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Nanoindentation and microcrystal deformation are two methods that allow probing size effects in crystal
plasticity. In many cases of microcrystal deformation, scale-free and potentially universal intermittency of event
sizes during plastic flow has been revealed, whereas nanoindentation has been mainly used to assess the stress
statistics of the first pop-in. Here, we show that both methods of deformation exhibit fundamentally different
event-size statistics obtained from plastic instabilities. Nanoindentation results in scale-dependent intermittent
microplasticity best described by Weibull statistics (stress and magnitude of the first pop-in) and lognormal
statistics (magnitude of higher-order pop-ins). In contrast, finite-volume microcrystal deformation of the same
material exhibits microplastic event-size intermittency of truncated power-law type even when the same plastic
volume as in nanoindentation is probed. Furthermore, we successfully test a previously proposed extreme-value
statistics model that relates the average first critical stress to the shape and scale parameter of the underlying
Weibull distribution.

Introduction
Discrete plastic flow is a well-known feature in both bulk

deformation and microplasticity [1]. At the macroscopic scale,

plastic instabilities during dynamic strain aging of solid

solutions [2, 3] or serrated stress–strain behavior of complex

multicomponent (high-entropy) alloys [4] and metallic glasses

[5] can be observed. Only a small number of reports have

revealed the intermittent nature of plastic flow via direct

recording of discrete stress–strain curves obtained from pure

bulk single crystals [6, 7, 8]. This is quite different at the small

scale, where virtually any pure single-crystalline metal exhibits

intermittent flow in a uniaxial deformation experiment [1, 9],

which in contrast to bulk deformation may be due to the

typically used deformation rates that are well below the

underlying dislocation avalanche velocity [10]. The general

observation of intermittent plastic flow also applies to a large

number of nanoindentation studies that focus on incipient

plasticity via so-called pop-ins [11, 12, 13, 14, 15, 16]. The main

feature distinguishing the pop-ins of nanoindentation from the

intermittent plasticity of microcrystal deformation is that the

discrete plastic events of the latter are traced along the entire

strain range, whereas pop-ins become unresolvable for large

indentation depths. Consequently, pop-in statistics in nano-

indentation have primarily been reported and analyzed for the

first resolvable plastic instability. This means that stress–strain

discontinuities probed in microcrystal deformation typically

originate from the response of an already existing dislocation

network, whereas sufficiently small nanoindentation tips are

able to probe heterogeneous dislocation nucleation, as has been

discussed intensely in the literature [14, 17, 18, 19, 20, 21]. As

such, both techniques are able to probe size effects in plasticity,

where the specimen size is varied in the case of microcrystal

testing and the indenter tip size is varied in nanoindentation to

probe a size effect related to the stressed volume underneath

the tip [22]. Assessing the statistics of the first pop-ins with

different tip sizes, one finds a similar change in the variability

of stresses at which instabilities occur as when sampling the

yield stress across specimen size (or dislocation density in

samples of similar size) in microcrystal plasticity [18].

A popular statistical approach to evaluate the intermittent

plastic response of microcrystals is the extraction of displace-

ment jump sizes S from the force–displacement data and
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subsequent representation in the form of probability density

distributions Pint(S), where the subscript int indicates that

the distribution includes values of S for all stresses (stress-

integrated distribution) [23, 24, 25, 26]. Much of this work has

focused on power laws or truncated power laws that capture Pint,

and has led to two fundamental implications: (i) (micro)

plasticity is universal due to a very similar scaling exponent

across a large range of different materials [27, 28, 29, 30], and (ii)

intermittent (micro)plasticity lacks a particular microstructural

length scale. Implication (i) suggests that intermittent flow is

insensitive to material specifics, loading geometry, and micro-

structure, even though a number of recent reports advocate for

nontrivial scaling exponents and, therefore, statistical data sets

that are very much dependent on both experimental and

microstructural details [10, 31, 32, 33, 34, 35].

In contrast to microcrystal deformation, statistical assess-

ment of displacement instabilities (pop-ins) in nanoindentation

has been limited to the first event and the shear stress at which

it occurs. One reason for this is the complex geometry and

stress state underneath the indentation tip, which makes the

interpretation of a pop-in magnitude and stress less straightfor-

ward than in a uniaxial deformation experiment. Despite this,

a very general extreme-value statistics approach [36] is able to

predict the stress-magnitude statistics of the first pop-in seen in

nanoindentation experiments as a function of indenter radius

[22]. However, in view of the potentially universal aspect of

intermittent plasticity, this complexity should not affect the

actual scaling of the displacement magnitude distribution, but

only nonuniversal pre-factors or the truncation term, as has

been discussed in the context of loading-mode dependent

event-size statistics [24, 37]. A second reason for focusing on

the first pop-in in nanoindentation is the ability to probe

dislocation nucleation or the activation of strong dislocation

sources, whereas any subsequent events are clearly linked to the

activation of the created network underneath the indenter tip.

One would, thus, expect a change in distribution along the

sequence of occurring pop-ins.

Here, we aim at investigating the size and stress statistics of

plastic instabilities from the same prototypical Cu single crystal

during both indentation and microcrystal deformation. We

focus on the statistics of not only the first pop-in, but also

higher-order events from nanoindentation with different tip

sizes. The aim is to assess if scale-free and/or universal

avalanche statistics are present in both types of microplastic

flow, and how the statistical signature may change with event

order.

We find that the statistics of event sizes in nanoindentation

is scale-dependent, which is in direct contrast to finite-volume

and scale-free intermittency in microcrystal deformation. Pop-

in magnitudes of the first event follow a Weibull distribution,

whereas higher-order events are distributed lognormally. The

stress statistics are of Weibull type in both modes of de-

formation, with significant stress-scale mismatches. Finally, we

also successfully test a recently proposed extreme-value statis-

tics approach [36] for the stress statistics of the first pop-in in

nanoindentation.

Results and discussion
In the following, we focus on the statistics of the first ten pop-

ins as shown in Fig. 1. More specifically, we will separately

consider the displacement statistics and stress statistics. Due to

the complex stress state underneath the indentation tip, only

the stress scale of the first pop-in per indent can be analyzed,

whereas the displacement jump size of all ten tracked pop-ins

will be discussed.

Displacement statistics

The displacement jump size of all considered pop-ins is

summarized in a histogram in Fig. 2. In tip-size order, the

data sets include approximately 7300, 8200, and 4700 analyzed

events. It is seen that the data are bimodal for all three tip sizes

and that there is a considerable change in scale of the first pop-

in (#1) size in comparison to the higher-order events (#2–#10).

Furthermore, pop-in sizes of event order #1 obtained with the

smallest tip are distinctly smaller than those for the two larger

indentation tips: first-order pop-ins initiated with the smallest

tip never exceed 80 nm, whereas both larger tips generate

distributions of event order #1 that have tails extending to

250 nm or more.

In contrast to the distinct scale mismatch of the first pop-

ins, all higher-order events (#2–#10) are distributed similarly

for all tip sizes, never exceeding 5 nm. While this is not shown

in more detail here, there is no quantifiable difference between

the statistical distributions of any higher-order event (e.g.,

event 2 versus event 3, or 4 versus 7) for the same tip size,

indicating that once a dislocation structure has been formed

underneath the indent, any subsequent collective dislocation

activity that leads to pop-ins is of a statistically similar net

displacement, as recorded with the axial displacement sensor.

Among the three probe sizes, there is thus only a clear

measurable size effect in the first pop-in, which indicates that

a collective dislocation event underlying the abrupt displace-

ment increment for event order #1 involves a much larger

number of dislocations that exit the free surface. This is

understood as a simple volume-scaling effect, where the length

scale of the first event is set by the indentation tip size relative

to the initial dislocation mean spacing and all subsequent

events are determined by the newly introduced dislocation

structure under the indentation tip. The observed similarity

between the medium and large probe size will be addressed

below in the context of Fig. 3.
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A more quantitative method to examine the distributions

describing the data seen in Fig. 2 is to test different distribution

functions. This is done by evaluating complementary cumula-

tive distribution functions (CCDFs) of that data, as displayed in

Fig. 3, against a power law, a truncated power law, a stretched

exponential (Weibull), and a lognormal distribution using the

maximum likelihood estimator (MLE) method [38, 39]. The

distribution equations are as follows:

CCDF xð Þ} e� x=kð Þb ; ð1Þ

for the Weibull distribution;

CCDF xð Þ ¼ 1
2

1� erf
ln x� lffiffiffi

2
p

r

� �� �
; ð2Þ

for the lognormal distribution; and

CCDF xð Þ} x�se�x=x0 ; ð3Þ

for the truncated power law distribution.

These types of distributions are well-known functional

forms used to quantify stress and event-size distributions [32,

36, 40, 41, 42]. It is found that the distribution of event sizes of

order #1 from tests of all 3 tip sizes is best described with

a Weibull distribution. Table I lists the relevant parameters, as

determined by the MLE method, for the various CCDF

distributions of both event #1 and the higher-order events.

The CCDFs for first-order events displayed in Fig. 3 reveal

a non-monotonous order with tip size, where the data for the

largest tip falls in-between the small and medium-sized probe.

Subsequent atomic-force microscopy (AFM) analysis relates

this to nanoscale asperities on the nominally conospherical tip,

as shown in the inset of Fig. 3. For the largest tip, the first

pop-ins typically occur at an indent depth of 30–40 nm, i.e., the

yellow–green shaded area on the 3D color-mapped plot. The

AFM-generated tip surface evidences an asperity that is

;10 nm taller than the main tip end. We thus conclude that

the nominally large 50-lm tip has an effectively smaller radius

(albeit the nominal radius will be referred to in the reminder of

this document). Without this interfering effect, the size of the

first pop-in would be expected to increase with increasing tip

radius [43], which is indeed observed when comparing the two

smaller tips that do not have any surface irregularities. It is

noted that the “ridged” features seen in the inset of Fig. 3 are an

artifact of minor vertical drift between individual AFM scan

lines that are parallel to the y-axis.

Analysing the statistics of events #2–#10 shows that there is

no change in distribution function across orders, allowing all

higher-order events to be merged into one data set per tip size.

The distributions for all tip sizes are found to be best described

by a lognormal function, as summarized in Fig. 4.

Clearly, the statistical scaling of the events sizes observed

with nanoindentation is distinctly different from event-size

statistics in microcrystal deformation (deformed at 6 nm/s),

where generally a power law or truncated power law is the

favored distribution [1, 29, 44]. In the present case, a scaling

exponent for the stress-integrated probability density distribu-

tion of 1.7 is found, which is lower than the value of 2 expected

from mean field theory [29]. Furthermore, event sizes obtained

from intermittent microcrystal plasticity do not change the

distribution type with change of event order or strain but may

exhibit a power law scaling exponent that is sensitive to stress

scale (tuned criticality) [27]. Before discussing this difference in

distribution further, an important experimental aspect needs to

be considered: the statistical distribution of event sizes obtained

from fluctuations in plasticity can be subject to changes if the

sampling rate is too low, as shown by LeBlanc et al. [45]. It is

thus of importance to verify that the lognormal distribution for

events #2–#10 in Fig. 4 is not a result of under-sampling the

deformation response. This can be conveniently interrogated

by down-sampling the intermittent deformation response of

the Cu microcrystals, which was acquired at a rate of 8 kHz,

and to again conduct an MLE analysis of the much reduced

data set. In doing so, it is found that a truncated power law

remains with mathematical and statistical significance (signif-

icance value P � 0.05; likelihood ratio R � 1 for a truncated

power law) the best suited functional form to describe the 20-

Hz down-sampled microcrystal data. Now being sampled at the

same rate as the nanoindentation experiments, no change in

distribution is observed, but the number of small events

reduces and the uncertainty for the obtained scaling exponents

s and the nonuniversal factor x0 in the truncation term

increases. This is expected because the full data set reduces

from ;300 data points to ;120. We can, therefore, conclude

Figure 1: Indentation curve obtained with a tip size of 1.2 lm indicating in
red the first identified pop-in events of orders #1–#10. The first part of the
load–depth curve was fit with a Hertzian contact model, as highlighted in the
inset.
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that the finding of significantly different distributions found to

describe plastic fluctuations in nanoindentation and micro-

crystal deformation is not due to different sampling rates. The

same applies to the deformation rates, which in both cases

remain largely below the critical rate expected for a soft fcc

metal [32].

These differences between microcrystal deformation and

nanoindentation are easily understood when considering that

a substantial portion of the dislocation network evolution in

microcrystals occurs prior to the break-away stress [46, 47, 48],

which is defined as the point where considerable plastic strain

is generated. Consequently, intermittency is observed in a re-

gime of statistically unaltered dislocation density in a finite and

constant volume. In the case of nanoindentation, higher-order

pop-ins result from dislocation activity in an increasing plastic

interaction volume and changing (geometrically necessary)

dislocation density [49]. This clear loading-mode dependence

of the event-size scaling reinforces nonuniversal intermittency

in crystal plasticity [32, 33]. In fact, it shows how intermittent

plasticity manifests itself not only as a scale-free-like and, thus,

Figure 2: Histograms of displacement jump magnitudes for the first pop-in (#1) and higher-order pop-ins (#2–#10) across all three tip sizes.
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correlated process in microcrystal deformation, but also as

a process with a well-defined scale in the case of nano-

indentation. This scale is set by the indentation tip, and we

note that the absence of scale invariance does not necessarily

imply uncorrelated dislocation activity, for which Gaussian

statistics is expected.

With increasing indentation depths, the surface irregular-

ities of the large tip are expected to become less dominant since

the tip more closely approximates a sphere. This is supported

by the higher-order event statistics summarized in Fig. 4. The

CCDFs of the higher-order pop-ins are found to be relatively

similar for all tip sizes, with the exception that the large tip

distribution of event sizes is shifted to slightly smaller sizes

(reflected in the decreased value of l for its lognormal

distribution as seen in Table I). The small and medium tips

are similar, except that the small tip shows a slight anomalous

increase in the probability of event sizes in the 4–7 nm range.

This may be related to the mechanism described by Xia et al.

[43], where the pop-ins are more likely to follow a successive

mode (multiple sequential pop-ins of moderate size) rather

than the single pop-in mode (one very large plastic excursion)

as the indenter tip radius decreases. In such a case, a sequence

of pop-ins closely following one another in time might not be

resolved as individual events, leading to an event-size increase

that causes the shoulder in Fig. 4. Alternatively, a small fraction

of the events of order #2 appearing in that particular CCDF

may have recorded a very small first event, with event #2 more

closely resembling the initial pop-ins from other indentation

curves. This could, however, be excluded by further data

analysis.

Stress statistics

Following the statistical analysis of the event sizes, we now turn

our attention to the stress statistics of event order #1. The

stresses at which the first pop-in occurs were determined by

smax � 0.31(6PE*2)/(p3R2)1/3, with E* being the effective

indentation modulus, P being the load at the pop-in, and R

being the radius of the tip [14]. When the various possible

distribution functions of the MLE analysis are compared with

the experimental data, it is found that the pop-in stresses of all

tip sizes are very well described by both a lognormal distribu-

tion and a Weibull distribution. The MLE method returns a log

likelihood ratio R of values (in order of tip size) 2.02, 2.13, and

3.01, and significance values (in order of tip size) of 0.044,

0.033, and 0.003, when comparing a lognormal distribution

against a Weibull distribution. These numbers quantitatively

underline the ambiguity, since a statistically significant differ-

ence between distributions is expected to return R � 1 and P

� 0.05 [38, 39]. The fitting parameters for both distribution

functions of event order #1 and all three tip sizes are listed in

Table II. These numbers are somewhat sensitive to where the

manually defined minimum x-value of the distribution is set,

but no case strongly favoring one or the other distribution can

be identified. This is also seen in Fig. 5, where the fitted

distributions mainly reveal deviations in the high-valued tail

structure of the data. We will later see that the experimental

data suggests that the Weibull distribution is more likely. It

should be noted that for the lognormal parameter l, changing

the units in which the distribution is numerically evaluated

(e.g., from GPa to MPa) will significantly alter the central value

(in the example given, increasing it by ln(1000) 5 6.91)

without numerically altering the width of the confidence

interval. Therefore, the relative magnitudes of the central value

and the width of the confidence interval should not be

considered meaningful (e.g., in terms of “percent error”),

although the absolute width of the interval has meaning. This

also applies to the lognormal distributions in Table I.

Figure 5(a) visually presents the distribution CCDFs and

Fig. 5(b) the histograms for the stresses at the initial pop-in. As

Figure 3: CCDFs of first-order event sizes for all tip sizes, with Weibull fits.
Inset shows the topography of the large tip as measured by AFM, revealing
local asperities at the highest points.

TABLE I: MLE fit parameters for event-size distributions from the experiments.

Event 1 (Weibull) k (nm) b

Small tip 17.5 6 1.2 1.19 6 0.09
Medium tip 71.5 6 2.8 1.32 6 0.05
Large tip 42.0 6 3.8 1.11 6 0.08

Events 2–10 (Lognormal) l (ln nm) r

Small tip 0.337 6 0.050 0.470 6 0.035
Medium tip 0.378 6 0.033 0.491 6 0.027
Large tip 0.095 6 0.056 0.450 6 0.038

(Truncated power law) s x0 (nm)

Cu microcrystals 1.69 6 0.05 421 6 93

Article

ª Materials Research Society 2020 cambridge.org/JMR 5

j
Jo
ur
na
lo

f
M
at
er
ia
ls
Re
se
ar
ch

j
w
w
w
.m
rs
.o
rg
/jm

r

D
ow

nl
oa

de
d 

fr
om

 h
tt

ps
://

w
w

w
.c

am
br

id
ge

.o
rg

/c
or

e.
 U

ni
ve

rs
ity

 o
f I

lli
no

is
 a

t U
rb

an
a 

- C
ha

m
pa

ig
n 

Li
br

ar
y,

 o
n 

14
 Ja

n 
20

20
 a

t 1
8:

13
:5

2,
 s

ub
je

ct
 to

 th
e 

Ca
m

br
id

ge
 C

or
e 

te
rm

s 
of

 u
se

, a
va

ila
bl

e 
at

 h
tt

ps
://

w
w

w
.c

am
br

id
ge

.o
rg

/c
or

e/
te

rm
s.

 h
tt

ps
://

do
i.o

rg
/1

0.
15

57
/jm

r.
20

19
.3

86

http://www.cambridge.org/JMR
http://www.mrs.org/jmr
https://www.cambridge.org/core
https://www.cambridge.org/core/terms
https://doi.org/10.1557/jmr.2019.386


can be seen in the CCDF plots, all the tested indenter tips give

relatively broad distributions of pop-in stresses. This is con-

sistent with the work of Morris and Pharr et al. [22], where

a tight distribution of stresses near the theoretical strength of

the material for very small indenter tips (under 200 nm and

much smaller than any of the tips used here) was observed. The

same applies to low pop-in stresses for very large indenter tips

(64–700 lm and much larger than any of the tips used here)

[22]. For indenter tips of intermediate size, where the stressed

volume is similar to the mean spacing between pre-existing

defects, a broad distribution of pop-in stresses was found.

These stress values are significantly above the bulk flow stress

but well below the theoretical strength of the material. This

matches the behavior seen here and rationalizes the gradual

reduction in stress scale as a function of increasing tip size.

The stress scale of the first-order events (#1) in Fig. 5 is

significantly different from any stresses related to events in the

above-considered microcrystal experiment. A quantitative

comparison can be made by taking 90% of the maximum

stress under the indenter tip as an approximation of the

stressed volume underneath the tip. We find that the mean

stressed volume is 0.172 lm [3] for the small tip, 41.2 lm [3]

for the medium tip, and 202 lm [3] for the large tip. The stress

threshold of 90% was chosen to be similar to the stress ratio

existing between the top and bottom of the microcrystal

samples as a result of their slight taper. For all but the small

tip, the obtained volumes are significantly larger than the

nominal microcrystal volume of 18.8 lm [3]. Furthermore, the

stress values at event initiation are all significantly higher than

for any discrete displacement jump seen in the microcrystal

experiment. For event order #1, the mean shear stress is

1.83 GPa for the small tip, 0.490 GPa for the medium tip,

and 0.296 GPa for the large tip. In contrast, the mean stress is

only 0.070 GPa (70 MPa) for slip events in the microcrystal

sample, which in agreement with Ispanovity et al. [41],

a distribute according to a Weibull distribution (k 5 69.9

and b 5 5.85). The lack of comparable stress scales is again

related to the aforementioned fact that intermittency is first

observed when the microcrystal has experienced a strong increase

in dislocation density prior to the break-away stress, whereas the

indentation experiment with the tip sizes used here probes the

activation of pre-existing dislocations in an as-grown crystal. It

would, thus, be more meaningful to consider the stress scale of

events #2–#10 in a comparison with a microcrystal, but unlike the

case for the first pop-in, there exists no unique way to determine

an estimate of the stress.

Assessing both the pop-in size and stress for event order #1

reveals a correlation, as shown in Fig. 6. For each tip in Fig. 6,

an approximately linear correlation is found, where the slope

scales with the tip size. Given that the distribution of first-order

event sizes follows a Weibull distribution, whereas the MLE

method did not yield a statistically significant result that could

favor either a Weibull distribution or a lognormal distribution,

we use the good linear correlation in Fig. 6 as an indication that

the Weibull distribution indeed is a meaningful distribution

function. Figure 6 further suggests that upon probing small

volumes underneath the indenter tip, the pop-in stresses at #1

fluctuate largely because the low slope of the linear regression is

only very weakly correlated with the size of the event. At the

other extreme of the largest tip, the opposite is the case. We

thus expect that there is no relationship between event size and

stress when probing with even smaller or larger indentation

probes. It must be kept in mind that this conclusion implies

that the length scale of the pre-existing dislocation structure in

the probed volume determines the scaling in Fig. 6 and not the

size of the probed volume. Indeed, no such correlation exists in

the before considered microcrystal deformation that has

a volume approximately equivalent to the one probed with

the smallest tip and also has a well-developed dislocation

structure during intermittent plastic flow.

As a final part of this report, we will apply a recently

proposed theoretical model for the statistical behavior of the

stresses for the first pop-in [36]. This starts with the assump-

tion that the material contains a number of flaws M that can

trigger deformation at activation stresses having a power-law

Figure 4: CCDFs of higher-order events #2–#10 for all tip sizes, with
lognormal fits and data from microcrystal deformation that follows a truncated
power law.

TABLE II: MLE fit parameters for the stresses of event order #1. Values for
both a Lognormal and a Weibull distribution are listed.

Event 1
stress

Lognormal Weibull

l (ln GPa) r k (scale) b (shape)

Small tip 0.587 6 0.021 0.188 6 0.016 1.929 6 0.106 4.779 6 0.753
Medium

tip
�0.740 6 0.016 0.238 6 0.014 0.532 6 0.020 4.280 6 0.544

Large tip �1.236 6 0.018 0.195 6 0.011 0.317 6 0.026 5.082 6 0.947
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distribution P(r) ; ra. If the number of critical stresses in

a stressed volume V is large, then the observed stress at the first

pop-in r1 will be primarily dependent on the low-end tail

behavior of the positively valued distribution P(r). This type of

weakest-link effect can be shown to consistently produce a distri-

bution of observed first pop-in stresses PM(r1) with the form of

a Weibull distribution, regardless of the nature of the material’s

flaw-strength distribution P(r), although the latter can affect the

shape and scale parameters of the resulting Weibull distribution.

Sampling a finite number of critical stresses M in a volume

with a volumetric flaw density q, this can be related to the

stressed volume as M5 qV. Derlet and Maaß [36] showed that

the mean stress at the first pop-in versus the stressed volume is

predicted to follow a power-law relation with scaling exponent

c 5 (1 1 a)�1, where 1/c 5 b is the Weibull shape parameter

for PM(r1) [36]. This allows plotting the mean stress at the first

pop-in, r1 versus the indenter-tip radius, equivalent to assum-

ing V 5 r3. Figure 7 displays the original data from Ref. 22,

including the power-law fit from the model in Ref. 36, and the

data obtained in this work.

Following the previously derived conclusion that the stress

variation of the first pop-in is best described by a Weibull

distribution, the values in Table II can now be compared with

the value of a Weibull shape parameter obtained from the data

in Fig. 7. Accordingly, the scaling exponent is found to be

0.597. With the relationship between average stress and in-

denter volume (;r3), the scaling exponent becomes c 5 0.597/

3, which yields a shape parameter of 1/0.199 5 b 5 5.025. This

value is in good agreement with the values listed in Table II.

Furthermore, the accuracy of this theoretical result can be

tested by plotting Eq. (1) with the here found shape parameter

and the scale parameters as given by the characteristic stress

Figure 5: (a) CCDF of the maximum stress underneath the indenter tip for the first pop-in event across all tip sizes on a log–log plot. Both a lognormal fit and
a Weibull fit, using the parameters summarized in Table II are shown. (b) Histogram of the same data on a linear plot with lines being the statistical prediction (not
fit) derived on the bases of the model from Ref. 36.
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[36], r1*, which is found via hr1i/C(1 1 c), where C is the

gamma function. These curves are shown in Fig. 5(b), demos-

trating a very good agreement, and any remaining inaccuracy

in the theoretical prediction could plausibly be attributed to the

weak statistical significance of favoring a Weibull distribution

over a lognormal distribution. The model thus allows de-

termining any average first critical stress, and therefore the full

Weibull distribution, for any other tip size. Finally, the

material’s true flaw-strength distribution P(r) can be obtained

from the same model outlined in Ref. 36 by taking into account

that the power-law exponent a needs to be corrected for the

indenter geometry since the probed plastic volume scales with

indenter depth and, therefore, the stress level. This was shown

to result in atrue 5 a � 3 � 1.03, which is a value somewhat

larger than that reported for 2D and 3D dislocation dynamics

simulations [41, 42].

Summary

In this study, we have investigated the statistics of pop-in

magnitudes and stresses during nanoindentation on pure single

crystalline Cu with different probe sizes. Irrespective of the

indentation tip size, both the stresses and the magnitudes of the

first discrete plastic event (pop-in) are very well captured by

a Weibull model. Subsequent plastic events admit magnitudes

that are distributed according to lognormal statistics, irrespec-

tive of orders #2–#10 analyzed here. This contrasts strongly

with the current focus of power-law–distributed plastic events

obtained during microcrystal deformation, which indicates

correlated dislocation activity that is free of a particular length

scale. Given the abrupt plastic events and their large magni-

tudes, we believe that even if scale invariance is absent,

correlated dislocation activity still persists in the highly stressed

region underneath the indentation tip. Only pure Gaussian

statistics could be taken as an indication for uncorrelated

dislocation activity. More generally, these results indicate how

the stochastic evolution of a stressed dislocation network can

follow very different statistics depending on the loading mode.

Methodology
All nanoindentation experiments were performed on h001i-
oriented bulk single crystalline Cu that was grown from the

melt using the Czochralski method. Laue diffraction patterns

were used to create h001i and h111i pole figures showing the

accuracy of the nominal out-of-plane orientation to be well

within one degree. The test specimen surface was mechanically

ground and polished before being electropolished using the

procedure outlined in Ref. 50. Nanoindentation was conducted

with conospherical tips of nominal radii 1.2, 15, and 50 lm.

Nominal tip sizes were verified with both optical and scanning

electron microscopy. The indentation tests were performed

with a Hysitron TI-950, and a Hysitron Picoindenter PI-85

using automated methods was used to run square arrays. The

tests were run in force-controlled mode with a loading rate of

0.3–1.5 nm/s, and the data acquisition rate was 20 Hz. For each

tip size, the indent spacing was adjusted to be five times the

projected indent width. More than 500 indents were made with

each tip size.

The resulting force–displacement data were analyzed using

custom Matlab routines to determine and record the details of

the first ten pop-ins (#1–#10). The routine evaluated locally the

slope of the force–displacement trace to first identify the

approximate location of a pop-in. Subsequently, a maximum

in the point-wise displacement change located the displace-

ment jump more precisely, and the displacements at plus or

Figure 6: Correlation between the size of event #1 and the stress at which it
occurs.

Figure 7: Average first critical stress from indentation data obtained with
different tip sizes. Circles are data points from Ref. 22 and squares from this
work. The lines are a fit of a derived power law from Ref. 36. Reprinted from
Ref. 36, with the permission of AIP Publishing.
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minus a value equal to the standard deviation of the force

values were used to define the starting and stopping positions

of the displacement jump. The procedure needed to be adapted

to each tip size to match the noise structure of the experimental

data. Figure 1 displays a typical indentation force–displacement

curve that was recorded using the smallest tip. Using this

numerical method, the force and displacement at which a pop-

in occurs, as well as its size, was obtained for further statistical

evaluation. Figure 1 also displays a Hertzian fit-line to the

initial part of the indentation curve prior to the first pop-in.
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