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Abstract We develop a mathematical model for esker formation by the continuous deposition of
sediments near the mouth of water-filled subglacial tunnels. We assume a retreating ice sheet margin and
prescribe meltwater and sediment supply to a channelized subglacial drainage system. The hydrodynamic
model for the subglacial channel has its cross section governed by wall melting, creep closure, and
sediment deposition. Sediment-carrying capacity typically increases downstream, before decreasing
rapidly near the margin, suggesting that most deposition occurs there. This can lead to “choking” near the
margin, which is offset by enhanced melting to keep the channel open. The model shows that the
deposition rate varies roughly quadratically with sediment supply and inversely with water flux. For given
sediment supply, the model suggests esker formation is most prevalent in smaller channels. Larger ice
sheet melt rates likely produce more closely spaced eskers, but with smaller cross sections.

1. Introduction

Eskers are elongated ridges of sand and gravel that are widespread on the beds of the former Laurentide
and Scandinavian Ice Sheets (Banerjee & McDonald, 1975; Brennand, 2000; Storrar et al., 2014a; Stroeven
et al., 2016). Eskers are deposited in subglacial or ice-walled channels, and a quantitative understanding of
the mechanisms underlying esker formation can provide insight into ice sheet drainage systems during past
and future deglaciations (Clark & Walder, 1994; Livingstone et al., 2015; Shreve, 1985; Storrar et al., 2014b).
The purpose of this paper is to provide a theoretical model for esker formation by the continuous deposition
of sediments near the mouth of water-filled subglacial tunnels. This is the most commonly discussed mech-
anism for esker formation in the literature, but there is not yet an established mathematical description of
the process. Our aim is to provide a quantitative basis for discussing how the spacing and size of eskers relate
to the ice sheet and climate conditions under which they were formed.

The basic mechanism we discuss is well known and has been illustrated in schematic form in many previous
papers (e.g., Banerjee & McDonald, 1975; Benn & Evans, 2010; Brennand, 2000; Warren & Ashley, 1994; see
also Figure 1). Pressurized subglacial tunnel flow carries sand and gravel, which is deposited near the margin
under conditions of declining sediment-carrying capacity. Deposition can occur both within the subglacial
tunnel and beyond the margin in a proglacial stream or lake, where it forms a sedimentary fan. Our focus
is on subglacial deposition, and we consider the process as a continual one, so that the esker represents an
integral of the deposition that occurs during the retreating passage of the ice sheet margin. This is often
referred to as “time-transgressive” deposition.

We restrict our attention to the simplest case of “steady” deposition because this must form a stepping-stone
to more complex models that include episodic deposition. In this context we note the recent study of Beaud
et al. (2018), whose model includes similar ingredients to our own but concentrates on time-dependent
evolution on shorter timescales. In developing our model we are motivated by large-scale mapping stud-
ies that have suggested links between esker distribution and ice sheet conditions at the time of formation
(e.g., Stroeven et al., 2016; Storrar et al., 2014b, 2014a). Storrar et al. (2014b) found a preferred esker spac-
ing of around 12 km, with evidence for closer spacing during periods of more rapid retreat and therefore
increased meltwater. Livingstone et al. (2015) compared mapped eskers with large-scale model estimates
of subglacial water routing and found that eskers predominantly occur in regions where modeled water
flow is low.
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Figure 1. (a) Side and (b) plan views of the esker formation mechanism discussed in this paper. As the ice sheet
margin retreats, subglacial channels of cross-sectional area S deposit sediments near the margin, leaving behind an
esker of cross-sectional area A. The size of the deposit depends on sediment supply e, meltwater supply m + my,
channel spacing £, and retreat rate ¥, all of which can vary through time. (c) Downstream evolution of channel cross
section. Red arrows denote wall melting. Black arrows denote creep closure and sediment deposition. (i) Far from the
margin sediment flux is below the carrying capacity and the cross-sectional area S is governed by a balance between
wall melting and creep closure; (ii) as the margin is approached and the channel enlarges, deposition starts to occur;
(iii) at the margin a deposit of cross-sectional area A is formed and there is a balance between wall melting and
deposition; (iiia) alternatively, the channel may move from side to side over time, depositing sediment over a wider
area (the model does not distinguish between the situations in (iii) and (iiia)).

2. Mathematical Model

The model is primarily concerned with a single subglacial tunnel, beneath a steadily retreating ice sheet
margin. More details and discussion of the assumptions behind this model are provided in the supplemen-
tary material. A schematic illustration is shown in Figure 1. The tunnel drains a catchment of width #, and
length # . It is fed by basal meltwater m,, and surface meltwater m from the ice sheet surface. The timescales
of interest are large, so the seasonal cycle is ignored; these rates are best treated as maximum summer values
since we expect that is when most sediment transport and deposition occurs. There is a basal sediment sup-
ply e from the surrounding bed, which we assume to be prescribed. Integrating over the catchment width,
mass conservation determines the channel water flux Q and sediment flux Q, from

d
a—g =7 (m, + m), (1)

dQ
a—xs :fce—D, (2)

where x is distance along the channel and D is the sediment deposition rate (see below). This also controls
the cross-sectional area of the deposited sediment A, according to

A _ D
ot 1-n,

3

where ny is the porosity of the deposited sediments. The combination (2) and (3) can equivalently be
expressed as an Exner equation, by eliminating D.

The standard Réthlisberger theory for a subglacial tunnel has the cross-sectional area S evolving due to ice
wall melting and creep closure (Figure 1c[i]). Deposition acts as an additional mechanism to reduce the size

2016; Creyts et al., 2013)

- b
dt p(1+ AL nn l1-n
The first term here represents wall melting: Q is the water flux, ¥ is the hydraulic potential gradient, p, is the
ice density, L is the latent heat, § = p,¢,¥/(1 — p,,c,¥) is a term that accounts for the pressure dependence
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of the melting point, and b, is the bed slope (positive for upslope in the direction of water flow). The second
term represents creep closure: N is the effective pressure and Ay, and n are the coefficients in Glen's flow
law (Cuffey & Paterson, 2010). The hydraulic potential gradient is given by ¥ = —p,gs, — (p,, — p;)gb, + N,,
where s is the surface elevation and b the bed elevation.

The sediment flux and deposition rate are together determined from (2) by the fact that the sediment flux Q,
cannot exceed a carrying capacity Q,q, which is taken to be a function of water velocity (Q/S) and channel
width. Either the sediment flux is below the carrying capacity, Q; < Q.q, in which case D = 0, and (2)
relates the flux directly to sediment supply (supply-limited conditions); or the sediment flux is at the carrying
capacity, Q; = Q,q, in which case (2) serves to determine the deposition rate D (transport-limited conditions).
Negative values of D correspond to erosion or remobilization of previously deposited sediment. The bed of
the channel itself is not erodible (all sediment is assumed to be supplied by the prescribed source e) but
negative values of D are allowed if there is a preexisting deposit A that can be remobilized.

Based upon the form of the Meyer-Peter Miiller transport relation (Meyer-Peter & Mueller, 1948), which sug-
gests Qg ox (z* — 77 )3/2 where " is the Shields stress, and accounting for the width o« $'/ of the semicircular
cross section, we adopt the following expression for the carrying capacity (see supporting information),

SA dgs 1/2 o 3/2
L) max(fpr f;,o) : )

Here z? is a critical Shields stress required for sediment mobilization, p,, is the density of water, Ap; = p;—p,,
is the buoyant density of sediment in water, g is the gravitational acceleration, d is a representative grain size,
and f is a friction factor. The specific form of this law is not crucial to the theory, but simply that it increases
with Q and decreases with S. Other formulations of sediment transport could be expressed in a similar form
(e.g., Garcia & Parker, 1991; van Rijn, 1984).

Finally, the water flux is related to the tunnel's cross-sectional area S by a parameterization of turbulent drag,
Q = KCSS',4‘P1"2, (6)

where K, is a constant and ¥ is the hydraulic potential gradient (Flowers, 2015).

To summarize, the model has S and A evolving according to (3) and (4), with Q and N together determined
from (1) and (6), and Q; and D determined from (2) and (5). The required inputs are the meltwater and
sediment source terms, and the surface and bed topography. For the latter, we use surface and bed profiles
calculated using a plastic ice approximation accounting for isostatic depression (Cuffey & Paterson, 2010),
shown in Figure 2a. We consider solutions that are steady in a frame that retreats with the margin at speed
V- Time derivatives are therefore replaced by advective terms (—V,,d/dx) in the frame of the retreating
margin; the resulting term in (4) is very small and can be neglected, while that in (3) controls esker size as
described below.

For our example solutions, the surface meltwater input is taken to be m = max(0, A(s,—s)), where A accounts
for the decrease in melting with surface elevation (analogous to a lapse rate) and s is the elevation above
which no melting occurs. Varying s, is treated as a proxy for changing the climate. We also suppose (for want
of an obvious better alternative) that the channel sediment source e is proportional to the melt supply m.

3. Results and Discussion

3.1. Summary of Model Results

Two example solutions to the model are shown in Figure 2 for different values of sediment input. We find that
the sediment flux is typically supply limited over most of the channel's length, with deposition happening
over a relatively short zone near the margin, where the carrying capacity drops (panel d). This is due to the
reduced confining pressure there, which results in a larger channel, smaller potential gradient and hence
lower fluid velocities. The same behavior was found in a slightly different model by Beaud et al. (2018).
The choking effect of deposition slightly compensates for the reduced rate of creep closure, and results in
increased wall melting compared to an equivalent channel with no sediment. This increased wall melting
helps keep the channel open while sediment is continually deposited beneath it, allowing a large esker to
build up over time.

HEWITT AND CREYTS

6675



Arsuy

100

]
AT STACE EMCT

Geophysical Research Letters 10.1029/2019GL082304

-
o
g 8
o (=]
T
L

Elevation, z [m|

&
8

s]
8

Q fm/s
=}

8o

-80 -60 -40 -20 o -5 -4 -3 -2 -1 0
Distance, = — z,, [km] Distance,  — xy, [km]

Figure 2. Steady solutions to the model showing (a) hydraulic head, (b) discharge, (c) cross-sectional area, (d)
sediment flux (dashed line is carrying capacity Qqq), and (e) deposition rate. Right-hand panels show an enlargement
of the region near the margin. The sediment source e is proportional to the meltwater source, with e/m = 0.003 (darker
shading) and 0.002 (lighter shading, obscured for most variables), and gray dashed lines show the equivalent solution
when there is no sediment. Catchment width is #, = 10 km, and the basal melt rate is mj = 5 mm/year. Surface melt
input is m = max(0, A(s; — 5)), where A = 3 x 10—3 )l'ear‘1 and s; = 1, 000 m is the elevation below which runoff starts,
indicated by the dotted line in (a). The topography is also shown in black in (a). Other parameter values are in Table 1.

To determine the size of the deposited esker, we calculate the total (volumetric) deposition rate Qp, which is
the integral of D over the length of the deposition region and has units cubic meters per second (the shaded
area under the curve in panel e). Integrating (3) over the period of margin retreat, we see that this is related
to the cross-sectional area of the final deposit by the expression

A=Qp/(1—n)V,, @)

This simply reflects that the size of the final deposit is determined by the total deposition rate and the amount
of time that deposition has been occurring at each fixed location. Note that the solutions in Figure 2 and the
resulting deposition rate do not themselves depend on the retreat rate, which affects esker size only through
.

Due to the coupled dynamics of sediment and channel evolution, it is not at all obvious how the total depo-
sition rate depends on inputs such as the melt rate, sediment supply, and spacing and length of channels,
all of which may vary as the climate varies. To address this, we produce an ensemble of numerical solutions
similar to Figure 2 and calculate the total deposition rate Q,, for each one. The result is shown in Figure 3a.
Each solution has randomly chosen values for (i) the height s, above which no melting occurs, (ii) the catch-
ment width #,, and (iii) the ratio e/ m of sediment supply to meltwater supply. These take values in the range
[400-1,200] m, [2-20] km, and [0-0.003], respectively, and give a wide spectrum of deposition rates over
several orders of magnitude.

Since deposition is mostly confined to the short region near the margin, we can characterize the influence
of all the inputs in terms of the meltwater flux and the sediment flux that are delivered toward the margin,
which are obtained from the integrals of (1) and (2). We write these “margin” values (with subscript m) as

Qm -1 fcM’ Qsm = min (ch’ Qs max} » (8)
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Table 1
Parameter Values
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Figure 3. (a) Total deposition rate Qp for an ensemble of 200 model solutions as described in the text, plotted as a
function of the channel discharge at the margin Q,,, with size of the markers corresponding to the sediment flux at the
margin Q;,,. (b) The same solutions plotted with the scaling (9), showing an approximate collapse.

where M is the total melt rate per unit width of the margin (integrated over the length of the channel #,) and
E is the total sediment source per unit width of the margin. The cap Q, ., is the maximum carrying capacity
of the channel (the peak of the dashed line in Figure 2d), which we find depends on the water flux according
t0 Q; yax & 0.007Q4’** (see supporting information). This cap accounts for the (unlikely) possibility of the
upstream sediment flux being transport limited rather than supply limited.

By analyzing the behavior of the model in the relatively short deposition region near the margin, we find an
approximate expression relating the total deposition rate Q, to the margin discharge Q,, and sediment flux
Q, , defined in (8). This calculation is rather involved, so the details are left to the supporting information.
The only important part of the calculation is the result

Q ~ € Q™ ©)

where C =~ 5.6 s*'> m~?%3isaconstant and where Q,,, and Q,, are expressed in cubic meters per second.

We replot the numerical results in Figure 3b to demonstrate that the scaling in
(9) does indeed provide a good approximation for the total deposition rate over

Parameter

Value

a wide range of conditions. The expression in (9) is not exact, since it derives
from an asymptotic approximation of a complicated model, but it does capture

Pw

1,000 kg/m?
916 kg/m?®
2,600 kg/m?3
9.8 m/s?
3.3%10° I/kg
4,2001kg ! K1
7.5% 1078 K/Pa
3
2.4% 1072 Pa/s?
0.11 m3/2 kg~172
1 mm
0.02
0.047
0.3
0.46

most of the dependence of Qp, on the input parameters. The strange exponents
are due to a combination of nonlinearities in the sediment transport law, the
parameterization of turbulent flow, and the flow law for ice. The precise values
should be taken with a pinch of salt, since they change if a different param-
eterization is used for turbulent drag or for sediment flux. However, the fact
that this deposition rate depends roughly quadratically on Q;,, and inversely
on Q,, is quite robust.

The deposition rate Q, combines with the retreat rate of the margin to deter-
mine the size of the esker in (7). For example, if water flux is 10 m?/s, and
sediment flux is 10~* m?/s (corresponding to around 2.6 x 1073 t/s), the depo-
sition rate is around 120 m*/year. For a retreat rate of 10 m/year, the esker
cross section is around 12 m2. For a sediment flux 10 times larger, the esker
would be almost 100 times larger. Note that for a given sediment supply, larger
channels exhibit less deposition. This is because the larger channels main-
tain a larger water velocity near the margin, so are able to carry more of the

sediment out to the proglacial environment.

Note. In addition, we take 4 = 3 x 1073 )l'ear‘l based on estimates

of summer melting in Greenland, and m; = 5 mm/year based on a

3.2. Dependence on Climate and Sediment Supply

grithersd entgy b, We now make use of the results above to suggest how changing climatic con-
ditions may affect the deposition of eskers. To do this, we must consider how
HEWITT AND CREYTS 6677
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the channel spacing and fluxes change with melt rate. We adapt scaling arguments given previously by Boul-
ton et al. (2009), Schoof (2010), and Hewitt (2011). These are slightly different but all essentially boil down to
establishing the distance over which water can be drawn laterally into a channel by the pressure difference
between the channel and interchannel watershed. Treating the interchannel region of the subglacial system
as a porous layer with transmissivity T, we find that major channel spacing, and hence esker spacing, are
expected to scale as

£, ~ BM /% (10)

where B o« T'? is a constant derived in the supporting information and M is the melt rate intro-
duced in (8). The transmissivity is highly uncertain and may have varied significantly depending on the
nature of the distributed drainage system (e.g., permeable sediments vs. linked cavities; Boulton et al.,
2009; Hewitt, 2011). A range of values T = 10*-10% m?/year together with parameters from Table 1, give
B =~ 30-3,000 m!25/875-19/87 and for a typical value of M = 10~3 m?/s this gives a large range of estimates,
£, ~ 0.1-14km. Observed esker spacing suggests that the larger end of this range may be more appropriate
(Storrar et al., 2014a), assuming that eskers form in all the major drainage channels.

Based upon (10), we expect channel spacing to decrease with increasing overall melt rate M. An immediate
implication is that eskers should be more closely spaced during times of increased runoff, which agrees with
earlier work (Boulton et al., 2009; Hewitt, 2011; Storrar et al., 2014b). Coupled with the larger melt rate and
expanded length of the catchment basins, the individual channel fluxes Q,, are still expected to become
larger.

How the sediment flux Q,,, varies with melt rate is less clear. If the sediment supply were abundant, we might
suppose that the sediment flux always attains its transport-limited maximum Q, ,,,. However, the maximum
carrying capacity is typically large, and given the need to sustain this with the sediment supply into the
channel (e), we consider it more likely that the upstream sediment flux is supply limited (so Q,,, = #.E in
(8), as is the case in our computations). For example, with a water flux of Q = 100 m?3/s (corresponding
to an average melt rate of 6 m/year over a catchment of length 50 km and width 10 km), the maximum
carrying capacity is Q, ,; & 0.6 m*/s, or 1.5 t/s. This is around ten times higher than the average sediment
flux found at a Greenland outlet stream (Cowton et al., 2012), and for a typical catchment of length 50 km
and width 10 km, it would correspond to an average supply rate of 4 cm/year. Although this may be possible
under transient conditions, it is likely that, on average at least, the sediment flux is less than the maximum
carrying capacity.

If we instead suppose that the sediment supply E is constant, we expect the sediment flux Q,, in each
channel would decrease slightly with increasing melt rate due to the decrease in channel spacing. Moreover,
even for constant sediment flux, the deposition rate Q, decreases with increasing water flux, due to the more
powerful stream flow carrying the sediment out past the margin. The model therefore suggests that there
will be considerably less deposition, and therefore smaller eskers, when melt rate is higher. During rapid
retreat of the margin this may be compounded by the reduced time for deposition at each location (7). This
is consistent with the work of Livingstone et al. (2015), who found fewer eskers in regions where ice sheet
models of past conditions suggest higher water flow.

3.3. Limitations and Extensions

The major simplification of this model is to treat channel dynamics as steady. On the timescale of mar-
gin retreat, it must be some long-term average behavior that controls esker deposition, but it is not obvious
that can be described by the quasi-steady theory developed here. Channel size evolves on a timescale of
days to weeks, so it could apply roughly to summer conditions, but short-term fluctuations are known to
lead to more complicated dynamics (Beaud et al., 2018). We believe that the predicted scalings for deposi-
tion rate with melt rate and sediment supply are nevertheless useful, if only to provide a comparison for
time-dependent models in the future.

Another significant limitation of our model is that we prescribe the sediment supply e. This is really con-
trolled by a combination of erosion and the transport capacity of the distributed system that delivers it into
the channel (possibly through periodic flushing by water flow in and out of the channel). We have also
assumed a single grain size (sand) that is easily mobilized, and our results may not apply to much larger sed-
iments such as boulders. A more detailed consideration of different sediment sizes would allow for greater
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comparison with existing geological studies of eskers (e.g., Burke et al., 2015; Cummings et al., 2011), but
this is beyond the scope of the current model.

One extension that can be considered is the role of bed topography, which was neglected in deriving (9).
Shreve (1985) has shown that this has a significant effect on eskers, which tend to cross topographic saddle
points and are lower and broader on an upsloping bed. This is believed to be due to the pressure dependence
of the melting point; if the bed slopes upward in the direction of water flow, more of the heat generated from
viscous dissipation is needed to keep the water at the melting point and less is therefore available for wall
melting. In the supporting information, we examine how varying the bed slope b, affects the deposition rate
in our model. Deposition is reduced when the bed slope is positive (upward in the direction of flow) and
is increased when it is negative. The surface slope in our model is set by the plastic ice approximation, but
Beaud et al. (2018) found that surface slope also has a significant effect on deposition. It is therefore possible
that the expression in (9) is not appropriate in all cases.

4. Conclusions

We have presented a mathematical description of water and sediment flow through subglacial channels that
gives rise to esker deposition beneath a retreating ice margin. For a given channel water flux, the deposition
rate varies with roughly the square of the sediment supply. For a given sediment supply, the deposition rate
decreases roughly inversely with increasing water flux. The model further suggests that as ice sheet melt
rates increase, eskers become more closely spaced but are smaller in cross section. The margin retreat rate
also affects the size of the deposits, with smaller eskers expected where the margin retreats more rapidly.
Larger esker sections are predicted where the margin is temporarily stable. Bed topography also plays a role,
with smaller eskers predicted, or perhaps none at all, where the bed slopes significantly upward.

There remain many aspects of the dynamics that could be explored in future. In particular, the model could
be solved in a time-dependent fashion, allowing for episodic deposition, and possible remobilization of esker
material. The dynamics of a single channel explored here could also be built into a more complex model
of two-dimensional channel networks, which would allow exploration of the role of tributaries and esker
branching. Finally, we hope that the model predictions for deposition rate may aid in interpreting large-scale
mapping studies of eskers.
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