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Electron transport in single GaAs quantum wells of widths from 22 to 46 nm with two populated quantum-
confinement subbands  and  is investigated at a temperature of T = 4.2 K in tilted magnetic fields B <
2 T. The angle α between the applied magnetic field and the normal to the plane of the structure under study
is varied from 0° to 90°. In a perpendicular magnetic field ( ), magnetointersubband oscillations with a
period determined by the relation , where  is the cyclotron frequency and j is a
positive integer, are observed in all investigated quantum wells. In tilted fields, the peaks of magnetointersub-
band oscillations are shifted toward higher fields . This shift is explained by an increase in the energy
splitting  with increasing component . In 46- and 36-nm-wide quantum wells, beats of magne-
tointersubband oscillations are observed at angles  and , respectively. The origin of this unex-
pected behavior of magnetointersubband oscillations in tilted magnetic fields is discussed.
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Two types of quantum oscillations are prominent in
the magnetoresistance of high-mobility quasi-two-
dimensional systems with several populated energy
subbands. One is the well-known Shubnikov–de Haas
(SdH) oscillations: the resistance oscillates upon the
variation of a magnetic field B perpendicular to a
quasi-two-dimensional system as successive Landau
levels cross the Fermi level EF. In electron systems with

two populated quantum-confinement subbands 
and  placed in the magnetic field, each subband
features its own ladder of Landau levels, which leads to
the appearance of two series of SdH oscillations. Since
the difference of electron densities in the subbands is
determined by the energy splitting , it
can be found by Fourier analysis from the difference
between the frequencies of SdH oscillations with the
inverse magnetic field. If 

, SdH oscillations in weak magnetic fields experi-
ence beats, and the value of  can be determined
from the positions of the beating nodes [1, 2].

Other resistance oscillations that result from the
quantization of the electron orbital motion in a mag-
netic field are magnetointersubband (MIS) oscilla-
tions [3–6]. They occur owing to the elastic intersub-

band scattering of electrons, which becomes resonant
upon the crossing of Landau levels belonging to differ-
ent subbands. In systems with two subbands, such
crossings take place when

(1)

where j is a positive integer,  is the cyclo-
tron frequency, and m* is the electron effective mass.
The peak positions of MIS oscillations in a perpendic-
ular magnetic field are determined by Eq. (1). Similar
to SdH oscillations, MIS oscillations are periodic in
the inverse magnetic field, but, in contrast to the for-
mer, they are not suppressed by the temperature
broadening of the Fermi distribution function. For
this reason, MIS resistance oscillations are widely
used to study quantum transport in the temperature
range where SdH oscillations are already suppressed,
i.e.,  [7–15].

The impact of the in-plane component of a tilted
magnetic field  on the behavior of SdH
oscillations in an electron system with two subbands in
the case of  was experimentally and theoret-
ically investigated in [1, 2]. It was established that the
in-plane component  shifts the nodes of
the beat pattern to higher out-of-plane magnetic field
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components , where α is the angle
between the vector B and the normal to the plane of
the quasi-two-dimensional system. The experimental
results obtained were explained by an increase in 
with .

The influence of the tilted magnetic field
 on the energy spectrum of electrons in

the potential  is described by the Hamiltonian
[16]

(2)

The first four terms in this Hamiltonian describe elec-
trons in the out-of-plane magnetic field component

, while the last two terms appear owing to the pres-
ence of the in-plane component . In a two-subband
system, the dependence of the Landau level energies

 on the magnetic field  is given by the expres-
sion

(3)

where  and N is the Landau level index.
The solution of Eq. (2) for the case of two parallel

two-dimensional layers of zero thickness in a tilted
magnetic field yields the intersubband splitting [2, 17]

(4)

Here,  is the intersubband splitting in zero mag-
netic field; , where , d
is the distance between the two-dimensional layers,
and  is the Fermi quasimomentum; and

 is the complete elliptic integral of the
first kind. Relation (4) is valid in the case of weak ,
where  and the effects of magnetic break-
down can be disregarded [2]. In this approximation,

 depends only on the in-plane component  and
increases with it, which is in full agreement with the
experimental results reported in [1]. However, even for

, Eq. (4) is valid only when the magnetic length
is  [1, 2].

Currently, experimental studies of the electron
energy spectrum in quasi-two-dimensional systems in
tilted magnetic fields mostly involve SdH oscillations
and the quantum Hall effect [1, 16, 17]. However, it
was recently shown that MIS oscillations can be used
in such studies [18], since the positions of their peaks
in a magnetic field are determined by intersubband
energy splittings. One of the advantages of MIS oscil-
lations in comparison with SdH oscillations and quan-
tum Hall effect is that they allow studies of quantum
transport in weak magnetic fields. Still, the behavior of
MIS oscillations in tilted magnetic fields remains
poorly investigated [18–20]. In this work, we further
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study the features of quantum transport of electrons in
systems with two subbands in tilted magnetic fields by
measuring MIS oscillations. One of the goals of our
work is the experimental study of the dependence of

 on the magnitude of the in-plane component of
the titled magnetic field in single GaAs quantum wells
of different widths.

We investigated symmetrically doped GaAs quan-
tum wells with widths of 46, 36, 30, and 22 nm. Short-
period AlAs/GaAs superlattices were used as barriers
of the quantum wells [21, 22]. The results of self-con-
sistent calculations of the confinement potentials 
and  and electron wavefunctions for the 46-nm
quantum well are shown in Fig. 1. The heterostruc-
tures were grown by molecular-beam epitaxy on GaAs
(100) substrates. Samples for magnetotransport mea-
surements represented Hall bars with a length of

 μm and a width of  μm.
Measurements were carried out at  K in

magnetic fields  T for different angles α between
the normal to the plane of the quantum well and the
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Fig. 1. (Color online) (a) Self-consistent calculation of the
confining potentials  and  and the position of
the Fermi level  for a wide GaAs quantum well and
AlAs/GaAs superlattice side barriers. Arrows indicate the

-doped layers. (b) Wavefunctions of  electrons occupy-

ing  and  subbands in a GaAs quantum well of

width  nm and of X electrons in the  subband in
AlAs quantum wells near the δ-doped layers.
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magnetic field. The angle was varied by rotating the
sample along the longitudinal axis of the Hall bar;
thus, only the magnetic-field components  and 
were varied during the measurements. Resistances 
and  were measured in the linear regime upon pass-
ing an alternating electric current at a frequency of
888 Hz with an amplitude not exceeding 1 μA. The
total electron density  in the quantum wells was cal-
culated from the resistance  measured in a mag-
netic field of  T for . The electron mobil-
ity  was calculated using the values of  and the
resistance  in zero magnetic field. The parameters of
the samples are listed in Table 1.

Figure 2a shows the dependence of  on the
magnetic field  for the 46-nm-wide quantum
well. One can see that MIS oscillations become mani-
fested for  T. In the field range of  T,
the MIS peak corresponding to  coexists with
SdH oscillations. Figure 2b shows the fan diagrams for
the two series of Landau levels demonstrating that the
peaks of MIS oscillations appear when the energy lev-
els belonging to the first and second subbands (  and

, respectively) cross each other. The difference
 between the indices of the crossing

Landau levels equals the peak number ,
while the energy levels  and  with the same
indices never cross. Furthermore, the fan diagrams
demonstrate that the crossings of the Landau levels for
a given value of  occur at the same magnetic
field values . These crossings are marked by vertical
lines in Fig. 2b.

Figure 3a shows the experimental dependences of
 on the inverse magnetic field  for three dif-

ferent angles α. Analysis of these data indicates that
MIS oscillations in tilted magnetic fields are no longer
periodic in . The  dependences
demonstrate that the peaks of MIS oscillations in a
tilted magnetic field are shifted toward higher values of

 in comparison to the case of . This behavior
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was previously observed in a 56-nm-wide GaAs quan-
tum well [18], but, owing to the small value of ,
was not investigated in a broad range of magnetic
fields. Formula (1) makes it possible to determine the
energy splitting  from the magnetic-field position

 of the jth peak of MIS oscillations and, thus, to
obtain the dependence .
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Table 1. Parameters of the samples:  is the width of the quantum well;  is the total electron density;  and  are the
electron densities in the first and second subbands, respectively;  is the net electron mobility;  and  are the
energy splittings determined from the period of MIS oscillations and obtained from a self-consistent calculation, respec-
tively

Sample no.  (nm) nT (1015 m–2) nS (1015 m–2) nAS (1015 m–2)  (m2/(V s))  (meV)  (meV)

1 46 8.4 4.4 4.0 153 1.44 1.3
2 36 8.4 4.9 3.5 162 4.76 4.6
3 30 6.8 4.8 2.0 255 9.95 10.9
4 22 10 8.1 1.9 121 21.7 23.3
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Fig. 2. (Color online) (a) Dependence  at T =
4.2 K for sample no. 1. The tilt angle is . Arrows indi-
cate the peaks of MIS oscillations with numbers j = 2 and

3 and the values of  and . (b) Dependences of 

and  on  for Landau levels in  and  subbands,
respectively, calculated by Eq. (3) with  meV
and . Vertical lines show the values of 
corresponding to the crossings of Landau levels with indi-
ces differing by  = 1–3.
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Under the condition , electrons occu-
pying Landau levels with high indices move semiclas-
sically along trajectories corresponding to the sym-
metric, ES, and antisymmetric, EAS, states. For ,
the semiclassical trajectories of electrons with the
energy  are represented in the quasimomentum
space by concentric circles with the Fermi radii 
and , whose areas are determined by the electron
densities  and  in the corresponding subbands. In
this case,  is independent of k [1, 2]. An increase
in  leads to an increase in the difference between the
areas encircled by the trajectories of electrons in the
symmetric and antisymmetric states and, thus, to an
increase in .

The experimental values of  determined
from the values of  for j = 2, 5, and 10 are shown in
Fig. 3b by triangles, circles, and squares, respectively.
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The solid line shows the dependence  calcu-
lated according to Eq. (4) with the fitting parameter

. Good agreement between the calculated
curve and experimental data is observed for MIS oscil-
lation peaks with numbers . The deviation of the
calculated values of  from the experimental ones
for j = 2 and 5 indicates that the influence of  on the
energy spectrum of electrons in these cases cannot be
disregarded any more [18].

It should be noted that the value of the fitting
parameter  differs from the value  5.42
obtained for sample no. 1 as the product of 

 1.62 × 108 m–1 and the spacing  33.4 nm
between the peaks of the wavefunctions  and 
(see Fig. 1b). Figure 4 shows the theoretical and exper-
imental values of  for quantum wells with the
widths of 36, 30, and 22 nm. The semiclassical theory
agrees well with experiment for all of them. However,
as in the case of sample no. 1, there is no agreement
between the values of the parameter  obtained from
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Fig. 3. (Color online) (a) Dependences  for
sample no. 1 at T = 4.2 K for tilt angles of α = 0°, 63.1°,
and 70.1°. Arrows indicate the MIS oscillation peak with
the number j = 10. Curves 2 and 3 are shifted downward for
clarity. (b) Dependences  for sample no. 1. Tri-
angles, circles, and squares show the values of 
obtained from the positions of MIS oscillation peaks with
numbers j = 2, 5, and 10, respectively. The solid line shows

the result of calculation by Eq. (4) with  meV
and . The inset shows schematically the mea-
surement scheme. The arrow shows the direction of .
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Fig. 4. (Color online) Dependences  for samples
nos. 2–4. Circles, triangles, and squares show the experi-
mental values of  for quantum wells 36, 30, and 22 nm
in width obtained from the positions of MIS oscillation
peaks with numbers j = 21, 20, and 40, respectively. Solid
lines show the results of calculations by Eq. (4) with (a)

 meV and , (b)  meV

and , and (c)  meV and
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the fits for samples nos. 2–4 and those calculated as
the product of  and .

Figure 5a shows the dependence of  on the
magnetic field  for the 46-nm-wide quantum well at
the angle . Magnetointersubband oscillation
peaks with numbers j < 6 are absent in this depen-
dence. Figure 5b shows the fan diagrams for the two
series of Landau levels calculated by Eq. (3). The
dependence of  on  in a tilted magnetic field
was taken into account according to Eq. (4) with the
fitting parameter . The absence of MIS
oscillation peaks with j < 6 results from the depen-
dence . Because of this dependence, there are
no crossings of Landau levels with  in the case
of , in contrast to . Meanwhile, accord-
ing to the fan diagrams in Fig. 5b, all crossings of Lan-
dau levels of different subbands with  occur at
the same magnetic field, as in the case of . These
crossings are marked with vertical lines in this figure.
However, the j = 6 peak is shifted to higher fields from
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that where crossings with  take place. The rea-
son is that Eq. (4) is valid only for J > 10 (Fig. 3b).

Figure 6a shows the dependence  for
the angle . One can see that the phase of MIS
oscillations is broken between peak numbers j = 13 and
14. For this angle, the phase of oscillations changes by
π for peaks with j > 13.This behavior of MIS oscilla-
tions in tilted magnetic fields was not observed previ-
ously [18, 20]. The phase of MIS oscillations is broken
in the magnetic-field range where  and,
thus, Eq. (4) is valid. In this situation, only a smooth
shift of the MIS oscillation peaks toward higher values
of , which results from the dependence of  on

, should be observed. The phase break of MIS oscil-
lations was also observed for the 36-nm-wide quan-
tum well for tilt angles exceeding 85° and was not
observed in narrower quantum wells.

Using Eq. (4) with the parameter , we
calculated the dependences  for MIS oscilla-
tion peaks with numbers . The results are plotted
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Fig. 5. (Color online) (a) Dependence  at T =
4.2 K for sample no. 1. The tilt angle is . Arrows
indicate MIS oscillation peaks with numbers j = 6–8 and

the values of  and . (b) Dependences of  and

 on  for Landau levels in  and  subbands,
respectively, calculated by Eqs. (3) and (4) with

 meV, , and . Vertical
lines show the values of  corresponding to the crossings
of Landau levels whose indices differ by  = 6–8.
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Fig. 6. (Color online) (a) Dependence  at T =
4.2 K for sample no. 1. The tilt angle is . Arrows
indicate MIS oscillation peaks. (b) Solid lines show the
positions of MIS oscillation peaks on the  plane
for the quantum well with a width of  nm calcu-

lated by Eq. (4) with  meV and  for
j = 5–20. Circles, triangles, and squares show the experi-
mental positions of MIS oscillation peaks for angles α =
0°, 59.9°, and 74.0°, respectively.
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by solid lines in Fig. 6b, where the positions of MIS
oscillation peaks for tilt angles of α = (circles) 0°, (tri-
angles) 59.9°, and (squares) 74.0° are shown. For
angles , all peak positions fall on the calcu-
lated dependences, as seen in Fig. 6b for angle

. For angles , MIS oscillation peak
positions before the phase-break point also fall on the
calculated dependences; however, they occur between
the calculated curves after the phase break. This
means that MIS oscillation peaks after the phase-
break point are described by half-integer values of j. In
other words, MIS oscillations change their phase by π
after the break point.

Speculatively, the observed beats of MIS oscilla-
tions might be caused by Zeeman splitting, which
increases with the angle α in the range of fields 
where the beats occur. However, the magnitude of this
splitting depends linearly on B and, therefore, it
should lead only to the splitting of MIS oscillation
peaks rather than to beats [23]. In addition, we observe
no effect of Zeeman splitting on SdH oscillations in
magnetic fields of  T, which allows us to exclude
this factor from consideration. Since the beats of MIS
oscillations are observed in the range of fields 
where SdH oscillations are already suppressed, they
can result only from the crossings of Landau levels.
That is, with increasing α, one series of Landau level
crossings characterized by numbers j is split into two
series, which leads to MIS oscillations with close peri-
ods and, thus, to their beats. It was shown in [16, 20,
24] that the crossings of Landau levels with a given dif-
ference  of level indices at large angles α occur
at different magnetic fields , rather than at the same
value . We believe that this transformation of cross-
ings causes the beats of MIS oscillations.

To summarize, we have shown that the experimen-
tal dependences  measured under the condi-
tions  and  in 22- to 46-
nm-wide quantum wells with two populated subbands

 and  are well described by Eq. (4) with a single
fitting parameter . In addition, we have demon-
strated that the lack of MIS oscillation peaks with
small numbers in tilted magnetic fields is well
described by Eqs. (3) and (4). We have found that
beats take place in MIS oscillations in 46-nm and
36-nm quantum wells recorded for magnetic-field tilt
angles  and 85°, respectively. The theoretical
interpretation of this unexpected behavior of MIS
oscillations is currently absent.
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cussions of the experimental results.
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