(s,y™(s),u"(s))
Z A
L1 sz,
u*(s))

with

t—s —

<.

(t; —s)'=F

Let u € U be fixed and let sg € (0,T) be a Lebesgue point of ¥(s, u*(s)) — ¥(s,u). Then for any § > 0, let

u*(s), s€[0,T]\ (so — d,s0 +9),
u(s) =
u, s € (sp— 9,80 +9).
Hence, from the above, we obtain
1 so+0

0< —
25 Js,—s

[P(s,u*(s)) — U(s,u)]ds = ¥(sg,u"(s0)) — U(so,u), ¢ — 0.
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Consequently, by the Lebesgue point theorem (see Step 4, Section 4 in Chapter 4 of [33]), we obtain the
maximum condition (4.7). O

4.2  Special cases in the sense of Riemann-Liouville and Caputo

In recent years, optimal control problems for fractional differential equations have attracted the attention of
some researchers. However, most of the works on maximum principles for fractional differential equations
were established by convex perturbation technique. See, for instance, Agrawal [1], Agrawal-Defterli-Baleanu
[3], Frederico-Torres [24] and Kamocki [30] in the sense of Riemann-Liouville case, and Agrawal [2], Bourdin
[11] and Hasan-Tangpong-Agrawal [26] in the sense of Caputo case. Therefore, the case that U is not
assumed to be convex cannot be treated.

Let us take a look at a recent work [30] of Kamocki. The fractional differential equation of Riemann-
Liouville type (3.32) with o € (0,1) was considered. When p > 1 and I'=%[y(-)](0) = 0, a Pontryagin’s
maximum principle for Problem (P) was proved. For the case I'~%[y(:)](0) # 0, maximum principle was
obtained only for 1 < p < ﬁ Further, among other standard conditions, it was assumed that the set

{(o(t.9.0), (2, 5,9,0)) | u e U}

is convex, although U was only assumed to be compact. Of course, spike variation was not used.

It is easy to check that all the above-mentioned results for fractional differential equations are the special
cases of what we presented in the previous subsection.

5 Concluding Remarks

In this paper, we have presented some analysis on the singular Volterra integral equations, and established a
Pontryagin type maximum principle for an optimal control of such kind of equations. Here are some remarks
in order.

e As we have indicated, the fractional differential equations of Riemann-Liouville or Caputo types of
order no more than one are fully covered by our results. For fractional differential equations of higher order,
similar results can be obtained by properly modifying our approach.

o [t is easy to see that all the results that we presented will remain true for non-singular Volterra integral
equations.

e We have allowed to have very general singularity in the free term and the generator. Therefore, our
results can apply to a much wider class of problems than those covered by fractional differential equations
and non-singular Volterra integral equations.

e Further extension is possible. For example, if the terminal state is constrained, or even more generally,
for given 0 < 79 < 11 < -+ < T < T, one requires that

(T07y(7—0)a7_15 y(t1)7 oy Tk y(Tk)) € F’

for some given set I'. For this, one might need to use Ekeland’s variational principle to obtain the maximum
principle. Some kind of transversality conditions will be obtained.

Acknowledgement. The authors would like to thank the referees for their careful reading the pervious
version of the paper and their suggestive comments.

References

[1] O. P. Agrawal, A general formulation and solution scheme for fractional optimal control problems, Non-
linear Dynamics, 38 (2004), 323-337.

[2] O. P. Agrawal, A formulation and numerical scheme for fractional optimal control problems, Journal of
Vibration and Control, 14 (2008), 1291-1299.

21



[3] O. P. Agrawal, O. Defterli, and D. Baleanu, Fractional optimal control problems with several state and
control variables, J. Vibration & Control, 16 (2010), 1967-1976.

[4] T. S. Angell, On the optimal control of systems governed by nonlinear integral equations, J. Optim.
Theory Appl., 19 (1976), 63-79.

[5] A. A. M. Arafa, S. Z. Rida, and M. Khalil, Solutions of fractional order model of childhook diseases with
constant vaccination strategy, Math. Sci. Lett., 1 (2012), 17-23.

[6] S. A. Belbas, A new method for optimal control of Volterra integral equations, Applied Math. Comp.,
189 (2007), 1902-1915.

[7] S. A. Belbas, A reduction method for optimal control of Volterra integral equations, Appl. Math. Comp.,
197 (2008), 880-890.

[8] D. A. Benson, The fractional advection-dispersion equation: development and application, Ph.D. thesis,
University of Nevada at Reno, 1998.

[9] J. F. Bonnans, C. de la Vega, and X. Dupuis, First- and second-order optimality conditions for optimal
control problems of state constrained integral equations, J. Optim. Theory Appl., 159 (2013), 1-40.

[10] V. I. Bogachev, Measure Theory, I, Springer-Verlag, New York, 2007.

[11] L. Bourdin, A class of fractional optimal control problems and fractional Pontryagin’s systems. Existence
of a fractional Noether’s theorem, arXive:1203.1422v1, 2012.

[12] C. Burnap and M. A. Kazemi, Optimal control of a system governed by nonlinear Volterra integral
equations with delay, IMA J. Math. Control Inform., 16 (1999), 73-89.

[13] M. Caputo, Linear models of dissipation whose @ is almost frequency independent-II, Geophys. J. Roy.
Astron. Soc., 13 (1967), 529-539; reprinted in Fract. Calc. Appl. Anal., 11 (2008), 4-14.

[14] M. Caputo and F. Mainardi, A new dissipation model based on memory mechanism, Pure Appl. Geo-
phys., 91 (1971), 134-147; reprinted in Fract. Calc. Appl. Anal., 10 (2007), 310-323.

[15] D. A. Carlson, An elementary proof of the mazimum principle for optimal control problems governed by
a Volterra integral equation, J. Optim. Theory Appl., 54 (1987), 43-61.

[16] J. T. Chern, Finite element modeling of viscoelastic materials on the theory of fractional calculus, Ph.D.
thesis, Pennsylvania State University, 1993.

[17] M. Dalir and M. Bashour, Applications of fractional calculus, Appl. Math. Sci., 4 (2010), 1021-1032.

[18] S. Das and P. K. Gupta, A mathematical model on fractional Lotka-Volterra equations, J. Theoretical
Biology, 277 (2011), 1-6.

[19] C. de la Vega, Necessary conditions for optimal terminal time control problems governed by a Volterra
integral equation, J. Optim. Theory Appl., 130 (2006), 79-93.

[20] E. Demirci, A. Unal, and N. Ozalp, A fractional order SEIR model with density dependent death rate,
Hacettepe J. Math. Stat., 40 (2011), 287-295.

[21] K. Diethelm, The Analysis of Fractional Differential Equations, Springer-Verlag, New York, 2007.

[22] K. Diethelm, A fractional calculus based model for the simulation of an outbreak of dengue fever, Non-
linear Dynamics, 71 (2013), 613-619.

[23] K. Diethelm and A. D. Freed, On the solution of nonlinear fractional differential equations used in the
modeling of viscoplasticity, in: F. Keil, W. Mackens, H. Vo8, J. Werther (eds.), Scientific Comput-
ing in Chemical Engineering II: Computational Fluid Dynamics, Reaction Engineering, and Molecular
Properties, 217-224, Springer, Heidelberg 1999.

22



[24] G. S. F. Frederico and D. F. M. Torres, Fractional conservation laws in optimal control theory, Nonlinear
Dynamics, 53 (2008), 215-222.

[25] J. F. Gémez-Aguilar, R. Razo-Hernandez, and D. Granados-Lieberman, A physical interpretation of
fractional calculus in observables terms: analysis of the fractional time constant and the transitory re-
sponse, Revista Mexicana de Fisica, 60 (2014), 32-38.

[26] M. M. Hasan, X. W. Tangpong, and O. P. Agrawal, Fractional optimal control of distributed systems
in spherical and cylindrical coordinates, Journal of Vibration and Control, 18 (2011), 1506-1525.

[27] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Springer-Verlag, New York, 1981.

[28] M. I. Kamien and E. Muller, Optimal control with integral state equations, Rev. Econ. Stud., 43 (1976),
469-473.

[29] R. Kamocki, On the ezistence of optimal solutions to fractional optimal control problems, Appl. Math.
& Computation, 235 (2014), 94-104.

[30] R. Kamocki, Pontryagin mazimum principle for fractional ordinary optimal control problems, Math.
Meth. Appl. Sci., 37 (2014), 1668-1686.

[31] T. Kisela, Fractional differential equations and their applications, Diploma Thesis, BRNO Univ. of
Technology, 2008.

[32] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional Differential
Eqautions, North-Holland, Amsterdam, 2006.

[33] X. Liand J. Yong, Optimal Control Theory for Infinite Dimensional Systems, Birkh&auser, Boston, 1995.
[34] N. G. Medhin, Optimal process governed by integral equations, J. Math. Anal. Appl., 120 (1986), 1-12.

[35] R. Metzler, W. Schick, H. G. Kilian, and T. F. Nonnenmacher, Relazation in filled polymers: a fractional
calculus approach, J. Chem. Phys., 103 (1995), 7180-7186.

[36] M. Moshrefi-Torbati and J. K. Hommond, Physical and geometrical interpretation of fractional opera-
tors, J. Franklin Inst., 335B (1998), 1077-1086.

[37] E. Okyere, F. T. Oduro, S. K. Amponsah, I. K. Dontwi, and N. K. Frempong, Fractional order SIR
model with constant population, British J. Math. & Computer Sci., 14(2) (2016), 1-12.

[38] K. B. Oldham, J. Spanier, The Fractional Calculus, Academic Press, New York, 1974.

[39] M. Rahimy, Applications of fractional differential equations, Appl. Math. Sci., 4 (2010), no.50, 2453
2461.

[40] S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional Intgrals and Applications, Theory and
Applications, Gordon and Breach Science Publishers, 1987.

[41] E. Scalas, R. Gorenflo, and F. Mainardi, Fractional calculus and continuous-time finance, Physica A,
284 (2000), 376-384.

[42] E. Scalas, R. Gorenflo, and F. Mainardi, Uncoupled continuous-time random walks: analytic solution
and limiting behaviour of the master equation, Phys. Rev. E, 69 (2004), 011107.

[43] V. E. Tarasov, Review of some promising fractional physical models, Int. J. Modern Physics B, 27 (2013),
1330005.

[44] J. A. Tenreiro Machado, M. F. Silva, R. S. Barbosa, I. S. Jesus, C. M. Reis, M. G. Marcos, and
A. F. Galhano, Some applications of fractional calculus in engineering, Math. Prob. Engineering, 2010,
Article ID 639801.

[45] P. J. Torvik and R. L. Bagley, On the appearance of the fractional derivative in the behavior of real
materials, J. Appl. Mech., 51 (1984), 294-298.

23



[46] V. R. Vinokurov, Optimal control of processes describted by integra equations, parts I, II, and III, SIAM
J. Control, 7 (1969), 324-355; comments by L. W. Neustadt and J. Warga, STAM J. Control, 8 (1970),
572.

[47] X. Zhang, X. Li, and Z. Chen, Differential Equation Theory of Optimal Control Systems (in Chinese),
Higher Education Press, Beijing, 1989.

24



	Introduction
	Preliminary
	State Equation
	Well-posedness in Lp space and continuity of the state trajectory
	Special cases
	A backward linear Volterra integral equation

	Pontryagin's Maximum Principle
	 Pontryagin's maximum principle for Problem (P) 
	 Special cases in the sense of Riemann-Liouville and Caputo

	Concluding Remarks

