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ABSTRACT

Let G be an anisotropic semisimple group over a totally real number field F'. Suppose
that G is compact at all but one infinite place vy. In addition, suppose that G,, is
R-almost simple, not split, and has a Cartan involution defined over F. If Y is a
congruence arithmetic manifold of non-positive curvature associated with G, we prove
that there exists a sequence of Laplace eigenfunctions on Y whose sup norms grow like
a power of the eigenvalue.

1. Introduction

Let Y be a closed Riemannian manifold of dimension n and with Laplace operator A. Let
{1);} be an orthonormal basis of Laplace eigenfunctions for L?(Y’), which satisfy ||¢]|2 = 1 and
(A + A2)1p; = 0. We assume that {1;} are ordered by eigenvalue, so that 0 = \; < Ay < .... It
is an important question in harmonic analysis to determine the asymptotic size of 1);, i.e. the
growth rate of ||1);||oo in terms of A;. The basic upper bound for ||1);||~, proved by Avacumovié
[Av56] and Levitan [Le52], is given by

il < A2, (1)

This bound is sharp on the round n-sphere. Indeed, the zonal spherical harmonics have peaks of
maximal size at the poles of the axis of rotation. More generally, Sogge and Zelditch [SZ02] have
shown that the compact Riemannian manifolds saturating (1) necessarily have points which are
fixed by an appropriately large number of geodesic returns, in the sense that a positive measure
subset of geodesics passing through such a point are loops.

On the other hand, if Y is negatively curved then its geodesic flow is highly chaotic, and one
expects this to be reflected in the asymptotics of the eigenfunctions. For example, the quantum
ergodicity theorem of Schnirelman [Sch74], Colin de Verdiére [CdV85], and Zelditch [Ze87] states
that the L?-mass of a density one sequence of Laplacian eigenfunctions on a negatively curved
manifold equidistributes to the uniform measure. It is likewise reasonable to expect that if Y has
negative curvature then the strong pointwise delocalization bound

[9illoo <e Af (2)

holds with density one. This is akin to the Ramanujan conjecture in the theory of automorphic
forms [Sar95]: a generic sequence of eigenfunctions is tempered. Any sequence violating (2) will
be called exceptional.
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Unlike the weak-* setting of the Quantum Unique Ergodicity conjecture [RS94], which posits
that in negative curvature the L?-mass of any sequence of eigenfunctions equidistributes to the
uniform measure, there do in fact exist compact manifolds Y of negative curvature violating (2).
The first examples were given in [RS94], with Y being an arithmetic hyperbolic 3-manifold and
the exceptional sequences, of density zero, lying in the image of the theta corresponence from
Sps.

For surfaces, the situation is quite different: Iwaniec and Sarnak [IS95] conjecture that hy-
perbolic surfaces do not support exceptional sequences. This is a very difficult problem which
would imply the classical Lindel6f conjecture on the Riemann zeta function in the case of the
modular surface.

This leads to the question of when, exactly, should one expect to find (zero density) violations
to (2). In this paper we give sufficient conditions for a certain class of negatively curved manifolds
to support exceptional sequences. Although the question is of interest in this general setting, our
techniques are limited to arithmetic locally symmetric spaces. Put succinctly, we show that an
arithmetic manifold supports exceptional sequences whenever it has a point with strong Hecke
return properties.

1.1 Statement of results

Our main theorem is modelled on a result of Mili¢evié¢ [Mil1], which, building on [RS94], provides
a structural framework for the class of arithmetic hyperbolic 3-manifolds supporting exceptional
sequences.

First recall that an arithmetic hyperbolic 3-manifold arises from the following general con-
struction. Let £ be a number field having exactly one complex embedding, up to equivalence,
and let F' be its maximal totally real subfield. For a division quaternion algebra B over F, ram-
ified at all real places of E, denote by G the restriction of scalars of B! from E to F. Then any
arithmetic hyperbolic 3-manifold is commensurable with a congruence manifold associated with

G.

Following [Mil1], an arithmetic hyperbolic 3-manifold as above is said to be of Maclachlan—
Reid type if E is quadratic over F' and there exists a quaternion division algebra A over F
satisfying B = A ®p E. The main result of loc. cit. is that Maclachlan—Reid type manifolds
support exceptional sequences (in fact, satisfying the same lower bounds as the examples of
Rudnick-Sarnak).

Notice that when B = A®p E, the following properties hold. Let vy be the unique archimedean
place of F' which ramifies in E. By [MRO03, Theorem 9.5.5] we may assume that A is ramified at
vp. Then

(i) Gy, = SL2(C) is noncompact, and non-split (as an R-group);
(ii) G, = H' (the norm-one Hamiltonian quaternions) is compact for all real v # vp;

(iii) the global involution 0 : g — o(g) of G, where o is the unique non-trivial element in the
Galois group of E over F, induces a Cartan involution on G,. Indeed, GY = A', so that
G%(F,,) = H' is the maximal compact SU(2) inside G, = SL2(C).

Our main result is an extension of this to a wide range of compact congruence manifolds.

THEOREM 1.1. Let F' be a totally real number field, and let vy be a real place of F. Let G/F be
a connected anisotropic semisimple F-group. We make the following additional assumptions on

G.
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(i) Gy, Is noncompact, not split, and R-almost simple.
(ii)) G, is compact for all real v # vg.

(iii) There is an involution 6 of G defined over F' that induces a Cartan involution of G,,.

Let Y be a congruence manifold associated with G as in Section 2.10. Then there exists § > 0,
depending only on GG, and a sequence of linearly independent Laplacian eigenfunctions v; on Y
that satisfy

il =1, (A+XA)wi=0, and |l > A

We note that the exponent ¢ in Theorem 1.1, and Theorem 1.2 below, is currently logically
ineffective. This comes from using a result of Cluckers—-Gordon—Halupczok [ST16, Theorem 14.1]
to bound orbital integrals. (Note that Shin—Templier present an alternate, effective proof of
[ST16, Theorem 14.1] in Theorem 7.3 of loc. cit., but this has an error as described on S.-W.
Shin’s webpage.) The bound of Cluckers-Gordon-Halupczok is ineffective due to their use of
model theory. Julia Gordon informs us that, if the residue characteristic is larger than a logically
ineffective bound, it may be possible to transfer the constants in their result from the case
of positive characteristic and explicate them in that case. However, this is presently unknown.
Moreover, even if this were possible, the implied constant in Theorems 1.1 and 1.2 would still be
logically ineffective because of the condition that the residue characteristic be sufficiently large.

An additional source of ineffectiveness of § comes from using theorems of Finis-Lapid [FL18]
when the congruence manifold varies as in Theorem 1.2, although this ineffectiveness is in the
weaker sense that the constants are not numerically explicit. Finis and Lapid inform us that their
results could probably be made effective with extra work; in fact, as the referee has pointed out,
the particular shape of the congruence subgroups, which depend on 6, in Theorem 1.2 should
allow for the exponents arising from their work to be more readily explicated.

1.2 Remarks on the main theorem

A well-known theorem of Borel [Bo63] addresses the question of whether one can find many
groups satisfying the rationality hypothesis (iii). One consequence of his theorem is that for any
connected, simply-connected, semisimple algebraic R-group G satisfying condition (i), Theorem
1.1 produces a manifold Y of the form I'\G/K with an exceptional sequence of eigenfunctions.
See Section 1.4 for more details and a concrete example.

Theorem 1.1 goes some distance toward answering the basic question of determining the pre-
cise conditions under which one should expect a Lindel6f type bound on a compact congruence
negatively curved manifold. The three numbered conditions on the group G are a particularly
convenient way of asking that a large enough compact subgroup of G, admits a rational struc-
ture, which is a key ingredient in our proof. Although the condition that G, is not split should be
necessary, we expect that the other conditions can be relaxed somewhat. For example, through-
out most of the paper, the condition that G, is R-almost simple could be weakened to G being
F-almost simple. The stronger form of this condition is only used in Lemma 4.2, to simplify
the application of a theorem of Blomer-Pohl [BP16, Theorem 2] and Matz—Templier [MT15,
Proposition 7.2].

Besides the results of Rudnick—Sarnak and Mili¢evi¢ that we have already mentioned, both in
the context of arithmetic hyperbolic 3-manifolds, there are other results in the literature which
provide examples of arithmetic manifolds supporting exceptional sequences. For instance, the
techniques of Rudnick—Sarnak were generalised to n-dimensional hyperbolic manifolds for n > 5
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by Donnelly [Do07]. Later, Lapid and Offen in [LO07] discovered a series of arithmetic quotients
of SL(n,C)/SU(n) admitting large eigenforms through the link with automorphic L-functions
(conditionally on standard conjectures on the size of automorphic L-functions at the edge of
the critical strip). To our knowledge loc. cit. is the only example of power growth lower bounds
for sup norms on non-compact quotients, at least if one restricts to a compact set so that the
large peaks of eigenfunctions in the cusp do not play a role. Note that Theorem 1.1 includes the
examples of Rudnick—Sarnak, Donnelly, and Mili¢evié¢, although without explicit exponents. It is
unable to reproduce the examples of Lapid—Offen due to the compactness requirement, but — as
was indicated above — it can produce compact quotients of SL(n,C)/SU(n) with an exceptional
sequence of eigenfunctions. In fact, non-compact quotients (of suitable level structure) should
also be amenable to our techniques, via an application of simple trace formulae, but we have not
pursued this here.

Finally, while our approach was largely inspired by that of Mili¢evi¢, we have made an effort
to emphasize (in Appendix A) the common features it shares with the techniques of Rudnick—
Sarnak and Lapid—Offen. A synthesis of the subject, as well as a general conjecture restricting
the possible limiting exponents for exceptional sequences, can be found in the influential letter
[Sar04].

1.3 A hybrid result in the level-eigenvalue aspect

We in fact prove a stronger result than that described in Theorem 1.1, establishing a lower bound
in the level and eigenvalue aspects simultaneously. We present this separately, as it requires more
care to state; indeed, any notion of non-trivial lower bound must overcome the lower bound
one may prove when the eigenspaces have large dimension. More precisely, if M is a compact
Riemannian manifold and V is the space of ¢ € L?(M) with a given Laplace eigenvalue, one
may show that there is ¢ € V satisfying ||¢||cc = Vdim V|[¢)]]2.

If we consider a tower of congruence covers Yy of Y, then the Laplace eigenspaces will
have growing dimension because of multiplicities in the corresponding representations at places
dividing N. Computationally, one observes that this (and its stronger form involving Arthur
packets) is the only source of dimension growth. Although we believe that the dimensions of
the joint eigenspaces we consider should be small (partly as a result of our choice of “large”
congruence subgroup), we do not know how to prove this in general. As a result, we shall be
satisfied if we can beat the bound v/dim V', where V' is now a space of Hecke—-Maass forms with
the same Laplace and Hecke eigenvalues. This motivates the following definitions.

Let G be as in Theorem 1.1. Let H be the identity component of the group of fixed points of
0. We let D be a positive integer such that G and H are unramified at places away from D and
0o; see Section 2.1 for a precise definition. Let K and Kz be compact open subgroups of G(Ay)
and H(Ay) that are hyperspecial away from D, as in Sections 2.4 and 2.10. If NV is a positive
integer prime to D, we let K (V) be the corresponding principal congruence subgroup of K, and
define Yy = G(F)\G(A)/K(N)KyKo. We give each Yy the probability volume measure.

Let A C G be a maximal R-split torus with real Lie algebra a and Weyl group W. We let
ac = a® C. Let G2 be the connected component of G, in the real topology. Any unramified
irreducible unitary representation of G gives rise to an element & € ag/W via the Harish-
Chandra isomorphism, which we have normalised so that the tempered spectrum corresponds to
a*/W. We let || - || be the norm on a and a* coming from the Killing form and extend it naturally
to their complexifications. If p, A € af./W we will sometimes abuse notation and write ||p — Al
to mean the minimum of this norm over representatives for the W-orbits.
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By a Hecke-Maass form we mean a joint eigenfunction ¢ € L?(Yy) for the Hecke algebra
(away from N and D) and the ring of invariant differential operators D on Yy. We may view the
associated eigenvalues as elements in the unramified unitary dual of G, at finite places v (via
the Satake isomorphism), while at infinity they determine an element §{ € af./W. We define a
spectral datum c for (G, N) to be a choice of element £(c) € ai./W and an element m,(c) in the
unramified unitary dual of G, for all v{ N Doo. Given a spectral datum ¢ for (G, N), we define
V(N, ¢) to be the space of Hecke-Maass forms on Yy whose D-eigenvalues are given by £(c) (the
spectral parameter) and whose Hecke eigenvalues at v{ N Doo are given by m,(c).

THEOREM 1.2. With the notation and hypotheses of Theorem 1.1, there is § > 0, depending only
on G and 0, and (Q > 1 with the following property. For any positive integer N with (N, D) =1
and spectral parameter £ € a* such that N(1+ ||&||) is sufficiently large, there is a spectral datum
¢ for (G, N) with [|{(c) — &|| < @ and a Hecke-Maass form 1) € V (N, ¢) such that

[lloo > N°(1+ [[€])° V/dim VN, €[]l

Note that a Hecke-Maass form as in Theorem 1.1 has Laplacian eigenvalue of size roughly
(1+|€])?. Theorem 1.2 therefore implies Theorem 1.1. Moreover, taking ¢ at distance at least @
from the root hyperplanes ensures that the eigenfunction ¢ produced by the theorem is tempered
at infinity. As in Theorem 1.1, the exponent ¢ is ineffective.

The only previous results giving lower bounds in the level aspect are for GLgy over a number
field, due to Saha [Sal5] and Templier [Tel4]|. They use the fact that local Whittaker functions
of highly ramified p-adic representations are large high in the cusp, and in particular rely on the
noncompactness of the manifold.

1.4 Borel’s theorem and a concrete example

A classical theorem of Borel on the existence of rationally defined Cartan involutions on real
semisimple Lie algebras can be used to provide examples of groups satisfying the hypotheses of
Theorem 1.1.! We state this as the following result and provide details for how to extract this
statement from the work of Borel in Section 2.9.

PROPOSITION 1.3. Let G’ /R be connected, simply connected, and R-almost simple. Let F be a
totally real number field, and let vy be a real place of F. There is a connected semisimple group
G/F with G,, ~ G' that satisfies conditions (ii) and (iii) of Theorem 1.1.

We now give a concrete example of a family of manifolds to which our theorem can be applied,
and which to our knowledge does not already appear in the literature.

Let F' be a totally real number field, and let E be a CM extension of F'. Let the rings of
integers of these fields be Op and Opf respectively. Let vy be a distinguished real place of F,
and let wgy be the place of E over vg. Let V' be a vector space of dimension n + 1 over E with
a Hermitian form (-,-) with respect to E/F. Assume that (-,-) has signature (n,1) at wp and
is definite at all other infinite places of E. Let G be the F-algebraic group SU(V, (-,-)), so that
Gy, >~ SU(n, 1).

Let L C V be an Op lattice on which the form (-,-) is integral. Let L* be the dual lattice
L*={x €V :(x,y) € Ogforally € L}. Let I" be the group of isometries of V' that have
determinant 1, preserve L, and act trivially on L*/L. If F' # Q, completion at wg allows us to

Tt is an interesting question whether condition (iii) on the existence of a rational Cartan involution is automatic
or not. We believe that it is not when G is almost simple of type A,,, D, or Eg, but are unsure otherwise.
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consider I" as a discrete, cocompact subgroup of SU(n, 1), which will be torsion free if L is chosen
sufficiently small.

One may associate a complex hyperbolic manifold with I" in the following way. Let D denote
the space of lines in V,,, on which the Hermitian form is negative definite. SU(n, 1) acts on D,
and D carries a natural SU(n, 1)-invariant metric under which it becomes a model for complex
hyperbolic n-space. The quotient Y = I'\D is then a compact complex hyperbolic n-manifold,
and is an example of a congruence manifold associated with G as in Theorem 1.1.

If n > 2, G satisfies conditions (i) and (ii) of Theorem 1.1. We now show that (iii) is satisfied.
Let W C V be a codimension 1 subspace defined over E such that the Hermitian form is positive
definite on W,,. Let 6 be the isometry of reflection in W. Then g — 6g6~! gives an F-involution
of G that is a Cartan involution on G,,, as required. Theorem 1.1 then implies that there is a
sequence of Laplace eigenfunctions {1;} on Y satisfying ||[i]lco > A2 ||%i]2-

1.5 The method of proof

The proof of power growth for arithmetic hyperbolic 3-manifolds of Maclachlan-Reid type by
Mili¢evi¢ [Mill] compares an amplified trace and pre-trace formula. Our proof works by extending
this method to general groups. The bulk of the work lies in proving asymptotics for the trace
formula.

More precisely, our proof of Theorem 1.2 proceeds by comparing a trace formula on G with
a relative trace formula for G with respect to H. If we choose a test function k € C°(G(A)),
the main geometric terms of these trace formulae are k(1) and I1yk(1) respectively, where Il :
LY(G(A)) — LY(X(A)) is given by integration over H. In fact, we need to choose test functions
of the form k = w * w* so that their action on L?(G(F)\G(A)) is positive semidefinite. After
controlling the other geometric terms, we wish to find w that makes IIgzk(1) large relative to
k(1). At finite places, we shall take for w; an appropriately large sum of L?-normalized basic
Hecke operators 7(v,v), supported on K,v(w,)K,, where v is a cocharacter of G. The condition
that IIgk(1) be large then boils down to

vol(Hy N Kyv(wy) Ky)
vol(K v (w,) Ky)1/2

(a7 (v,0)) (1) =

being large, for enough places v. Note that this corresponds to our informal description in terms
of Hecke returns at the beginning of the introduction: if the projection of the H-period onto
the given locally symmetric Y is simply a point p (rather than a finite collection of such), the
right-hand side above is roughly the multiplicity with which p appears in its image by the Hecke
correspondence 7(v,v). In any case, we bound this quantity from below in Lemma 4.6, in terms of
the H-relative size of v. The latter is a certain cocharacter inequality, which we show in Lemma
2.2 is verified under the conditions of our main theorem.

While writing this paper, Erez Lapid pointed out to us that there was another approach
to proving Theorems 1.1 and 1.2 based on a theorem of Sakellaridis on the unramified C*°
spectrum of symmetric varieties. We have included a discussion of this in Appendix A. We have
also included an explanation of why the condition of G being nonsplit at vg is natural, and
motivated our choice of test functions in the trace formula, based on a related conjecture of
Sakellaridis and Venkatesh on the L? spectrum.
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2. Notation and proof of Proposition 1.3

2.1 Algebraic groups
Let O denote the ring of integers of F'. Let A and A be the adeles and finite adeles of F'.

Let G and 6 be as in Theorems 1.1 and 1.2. Let H again denote the identity component of
the group of fixed points of . We let T' C G and Ty C H be maximal tori defined over F with
Ty C T. We fix an F-embedding p : G — SL4. Let Z be the center of G.

Consider SLg4 as a group scheme over O in the standard way, and take the schematic closures
of Ty, T, H, and G in SLy/O. These closures are group schemes over O, and all the inclusions
between them over F' extend to closed embeddings over O. By [Ti79, 3.9], we may choose D € N
such that over O[1/D], all fibers of these group schemes are smooth, connected, and reductive.

Let X*(T) and X.(T) denote the group of characters and cocharacters of T' x g F. Let A be
the set of roots of T in GG, and let A" be a choice of positive roots. Let W be the Weyl group of
(G,T) over F. We define

XH(T) = {p € Xu(T) : {n,) > 0,0 € AT}
Similarly, we may define Ap, A}f], Wy, and X (Ty). Letting p and py denote, as usual, the
half-sum of positive roots for G and H, we introduce the functions
lull* = max{wp, p)

|l = w@gé(wu,pm

on X, (T) and X.(Ty) respectively. Our assumption that G is semisimple implies that ||u|* is
a norm; the condition that ||u|* = || — p||* follows from the fact that p and —p lie in the same
Weyl orbit. While ||u1||3; also has the property that ||u||5; = || — /|37, it is trivial on cocharacters
arising from the center of H.

DEFINITION 2.1. We say that G is H-large if there exists a nonzero u € X, (Ty) such that
20|z = Ml (3)

Note that this definition is exactly the opposite of the definition of H being small in G given
in [Marl4, Definition 8.1]. By [Marl4, Lemma 8.2], the definition of H-large is independent of
the choice of tori Ty C T.

LEMMA 2.2. A group G satisfying the hypotheses of Theorem 1.1 is H-large.

Proof. This follows from [Marl4, Theorem 8.3]. Indeed, [Bo91, p. 277] implies that the compact
subgroup H,, is connected in the real topology; by passing to the Lie algebra, this implies that
H,, is a maximal compact connected subgroup of G,,. We then deduce from [Marl4, Theorem
8.3] that H,, is not small in G,,, and invariance of smallness under field extension then implies
that G is H-large. I
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2.2 Local fields

If v is a place of F', we denote the completion by F,,. If v is finite, we denote the ring of integers,
uniformiser, and cardinality of the residue field by O,, w,, and ¢, respectively. If v 1 Doo, we
have the following consequences of our assumptions on D and p above.

(i) We have G(O,) = p~1(p(Gy) N SL4(O,)) and H(O,) = p~1(p(H,) N SLg(Oy)), so that
G(Oy) N Hy, = H(Oy).
(ii) G(O,) and H(O,) are hyperspecial maximal compact subgroups of G, and H, respectively.
(iii) If T (and hence Tx) split at v, the subgroups G(O,) and H(O,) correspond to points in the
Bruhat-Tits buildings of G, and H, that lie in the apartments of 7" and T respectively.

Property (i) is a consequence of the inclusions H C G C SLy extending to closed embeddings
over O,. Property (ii) is [Ti79, 3.8] or [BT84, 5.1.40]. Property (iii) is [BT84, 5.1.33], once we
use [BT84, 5.1.40] to show that the O, group scheme T'/O, is the standard one associated with
T,. We let P be the set of finite places of F' that do not divide D and at which T splits. If v € P,
our assumptions imply that G, has a Cartan decomposition

Gy = H G(Oy) (@) G(Oy)
peX(T)
with respect to G(O,) and T.

2.3 Metrics

For any place v of F and g € G(F,) let ||g|l, denote the maximum of the v-adic norms of the
matrix entries of p(g). For g € G(Ay), let ||gllf = [0 l9v[lo- Fix a left-invariant Riemannian
metric on G(F,). Let d(-,-) be the associated distance function. We define d(z,y) = oo when =
and y are in different connected components of G(F,,) with the topology of a real manifold.

2.4 Compact subgroups
We choose compact subgroups K, of G, for all v such that

o Ky, = Hy,,

e K, = G, for all other real places,
p(K,) C SLy(O,) for all finite v,

K, = G(0O,) for finite places v { D, and
o K =][,jo Kv is open in G(Ay).

By the remarks in the proof of Lemma 2.2, K, is a maximal compact connected subgroup of G,.
We shall suppose that K, for v|D is sufficiently small to ensure that the finite group Z(F)N K
is reduced to {e}.

2.5 Measure normalizations

For any place v of F', let ug be the canonical measure on G(Fy) as defined by Gross in [Gr97,
Section 11]; we recall this construction in Section 6.1. Then for all finite places v + D one has
can can

1y () = 1. We may then form the product measure g™ = [[, u¢ on G(A). All convolutions
(local and global) on G will be defined with respect to these measures. If f € C°(G(A)), we
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(m(f)o)(z) = o(xg) f(g)duc"(g)-

G(A)
If f € CX(G(A)), we define f* by f*(g) = f(g™1), so that 7(f) and 7(f*) are adjoints.

The choice of canonical measure for GG is imposed by the use of the Arthur—Selberg trace
formula in Section 6; indeed one wants a uniform way of normalizing measures on the collection
of connected reductive groups appearing as centralizers. We can afford to be more casual with
measure normalizations for H, in light of our treatment of the geometric side of the relative
trace formula in Section 5. For finite places v we choose Haar measures dh, on H(F),) so that
H(F,)N K, is assigned measure 1. Because H, is compact for archimedean v, at these places we
choose Haar measures dh, so that H, has volume 1. We set dh =[], dh,,.

2.6 Hecke algebras

If S is any finite set of finite places prime to D, let Hg be the convolution algebra of functions on
G(Fs) that are compactly supported and bi-invariant under Kg. Similarly, # ¢ is the convolution
algebra of functions on G(Ajfj ) that are compactly supported and bi-invariant under K D We
identify Hg and H; with subalgebras of C°(G(Ay)) in the natural way. If GO denotes the
connected component of the identity in G, in the real topology, we define H o, to be the subspace
of C°(GY,) consisting of functions that are bi-invariant under Koo, and define H = Hoo @ Hy.

To control for the degree of Hecke operators in our later estimates, it will be convenient to
work with the truncated Hecke algebras defined in [ST16]. Recall from Section 2.1 the Weyl-
invariant norm || - ||* on X, (7). Let v be a finite place not dividing D. Because G, is unramified,
there is a maximal F,-split torus A, in G, such that K, corresponds to a point in the apartment
of A,. We may conjugate A, inside T over F,, and obtain a norm | - ||, on X.(A4,). We then
define

%EH = spalg {lKvM(wv)Kv tp € Xu(Ay), lullo < K}
note that here and elsewhere, 14 denotes the characteristic function of the set A. If S is any
finite set of finite places not dividing D, we set ’wa” = QupesHS".
We note that H5" is independent of the choices made in its definition. First, the norm || - ||, is
independent of the conjugation of A, inside T'. To see this, we note that | A||* can also be defined

by taking G, A, p Ad GL(g), decomposing the representation of G,, on g into characters in
X*(Gy,) ~ Z, and taking half the sum of the positive terms. This lets us extend || - ||* to all of
X«(G) in a conjugation invariant way, and || - ||,, is the restriction of this to X, (A,). Secondly, if
A, and A! are two tori whose apartments contain the point corresponding to K,, then by [Ti79,
Section 2.2.1] they are conjugate by an element of K, and this conjugation respects the norms
on X,(A,) and X,(A!). This implies that H$" is independent of A,.

2.7 A lemma on double cosets

We shall need bounds on the volume of the support of Hecke operators on GG, and H, at places
where these groups are split. Such bounds are proved by Macdonald [Mac71] for split simply
connected semisimple groups, but we shall need them in the general split reductive case, and
derive them now from a result of Gross [Gr96].

In this subsection, we let F' be a p-adic field with integer ring O, uniformizer w, and residue
field k, and let ¢ = #k. We let G be a split connected reductive group over F. Let T' C G be a
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maximal split torus, and K C G a hyperspecial maximal compact subgroup corresponding to a
point in the apartment of 7". Let || - ||* be the function on X,(7") as in Section 2.1.

LEMMA 2.3. We have #K\(w)K/K ~ ¢?MI" for all X € X,(T), where the implied constants
depend only on dim G.

Proof. Let Py be the parabolic subgroup associated with A, so that

Lie(Py) = Lie(T) + €P Lie(G)a-
()20

By Proposition 7.4 of [CGr96], we have #K\(w)K /K = ¢2IMN"=dm(G/P) (G / Py) (k). Now

#(G/P\) (k) = #G(k)/#P\(k) and  #Py(k) = #M,(k)q"™ ",

where Py = M,Ul, is the standard Levi decomposition, and the first equality follows from [Bo91,
Cor 16.5]. It follows that

qfdim(G/P)\)#(G/P)\)(k) — qdikafdimG#G(k)/#MA(k)'
The formula of Steinberg [St68] for the number of points of a reductive group over a finite
field implies that #G(k)/qi ™% = f(¢~!) and #My(k)/q™ My = f,(¢7!), where f and fy are

polynomials with constant term 1 that depend only on the root data of G and M) respectively.
This completes the proof. ]

2.8 Lie algebras
Let g be the real Lie algebra of G(F), and let g = €+ p be the Cartan decomposition associated
with K. Let a C p be a maximal abelian subalgebra. We let Agr be the roots of a in g, and let
Af be a choice of positive roots. We let W be the Weyl group of Ag. For o € Ag, we let m(«)
denote the dimension of the corresponding root space. We denote the Killing form on g and g*
by (-,-), and let || - || be the associated norm on a and a*.

Let ¢(¢) be Harish-Chandra’s c-function; see [He08, Chapter II, §3.3]. Then it is known
[DKV79, (3.44)] that the upper bound

(€)1 < B(E) (4)
holds for all £ € a*, where we have put

s = T @ +Ka ™.

aGA%’

2.9 Proof of Proposition 1.3

We now recall Borel’s theorem on the existence of rationally defined Cartan involutions on real
semisimple Lie algebras. This is the central ingredient in the proof of Proposition 1.3.

PROPOSITION 2.4 (Borel). Let F' be a totally real number field, and let vy be a real place of F.
Let g’ be a real semisimple Lie algebra. There exists g/F with an involution 6 defined over F
such that gy, ~ ¢/, g, is of compact type for all real v # vy, and 6 induces a Cartan involution
of gy, -

Proof. The statement can be extracted from the proof of [Bo63, Proposition 3.8]. For complete-
ness we provide details.

10
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By [Bo63, Proposition 3.7], there exists go/Q and a Q-involution 6 of gy such that go®@R ~ ¢/,
and # induces a Cartan involution of go®R. Let gg = €y+pg be the rational Cartan decomposition
associated with 6. Choose o € F' such that F' = Q(«) and oy, > 0, and a,, < 0 for all other real
v. Define g = £ ® F + /apy ® F C go ® Q. We extend 6 to an involution of g defined over F.

We have g,, >~ go ® R ~ ¢/, and it is clear that 6 induces a Cartan involution of g,,. If v # vy
is real, we have g, = 8g ® R 4+ ipg ® R C go ® C so that g, is of compact type. 0

The corresponding statement for simply connected semisimple groups — Proposition 1.3 — can
be deduced from the Lie algebra version, as follows.

Let G’ be as in Proposition 1.3 and let g’/R be its Lie algebra. Let F' be a totally real number
field and vy a real place of F. Applying Proposition 2.4 to g’ with this choice of F' and vy we
obtain a corresponding g/F and involution 6. Let Int(g) be the identity component of Aut(g),
and let G be the simply connected cover of Int(g). Then G has Lie algebra g, and 6 induces
an involution of G which we also denote by 6 (as the derivative at the identity of the former
is equal to the latter). Because G’ and G, are connected, simply connected semisimple groups
with isomorphic Lie algebras, they are isomorphic. If v # vg is real, then g, is of compact type
and G(F,) is compact.

By Proposition 2.4, € induces a Cartan involution of g,,. Because G is simply connected,
G, is connected in the real topology by the Cartan Connectedness Theorem [OV94, Chapter 4,
§2.2, Theorem 2.2], and it follows that 6 also induces a Cartan involution of Gy, (in the sense
that the fixed point set GZO is a maximal compact subgroup of G,,). This completes the proof
of Proposition 1.3.

2.10 Congruence subgroups and adelic quotients

Recall from Section 2.1 the integer D, and from Section 2.4 the compact open subgroups K,
for finite places v and their product K = Hyfoo K, inside G(A¢). We now define congruence
subgroups of K, and K to be used throughout the paper.

Fix an integer N > 1 prime to D. For v { Doo we write K,(N) for the level N principal
congruence subgroup, given by K,(N) = p~1(p(Gy) N SLy(O,)(N)). Here SLyg(O,)(N) denotes
the principal congruence subgroup of SLy(O,). Let S be a finite set of finite places prime to D.
Then we put

KNy =[] E()]] K and  K9(N)= [] E.(V) ][] K.
vtDoo v|D UJ(Z;O v|D

For every finite v we define Ky, = H, N K,. Letting
Kp=]]Kuo and Ej= ][ Kuo
vfoo v¢SUoco
then the congruence manifold of interest to us is
Yy = G(F)\G(A)/K(N)Kg K .

can

Let Voly be the volume assigned by Hwoo ¢y to the compact open subgroup K(N)Kp.

Finally, we write

[G] = G(F)\G(A)  and  [H] = H(F)\H(A)

11
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for the automorphic spaces associated with G and H. We shall identify L?(Yy) with the functions
in L%([G]) fixed under K (N)Kp Koo

2.11 Hecke—Maass forms

Let D be the algebra of differential operators on Ggo /K~ that are invariant under the left action
of GY.. Note that if we define Kjo to be the group of fixed points of § on G,,, and let KI be
the group obtained by replacing K,, with K;g in the definition of K, then K1 is a maximal
compact subgroup of G, we have G/ KE ~ G /K., and the elements of D are also invariant
under the larger group G. It follows that D descends to an algebra of operators on Yy in a
natural way.

We define a Hecke—Maass form to be a function on Yy that is an eigenfunction of the ring D
on Yy and the Hecke algebra H; (and hence of H). If v is a Hecke-Maass form and w € H, then,
using the notation in Section 2.5, we define W(v)) by the equation 7(w)y = wW(1))1p. We define the
spectral parameter of 1 to be the unique £ € a./Wg such that 1) has the same eigenvalues under
the action of D as the associated spherical function ¢¢. The Laplace eigenvalue of v is given by
(A + C1(G) + (£,8))Y = 0 for some C1(G) € R.

3. A comparison of trace formulae

In the next two sections, we state without proof a trace formula and relative trace formula, and
deduce Theorems 1.1 and 1.2 from them. The trace formulae will be proved in Sections 5 and 6.

3.1 The trace formula
Let N be a positive integer prime to D. Let D’ be a sufficiently large multiple of D, depending
only on G, to be chosen in Section 6.4. Let T be a finite set of finite places prime to D’ and
N. Let £ € a*. We will use the trace formula to count Hecke-Maass forms on Yy with spectral
parameter near &, weighted by a Hecke operator at 1. To do this, we shall consider test functions
of the form ¢ = 1% ® kr ® k¢, for kr € Hr and k¢ € Hoo, where we have put

T
We introduce the following condition on k:

(Px) : k¢ is supported in {g € G(Fo) : d(g, Hy,) < 1}, and satisfies
ke(g) < BE)(1 + €]l d(g, Hup)) /2.

If U is any finite set of finite places, we define g = [, ¢y qv- Our asymptotic trace formula is
the following.

THEOREM 3.1. There are constants A, B,§,n > 0 such that the following holds. Let N, T, and
& be as above, and let k > 0. For any kr € H%H and any k¢ € Hoo satisfying (Po) we have

Voly Y kr @ ke(ti) = p&™([G)kr(1)ke(1) + O(N g B(E) (1 + |I€]) Ik lloo),

120

where {¢;} runs over an orthonormal basis of Hecke-Maass forms for L?(Yy). The implied
constant depends only on G, 0, and K.

We note that the exponents A, B, and § are ineffective, and this is the only source of ineffec-

12
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tiveness of the exponent in Theorems 1.1 and 1.2. As discussed in Section 1.1, this comes from
using theorems of Finis—Lapid and Cluckers—Gordon—Halupczok to bound orbital integrals.

3.2 The relative trace formula
For ¢ € C*(G(F)\G(A)) we consider the H-automorphic period

Pr(t) = / b(h)dh.
H(F)\H(A)

Our relative trace formula will give the average size of these periods over an orthonormal basis
{1);} of Hecke-Maass forms for L?(Yy).

Let N be a positive integer prime to D, S a finite set of finite places prime to D and N, and
& € a*. We now consider test functions of the form ¢ = 1]5\} ® ks ® ke, for ks € Hg and ke € Hoo.
As well as condition (P,), we shall use the following condition on kg:

(Ps) : there is R > 1 such that ||g||ls < R for all g € supp(ks).
The main term of our formula is expressed in terms of the averaging map
[y : LN (G(Fs)) — L'(G(Fy)/H(Fs))
given by

Myks(g) = /H(F )ks(gh)dh-
S

With this notation in hand, we may state our asymptotic relative trace formula.

PROPOSITION 3.2. There is A > 0 such that the following holds. Let N, S, and £ be as above.
Let ks € Hg satisfy (Pg) and k¢ € Hoo satisty (Rg). Then

Voly Y ks ® ke (i) Pr (1)
120

— vol([H) ks (1)ke(1) + O (#(supp kis/K5) (€)1 + 1K) /AN RA o )

where {1);} runs over an orthonormal basis of Hecke-Maass forms for L*(Yy).

3.3 Proof of Theorems 1.1 and 1.2

Recall from Section 2.2 that P denotes the set of finite places of F' that do not divide D and at
which T splits. For v € P and p € X, (T'), we define 7(v, u) € H, to be the function supported

on Kyu(w,)K, and taking the value q@_”“”* there. Let P be a positive integer and put
S={veP:P/2<q <P, viN,vi{D}. (6)
Choose any non-zero v € X,(T), and let

wg = Z 7(v,v),

veS
where, as in Section 2.6, we are identifying H, with a subalgebra of Hg in the natural way.

In Section 4, we will deduce the following weighted bounds from our two trace formulae.

ProprosITION 3.3. For any v and P, we have

Voly > |@5(ei) < PBEA+ PANT(1+[¢]) 7). (7)
[[R€;—€lI<1

13
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In addition, if v € X.(Ty) satisfies the H-large inequality (3), then there is Q > 0 depending on
v such that

Voly > @) PIPr(wi)]* > PPB(€)(1+ O(PANT (1 +[|€]) 7). (8)
[%RE:—€lI<Q

The exponent A, and the implied constants, depend on the choice of v.

Theorems 1.1 and 1.2 follow easily from Proposition 3.3, as we now explain. Choose 0 # v €
X« (Ty) satisfying (3), and choose P to be a small power of (14 ||¢||)N. We then find § > 0 such
that for (1 + ||£]|)N sufficiently large,

Voly Y |@s(w)* < BE)A+ €’ N° (9)
IRE—€|I<Q
and
Voly > |@s()2Pa(@i)? e BE)(L + |€[)* N2, (10)
IR —€|1<Q

Comparing (9) and (10) we find that there is § > 0 and @ > 1 such that for every £ € a* and
every N with (1 + [|£]|)N large there is a Hecke-Maass form v; on Yy with spectral parameter
& — €| < Q and satisfying [Py ()] > (1 + [|&]])°N?. This implies the same lower bound on
|¥i]| oo, and in particular proves Theorem 1.1.

It remains to refine this power growth to obtain the stated lower bounds of Theorem 1.2. For
this, we will make a special choice of orthonormal basis of Hecke-Maass forms for L?(Yy). First
recall that we have a Hilbert direct sum decomposition

L2 (Yy) = @ m(m)r kN Kntie,

the sum ranging over irreducible representations of G2, x G(A;) in L?(G(F)\G(A)) satisfying
aK(NEuKo o () each occuring with multiplicity m(m). Each 7 gives rise to a spectral datum c,
(as defined in the paragraph preceding Theorem 1.2), and this assignment 7 +— ¢, is finite to one.
Given a spectral datum c¢ for (G, N), the space V(N,¢) is the direct sum of m(m)xf (V) KnFKeo
over all 7 in the fiber over c.

Let {c;} be an enumeration of the spectral data, and for each ¢; write V; = V(N,¢;) and
& = &(ci). The automorphic period Py defines a linear functional on each finite dimensional
vector space V;, and its kernel is of codimension at most 1. If the kernel is codimension 1 we let
¢; € V; be a unit normal to it, and otherwise choose ¢; € V; to be an arbitrary unit vector. We
may complete this set of vectors to an orthonormal basis of Hecke-Maass forms for L?(Yy), to
which we apply (9) and (10). Since H acts as a scalar on V; we may write the left-hand side of
(9) as

Voly Y |@s(¢i)]* dimV;,

e “Ell<Q
and the left-hand side of (10) as

Voly > |@s(¢0)]*[Pu(en)l.
e “ell<q
We obtain Theorem 1.2 by comparing the right-hand sides of (9) and (10) as before. O

14
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4. Bounds for average periods

We now deduce the average period bounds of Proposition 3.3 from Theorem 3.1 and Proposition
3.2. For this, we must choose test functions k¢ € Hoo and kg € Hg to insert into Theorem 3.1
and Proposition 3.2 and explicate the error terms in those results.

4.1 The archimedean test function

Let G, denote the connected component of the identity in G, in the real topology. If u € ac,
we define ¢, to be the corresponding spherical function on G%.. If keo € C2°(GY,), we define its
Harish-Chandra transform by

fcli) = [ Eesl)om ()3 o)
Note that this is related to our earlier notation as follows: if ¢ is a Maass form with spectral
parameter p and ko, is bi- K-invariant, then EOOW) = Eoo(—,u).

We shall choose k¢ so that its Harish-Chandra transform concentrates around —¢§ € a*. For
this we first take a function hg € C*°(a*) of Paley-Wiener type that is real, nonnegative, and
satisfies ho(0) = 1. We implicitly extend hg to a function on af. Let

he(v) = > holwv = &),
weWpr
and let k‘g be the bi—Koo—invariaEt function on GY, satisfying Eg(—ﬂ) = hg(u). We define k¢ =
kg * k;g and he = (hg)Q. We have k¢(—p) = he(p), so that if ¢ has spectral parameter p as before

then Eg(w) = h¢(p). We define a unitary spectral parameter to be a spectral parameter of a
spherical unitary representation of G . We have ||Spu| < ||p|| for any unitary spectral parameter
p [He00, Ch. IV, Thm 8.1]. If i € af is unitary, Lemma 4.1 implies that he(p) = hg(,u)hg(ﬁ) =

B > 0.
LEMMA 4.1. If 4 € ag is a unitary spectral parameter, then Wgrp = WgJi.

Proof. It suffices to show that ¢, = ¢z. Realizing ¢, as a matrix coefficient of a unitary rep-
resentation gives ¢,(g) = @M(gfl) for all g. The usual formula for ¢, as a K-integral gives
@M(g_l) = p_z(g7"). The identity p_z(97') = ¢u(g), obtained by e.g. setting h = 1 in Lemma
4.4 of [He00, Ch. IV] and comparing with Theorem 4.3 there, completes the proof. O

LEMMA 4.2. The function k¢ satisfies property (Px).

Proof. Note that k¢ is of compact support independent of § from the Paley—Wiener theorem of
[GaT71]; we may thus take hg so that the support of k¢ lies in {g € G(Fw) : d(g, Hy,) < 1} for all

€.

We have the inversion formula
1 ~ _
kelo) = iy [ Relnou(@letu)| 2. (1)
| R’ a*

We can now quote either Theorem 2 of [BP16] or Proposition 7.2 of [MT15], and apply our
conditions on G, to find

pu(r) <c (L4 |ulld(e, Ko)) ™72, (12)

for p € a* and z in a compact set C C G. In the inversion formula (11), we apply (4) to bound
the Plancherel density function, (12) to bound the spherical function, and recall the concentration

15
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of %g around —&, to obtain
ke(x) < BE)(1+ [[€]ld(w, Koo)) 2,

whence the claim. O

The following lemma will be helpful when truncating spectral sums. We let B(u) C a* denote
the unit ball around p € a*.

LEMMA 4.3. We may choose the function hg so that the functions h,, i € a*, have the following
property: if A is a unitary spectral parameter with R\ € B(u), then h,(\) > ¢ > 0 for some ¢
depending only on G.

Proof. Let 0 < § < 1. Let b € C§°(a) be non-negative, supported in the d-ball around 0, and
satisfy f b = 1. We further assume that b = by * by for some even real-valued by, which ensures
that b(v) is non-negative for v € a*. We will show that hg = b suffices in our construction of h,,.

We let C' > 0 be a constant depending only on G that may vary from line to line. We start
by showing that Rb(v) > —C9 for all v € a. with ||Sv| < [|p||. We have

/ b —ZI/(H

_/ (H)[ —iRv(H) +( —iv(H) _e—ié)‘Eu(H))]dH

a

=D(Rv) + / b(H)e ™ H) (3VIH) _1)qH.
a

As ||Sv|| < |lpll, we have |eS(H) — 1] < 6 for all H € supp(b), so that
Rb(v) = b(Rv) — C6 > —C6

as required.

We now take hg = E, and construct hg and h, as before. If we choose § small, we will
have Rho(v) > 1/2 for all v with ||Rv|| < 1, [|Sv|| < ||p]|. Therefore if A € af is unitary with
R € B(p), the bound ||SA]| < ||p|| implies that

?Rho Z Rho(wA — )
weWp
> Rho(A—p) —Co > 1/4.
This gives hy(A) = [h)(A)]? > 1/16 as required. O

4.2 The S-adic test function
We choose the test function at places in S to be ks = wsw§ € Hg, where wg is as in Section 3.3.

LEMMA 4.4. The function kg satisfies the following.
(a) There is B > 0 such that ||g|ls < PP for all g € supp(ks).
(b) We have |ks|oo < P.

(¢c) There is C > 0 such that #(supp ks/Kgs) < PC.

The exponents B and C depend on the underlying choice of v in the definition of kg. All implied
constants depend on G and v.
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Proof. (a) Because supports add under convolution, it suffices to show this for g € supp(7(v,v))
(or supp(7(v, —r)), which is similar and we omit) for some v € S. Our assumption that p(K,,) C
SL4(Oy) for all finite w means that we only need to estimate ||p(g)||,. Consider p as a repre-
sentation of G, and let @ C X*(T') be the multiset of weights of this representation. It follows
that p(v(w,)) is semisimple with eigenvalues {wf,w’y) cw € Q}. By [ST16, Lemma 2.17], there is
r € GL4(O,) such that xp(T,)z~! is diagonal, and so if we define A = max{—(w,v) : w € Q}
then we have |p(v(@,))|lv = |lzp(v(w,))z ™o = ¢ < PA. Because p(G(O,)) C SLq(O,), the
same holds for g € supp(7(v,v)).

(b) We note that
ks = ZT(U, v)T(v,v)" + Z 7(v, V)T (w,v)*. (13)

veSs v,WES
vFwW
The bound is clear for the second sum, because the terms satisty ||7(v, v)7(w, v)*||oc < 1 and the
supports of the terms are disjoint. For the first sum, we have

I7 (v, )7 (v, 1) o0 < I7(v, )3,

and [|7(v,v)||2 < 1 follows from Lemma 2.3.

(c) We may write the first sum in (13) as a linear combination of 7(v, 1) with p lying in a
finite set depending on v. The bound now follows from Lemma 2.3. The second sum may be
treated similarly. O

4.3 Proof of Proposition 3.3

We are now in a position to prove Proposition 3.3. We first note that k¢(1) =< B(&), where the
upper and lower bounds follow from property (P~ ) and [DKV79, (3.44a)], respectively. Moreover,
B(£) is bounded above (and below) by a power of (1 + [|£]]).

We now apply Proposition 3.2 with test functions kgk¢. Moreover, for every pair v,w € S we
put 7' = {v,w} and apply Theorem 3.1 with test function krk¢ where kr = (v, v)7(w,v)*; we
then sum over such pairs v, w. As a result, we deduce the existence of constants A > 2 (depending
on v) and § > 0 such that

Voln > [@5(1hi)*he (&) = wsw(1)B(E) + O(PANT2B(€) (1 + [1€])~°) (14)
i>0
and
Voln Y 1@5 (1) P[P (¢3) *he (&) = Tpwswi(1)BE) + O(PANTBE (1 + [I€1)7°).  (15)

120

The error term in (14) was obtained by observing that 7(v,v)7(w,v)* € H3", for some x de-
pending only on v, and q7 = ¢,q < P2, so that q?“JrB is bounded by a power of P; we must
also insert the L*° norm estimate for k7 coming from the proof of Lemma 4.4. The error term
in (15) was obtained by taking B as in Lemma 4.4 and setting R = P” in condition (Pg), and
inserting the L> norm estimate of Lemma 4.4. It remains then to explicate the size of wsw§(1)
and ITgwgwg (1) (the latter under our extra condition on v), and truncate the spectral sums. We
continue to use the convention that the values of the exponents A,0 > 0 can vary from line to

line.
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We begin with (14). Lemma 4.4 (b) gives wsw§(1) < P. By positivity we may truncate the
spectral sum to obtain the upper bound

Voly > |@s(vi)Phe(&) < PBE) L+ PANTI (1 + 1¢])~7).
1Re:—¢I<1

Combined with Lemma 4.3, this implies (7).

We next examine (15). We begin by observing that if p € a*, then we may again truncate
the spectral sum and apply Lemma 4.3 to obtain

Voly > s PP ()] < Mawsw§(1)B(u) + PAB(u)(1+ [|pl) N ~°. (16)
[RE; —pll<1

We next use this to truncate the spectral sum about &.
LEMMA 4.5. For any @ > 1 the left-hand side of (15) can be written as
Voly Y |@s()[Pu (¢4) *he (&)
[[%Re:—€lI<Q
+ O (Mpgwsw(1)BEQ™M) + O(PANTB(E) (1 + [|€]) ).
Proof. We must show that the sum
& =Voly Y |@5(t)PIPu (i) *he(&)
[R€:—€11>Q

satisfies

6 = On([Tpwswi()BEQ™) + O(PANTBE) (1 + €])~°)-
Break the region in the positive chamber a* defined by || — £|| > @ into an overlapping union
of unit balls B(u,) centered at points u, € a*. Because unitary spectral parameters p satisfy
ISl < |lpll, they also satisfy the rapid decay estimate he(u) <ar ||[Rp — &||7™. Applying this
on each ball gives

> @@ PP (W) Phe() <l —EI7Y D @500 P1Pa ()]

REEB(1n) RE;€B(pn)

Applying (16) and summing over n we obtain
& < Mpwsw§(1) Y llpn = EI7Y B(un) + PANT Yl — EI7M L+ [|all) = Blun).
n n
From B(pn) < ||pn — &||FB(€), where k is the number of roots of G' counted with multiplicity, we
may simplify this to
& < Mawsws(1)BE) Dl — €I + BEPANT Dl — €17 (1 + [l ™.
n n
The first sum is <37 @M. We bound the second sum by breaking it into ||| < ||£]|/2 and the

complement. The first sum is < (1 + ||£]|)™™, and the second is < Q=M (1 + ||¢])~?. Both of
these are dominated by (1 + ||€])~%, which finally shows that

6 <y Mywswi(1)BOQ™™ + PANTB((1+ |1€])~°,
as desired. O
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We combine Lemma 4.5 (taking any M > 0 and large enough @) and (15) to obtain
Voly D [@5(¢0) PIPr (i) Phe(&) = uwswi(1)B() + O(PANTBE) (1 + [I€]) )
[R€:—€l<Q
We now make use of the critical assumptions that G is H-large, and v € X, (Ty) satisfies (3), to
bound from below the right hand side.
LEMMA 4.6. If v € X, (Ty) satisfies (3) then Iywswi(1) >, P?7¢.

Proof. Note that for any v € P and v € X,.(Tx) we have
qﬂ””* 7(v,v)(x)dz = vol(H, N Kyv(wy)K,) = vol(Kg v (wy) Kpy) > qi”l/”z,
H,
where we have used our assumption that T, and hence T}, is split at v, and applied the lower
bound from Lemma 2.3. If v € X, (Ty) satisfies (3), then so does —v, and applying the above
bound with v, we get fH(FS) T(v,v)T(w,v)* > 1if v # w. Summing over v,w € S yields the
claim. O

We deduce from the above lemma that
Voly Y @) P[Pr (i) Phe(&) e PP BE)(1+ O(PANT (1 +[|€])~°)).
[1Re;—£11<Q
The bound he(&;) < 1 completes the proof of (8).

5. The amplified relative trace formula

We now prove Proposition 3.2. Recall the notation introduced in Section 3.2. For ¢ = 1%@/{5@]{,‘5
we let

Ky = Y ¢ty and  Kyzy)= > o= ).
YEG(F) YEH(F)
Integrating the spectral expansion
K(z,y) = Volx Y _ ks & ke(1hi)tbi () (y)
120
over [H] x [H], we obtain
| K g)dedy = Vol 3 ks @ Re(wlPra ().
[H]x[H] i>0

On the other hand, by unfolding we have
/ Ky (z,y)dzdy = Vol([H])/ ¢(x)dx = vol([H]) ks (1)ke(1).
[H]x[H] H(A)

We have used the fact that K5(N)K3, N H(A?) = K7, and the volume of this is vol K5 = 1.
For the remaining terms, first observe that if z,y € H(A) we have

#{G(F) nsupp(¢p(z~" - y))} = #{z~ ' G(F)y N supp(¢)} < #(supp ks/Ks), (17)

uniformly in z, y, and N. Note that the left hand side of this bound only depends on the image
of x and y in [H], so we may assume that they lie in a fixed compact set. To prove (17), let
9,9 € z7'G(F)y Nsupp(¢) with g = z71yy, ¢ = 74y, and suppose that g, g’ lie in the
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same coset in supp ks/Kg. Then g g, lies in a fixed compact set and g;lg} € K, so that

g~ 'g' also lies in a fixed compact set. We have g~ '¢' = y~ 'y~ 19y, so that v~ 14/ lies in a fixed
compact set, and so if g is fixed there are only finitely many possibilities for ¢’. Therefore the map
27 1G(F)y N supp(¢) — supp ks/Kgs has O(1) fibers, which proves (17). Using this, we simply
estimate

/ > ol yy)dady
XY e (r) - (F)
with the pointwise bounds of Corollary 5.2.

5.1 Bounding the off-diagonal contributions

In this section we establish Corollary 5.2, which was used in the proof of Proposition 3.2 above.
It is based on the following Diophantine lemma which shows, roughly speaking, that any v €
G(F) — H(F) cannot be too close to H, for various v. We shall use the notation introduced in
Section 2.3.

LEMMA 5.1. If C > 0 is given, there are A,C1,Cy > 0 such that the following properties hold
for any v € G(F) — H(F):

(i) d(v, Hy) = Cillnl 77

(ii) if (N, D) =1 is such that N > CngyH?, and d(v, Hy,) < C, then there is a place v|N such
that Yo ¢ K(N)UKH,U'

Proof. We consider H and G as subvarieties of F& via the embedding p. Let p1,...,pr €
O[1/D,x1,...,zz] be a set of defining polynomials for H that are integral over O[1/D]. Now if
v € G(F) — H(F) then p;(vy) # 0 for some 1.

There are A,C5 > 0 such that for all v € G(F) one has [[, [pi(v)lv < C3||WH?~ For
v € G(F) — H(F) the product formula applied to p;(y) € F* implies that the archimedean
norms satisfy I, [pi(7)lv > H’y||]7A/C'3. Because G, is compact for all v | co other than vy,
|pi(7)|v is bounded for all such v. But then we have |p;(7)|y, = C’1||7||]?A for some C7 > 0, and
so d(vy, Hy,) satisfies the same bound. This establishes (i).

As above there are A;,C3 > 0 such that [, on pi(7)|o < C’3||7||‘}11 for all v € G(F).
Moreover, we have |p;(7)|y < 1 for v|oco by our assumption d(vy, H,,) < C. Now p; descends
to a map K,/K(N), — O,/NO, which is trivial on Kp,. Thus if v, € K(N),Kg, then
Ipi(Y)]v < |N|y. If we then suppose that v, € K(N),Kp, for all v|N it would follow that
[Ln lpi(V)le < N-IFQ But if N > C’z||'y|]? for suitable A,Cy > 0, we obtain a contradiction
by again applying the product formula to p;(y) € F*. This establishes (ii). O

COROLLARY 5.2. There is A > 0 such that the following holds. Let N, S, and £ be as in Section
3.2. Let kg € Hg satisfy (Pg) and ke € Hoo satisty (Px). Put ¢ = 1%, @ kg ® ke. Then for all
v € G(F)— H(F) and all x,y € H(A), we have

oz yy) < BEL+ ) TVANTARY ks -
Proof. Let Qy C H(A) be a compact set containing a fundamental domain for [H]. We assume
that Qp = Qp,poo X[ [ e Knw after possibly enlarging D. Because G(F') — H (F) is bi-invariant
under H(F'), we may assume that z,y € Qp.

We may also clearly assume that ¢(z~!yy) # 0. It then follows from Property (Pg) that
|z~ vyl < R; in fact we have ||z 1yy||; < R, using the condition 2~ 1yy € K¥(N)K% C K.
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When combined with x,y € Qg this gives ||v||y < R. We may now apply part (i) of Lemma 5.1, to
find that d(v, H,,) > R™4. All together, since z,y € H,,, we deduce that d(x~ 'y, H,,) > R™4.
Similarly, from ke(z~'yy) # 0 and Property (Px) it follows that d(z~'vy, H,,) < 1, and hence
d(v, Hy,) < 1.

Suppose that 1+ [|£]| > N. We have (ks ® ke)(z ™ vy) < ||ks]looke (27 yy). We then combine
(Px) with d(z~ vy, Hy,) > R~ to get

ke(e™ M yy) < BE)(1+ [[€]|ld(x "y, Hop)) ™2
<BEO+ |igllR=)~1/?
< BE)(1 + [lE)~ 2R
<O+ gl INTVIRAR,
which completes the proof in this case.

Now suppose that 1+ ||£|| < N. Because ||v[|; < R, part (ii) of Lemma 5.1 implies that there
are A, C' > 0 such that if N > CRA, then there is a place v|N for which y, ¢ K(N), K .. Because
z,y € Qp, we have z,y € K, and so 2 1yy ¢ K(N),Kp,. It follows that if N > CRA, then
é(x~1yy) = 0. We may rephrase this as saying that

d(a~y) < kskellooN T CRA < |[ks]looB(E)N TR,
and the bound N1 < N=Y2(1 4 ||¢]|)~"/2 completes the proof. O

6. The amplified trace formula

We now prove Theorem 3.1, our trace formula asymptotic with uniform error term. Throughout
this section, we can and will relax our condition that G, is R-almost simple to the condition
that G is F-almost simple.

Our proof relies crucially on recent work of Shin—Templier and Cluckers—Gordon—Halupczok
[ST16] on bounding centralizer volumes and p-adic orbital integrals as well as work of Finis—Lapid
[FL18] bounding intersection volumes of conjugacy classes with congruence subgroups. We must
supply our own bounds on archimedean orbital integrals; these are proven in Section 7.

6.1 Canonical and Tamagawa measures

If G is a general connected reductive group over F', Gross [Gr97, (1.5)] attaches to G an Artin—
Tate motive

Mg =@ Mg.q(1 - d)
d>1
with coefficients in Q. Here Mg 4 is an Artin motive and (1 — d) denotes the Tate twist. We let
e(M¢) be the e-factor of this motive, which is given by

e(Mg) = |dp| ™ C/2 HNF/Q(f(MG,d))d_1/2,
d>1
where f(Mg,q) denotes the conductor of the Artin motive Mg (see [Gr97, (9.8)]). We let
L(My; (1)) denote the L-function of the local motive Mg (1), and L(M(1)) and A(Mg(1))
denote the finite and completed L-functions of M (1). Then L(Myg; (1)) is a positive real num-
ber, and L(M}(1)) and A(Mj4(1)) are finite if Z(G) does not contain an F-split torus (see [Gr97,
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Proposition 9.4]). From now on we shall assume that G satifies this condition.

In [Gr97, §11] Gross defines a canonical measure |wg,| on G, at any place of F'. We define
p&s = L(Mg (1)) - lwg, | as in [Gr97]. When v is finite and G is unramified at v, pg% assigns
volume 1 to a hyperspecial subgroup of G(F), and so we can define the measure p@&" = [[, B
on G(A).

Now let w be a nonzero differential form of top degree on G defined over F'. For each v, one
may associate with w a Haar measure |w|, on G(F,). For almost all v, L(Mg (1)) - |wl|, assigns

volume 1 to a hyperspecial subgroup of G(F,). Let ui*™ be the Tamagawa measure on G(A),
which is defined by

HE™ = AMGL) " dp |~ Q) LM, (1))l

(see [Gr97, (10.2)]) and satisfies [Ko88, p. 629]
HE™(GP\G(A)) = [mo(2(G) M/ E)) || ker (P, 2(G))| !

The comparison between u@" and uTam is given by [Gr97, Theorem 11.5],
e

Tam

Ha

= e(Mg)A(Mg(1)). (18)

6.2 The trace formula

We now assume that G is anisotropic. The trace formula is a distributional identity

Spec(¢7 Can) - Igeom(QSa Can)?
for ¢ € C°(G(A)). More precisely,

can § :
spec ¢7 m\m

where 7 runs over all irreducible subrepresentations of L?(G(F)\G(A)) occuring with multiplicity
m(), and

uE (L (F)\Ly (A))
Tgeom (¢, &™) = O~ (9),
Gy (F) = 1, (F)]|
{7}
where {7} runs over all G(F')-conjugacy classes, G is the centraliser of v in G, I is the connected
component of G, and

0,(¢) = / o(a ) dpas (2).
Iy (A\G(A)

(See e.g. [Ko86, Section 9.1] for this formulation of the geometric side.) The measure y., above
denotes the quotient measure duge™/ d,ucan.

We shall bound the terms in Igeom (¢, &™) using the Weyl discriminant. For any v and v € G,
this is defined by

Dv(’Y) - ‘det(l - Ad(’}’)lgu/gvﬁﬂva
where g, , denotes the centraliser of v in g,. If S is any set of places and v € G(F'), we define
Ds(7) =T,es Do(7) and D3 (3) = T,g5 Du().
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6.3 Bounding volumes

We again let G denote a group satisfying the conditions of Theorem 1.1. Throughout the rest of
this section, A, B and C' will denote sufficiently large positive constants that may vary from line
to line, and will never depend on a choice of place of F.

In preparation for the following result, we introduce some additional notation. Given s = 0
and a finite set of finite places T away from D, we write UTg" for the open compact subset
supp H;"‘. Furthermore, we denote by C;” the set of G(F)-conjugacy classes of elements in
G(F) — Z(F) whose G(A)-conjugacy classes have non empty intersection with K7 - Us" - Uy,
where Uy = {g € G(Fx) : d(g, Hy,) < 1}.

PROPOSITION 6.1. There exist A, B > 0 such that for any x > 0, any finite set of finite places T’

<K

away from D, and any {v} € C;", we have
HE (L )\ (A)) < a7t F.
The implied constant depends only on G.

Proof. Let Sp denote the set of places dividing D. Put Sy = {v ¢ SpUocoUT : D,(v) # 1}. We
begin by noting that for any {y} € C;“ we have

PP (FI\L(A)) < g8 oF (19)

where the implied constant depends only on G. Indeed, from the proof of [ST16, Corollary 6.16]
we have

e(Mp)L(My ()< [ & <48 ef,
veRam(I,)
where Ram(/,) is the set of finite places where I, is ramified. Note that the last bound follows
from the inclusion Ram(Z,) C SpUS,UT, which follows from [Ko86, Proposition 7.1]. Moreover,
from the definition of the local archimedean factors in (7.1) and (7.2) of [Gr97], combined with
[ST16, Proposition 6.3], we find that LOO(MX/(l)) < 1, the implied constant depending only
on G. Finally, Corollary 8.12 and Lemma 8.13 of [ST16] imply u};am(lv(F)\L,(A)) < 1. By
combining these estimates with (18) we obtain (19).
Now for {7} € C3* we have

qf"‘*‘B, forv e T,
Dy(y) << C, for v | oo,
1, for v ¢ T U .

From this and the product formula we deduce that

1=112.0 II 2o IT Po(v) < a7 Pasl, (20)

veT veSpUoco VES,

since D, (7y) < g, * for every v € S,. Inserting this into (19) gives the proposition. O

6.4 Bounding adelic orbital integrals

We shall prove Theorem 3.1 by inserting test functions of the form ¢ = 1% ® kT ® k¢ into the
trace formula, where kr € Hr, k¢ € Hoo, and 1% was defined in (5). We now estimate the orbital
integrals of these functions.
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PROPOSITION 6.2. There are constants A, B,§,m > 0 such that the following holds. Let T be a
finite set of finite places away from N and D’'. Let £ € a* and k > 0. Then for kp € ’H%”, any
ke € Hoo satisfying (P ), and any v € G(F) — Z(F'), we have

O, (1% @ kr @ ke) < N7°B(E) (1 + [1€) a7 P ||| o,

where the implied constant depends only on G, 0, and K.

Proof. We may write k7 as a linear combination of at most q?’“B terms of the form ®yerlx, u, (w,) K, €

’H%”, whose sup norms are all bounded by ||k7||oc. We may therefore assume that k7 is a multiple
of ®ver 1k, puy(w,)K, This assumption implies that the orbital integral factorizes as [, O+ (¢v),
where for any 7, € G(F,) we have

0.6 = | Dol o)t ()
Ly, (Fu)\G(FY)
and fiyp = Uiy / /J,%?:)l’v. It therefore suffices to work place by place.
In [ST16, Theorem 14.1] it is shown that, if we choose D’ to be a sufficiently large (ineffective)
multiple of D depending only on G, then
105 (k)| < 7" P Dr(7) 2|k ]| o (21)

We may prove the following bound for the integral at infinity using the results of Section 7.

LEMMA 6.3. For any 0 <7 < 1/2, we have the bound

O (ke) < BE) (L + [I€1) " Doo (7)1,

Proof. Let Gepy and Gepty, be the groups associated with G, and G, by Definition 7.2. We
begin by showing that, as a consequence of Proposition 7.3, the following statement holds. Let
0 <n<1/2, and let k¢ € Ho satisfy property (Poo). Then

O, (ke) < BE)L + €)™ " Doo(y) (22)
for every semisimple v € Goo — Gept-

To see how (22) follows from Proposition 7.3, first note that for any non-negative f € C°(GY,)
such that f =1 on the support of k¢, we have, using property (Ps),

ke(g) < BE)(1 + [I€]1d(g, Hoy)) ™/ £(9)

< B+ [€lld(g, Huy)) ™" f(9)

<L BE) A+ [IEl))"d(g, Hue) ™" f(9)-
Thus

O (ke) < B+ [[EIN)"O5(fd(-, Huy)™"),
to which we may apply (27). Indeed, since Z(G) is finite, the function || X (g)||o used there satisfies
X (9)llo < d(g, Hu,)-
The proof of Lemma 6.3 then follows from (22) once we have verified that a non-central

element v € G(F') cannot lie in Gept. Because Goo = [ [,o Gv, We have Gepy = Goept v XH#UO Gy,
and so it suffices to verify that v,y & Gept.v,-

v]oo

In the case at hand, G¢pt,4, is a normal subgroup of G, which, as G is semisimple, is compact.
If we let H™ be the fixed point set of 6 in G (we write H' to distinguish it from its identity
component H), then H;; is a maximal compact subgroup of G,,, and so we have Gcpty, C
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gH g™ for all g € Gy,. Thus, if vy, € Geptye, We have v € gH ' (F)g~! for all g € G(F). The
group
m gH+g_1
geG(F)
is a proper F-subgroup of G; it is normal, since its normalizer contains the Zariski-dense set
G(F). Our assumption that G is F-almost simple implies that it must be contained in Z(G). We
therefore have v € Z(F), a contradiction. O

It remains then to address the size of the orbital integral at finite places away from 7'. This
is provided by the following result. We retain the set-up from the statement of Proposition 6.2;
in particular, we recall the notation 1% from (5).

LEMMA 6.4. There are constants 0, A, B,C > 0 such that for {y} € C;“ we have
0, (1%) < N=0qp P DT> (7)€ (23)

Proof. Recall the sets Sp and S, from the proof of Proposition 6.1. Let Sy denote the set of
places dividing N.

olfv ¢ SpUSNUS,UT Uoo, then K,(N)Kp, = K, and we have O,(1k,) = 1; see, for example,
[Ko86, Corollary 7.3].

o If v € Sp, then K,(N)Ky, = K,Kp, and a general bound of Kottwitz [ST16, Theorem 13.1]
establishes that O, (1k,x,, ) <o Dy, (y)~1/2,

o If v € Sy US, we argue as follows.

We begin by estimating the orbital integrals at places v € Sy, for which we will use as a
critical input the work of Finis—Lapid [FL18]. As the setting of [FL18] is that of Q-groups, we
shall need to restrict scalars from F' to Q to properly invoke their results. We thus let p denote
the rational prime over which v lies, and we note that all places lying over p belong to Sy . We set
Kp =11, Kv, and Kp(N)Knp = 1, Ko(N)Kh,v. Factorize N =[],y p"* and put N, = p".

Let i, (resp., u™) be the product measure on Gy = [, Gv (vesp., Iy, =[]y, Ir.0), and
let p,, be the quotient measure. Let Ad : I,,\G), — G, be the map g — g Yyg, which is a
proper map as -y is semisimple. By definition,

Ov(le(N)KHp) = H%p(Ad_l(Kp(N)KHp))-

As Ad_l(Kp) is compact and right-invariant under K, we may break it up into a finite number
of orbits [[ g; K}, where g; € G, and g; denotes its image in I, ,\G,. This gives

O’y(le(N)KHp) = ZM%p(?iKp NAd™ (Ky(N)Kpg,)).

Let g € G, be such that  := g~!vg € K,,. The fibers of the reduction map gK, — gK, are the
left orbits of I, , N ngg_l, so for any K[’, C K, we have

_ 1 pey(h € gKp h~lyh € K})
M’va(ng m Ad (Kp)) = can (I m K —1
KL, p\typ 1 98pg )
_ pe(k € Kp k~lzk € K))
P (e NV gKpg™1)
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Taking the quotient of these with Kzla equal to K; and K,(N)Kp,, and using the fact that
péy(Kp) =1 for all v ¢ Sp U oo, gives
Py (@K N AAT (Kp(N)K,))
fiy,p(GKp)

One can deduce from Propositions 5.10 and 5.11 in [FL18] (see Section 6.5 below) that there
are constants €,0 > 0 (independent of p) such that if x € K, is conjugate to an element of
G(F) — Z(F) and satisfies Dy(z) > N, “ one has

pcip(k € Kyt k™ :nk:eK(N)KHp).

pEn (k€ Ky« k™'ak € Kp(N)Kpp) < N, °. (24)

(In particular, the implied constant is independent of p.) On the other hand ), 1y (g, K,) =
iy p(AdTHEK)) = O,(1k,). Noting that Dy(y) = Dy(g; 'vgi) for all 4, we deduce that for
Dy(v) > N, € we have

Oy (L, (V) p,) < N[(s ZN%p(?iKp) = N;‘SOW(le)- (25)

In the remaining range Dp(y) < N, ¢, we have
) -5
Os(Licy i) < O (Li,) < Ny PDy(2) /0, (1, ).
Since D, () < 1 for all v ¢ T'U 0o, we may combine these as
11 0,0k kw,) < NDsy ()7 T] 0+(1x,)-
vESN vESN

Note that we may shrink § to absorb the implied constant in (25) for p sufficiently large, so that
the implied constant above only depends on G and not the number of factors of N.

We now return to the product of orbital integrals over all v € Sy U S,. Recalling that
O+(1k,) =1 for v ¢ S, we have just shown

H O ]-K (N KH H O ].K“)<<N 6D5'N -¢ H O ]‘Kv H O 1Ku

vESN vESy vESN VESy
U%SN ’U¢SN
= N7%Dg,(7)°¢ H 0,(1xk,).
VESy

For v € S,, we proceed as follows. If v { D’ we again apply [ST16, Theorem 14.1] to get
0,(1k,) < ¢2D,(y)7"/2, and if v | D' we apply [ST16, Theorem 13.1] to get O,(1x,) <o
Dy(v)~'/2. Combining these gives

H 0,(1k,) < (ILJ%DSW (7)_C~
vESy

Since {7} € C3" we may invoke (20) to obtain

I 0+(1k,) < 48 Ds, () ¢ < ¢"" P Dg, (7).
veS,

Putting these estimates together completes the proof of Lemma 6.4. O

Remark 6.5. As the authors point out in [ST16, Remark 7.4], the bound [ST16, Theorem 14.1]
is uniform in the place v D’ whereas the bound [ST16, Theorem 13.1] of Kottwitz applies to
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v | D' but is not uniform in v. As we allow the implied constant in Proposition 6.2 to depend on
the group, this non-uniformity is not an issue.

Taken together (and using the product rule for the product of Weyl discriminants), the
estimates in (21), Lemma 6.3, and Lemma 6.4 imply Proposition 6.2. O

6.5 The work of Finis—Lapid

We now explain how to extract from Propositions 5.10 and 5.11 of [FL18] the bound we stated in
(24). Recall the notation G, = Hv|p Gy, Kp = Hv|p K, and so on, from the proof of Lemma 6.4.
In what follows, we simplify notation by writing K, for Kj,(N)Kp . We recall that N = leN P
and that x is taken to lie in K,.

We first remark that we may assume that x lies in K}’,, for if there is no such representative
then the left-hand side of (24) is zero. We then have

pEh(k € Ky k'ak € K)) = u&h(k € K, : [k, 7] € K}),

where [k, z] := kxk~'z7! is the commutator. The bounds of Finis-Lapid are stated in terms of
the adjoint group G®. They choose an embedding p&d : Res F/QGad — GL(N?d), and for every
p define K29 = (P 4 ~1(GL(N?,Z,)). In [FL18, Definition 5.1], they define the function

dry () = vol(k € K3 : [k, z] € K})
forx € Kgd, where vol is the probability Haar measure on K gd.Q We first relate the two quantities.

LEMMA 6.6. Let m : G — G? be the natural projection map. Then for any z € K,,
pgy(k e Ky : [k,z] € K,) < oKy (m()),
the implied constant depending only on G.

Proof. We first claim that 7(K,) C Kgd for almost all p. To see this, we choose a (Q-embedding
pq : Resp/oG — GL(N') with K, = p@l(GL(N’,Zp)) for almost all p. The embedding

. ad
A RespoG " RespgG x ResppG™ 2%y GL(N' 4+ N™)

is such that A~}(GL(N’ + N* Z,)) C K, is hyperspecial for almost all p, whence the claim.
Increasing D if necessary, we may then assume that 7(K,) C Kgd for all pt D.

For convenience, let us write
U={keK,:[ka]eK)} and V={keK¥:[kn(z)eK,}
We want to show that u¢(U) < vol(V). From the inclusion 7(K)) C Kgd it follows that 7(U)
is contained in both 7(K, ) and V, yielding
pep(U) < mapgly (m(U)) < mapichy(V N (Kp)

)-
Now, on m(K)) the push-forward measure m.uct, is just [Kp ad . 7(Kp)]vol. Indeed, since K,

is maximal compact we have W*I(Kgd) = K so that m gt (m ( p)) = pey(Kp) = 1, while
vol(m(K))) = [Kad 7(K,)] 1. We deduce that

T &R (V N7 (Kp)) = (K2 m(Kp)vol(V Nw(Ky)) < [K3Y: w(Kp)]vol(V).

2Note that Finis-Lapid consider the commutator as a map G* x G® — G in this definition.
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Finally, 7(K,) = K2 N7 (G)p) so that [K39 : w(K)] < [GaT: m(G,)], which is bounded in terms
of G. O

We now fix a Z-lattice A in Respg(g) such that A ® Z is K®_gtable. For y € ng define
Ap(y) as in [FL18, Definition 5.2], namely,

Ap(y) = max{n € ZU {oo} : (Ad(y) — 1)Pry(A ® Z,) C p"(A ® Z,) for some h # 0},

where h ranges over the nontrivial Q,-ideals of g, = Hv‘p g» and Pry denotes the corresponding
projection g, — b C gp.

We first show how A, (y) controls the size of ¢ K}, (y), using a combination of Propositions 5.10
and 5.11% of [FL18]. The argument is already present in [FL18, Section 5.2] in the deduction of
the global result [FL18, Theorem 5.3] from these two local results.

LEMMA 6.7. For every € > 0 small enough there is § > 0 such that whenever y € Kgd verifies
Ap(y) < eny then ¢k, (y) <G p e,

Proof. From [FL18, Proposition 5.11] it follows that there are positive constants a,b > 0 and
¢ > 0 (depending only on G) such that PK;, (y) < p™etre(@)=tnp) The constant ¢ renders this
bound useless for small n,. Taking e small enough to satisfy 0 < e < (¢ + 1)~ b, we shall apply
this bound only in the range n, > e~ !; we obtain QSKZ/)(y) < polb=elet)ny I the remaining
range n, < € we see that \,(y) < 1 so that in fact \,(y) = 0. In this case [FL18, Proposition
5.10] ensures that ¢x; (y) <a p~t < p~. Taking § = min{e, a(b — €(c+ 1))}, we establish the
claim. O

It remains to understand the relation between Dy(y) and \,(y), for y € Kgd. For this, the
following lemma will be helpful.

LEMMA 6.8. If v € G(F) — Z(F), Ad(y) acts nontrivially on every nontrivial Q,-ideal of g,,.

Proof. Suppose that h C g, is a nontrivial Q,-ideal on which Ad(vy) acts trivially. Let v|p be a
place for which Prg b # 0, and let b, be the F-linear span of Prg b. Then b, is a nontrivial ideal
of g, on which Ad(y) acts trivially, or equivalently such that b, C g, . Since G is F-almost simple
we have (Ve 9G~g~! C Z(G) as in Lemma 6.3. This implies that Nyec(r) Ad(9)gy =0, and
hence (e () Ad(9)gv,y = 0. However, this is a contradiction as Ad(g)h, = b, forallg € G,. O

Finally, we complete the proof of (24). Note that we have assumed the z € K, to which
we apply (24) are Gp-conjugate to an element in G(F') — Z(F'). We may therefore apply the
conclusion of Lemma 6.8 to x, and thus to y = m(z) € K34,

LEMMA 6.9. Let y € Kgd be semisimple. Assume that Ad(y) is nontrivial on every nontrivial
Qp-ideal of g, and Dy(y) > p~"». Then A\, (y) < enp.

Proof. Let | = [en,|. Now if A\, (y) > en,, then, by definition, there is some nontrivial Q,-ideal b
of g, such that

(Ad(y) — 1)Pry(A @ Z,) C P (A @ Z,).

3Note that Propositions 5.10 and 5.11 of [FL18] assume that G is simply connected. This assumption can be
dropped for those subgroups not containing the intersection of K, with G;D". Here, G;f denotes the image in G, of
the Qp-points of the simply connected cover of Gp. That our subgroups K, = K,(N)Kg,p satisfy this condition
(for p large enough with respect to G and F') can be seen from comparing indices. The subgroups K,(N)K#,p
have indices growing like a power of p, whereas those containing K, N G; are of index bounded in terms of G and
F.
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As Ad(y) preserves b, this implies that
(Ad(y) — 1)Pry(A ® Zp) C p'Pry(A ® Zy).

This implies that all eigenvalues of Ad(y) — 1, considered as an endomorphism of the Q, vector
space b, must have p-adic valuation at least [. Moreover, as y is semisimple and Ad(y) is nontrivial
on h, one of these eigenvalues must be nonzero. As Dy(y) = | det(1—Ad(y))g,/q,., |p» We therefore
have D,(y) < p~“"», a contradiction. O

6.6 Proof of Theorem 3.1

We recall the test function ¢ from the statement of Proposition 6.2, and the set C;” from Section
6.3. Then

Ispec(qb) chan) = VOIN Z kT ® kig(T/)z),
i>0
the sum ranging over an orthonormal basis of Hecke—Maass forms for Y, and
HE (I (F)\I (A)) 5
G (B LE)

Tgeom (9, &™) = & ([GDRr(Dke(1) + Y
{y}recs”
Here we have used the hypothesis on K from Section 2.4 that Z(F) N K = {e}. Now by [ST16,
Corollary 8.10] we have |C3"| < q?’HB . From this and Propositions 6.1 and 6.2 we find

Tgeom (0, pE") = p&E" ([GDkr(1)ke(1) + O™ PN BE) (1 + [I€) " [[krloo)
as desired. This completes the proof of Theorem 3.1.

7. Bounds for real orbital integrals

The aim of this section is to prove Proposition 7.3, which establishes the uniform bounds on real
orbital integrals that were used in the proof of the global bounds of Proposition 6.2.

7.1 Notation

We adopt the following notation in this section.

— G is a connected reductive group over R with real Lie algebra g.

— 0 is a Cartan involution of G.

— K is the fixed point set of 6, so that K is a maximal compact subgroup of G.
— g =p + tis the Cartan decomposition associated with 6.

— A and Ag are maximal split tori in G and Z(G) respectively. We assume that 6 acts by —1
on A and Ag, see e.g. [Bo91, Section 24.C].

— AY is the connected component of A in the real topology.
— a and ag are the Lie algebras of A and Ag.

— W is the Weyl group of a. We recall [Bo91, Section 24.C] that this is equal to both
N¢(A)/Za(A), Nk(A)/Zk(A), and the group generated by reflections in the roots of a
in g.

— at is a choice of open Weyl chamber in a.

— (+,+) is an Ad-invariant bilinear form on g that is positive on p and negative on ¢.
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— (+,+)+ is the positive definite inner product on g given by (u,v); = —(Au,v). We let || - || be
the associated norm.

For a semisimple element v € G let G be its centralizer, and let I, be the neutral component
of G,. The Lie algebra of G, is denoted by g,. By [Kn02, Theorem 7.39], G has a Cartan
decomposition G = KA°K, and any g € G may be written as g = k1ef ko for a unique H € a*.
We use this to define a map X : G — @' by g € KeXWK. We let D¢ (or D if there is no
confusion) denote the Weyl discriminant. A Levi subgroup or parabolic of G will be called semi-
standard if it contains A. We will always choose the Levi of a semi-standard parabolic to be
semi-standard.

7.2 Orbital integrals of continuous functions

We shall derive Proposition 7.3 from the following result, which bounds O,(f) for semisimple
v € G and non-singular test functions f € C(G). It is the archimedean analog of a result of
Kottwitz [ST16, Theorem 13.1] in the p-adic case.

PRrOPOSITION 7.1. If f € C*°(G) is bounded and compactly supported modulo center, then we
have O,(f) < D(y)~Y/? for every semisimple v € G.

Proof. The stated inequality is proved in [HC57, Theorem 2] for v regular semisimple. The
extension of this bound to all semisimple v follows immediately from Harish-Chandra’s derivative
formula [HC66, Lemma 23], which expresses O (f) as the derivative of (a quantity closely related
to) D(0)Y20,(f), for regular semisimple ¢ in a neighborhood of 7. The idea is that the latter is
bounded independently of v, and examining the constant that appears there gives the proposition.

We now explain this idea in more detail. We recall that a maximal torus T in a connected
reductive group H is called fundamental if the compact part of 7' has maximum possible dimen-
sion. For any semisimple v € G, we may choose a fundamental maximal torus 7" in I,. Note
that v € I, which implies that v € T. As there are only finitely many possiblities for 7" up to
conjugacy, we may assume that 7" is fixed. Once T is fixed there are finitely many possibilities
for I, so we also assume I, is fixed. Note that we need to choose 7' fundamental in order for
(26) below to hold with a nonzero constant c.

We let A and A, be the roots of 7' in G and I,. We choose a system of positive roots AT,
and let Af; = A, NAT. We let p be a branch of the square root of the modular character, i.e. a
smooth function on T defined near ~y so that p? = [ aea+ @ Let Greg be the set of strongly regular
elements in G, which we recall is the set of o such that G is a torus, and define Treg = 7'M Greg-
Let Q be a connected component of T} such that v € Q, and let V C € be the intersection of
Q with an open neighborhood of v in T'. For o € V', we define

= plo —a(o)™? z lox)dx.
Fy(o) = p( )a£[+(1 (@)7) T\Gf( )d

For any a € A, let H, € Lie(T) be as defined in [HC64, Section 4]. Define D; to be the
translation-invariant differential operator on T" corresponding to [] . At H,. By [HC66, Lemma

23] (adapted to the real algebraic case), we may show that

lim Dy Fr(o) =cp(y) [] (—am™) f@™ ya)dz, (26)
s acAT-AY I\G

where ¢ # 0 depends only on the isomorphism class of I,.
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On the other hand, it is known [HC57, Theorem 2] that Fy € C*>(V), and if X is any
translation-invariant differential operator on 7', we have

sup| X Fy(o)| <x,r 1.
oeV
Combined with (26), this gives the proposition. O

7.3 Orbital integrals of singular functions

We now arrive at the main result of this section. We define ||| to be the seminorm on a obtained
from the Killing form, which descends to a norm on a/ag.

DEFINITION 7.2. We define G¢pt to be the elements of G such that Ad(g) is trivial on all the
R-simple factors of g of noncompact type.

It is clear that Gcpt is a normal subgroup of G, and because its image under Ad is compact,
Gept is compact if and only if Ag is trivial.

PROPOSITION 7.3. Suppose that G is not a torus. Let 0 < n < 1/2 and let f € C(G) be bounded
and compactly supported modulo center. Then O, (f||X(-)|,") converges absolutely, and there
is a constant c(n, f) > 0 such that

O5(FIX O lg ™I < en, £)D() " (27)
for every semisimple v € G — Gpg.

Remark 7.4. It may be seen that the bound (27) cannot hold for all semisimple v € G. For
instance, if v lies in a compact normal subgroup of G (and hence in Gpt) then the conjugacy
class of y will be contained in K, and the function f|| X (-)||," will be singular everywhere on the
conjugacy class.

We sketch the proof of Proposition 7.3, which will occupy the remaining subsections. In
Section 7.4 we begin by reducing to the case where Z(G) is anisotropic. This is simple; if Ag
is the maximal split torus in Z(G), we simply push the orbital integrals forward to G/Ag. We
then divide the proof into two cases, based on the following definition.

DEFINITION 7.5. We say that v € G is elliptic if it is semisimple and Z(G.,) is anisotropic.

If our semisimple 7 is not elliptic, we may choose a nontrivial split torus S C Z(G,) and
define M to be the centraliser of S in G. Because we have assumed that Z(G) is anisotropic, M
is a proper Levi subgroup satisfying GG, C M, and we may apply parabolic descent as well as
Proposition 7.1. This is executed in Section 7.5.

If ~ is elliptic, we may assume without loss of generality that v € K. For € > 0, define
K(e) = {g € G : ||X(9)|] < €}. Proving Proposition 7.3 in this case is roughly equivalent to
controlling the volume of the conjugacy class of v that lies inside K (¢), uniformly in € and D(7).
This turns out to be equivalent to bounding the set of points in G/K that are moved distance
at most € by the rotation . Note that this set will be noncompact if I, is noncompact. We do
this in Section 7.6 using a geometric argument and Proposition 7.1.

7.4 Reduction to the case of Z(G) anisotropic

Let G = G/Ag. We wish to show that if Proposition 7.3 holds for G then it holds for G. We
have an exact sequence 1 — Ag — G — G — 1 of algebraic groups over R, and by Hilbert
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90 this gives an exact sequence on points. If ¥ € G, we denote its image in G by 7. We denote

the connected centraliser of 7 by I5. There is ‘an_exact sequence 1 — Ag = I, — Iy —

1, and so G — G induces a bijection I,\G =~ I5\G. Moreover, under this bijection we have

peEt [pgt = CpZ®/pg™ for some C' > 0, and the function [|X(-)|lo pushes forward to || X(-)].
v p— —

It follows that if f € C(G) is invariant under Ag, and its reduction f lies in C.(G), we have

OS(fIX()llg™ = C- O (FIX()I™).

Let f € C(G) be bounded and compactly supported modulo center. We may assume without
loss of generality that f > 0, by replacing f by its absolute value. Since f is compactly supported
modulo the center, we may choose h € C(G) that is invariant under Ag, satisfies h > f, and has
reduction h lying in C.(G). We have

O (FIX(ly™ < OS (X (g™ = C - O RIX ()] 7).

Because D(v) = D(¥), if Proposition 7.3 holds for G then it holds for G.

We may henceforth assume that Z(G) is anisotropic. We may then take the function f of
Proposition 7.3 to lie in C.(G), and work with || X(-)| instead of || X(-)||o. As in Section 6, we

write ., = p&Et/ ,u}jn.

7.5 The case when ~ is not elliptic

We handle the case when -y is not elliptic by the process of parabolic descent, which we now
recall. Let P = M N be a semi-standard parabolic subgroup of G. Choose Haar measures on N
and K so that dk gives K measure 1, and for which dug&™ = du§i dndk in Langlands M N K
co-ordinates. For functions in C.(G), the parabolic descent along P is defined by

feC(G)— fFeCu(M),
where

P _ s1/2 —1
FP(m) = 642(m) /N /K (6~ mnk)dndk.

If v € M, we define D§;(7) by chosing a maximal torus v € T C M, letting A and Ay, be
the roots of T'in G and M, and setting D§, () = [Toea_a,, la(y) —1]. It may be seen that this

is independent of the choice of T'. We say that v € M is (G, M)-regular if D](\;/[(y) = 0. We recall
the descent relation between the orbital integrals of f and f¥.

LEMMA 7.6. If v € M is (G, M)-regular and f € C.(G), we have
Dfir(1)'120,(f) = 03 (f7).

Proof. Because v is (G, M )-regular, we have I, C M. Let ,uf\y/[ = s/ ,u}jn. We may parametrize
I,\G in Langlands co-ordinates as (I,\M )N K, which allows us to write

O,(f) = i \Gf(w’lvw)duv(x)

/1 \M/N /K fk ntm )m”k)dﬂy(m)dndk
¥
L JC\TV/[(’Y) 1/25P(7)1/2 /Iv » /JV /Iv( f(k:_lm_l’ymnk?) jl,u:;\/[(Tn)dndk
Y

= DG (7)1 20N (47,
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as desired. ]

We shall need a version of Lemma 7.6 that can be applied to the singular functions f||X(-)||~".
This is Lemma 7.10 below, which we prove by adapting methods from [MT15], where similar
statements were established for Ag\GL,(R). If A € GL(g), define !A to be the transpose with
respect to (-,-)+. As in [MT15, §4.2], we define the functions £,N : GL(g) — R by L(A) =
log(tr(A*A)/dimg) and N(A) = tr(A'4)/dim g.

LEMMA 7.7. We have 0 < L(Ad(g)) < 2| X(g)|| for all g € G.

Proof. We follow [MT15, Lemma 4.2]. It may be seen that ‘Ad(g) = Ad(6(g))* for g € G. We
write g € G as k1eXWky, so that Ad(g) ‘Ad(g) = Ad(gf(g9)~!) = Ad(k1e*X 9k ). Taking traces
gives

N(Ad(g)) = tr(Ad(e*X9)))/dim g < 2IX @I,

and taking logs gives the upper bound. One sees that tr(Ad(e?X(9))) > dimg by applying the
arithmetic mean—geometric mean inequality to opposite pairs of root spaces of g, which gives the
lower bound. ]

We let P = M N be as above, and let n be the Lie algebra of N.

LEMMA 7.8. Let By C M and B, C n be compact. There is C > 0 depending on Bj; and By,
such that for all m € By, V € By, we have N (Ad(me")) > 1+ C||V|?.

Proof. Choose a basis for g subordinate to the root space decomposition g = Zg(a) © P ca da
that is orthonormal with respect to (-, -)4, where A are the roots of a in g. It may be seen that
the nonzero entries of Ad(m) and Ad(m)(Ad(e") — 1) with respect to this basis are disjoint, so
we have

N(Ad(me")) = N(Ad(m)) + N(Ad(m)(Ad(e") — 1)) = 1 + N(Ad(m)(Ad(e") — 1)).

It follows that if N (Ad(me")) = 1 then N'(Ad(m)(Ad(e")—1)) = 0,s0 V = 0. By a compactness
argument, we may therefore assume that ||V|| is less than an arbitrarily small constant. We deal
with small V by applying the Taylor expansion of ¢V, which gives

Ad(m)(Ad(e") = 1) = Ad(m)ad(V) + Op,, (| V|I*)
Ad(m)(Ad(e") = 1) [Ad(m)(Ad(e") — 1)] = Ad(m)ad(V) [Ad(m)ad(V)] + Op,, (IV*)
N(Ad(m)(Ad(e") - 1)) = N(Ad(m)ad(V)) + Op,, (IIVIF).

(
By compactness, we have N (Ad(m)ad(V)) = C > 0 for all |[V]| = 1 and m € By. As N is
quadratic, we have N(Ad(m)ad(V)) = C|| H2 for all V' and m € Bjs, which completes the
proof. O

We next show that the parabolic descent integral of f|| X (-)||~" along P converges and defines
a bounded function on M.

LeMMA 7.9. Let f € C.(G), and for 0 < n < 1/2 define F,, = f||X(-)||™". Then
(i) the integral defining Ff (m) converges absolutely for any m € M;

(ii) there exists fi € C.(M) depending only on f and n such that ]Ff(m)\ < fi(m) for all
m € M.
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Proof. We are free to replace f by its absolute value, so that f > 0. It follows that Ff (m) is
defined everywhere as a value in [0, co]. We may also assume that f is bi-K-invariant. Let B C G
be a compact set containing supp(f). There are compact sets By C M and B, C n depending
only on B such that me" € B implies m € By and V € B,. It follows that supp(F,f) C By

Lemma 7.7 implies
R )35 ) = [ f(omm)|X ) |7dn < [ pann) (A (mn)) .
Writing n = e and applying Lemma 7.8 gives
F ()6 (m) < [ fme")|[v|-21av.
n

In view of our assumption 0 < 1 < 1/2, the right-hand side is bounded by C(B,n)||f|lco- This
proves (i), and (ii) follows by combining this with supp(FéD ) C By O

Combining Lemmas 7.6 and 7.9 gives:

LEMMA 7.10. Let f € C.(G), and for 0 < n < 1/2 define F,, = f||X(\)||7". If y € M is (G, M)-
regular, then the integral O.(F;) converges absolutely, and we have

DSy (7)'204(Fy) = O3 (Fy). (28)

We return now to the proof of Proposition 7.3. Let 0 < n < 1/2, and let f € C.(G) and
F, = fIIX()|I7". We assume that f > 0. As v is not elliptic, we may let M be a proper Levi
subgroup with G, C M. Because G, C M, Ad(y) — 1 must be invertible on g/Lie(M), so
that v is (G, M)-regular. Let P be a parabolic with Levi M. By conjugation, we may assume
that P and M are semi-standard. We apply Lemma 7.9 to F;, to obtain f; € C.(M) such that
Ff(m) < fi(m) for all m € M. Lemma 7.10 gives

O (Fy) = Dy (1)~ 2O} (F) < DS () 7205 (f1).
From this and Proposition 7.1, applied on M, we obtain
O (Fy) < c(n, ))Df(y) "2 DM(7)"12 < (n, f)DC (7)1,

as desired.

7.6 The case of v elliptic

We first observe that, if v € G is elliptic, then it is conjugate to an element of K. This is because
if Z(G) is anisotropic then it is compact and therefore conjugate to a subgroup of K.

We shall assume v € K —Gcp, and note that for such v we have D(vy) < 1, where the implied
constant depends only on G. For € > 0 we put K(e) = {g € G : | X(g)|| < €} and write 1 for
the characteristic function of K (€). Proposition 7.3 will follow from a bound for O, (1)) that
is uniform in € and D(7), as provided by the following lemma.

LEMMA 7.11. For all y € K — Gepy and 0 < ¢ < 2D(v)"/2, we have O,(1k () < e D(y)~h/2,
where d, > 1 is the codimension of I, K in G.

Proof. We first convert the problem to one on the symmetric space S = G/K. Let ds be the
metric tensor on S associated with the norm | - || on p. We note that the distance function dg
attached to ds is given by ds(g1,92) = || X (97 g2)]/-
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We observe that Oy(1x() = py(I,\G(€)), where G(e) = {z € G : 27 'yz € K(e)}. The
set G(e) is right K-invariant, and G(e)/K is the set of points x € S such that dg(x,vx) < e.
Moreover, G(e) is left I,-invariant, and we will see it is roughly a tube around I,. Bounding the
volume of I,\G(e) is therefore roughly equivalent to finding the radius of this tube, in a way
which we now make precise.

Because 6(y) = v, gy is f-stable. We may then write g, = p, + £, where £, = €N g, and
py = pNg,. Let p# be the orthocomplement of p, in p. We note that v ¢ Gepe implies that
p # p. Indeed, if p, = p then Ad(y) fixes p, and hence [p, p]. However, p + [p,p] is the product
of the R-simple factors of g of noncompact type (see [HeOl, Ch. V, Thm 1.1] and the subsequent
proof). In particular, the codimension d, of I, K in G is at least 1.

Let z € G(e). By [He0l, Ch. VI, Thm 1.4], we may write z = e*eX'k with X, € p,,
X7 e pj‘, and k € K. The condition 27 'yz € K(e) simplifies to e X veX" € K(e), which
(since v € K) is equivalent to e~ X eAMX" ¢ K (¢). This implies that dg(eX’, e2dMX7) < e
the element e* " is rotated by v by distance at most e. The Cartan-Hadamard theorem [He01,
Ch. I, Thm 13.1] then implies that ||Ad(y)X” — X7|| < e. Because all eigenvalues of Ad(y) — 1
on p# have absolute value at most 2, and they occur in complex conjugate pairs, their absolute
value is at least CD(7)'/? for C' > 0 depending only on G. It follows that || X7| < CeD(v)~ /2.
If we let By (r) be the ball of radius r around 0 in p# with respect to || - ||, it follows that

G(e) C I, exp(B,. (r0))K with 7o = CeD(y)~/2 < 2C.

Py
Let I§ C I, be a compact set such that u}jn(fs) = 1. Then from the preceding paragraph we
deduce that

1y (LAG()) < (T2 exp(By (o) K).
Let By(r) denote the ball of radius 7 around 0 in p with respect to || - [|. We have

I5 exp(B,1 (r0)) K C I3 exp(By(ro)) K = I5K exp(By(ro))

ny
Because ITK is compact and contained in I, K, the result follows from the expression for o,
provided we show that our bounds do not depend on the choice of I.

We show that, after conjugating v in G to another element of K, there are only finitely many
possibilities for 174. Let T1,...,T, be representatives for the conjugacy classes of maximal R-tori
in G. If T} denotes the maximal compact subgroup of T;(R), we may assume that 77 C K for
all i. As we are free to replace v by any conjugate, we may assume that v € T; for some 4, which
implies that v € Tf C K. There are now finitely many possibilities for . O

We now return to the proof of Proposition 7.3. Choose a compact set B containing supp(f),
so that

FIXOIT" <515+ Y 2™ k0.
k=1
We deduce that

O5(JIXOIT) <5 O5(15) + Y 270, (1 e1).
k=1

“We have already shown in the proof of Proposition 7.1 that there are finitely many possibilities for I, after
conjugating v in G, but we need this stronger statement.
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An application of Proposition 7.1 and Lemma 7.11 yields

Oy(FIXOIT) < DN+ >0 2™ D)™ 2 0 2D(y) 7
2k+1>D(,y)—1/2 2k+1<D(’y)_1/2

Our assumption that 0 < 5 < 1/2 implies that both geometric series are bounded by D(v)~3/4,
completing the proof of Proposition 7.3.

Appendix A. Distinction principles and the C* spectrum of symmetric varieties

There are several methods that may be used to prove power growth of eigenfunctions on arith-
metic manifolds. The original proof of Rudnick and Sarnak uses a distinction principle. This
means that, for certain period integrals, if an automorphic form ¢ has a nonzero period then ¢
is exceptional in some sense, which can mean being a transfer from a smaller group, or being
nontempered.

In this section, we review the method of Rudnick—Sarnak and describe an alternative approach
to proving Theorems 1.1 and 1.2 which retains much of the spirit of their approach. It is based on
a theorem of Sakellaridis on the unramified C'*° spectrum of spherical varieties, which we apply in
the case of symmetric varieties. In short, we replace the global distinction principle of Rudnick—
Sarnak which implies being in the image of a functorial lift by a local distinction principle which
implies having non-tempered Satake parameters. What both of these implied properties have in
common is that they are rare. Counting arguments can then be used to produce power growth.

A.1 The global distinction argument

We illustrate the distinction argument in a special case, taken from Rudnick and Sarnak’s proof
[RS94].

Let @ be the quadratic form Q(z) = 23 + 23 + 22 —722. f we let V = {z € R* : Q(z) = -1},
then V is a two-sheeted hyperboloid and the upper sheet is a model for H?. If we let T' be the
intersection of O(Q,Z) with the identity component of O(Q,R), then Y = I'\H? is a compact
hyperbolic 3-manifold. The distinction result that Rudnick and Sarnak prove is that if ¢ € L?(Y))
is orthogonal to all theta lifts of cusp forms of weight 1 on I';(28), then v((2,1,1,1)) = 0. The
result then follows from the local Weyl law and a counting argument. Indeed, the local Weyl law
says that the average size of |¢((2,1,1,1))|> must be 1. However, the number of eigenfunctions
on X with eigenvalue A < R is roughly R, while the number of theta lifts in this range is roughly
R?. Because the number of nonvanishing eigenfunctions is small, their values must be large to
make up the right average.

The generalisation of this principle, namely that an automorphic form on SO(n, 1) that is
orthogonal to theta lifts from SLy must have vanishing SO(n) periods, was used by Donnelly
[Do07]. It is likely that this could be used to prove Theorem 1.1 on other groups of the form
SO(m,n), U(m,n), or Sp(m,n). Another distinction principle that one could apply is due to
Jacquet [Ja05] (and later refined by Feigon, Lapid, and Offen in [FLO12, L.O07]), which states
that a form on GL(n, C) with a nonvanishing U(n) period must come from quadratic base change.
See [JLRI3] for a general discussion of these ideas.

A.2 Symmetric varieties

Let F be a field of characteristic 0. A symmetric variety over F' is a variety X = G/H where G
is a reductive F-group, 6 is an involution of G over F', and H is an open F-subgroup of the fixed
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point group G?. We refer the reader to [HWO93, VuT74] for background on these varieties.

If S C G is a f-stable torus, let ST and S~ be the neutral component of S and {z € S :
0(x) = x~1} respectively, so that St x S~ — S is an isogeny. A f-stable torus S is said to be
(F, 0)-split if it is F-split and 6 acts on it by inversion. A parabolic subgroup P of G is said to be
0-split if P and P are opposed. In this case, PN @(P) is the unique 6-stable Levi of both P and
OP. All maximal (F,0)-split tori, and all minimal #-split parabolic F-subgroups, are conjugate
under G(F). We define the §-split rank of G' to be the common dimension of such tori. We say
that G is #-split if its @-split rank is equal to its absolute rank, that is if G contains a (F, #)-split
maximal torus. We say that G is 6-quasi-split if G contains a 6-split Borel defined over F. In
this case, BN #(B) is a #-stable torus, which may or may not be 6-split.

From now on we shall assume G split over F. The following lemma then implies that G is
0-(quasi-)split if and only if G x F is.

LEMMA A.1. A maximal (F,0)-split torus in G is also a maximal 6-split torus in G x F, and a
minimal -split F-parabolic in G is also a minimal 0-split parabolic in G x F.

Proof. Let S be such a torus, and let A be a maximal F-split torus containing S. As in [HW93,
Lemma 4.5], let C, Mj, and Ms be the central, anisotropic, and isotropic factors of Zg(S) over
F. Because Zg(A) = A, loc. cit. gives CM; C A so that M is trivial and C is split. We have
S C C, and C is #-stable, so by the maximality of S we must have S = C~. As My C G? by loc.
cit., 0 acts trivially on Z5(S)/C~ so there is no strictly larger #-split torus containing S over F.

Let P be such a parabolic. By [HW93, Lemma 2.4] we may let A C P be a -stable maximal
F-split torus of G. Then [HW93, Proposition 4.7] implies that A~ is a maximal (F,#)-split torus
of G, and Zg(A~) = PNO(P). We have shown that A~ is a maximal #-split torus in G x F, and
applying loc. cit. again gives that P is minimal 6-split in G x F. O

A.3 A result of Sakellaridis on the unramified C*° spectrum

In [Sak08, Sak13], Sakellaridis describes the unramified C'* spectrum of a spherical variety. We
reprise his results below in the symmetric case, and use them to describe an alternative approach
to Theorems 1.1 and 1.2 in the case when G, is not quasi-split. Throughout, F' will be a p-adic
field and, as in Section A.2, the group G will be split over F.

Let A and B be the 6-stable maximal split torus and Borel of G chosen in Lemma A.4. Let
8 denote the modular character of A with respect to B. Let A be the complex dual torus of A,
so that unramified characters of A correspond to elements of A. Let W be the Weyl group of A
and A. Recall that the irreducible unramified representations of G are in bijection with A /W,
via the map taking 7 to its Satake parameter. We introduce the torus Ax = A/AN H and write
Ax for its dual torus. We then have a map ¢ : Ax — A with finite kernel. If x is an unramified
character of A, let I(x) be the corresponding unitarily normalized induced representation of G.

The following result of Sakellaridis [Sak08, Theorem 1.2.1] describes the unramified H-dis-
tinguished C'™ spectrum in terms of the image +(Ax) in A, denoted A%

THEOREM A.2 Sakellaridis. There exists a non-zero morphism C2°(X) — I(x) only if x lies in
a W-translate of 5~ /2 A%.

From this we may deduce the following consequence.

COROLLARY A.3. If GG is not 0-quasi-split, any irreducible unramified representation m of G that
occurs as a subrepresentation of C°°(X) must be non-tempered.
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To see how Corollary A.3 follows from Theorem A.2, we must convert from Sakellaridis’
notation to ours. Sakellaridis defines the tori A and Ax using an open Borel orbit X C X and its
stabilizer, a parabolic subgroup called the associated parabolic. The following lemma translates
his definitions to the symmetric case.

LEMMA A.4. Let notation be as in Section A.2. In particular, G is assumed split. Let xg = H
denote the identity coset in X = G/H. We may choose

— a O-stable maximal F-split torus A,
— a Borel subgroup B defined over F', and
— a minimal 0-split parabolic F-subgroup P

such that A C B C P and

— the orbit Bxg is open,
— P = stabg(Bxg) is the parabolic associated with the open orbit, and

— the tori A and Ax = A/AN H are the same as those associated with B and P in [Sakl13,
p- 8.

Proof. Let P be a minimal #-split parabolic F-subgroup, and let A C P be a #-stable maximal
F-split torus of G. We may choose a Borel subgroup A C B C P. By [HW93, Lemma 4.8|, Bx is
open in X, and P stabilizes this open orbit. It is also known that P = stabg(Bxy), see e.g. [Sak13,
p. 8]. Let L = Z(A™) be the f-stable Levi of P, so that A C BN L. It follows that our choices
of A, B, P, and L are compatible with those in [Sak13, p. 8] in the special case of a symmetric
variety. Sakellaridis defines Ax = L/L N H in [Sakl3, p. 8]. As A is a maximal torus in L and
[L, L] C H [VuT74, Proposition 2(ii)], we have an exact sequence 1 - ANH — A — L/LNH — 1
so Ax ~ A/AN H, which completes the proof. O

We next show that if G is not #-quasi-split, then 6~/ 2 A% does not intersect the maximal
bounded subgroup of A. If there is some unitary x € A that lies in 6=/ 24%, then we have
Y61/ € A% . As A% is the set of characters of A that arise by pullback from Ay, this implies
that y6'/2 is trivial on A N H, and that § is unitary on A N H. However, this contradicts the
following lemma.

LEMMA A.5. § is unitary on A" if and only if G is §-quasi-split.

Proof. Let P = LU. We have § = §1,0y, where d;, and dyy are the modular characters of BN L
and U respectively. Because P and 0(P) are opposed, we have 6(dy) = 5{]1, so that 6% =1 on
AT by positivity, 6y = 1 on AT. Therefore §| 4+ is unitary if and only if d1| 4+ is. As dr, is trivial
on A™, this is equivalent to d7, being unitary, or to L being a torus. This completes the proof. [

We now turn to the proof of Corollary A.3. Assume that G is not #-quasi-split, and let
7 C C*°(X) be irreducible, unramified, and tempered. Let x € A/W be the Satake parameter of
7. The contragredient ¥ has Satake parameter x !, and we have a non-zero map C°(X) — 7.
By [Ca80, Proposition 2.6] we may choose a representative for y ! in A such that 7V C I(x™Y).
We now have a non-zero map C°(X) — I(x~!), so that by Theorem A.2, Wx~! must intersect
oY 2Ai§<, but this contradicts our assertion above as x is unitary.
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A.4 An alternative approach to Theorems 1.1 and 1.2

We now describe how one might use Corollary A.3 to prove asymptotic lower bounds for periods.
The argument is in the same style as that of Rudnick and Sarnak described in Section A.1.

We return to the global situation of Theorems 1.1 and 1.2, and freely use the notation of
those statements. We note that the compact subgroup K is given by K,, = H,, and K, = G,
at all other infinite places. We shall let N = 1 for simplicity, and write Y = G(F)\G(A)/ K K.
The image of H(A) in Y is a finite number of points, and we shall assume for simplicity that
it is a single point p. Let Py : C°(G(F)\G(A)) — C be the period map f — fH(F)\H(A) fdh.
When restricted to C*°(Y"), Py is just evaluation at p.

Note that a general connected real reductive group G’ with Cartan involution 6 is (quasi-)
split over R if and only if G’ x C is -(quasi-)split. If we assume that G, is not quasi-split over
R then this, together with the invariance of  (quasi-) splitness under extension of algebraically
closed fields, and Lemma A.1, implies that G, is not 6-quasi-split at any finite v at which G
splits. Corollary A.3 then gives that any unramified representation 7, occurring in C*°(G,/H,)
must be non-tempered.

Let m be a cuspidal automorphic representation of G, and let ¢ € 7w be invariant under
Ko K. If Py () # 0, this implies that each factor 7, admits a non-zero smooth linear functional
invariant under H,. This is equivalent to the existence of an embedding 7, — C*(G,/H,),
so that if v is finite, G splits at v, and all data are unramified, then m, is non-tempered. The
strategy would then be to use the trace formula to show that the number of such v is a power
smaller than the total number of 1. Combining this with the local Weyl law would then produce
asymptotic growth.

Note that in the case when G, is quasi-split but not split over R, Theorem A.2 only implies
that the Satake parameters of the distinguished 7 lie in a fixed lower-dimensional subset of A.
It may also be possible to use this to prove a power saving for the number of such .

A.5 Higher dimensional periods

One advantage of the method described in Section A.4 is that it applies equally well to periods
along positive dimensional submanifolds of Y arising from rational symmetric subgroups. Note
that this would produce a result of the form “there are certain eigenfunctions whose periods
are larger than the average by a power of the eigenvalue”, while determining the size of the
average period is a separate problem. It should be pointed out that the average size of a positive
dimensional period should be a negative power of the eigenvalue, so even if one could improve
over this one would not necessarily obtain power growth of sup norms as a result.

In comparison, the relative trace formula approach we use is more difficult in the positive
dimensional case, because the analysis of the error terms becomes much more complicated. In the
case of a point, one needs to bound the value of a spherical function ) away from its center of
symmetry. In the positive dimensional case, one needs to bound the value of an oscillatory integral
whose kernel is constructed from @), and which is taken over two copies of the submanifold in
question. Moreover, the bound obtained must be uniform as the submanifolds move.

Appendix B. Hecke operators and the L? spectrum of symmetric varieties

We have sketched two proofs of Theorems 1.1 and 1.2, the one described in Section 1.5, which
we carry out to completion in this paper, and the one outlined in Section A.4. In the latter, no
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Hecke operators appear; in the former, no distinction principle is used. What is their connection,
if any?

In this section we describe how a conjecture of Sakellaridis and Venkatesh on the L? spectrum
of symmetric varieties relates to the method we have used in this paper, in particular to our
choices of test functions in the trace formula. As their conjecture is expressed in terms of X-
distinguished Arthur parameters, it acts in a sense as a bridge between the two methods.

B.1 Plancherel measures

Recall from Section 1.5 that a comparison of trace formulae reduces the problem of finding
exceptional sequences of Maass forms to that of finding w in the global Hecke algebra with the
property that ITg(w * w*)(1) is large relative to (w * w*)(1). Indeed, these are just the identity
distributions on the geometric side of the H-relative trace formula and the Arthur—Selberg trace
formula. The latter question may in turn be reduced to a local problem, namely that of finding
an L? normalized 7 € H, satisfying

7(1)=0 and  Igr(1) > 1, (29)

for v in a set of places having positive density. In Section 1.5 we explained how these two
conditions can be interpreted geometrically, in terms of Hecke returns to a fixed point. We would
now like to interpret these same conditions spectrally.

Until Section B.3 we let F' be a p-adic field. We let G be a split reductive group over F', and
let K be a hyperspecial maximal compact subgroup. We assume that the Haar measure on G
gives K measure 1. We let ‘H be the spherical Hecke algebra with respect to K. We let G be the
unitary dual of G, and let G*Ph be the spherical unitary dual with respect to K.

Then the first condition in (29) can be expressed, via the Plancherel inversion formula, as

(1) = /@h ) duE (v) = 0. (30)

In other words, 7 must be such that its Satake transform T is oscillatory along the support of
,usé’h, the tempered spectrum GSPh-temp,

A similar Plancherel inversion formula can be used to express the second condition in (29). Let
X = G/H be a symmetric variety. We recall the existence of a Plancherel measure px associated
with the separable Hilbert space L?(X), viewed as a G-representation; roughly speaking, this is
a measure on G satisfying

LX) = [ M(m) @ 7 dux(m),
G
where M () is some multiplicity space. Notice that px is only defined up to absolutely continuous
equivalence (we shall only be concerned with its support).

We let Iy : LY(G) — L'(X) be given by integration over H. If we let v = Il (1x), there is
a second measure, the spherical Plancherel measure ;@?h, which satisfies

(w00, 0% 2(x) = / B(v) dp(v)
G'sph

for all w € H. In particular, the support of u}ph is contained in the support of ux. Note that
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w - v¥ denotes the action of w on v, given by

w0 = /G w(g)(g - *)dg.

By a simple unfolding argument, one may show that for any w € ‘H we have
1) = [ @) "),
Gsph

so that ,uilgh determines the period of w along H. Using this, we may now rephrase the second
condition in (29) as

Myr(1) = /a . FW)dpP(v) > 1. (31)

In other words, 7 must be such that its Satake transform 7 does not oscillate too much on the
support of /@?h.

Having expressed the two conditions in (29) spectrally, we see that the existence of appropriate
test functions 7 can be read off from the support of u}ph, in particular relative to the tempered
spectrum. We say that ui?h is tempered if the support of ,ui?h is contained in GSPhtemP and strongly

tempered if ,u?Xph <C ug’h for some C' > 0, where ,usé’h is the spherical Plancherel measure on G.
With this terminology, we summarize our discussion as follows:

(ST): if u}ph is strongly tempered the oscillation of 7 should prevent one from simultaneously
achieving both (30) and (31);
(T): if ,u}ph is tempered but not strongly tempered, the existence of 7 satisfying both (30) and
(31) depends on how singular ui?h is relative to Msth;

(NT): if ui?h is non-tempered, the exponential growth of 7(v) away from Gsphrtemp ghould allow
one (barring unforseen cancellation) to ensure both conditions (30) and (31).

In the next paragraph, we shall see how recent conjectures of Sakelleridis and Venkatesh
relate the tempered properties of ux to the weak containment properties of H-distinguished
representations.

B.2 The conjecture of Sakellaridis and Venkatesh

Recall the dual torus Ax and the map Ay — A, which were of critical use in describing the local
distinction argument of Section A. Let G denote the Langlands dual group of G, containing A
as a maximal torus. In [SV17, Section 2.2], Sakellaridis and Venkatesh define a dual group Gx
associated with X and a homomorphism ¢ : Gx x SL(2,C) — G whose restriction to Gy has
finite kernel. (Note that this requires imposing certain conditions on X, which we shall ignore
as this section is purely expository.) The torus Ax sits in the complex reductive algebraic group
Gx as a maximal torus, and the map ¢ : Gx — G restricts to the natural map Ax — A above.

Again under technical assumptions that we shall ignore, L(G x) is equal to a group constructed
by Gaitsgory and Nadler; see Section 3 of [SV17], in particular Section 3.2. Moreover, in the case
of symmetric varieties, the group of Gaitsgory and Nadler is equal to the group H constructed
by Nadler in [Na05].> We continue to assume that X is symmetric and now recall the following

5Note that Gaitsgory and Nadler consider spherical varieties over C rather than a p-adic field, but we may ignore
this distinction as the dual groups are only defined using root data that are independent of the field. Likewise,
Nadler works with real reductive groups, but these are equivalent to complex reductive groups with involution.
These equivalences respect rank and quasi-splitness in the natural way.
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facts about Gx and ¢.

— The rank of G is equal to the #-split rank of G.
— 1(Gx) = G if and only if G is §-split.
— ¢ is trivial on the SL(2,C) factor if and only if G is 6-quasi-split.

The first claim is stated in Section 1.1 and Proposition 10.6.1 of [Na05]. The fact that «(Gx) =
G when G is #-split is also stated in Section 1.1 there, and the reverse implication follows by
considering ranks. The third claim follows from the condition that ¢ be a distinguished morphism,
as defined in the comment before Theorem 2.2.3 in [SV17, Section 2.2]. Indeed, the group L in
that comment is the Levi of a minimal #-split parabolic, and py, is the half sum of its positive
roots, so that ¢ is trivial on SL(2,C) if and only if py, is trivial, i.e. L is a torus. Sakellaridis and
Venkatesh conjecture [SV17, Conj. 16.2.2] that the support of ux may be described in terms of
the tempered dual of Gx and the map ¢. They define an X-distinguished Arthur parameter to
be a commutative diagram

GX X SL2

LN

'CF X SLQ G

where L is the local Langlands group of F, and ¢ is a tempered Langlands parameter for Gy.
This naturally gives rise to an Arthur parameter for G. We shall say that an Arthur parameter
for G is X-distinguished if it arises from such a diagram, and likewise for an X-distinguished
Arthur packet.

CONJECTURE 1 Sakellaridis-Venkatesh. The support of ux is contained in the Fell closure of the
union of the X-distinguished Arthur packets for G.

Note that the unramified members of a given Arthur packet should be contained in the
associated L-packet, and we assume this from now on without further comment. Thus the above
conjecture implies, in particular, that the support of the spherical measure ui?h is contained in
the Fell closure of the union of the L-packets associated with X-distinguished Arthur parameters.
The latter statement has in fact been proved in [Sak13] under certain combinatorial assumptions.
Let us now discuss what Conjecture 1 implies for /f)?h under the assumptions that G is #-split,
f-quasi-split, or neither.

(ST): If G is 6-split, then t(Gx) = G and ¢ is trivial on SL(2,C). Conjecture 1 then implies that
px is supported on the tempered dual of G. In fact, it may be shown in this case that ,ui?h
is strongly tempered.

(T): If G is O-quasi-split but not #-split, ¢ is still trivial on the SL(2,C) factor. This implies that
px is still tempered. However, because rank(Gx) < rank(G), if we identify the tempered
spherical dual of G with a quotient of a compact torus by the Weyl group, the support of
,ui?h will be contained in a union of lower dimensional tori. In particular, ui?h will not be

strongly tempered.

(NT): If G is not f-quasi-split, then an X-distinguished Arthur parameter has nontrivial SL(2, C)
factor. Its underlying Langlands parameter is therefore non-tempered, and so then are all
members of the associated L-packet. It follows that if 1) is X-distinguished with packet II,,
and 7 € Il is spherical, then 7 must be non-tempered. From Conjecture 1 we deduce that

the same is true for any 7 in the support of ,ui?h.
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B.3 Existence of test functions
Finally, we return to the global situation of Theorems 1.1 and 1.2. We freely use the notation
of those statements, with the exception that we drop the assumption that G, is not split. Let
v be a finite place at which G is split and all data are unramified. We let ,uSGpE and Mi?};} denote
the spherical Plancherel measures of G, and X, = G,/H,. As before, G, is (quasi-)split over R
if and only if G, is #-(quasi-)split.

Comparing the conditions from Sections B.1-B.2, we obtain the following consequences of
Conjecture 1 for the existence of 7 satisfying both conditions in (29):

(ST): If Gy, is split, then ,ui?}; is strongly tempered, and such 7 should not exist.
(T): If Gy, is quasi-split but not split, the existence of such 7 depends on how singular u_sg; is.
(NT): If Gy, is not quasi-split, ,ui?}; has non-tempered support, and such 7 should exist.

Recalling our remarks at the end of Section A.4, it seems that in the case (T) above the measure
uilg}; is still singular enough to allow (29) to be satisfied. This of course aligns with the conditions
of our theorems, which only require G, to be non-split.
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