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Ié:{lvgf;diiiiard equation with general nonlinear bulk potentials. The semi-discrete scheme is further discretized
Invariant energy quadratization using the compact central finite difference method. Several numerical examples are
Predictor-corrector shown to verify the theoretical results. In particular, the numerical simulations show that
Energy stable the predictor-corrector schemes reach the second-order convergence rate at relatively
Error estimate larger time-step sizes than the classical linear schemes. The numerical strategies and

theoretical tools developed in this article could be readily applied to study other
phase-field models or models that can be cast as gradient flow problems.
© 2020 Elsevier B.V. All rights reserved.

1. Introduction

During the past few decades, phase-field models, especially the Cahn-Hilliard (C.H.) equation, have been widely studied
due to their wide application in image analysis, material science, engineering fluid mechanics, and life science [ 1-5]. Many
numerical methods have been developed to investigate the dynamics of the C.H. equation [6-10]. The C.H. equation is
derived from an energy variational approach, i.e, a H~! gradient flow given the explicit expression of the free energy
functional, which could be highly nonlinear and depend on high-order spatial derivatives. To solve the C.H. equation more
efficiently, we face two major obstacles. First of all, the nonlinear terms shall be discretized properly. If the nonlinear terms
are treated directly explicitly, it will lead to stiff time-step constraints. Many works are focusing on eliminating/weakening
such restrictions. See [11-17] and the references therein. Secondly, the energy dissipation properties should be conserved
in the discrete level, because the intrinsic property of the C.H. equation is its energy dissipation. Numerical methods that
preserve such property are known as energy stable schemes.

One widely used method to design energy stable numerical schemes is the so-called convex splitting approach, which
was introduced by [18,19] and popularized by [15,20-22]. In the convex splitting method, the nonlinear terms in the free
energy are split into a summation of convex and concave parts, while the convex portion is discretized implicitly, and
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the concave part is treated explicitly. The schemes derived from the convex splitting approach are unconditional energy
stable and uniquely solvable, but one needs to solve a nonlinear system for each time-marching step.

Another popular approach is the linear stabilization method [11,16,23-27]. The main idea is to discretize the nonlinear
term explicitly and then add an artificial stabilization term. It results in linear schemes, which could be solved very
efficiently by using the Fast Fourier Transformation (FFT), see [28,29]. While for this method, all prior analytical
developments are conditional in the sense that either one makes a Lipschitz assumption on the nonlinearity, or one
assumes certain a priori L* bounds on the numerical solution. In [30,31], these technical restrictions have removed, and
an unconditional stability theory of large time-stepping semi-implicit numerical schemes has been established for general
phase-field models.

Recently, Guillén-Gonzélez and Tierra [32] introduced a linear scheme by using a Lagrange multiplier idea [33] to
approximate the C.H. equation with double-well bulk free energy, where an equation related to the auxiliary variable
q(x, t) needs to be solved together with the mixed formulation of the C.H. equation for updating the unknown function
¢. A similar approach was proposed in [34] to solve the nonlinear epitaxial growth model without slope selection, where
the discrete equations related to the auxiliary variable g(x, t) are solved only for updating the modified energies. Its
advantages include that it is a linear scheme and unconditionally stable. Unfortunately, this method does not work for
other free energies. Yang et al. [27,35-37] made the appropriate improvements based on the Lagrange multiplier method
and proposed a new approach, which they named Invariant Energy Quadratization (IEQ) method. This method has been
successfully applied to solve thermodynamic and hydrodynamic models. Later, inspired by the IEQ method, Shen et al.
propose the scalar auxiliary variable (SAV) approach [38,39]. The critical idea of the IEQ method is that an auxiliary
variable is introduced to transform the original PDE system into an equivalent PDE system, where the nonlinear free
energy functional for the original system is transformed into a quadratic form for the new system. Afterward, by utilizing
the semi-implicit strategies, some energy stable numerical schemes can be obtained generally for gradient flow models
and hydrodynamic models.

Unfortunately, due to the stiffness of nonlinear terms in the Cahn-Hilliard equation, even though many of these
schemes are shown to be unconditionally energy stable, large time marching step will inevitably introduce truncation
errors, contaminating the numerical solutions for long time dynamics simulations, i.e., the semi-implicit method, though
stable with large time-step sizes, usually requires small time-step for the sake of accuracy. In order to improve the
accuracy of the IEQ method even with large time-step sizes, a new predictor-corrector IEQ approach is proposed to solve
the C.H. equation. The essence of the predictor-corrector method is to reduce the extrapolation error of the nonlinear
potential and improve numerical accuracy. The predictor-corrector schemes are efficient, as only linear systems need to
be solved for each time marching step. Rigorous proofs for energy stability, unique solvability, and error estimates are
obtained. Some numerical examples are presented to support our theoretical results, showing that this new approach can
reach the order of accuracy with large time-marching step sizes.

The rest of the paper is structured in the following way. In Section 2, we introduce the C.H. equation and reformulate
it into an equivalent form using the energy quadratization technique. In Section 3, we propose a class of predictor-
corrector numerical schemes to solve the C.H. equation, and we will analyze the unconditional energy stability, unique
solvability, and convergence of the newly proposed schemes. In Section 4, several numerical experiments are per-
formed to demonstrate the effectiveness of the predictor-corrector methods. The conclusion of this article is given in
Section 5.

2. The Cahn-Hilliard equation and its equivalent form after energy quadratization
2.1. The Cahn-Hilliard equation

In this work, we study the following free energy
1
E0) = [ (51767 +Fo)ax. 1)
I?;

where x € 2 C RYd = 2, 3), ¢(x, t) is a scalar function, F(¢) is the bulk energy functional (which could be nonlinear).
Using energy variational method for the total energy Eq. (1) in H~1(£2) [40], one can get the following widely-braced
C.H. equation

¢ = Aw, 2)
w = 0E/8¢ = —Ap +($),

subject to the initial and boundary conditions

®le=o= ¢o, (3)

(i) ¢, w are periodic ; or (ii) 8,,<;>|(m = Oqw 0. (4)

a2
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Here w = g—E is the chemical potential, and we use the notation f(¢) = F'(¢). Taking the L? inner product of Eq. (2) with
—w, and ¢;, we get the energy dissipation law of the C.H. equation as

dE(¢) 2
= /Q|Vw| dx. 5)

Numerical schemes that preserve the energy dissipation law Eq. (5) in the discrete level are called energy-stable.
If such energy-dissipation-law preserving property does not depend on time-step, the numerical scheme is named
unconditionally energy-stable.

2.2. Energy quadratization

Next, we introduce an equivalent reformulation of Eq. (2) using the IEQ method [41]. Denote the auxiliary variable
function

a(9) = \[F(9)— 2¢? +B. 6)

with y > 0 the regularized (stabilized) parameter [42], and B a constant such that g(¢) is well-defined. Also, we introduce
the notation

8 —
g@) =2 qp) = LDV 9
9 F(¢)— 5> +B
Then, we rewrite Eq. (2) as follows
¢ = Aw,
w=—A¢+ye¢+g(e)o), (8)

qr = %g(¢)¢t,

subject to the initial and boundary conditions

Glio = do. dlio = \[F(do) — 2.6 +8B. (©)

(i) ¢, w are periodic ; or (ii) dap|,, = aw|,, = 0. (10)

Note that the transformed equations (8)-(10) are equivalent to the C.H. equations (2)-(4). In addition, the transformed
equations (8)-(10) still satisfy the same energy dissipation law as Eqs. (2)-(4). In fact, by taking the L? inner product of
Eq. (8) with w, ¢, 2q, respectively, we find

%E(qxq):—/gwwzdx, (11)
where
[ (Yo Va2 2
Bo.0) = [ (51967 + 50 +4* = B)ix (12)

The energy (12) is equivalent to the original energy (1) in time continuous case, by noticing (6).
In the next section, we will develop a class of predictor-corrector schemes for the equivalent system (8)-(10), which
in turn solves Egs. (2)-(4). Then we present several theoretical results.

3. Time discretization schemes

We introduce some notations that will be used in the rest of this article. The norms in Sobolev space are defined by
HSand | - ||s (s = 0, £1, ...), respectively. In particular, the [?(£2) inner product is denoted by (-, -) with its norm || - ||.
We also define the following Sobolev spaces:

Hyer(2) = {¢ is periodic, ¢ € H'(£2) and / pdx = 0},
2

and introduce the notations
1 1 —n+d 3 1

n+%:7.n 7.n+] ° :7.n_7.n—1
(o) (o) + (e (o) (o) = (o) (13)

3.1. Second order linear schemes

Let N be a positive integer, t, = nét,n =0, 1, ..., N be mesh points, and §t = T/N be the uniform time-step, with T
the final time. The reformulated equations (8)-(10) could be solved via the following second-order schemes.
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Scheme 3.1 (Crank-Nicolson (CN) Scheme). Given ¢"~!, w"!, q"~! and ¢", w", q", we can obtain ¢"*1, w1, ¢"+! via

¢n+17¢n _ +1
o = Aw,
e+l
W = — AT 4yt 4 (@ )2, (14)
n+1_n —nt+l 1
=t =%g(¢ 2)¢ 8t¢’

with g(¢) defined in Eq. (7), subject to the boundary conditions

(i) g™+, w" are periodic ; or (ii) dup™ |, , = dpw"'|,, = 0. (15)

Scheme 3.2 (Backward Differentiation Formula (BDF) Scheme). Given ¢"~ ', w"!,q"~! and ¢", w", q", we can obtain
¢n+1 wn+1 qn+1 via

3" a4 nt
28t - ’
—n+1
wht! = _A¢n+1 + y¢n+1 +g(¢" )qn-H, (16)
3q"+1—4q”+q"_1 1 —n+1 3¢n+174¢n+¢n—1
25t - Eg(¢ ) 26t ’

with g(¢) defined in Eq. (7), subject to the boundary conditions

(i) "', w™** are periodic ; or (ii) da¢"'|, , = duw"'|, , =0. (17)

Scheme 3.3 (Leapfrog (LF) Scheme). Given ¢"~ !, w"!,q"! and ¢", w", q", we can obtain ¢"*!, w1, q"+! via

+1_4n—1 1
= zarw = Aw"2,
1 n+1 n—1 n+1 n—1 n+1 n—1
w2 :—A¢ ertb +y¢ 42>¢ _,’_g(d)n)q erq , (18)
q”+17q”’1 1 n ¢n+1_¢n—1
25t - ig((p ) 25t

with g(¢) defined in Eq. (7), subject to the boundary conditions
(i) "', w™* are periodic ; or (ii) dap"'|, , = daw"'|, , = 0. (19)

Schemes 3.1-3.3 have been widely used. Furthermore, they could be easily verified to be unconditionally energy stable
and uniquely solvable [41].

3.2. Second order predictor-corrector linear schemes

However, Schemes 3.1-3.3 are not accurate with large time-step sizes due to their explicit treatment of nonlinear term
g.In a long time dynamic simulation, the numerical value of g could eventually deviate away from its original definition
in Eq. (6). This could pollute the numerical solutions. Thus, we propose to improve the accuracy of these linear schemes
by a predictor-corrector approach.

In the rest of this section, we present the predictor-corrector time discretization schemes first. Afterward, we will
show the energy stability, unique solvability, and error estimate. The main idea of the predictor-corrector schemes is as
follows.

1

Scheme 3.4 (Predictor-corrector CN Scheme). Given ¢™ 1, w™ ', q"~! and ¢™, w", q", we can obtain ¢"*1, w1, ¢"*! via the

following two steps:

e Step 1: Prediction: predict ¢+ via some efficient and accurate numerical schemes.
o Step 2: Correction: obtain (¢"+!, w1, ¢"*1) via

¢n+17¢n o n+l
e = Aw'2,

1 1 1 1+l gn 1
W' = — A" 4 y"tr 4 g(BFE)g 2, (20)
qn+1 7qn 1 ¢;1+1+¢n ¢n+17¢n
st ig( 2 ) st

subject to the boundary conditions
(i) "', w™ ! are periodic ; or (ii) du""'|, , = dpw"*'|,, = 0. (21)

In a similar manner, we can propose a second-order predictor-corrector scheme based on the backward differentiation
formula and leapfrog formula.
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=1 g™ 1 and ¢", w", q", we can obtain "1, w1, g™+ via

Scheme 3.5 (Predictor-corrector BDF2 Scheme). Given ¢™ 1,

the following two steps:
e Step 1: Prediction: predict ¢! via some efficient and accurate numerical schemes
e Step 2: Correction: obtain (¢™', w™, ¢"1) via

3¢n+1_4¢n+¢n—1 _ n+1

25t = Aw ’
wn+1 — _A¢n+1 + V¢n+1 +g(¢z+l)qn+1’ (22)
3qn+174qn+qn—1 1 n+1 3¢n+174¢n+¢n—1

25t - ig(¢* ) 5t ’

subject to the boundary conditions
n+1 _ n+1 —
50 = Onw" |, =0. (23)

(i) ", w™! are periodic ; or (ii) Ou¢
Scheme 3.6 (Predictor-corrector LF Scheme). Given ¢"', w1, q"~! and ¢™, w", q", we can obtain ¢"*!, w™ ', ¢"*! via the
following two steps:

e Step 1: Prediction: predict ¢} via some efficient and accurate numerical schemes.

e Step 2: Correction: obtain (¢"1, w™1, ¢"+1) via

¢n+1m¢n - = Aw™
Wt = A ¢"+‘+¢"—1 + ydﬂ‘“;r«z:“—l +g(oM)e "+1+q” ! (24)
T = SaD T
subject to the boundary conditions
(25)

. 1 +1 PN TI .s 1 +1
(i) ™1, w1 are periodic ; or (i) 9,¢0™" |a:z = 9pw" |a:z =0.

Note that the prediction and correction steps in the schemes above are fully decoupled. For each prediction time-step,
many prediction strategies could be constructed, so long as the predicted value ¢+ is second-order consistent in time.

For instance, here are a couple of choices for the prediction step.

e Case 1: set
¢n+1 — 2¢n _ ¢Tl—].

e Case 2: fori=0,1,...,M — 1, calculate

A R |
= aud,
n+1 n 1
+¢ n+5
w'ti = _A¢:+1 + V¢:+1 +g( i1 (27)
Q=g Mgl | gt _gn
: 5t - Eg( — ) 5t
where ¢! = 2¢" — ¢""!, subject to the boundary conditions

: n+1 n+1 COR i n+1 _ n+1 _
(i) ¢!}, w™*! are periodic ; or (ii) dugpfy |, , = daw™*'|,, = 0. (28)

Then set ¢! = ¢t
e Case 3: fori=0,1,...,

n+1 -1
i 4T L
25t ’
1 _ n+1 n+1 n+1y,n+1
=—A¢.T +voL, + 2(¢; )qi+1 s (29)
3qx+11 4q +qrx 1 1 (¢n+1)3¢1{1++1174¢n+¢n—1
25t = 289 20t ’

M — 1, calculate

where ¢! = 2¢" — ¢""!, subject to the boundary conditions
n+1 (30)

. 1 1 . P .s
(i) d)i’f] , w"! are periodic ; or (ii) i |asz

= 8,,w"+1|39 =0.

Then set ¢! = ¢t
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e Case4: fori=0,1,...,M — 1, calculate

B9 g prtd

8t ’
1 n+1 41 oMo | ntd

w2 = —A¢ P ye )t Fe(F5—)g; 7, G
+1 +1 +1

Ay = \/F (1) — (@ + B,

n+1 _ n—1 +2 _ —nt1 ; it

where ¢; 29" —¢" and q, * =q 2, subject to the boundary conditions
(i) ¢!, w™* ! are periodic ; or (ii) dugpf} |, , = daw™'|,, = 0. (32)

Then set ¢! = ¢

Remark 3.1. We propose three ways to predict ¢, all of which are commonly used. In fact, given a sufficient precision
of ¢™*1, we can also calculate ¢™1 via correction step. There is no doubt that “Case 2", “Case 3” and “Case 4" are better
than “Case 1” because ¢! is close to the exact solution, but “Case 2", “Case 3" and “Case 4” need more calculation costs.
In addition, “Case 2", “Case 3” and “Case 4" are similar in theoretical analysis, and “Case 2" performs slightly better in
numerical simulation. In the last numerical examples, we select “Case 2” as the prediction step to obtain ¢!*+1.

Remark 3.2. We note that, in gradient flow (especially phase-field) models, an adaptive time-step strategy will be in favor
to capture the different time scales during the dynamics, as well as being computationally efficient. However, the broadly
used time-adaptive strategies [43,44] could be readily utilized in our proposed schemes to speed up the calculations.

3.3. Some theoretical results

As Schemes 3.5 and 3.6 are all similar to Scheme 3.4 we mainly focus on the predictor-corrector CN Scheme 3.4 with
the CN predictor, which is summarized as follows.

Scheme 3.7 (Fixed-point Predictor-corrector CN Scheme). Given ¢"~!, w™ 1, ¢"~! and ¢", w", q", we can obtain ¢"+1, w1,
g1 via the following two steps:

o Step 1: Prediction: while ¢! — ¢"|| > g9 and i < N, fori =0 to N — 1, calculate

i+1
R A T
5 = Aw
1 ﬂ+l Tl+ "+1+¢" n+l
w2 = —AG P vy +g(% it (33)
1 n n+1 n
G —0" 1 90" gt g
5t _Eg(lz ) 5t

with ¢! = 2¢" — ¢"~1, subject to the boundary conditions

(i) ¢, w™* ! are periodic ; or (ii) dugpf' |, , = dww"'|,, = 0. (34)
If the loop ends at i +1=M < N, set """ = ¢t
e Step 2: Correction: obtain (¢"+1, w™*1, ¢**1) via
P A,
1 1 n+1 1
u}n-;—i — _A¢n+§ + y¢1’l+% +g(¢* 2+¢” )qn+§’ (35)
qn+17qn n+1+¢n ¢n+1 —p"
St - Zg( ) St ’
subject to the boundary condltions
(i) "', w"* ! are periodic ; or (ii) du¢"*'|, , = dpw"*'|,, = 0. (36)

For Scheme 3.7, we have the following energy stability result.

Theorem 3.3 (Unconditionally Energy Stability). The time discrete Scheme 3.7 is unconditionally energy stable. And it follows
the energy dissipation law as

n+1 _n+1 _ n+31 n+l ¢2+1+¢n n+l 2 n o n
E(@™, q"" ) +ot[|V(=4¢""2 + y¢ 2+g(72 )q"2)I° = E(¢", q"), (37)

where E(¢", ¢"1) = 1|V |12 4+ L) ¢™ 112 + lg" 1> — B|$2|. In particular,
E(¢p™1, ¢"1) < E(¢", q").
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Proof. Computing the L? inner product of the first equation in Eq. (33) with 28tw"+% and using integrating by parts, we
get

2Ap™ — ", W) = —25t|| Vw2 |2,

Taking the L? inner product of the second equation in Eq. (33) with 2(¢"*! — ¢") to arrive at

n
5 ¢ ) n+%’¢n+l _¢n)
Computing the L? inner product of the third equation in Eq. (33) with 2(q"*! + gq")6t, we obtain

(b_n+1 +¢n
i Y
2
Summing the equations above up, we derive

: n+1
2w, M = 9" = V4" = V"I + v (8™ 12— 19"1%) +2(g i

21lg" 12 - 211g")1> = (g 6™ = 6", q" + "),

1
IVO™ 12 = IV" 12 + y (19" 11 = 19" 1) + 2l1g" HI* = 201g"1* = =28t Vw" 2|2,

ie.

n+1 n
1 1 +
B a4 8tIV(- 9™ + g d 4 g(P DR = B, 01
That is Eq. (37). O
In a similar proving strategy, we can obtain the following corollary.

Corollary 3.1. For the prediction step Eq. (33), it holds
E(ort ait) <E@¢".q"), VYi=0,1,....M—1, (38)
where E(o/!, qif) = LIVORI2 + Lllgr 2 + g 12 — BIS2).

The detailed proof is omitted for simplicity. In addition to the unconditional energy stability, the unique solvability
could also be shown as follows.

Theorem 3.4 (Unique Solvability). The predictor-corrector Scheme 3.7 is uniquely solvable.
Proof. First, from the third equation of Eq. (35), we find

n+1 n
" = ¢+ e g (39)

Then, we can rewrite Eq. (35) as follows

¢n+1 _ %(Swan_H — Q],
(40)
P(¢n+1) _ wn+] — le
where
Q =9¢" + 35tAw",
Q = A¢" — yo" + g(EH Y 1g(EH ygn _ ogny 4w, (41)
P(g)=—Ap+ v + %g%*”*ﬂ—ﬂ”kb.

Thus, we can solve (¢™!, w™1) directly from Eq. (40). Once we get ¢"*!, the ¢"! is automatically obtained in Eq. (39).
Moreover, when ¢ satisfies the boundary condition Eq. (10), we have

n-H n
(@), 9) = (9, ¥9) + 79, ) + 2 (2P0, 0) = (0, P9 (42)

Then, the linear operator P(¢) is self-adjoint. Furthermore, if f o ®dx = 0, we have

¢n+1 ¢n
(P(#), ) = IVI* + v lol* + = ||g( )12 = Caliplli. (43)
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Thus the operator P(¢) is positive define. Computing the L? inner product of the first equation in Eq. (35) with 1, we
obtain

/qﬁ”“dx:/ ¢>"dx:~--:/ ¢%dx.
I 2 2

—_ 1 0 _ 1 n+1

Set vy = 17 [ #°dx, vy, = 17 [, w"*'dx, and denote
1 +1 =n+1 +1
P =" — vy, W =W .

From Eq. (40), we find ($, W) € (Hper, Hper) is the solution of the following equations

{(¢7 /“L)+ %at(vwv /"L) =(Q3!I’L)s I EHper(Q)v (44)
(P(@), ¥) — (w, ¥) = (Qu, ¥), ¥ € Hper(£2).
We denote the above system (44) as

(£X,Y)=(F,Y), (45)
where X = (w, ¢), Y = (i, ¥), F = (Q3, Q4) with X, Y € (Hper, Hper), We can obtain that

(£X,Y) < ClIplla + lwll)U T+ eellh)- (46)
Thus, the bilinear form (£X, Y) is bounded. In addition, we have

St
(£X, X) = EIIVwII + (P(). ¢) = C([wll + 817, (47)

using the Poincaré inequality. Then the bilinear form (£X, Y) is positive definite, it is easy to show that exists a unique
solution (w, ¢) € (Hper, Hper) for Eq. (45) by using Lax-Milgram theorem. Thus, linear Scheme 3.7 admits a unique
solution. O

3.4. Error estimate for the time-discrete scheme

In this part, we present the error estimate of the time-discrete predictor-corrector Scheme 3.7. Scheme 3.4 with other
predictors could be analyzed in a similar manner. In particular, if we choose the extrapolation predictor equation (26),
Scheme 3.4 reduces to the Crank-Nicolson IEQ Scheme 3.1. In other words, our proof strategies also work for linear IEQ
Schemes 3.1-3.3.

To this end we will prove ||¢™"!| 1 is uniformly bounded. First, let us denote the error functions

e?.,d) = ¢(ta) — 9", EZ; = ¢(ta) — 9", ef,q = q(ta) — q;, eZ = q(ta) — q".

and the truncation error functions

. ¢(tn+1) - ¢(tn) . ¢(tn+l) + ¢(tn)
= Gl ), 1= S = (e )
. Q(tn-H) - Q(tn) . Q(tn+1) + Q(tn)
3 =T s Qr(tn+%), ry = - 5, CI(t,H%),
. w(tnt1) + wltn)
re =~ w(thr%).
By using Taylor series expansion, we find
Il < cat®, [yl < Cot>, |Ir§ll < C8t%, ||rj|| < C8t%, ||rf|| < CSt>. (48)

The next three lemmas [36] will help us to handle the bound of nonlinear terms.

Lemma 3.5. Given that (a) F(x) € C?>(—o0, 4+-00); (b) there exists a constant A, such that F(x)— %xz > —A, Vx € (—o0, +00);
(c) there exists a positive constant C; such that

max | ()l 19" e 197 1 | = G, (49)
it holds

maf1F G i, I G G VPG + Bl | < o (50)
where " = e14(tn) + £20" + e3¢, €1, &2, &3 € [0, 1], F1(x) = F(x) — 2x*, fi = F|. Moreover, we have

l&(g(t)) — 8N < Call(ta) — "1l (51)

where Cs are constants which are dependent on Cq, C3, A, B.
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Proof. The inequality (50) is obtained by combining assumptions (a) and (c). By using the Lagrange mean value theorem,

we find
ny f1(¢(fn)) fi(¢")
lg(o(tn)) — g(o")] = NEC DR «/Fl D) +B‘
=]f1 rn W N A ()ES
VFi(¢(t:)) + BJ/Fi(¢") + B

(6)(VR@E B — VRGE) )
" VFi(#(t)) + BJ/Fi(¢") + B ’
Fi@(E) T B(A(#(t) — filg™) |

VFi(o(ty)) + BVFi(¢") + B
<Clo(ts) — ¢" |-

This concludes the proof. O

d

Lemma 3.6. Given that (a) F(x) € C3(—o0, +00); (b) there is a constant A, such that F(x) — %xz > —A, Vx € (—o0, +00);
(c) there exists a positive constant C4 such that

max (6w, 19" e, I8 e | = Co.
The following inequalities hold

ma P GV, I G s G L7 G /PG + Bl | < G,
|VE(0(ta) — V@Il <Collgta) — "1

The proof is similar to Lemma 3.5. We thus omit it here for simplicity.

Lemma 3.7. Denote {u" } to be sequences of function on 2. It holds

|un+l| §Z|um+1+um|+|u0|.

m=0

Proof. To prove it, we utilize the mathematlcal induction. For n = 0, it is easy to see that |u!| < |u' 4+ u®| + |[u0|. If
n =k — 1, suppose that [u¥| < X1 |u™ 4 u™| 4 [u°|. When n = k, we can obtain
= ) = ) — ) ) - )
k—1 k
< Z |um+l + um| + |u’<+l| _ |uk| < Z |um+l + uTH|.

m=0 m=0

lu

This completes the proof. O
We also need to make the following regularity assumptions.
¢ € L0, T; HA(2)) N L(0, T; W(£2)), ¢ € [*(0, T; H'(£2)) N L®(0, T; L*$2),
q € L¥(0, T; W'(2)), qu. ¢u € L(0, T; 13(£2)), w € L(0, T; HA(2)). (52)
Here, we define v as

v = max [¢(t)]lr + 1. (53)
0<t<T

We will show that ||¢"|| and ||</)i’f]1 o are uniformly bounded in the following lemma.
Lemma 3.8 (Uniform L., Bound). Given that F(x) — %xz > —A for all x € (—00, +00), F(x) € C3(—00, +00) and the system
(8)-(10) has a unique solution, which satisfies the assumptions (52), there is a positive constant t, when §t < t, the solution
of Egs. (33)-(35) is bounded as follows

lp™ o < v, ||¢,.":11||,_oo <vn=01...,K=T/6t,0<i<M-—1. (54)
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Proof. We present the proof using mathematical induction. When n = 0, it is easy to verify [|¢°||;» < v.Fori = 0

subtracting Eq. (33) from Eq. (8) gives

—_

e}¢—eg 2 0 0
(’T,rp) —(Vey, Vo) + (1] — Arg, @),

1 1 0 1
(eh.0)= 0+ 4 — 18,004 (2275 ) 4 (v
e},q—eg _ (.0 1 0 ¢11 —¢°
(TM//)—(GM#)JrE( g(o(ts ))¢r( %) g(¢”) T LY.

1
By taking ¢ = 8te%,¢, 28te? in Eq. (55), we derive

1
lej 4II> = — 8t(Ved, Vel ,) + 8t(r) — Ard. e} ),

1

1 1 1
2(e] 4. ed) = — 28t[|Ved |* + 28t(r] — Arg, ed).

1
By taking 6 = 2e; ,, 28te;, in Eq. (56), we find

N\'—‘

2(el, e} 3) =2(rd + Ary —

25t||ew|| _28t(r5 + Ary — yrz, ew) + yét(el & ew) + c3t(Ve1 0 Ve
1 1

+ 25t(g(¢(t1))ale(t1)) —2(¢°)a7 . en).
By taking y = 28te] , in Eq. (57), that is

2|lef 1> = 25t(r9. e] ) + 8t(g((

1 0
_ 0t —¢
(i) — 8() T el )
Summing above equations up, we get

llet olI + v llel 417 + 2lle] oI + 26tlled |2
=8t(r) — Ard, e} ,) + 28t(r{ — Ay, e,%) — 2+ Ary —y13. el )
+ 28t(rd + Ary — yrd, eé) +26t(r9. e} )
— 2(g((a((ty)) — g(¢°)q%, el ) + 26t(g((t) a9t
+ (a0t tey) — s el )

By using Cauchy-Schwarz and Young’s mequallty, we obtain

1
2

St(r) — Arg e} ¢) <Cst® + y||e} ¢||2
25[’( - Ars s ew) <C5t + ”ew ”

28t(rd + Ar) — yr3, eg) <C8t® + §||el%|| :
28t(r3, e ;) <C8t° + 5t|le] |17,
—2(r) + Arj —yr3. e} ;) =
For the nonlinear term, we find that

1

g0l Naloey) — sl al e )+ St(so(ey Jouley) — (@) 2 .
cly, Cho &
= — 261(a(@(t1 Ne(9(ty) — 80" + g(#*N—rf + =), )
el —e°
+ Bt(gu(ty Ng((ty)) — g(#°) + g(#N—r) + 2" e )

= — 251(a((t) NE(6(t) ) — £(6")) — (WS- 1§ — A + Aed)

+
“e 5 Vo) + (gt

yrzo,e}¢)+y||e}¢u2+||Ve}¢,||2+2( (¢

) — (¢’ )ql,

1
= —28t(rd + Ar) — yrd. 1) — AR + Aeu,) < C8t° + —||v eal?.
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+ 0t(ge(ty Ng(9(t1)) — (") — 8(¢°)r7. €] )

7
2 12 at 302
<C3t(8t” + lleq 4l )+5IIVewII ,

and

11 St 1
28t(g(@(t1))a(e(t1)) — g(¢°)ai . ed) < Ct(8t* + lleg ,11°) + gtlle,% I%.

1 1
2 2

Combining the above equations together, we get
1
leg 4lI5 + 2lle] I + 8tlled |17 < C8t> + Cr8t|leg I

1
When G;8t < 1, we immediately obtain [le; ;15 + lleg .|| + dtlled |17 < Cat>.
Let n =0,i =0 in Eq. (33), we find

1 1 12 1
147 12 <3(1wd 1P + Cle(s™E<la] + 71167 1)
<C (eI + w(eo)l + el I + lle] I + Ia(enI + laeo)I? + I9(enI? + I$(eo)l? + e} 512)
<C.

Therefore, we derive ||Ae%,¢||2 <2||A¢] 1> + 2| Ag(t1)]I* < C. Then

1 1 3
g1l < lled ylle + Ip(t) e < Cliel 17 el 413 + ()l < CodtT + llp(t1) e
When Cg8f% < 1, we have
p1lle < 1+ llp(t1)lle < v. (58)

Suppose i =j > 1, ||<,i>j1 ;e < v holds, next we will show ||¢].1H |liee < v is still valid. Subtracting Eq. (33) from Eq. (8) at

t 1 by applying Cauchy-Schwarz, Young’s inequality and Lemmas 3.5-3.6, we obtain
1
lefs1,6113 + 2liefs1 gl + Stlled I3 < C86° + Codtlie] I + Crot e g1 (59)
If C1o6t < 1, we arrive at

1
lefuq oI5 + llef,q qll* + Stlled 17 < C8t° 4 Codt e} 4 13 (60)

By using a simple recursion formula, we derive

1 A 1—d
e 1 I + ety g1 + Stlledli? < d'llel 412 + C8t5<m), (61)
where d = Goét, if d < 1/2, we have
1
lel1 12 + llefy oI + Stlledli? < Cat’. (62)

From Eq. (33), we find
> 2 e vz oh 72
lAg7 12 <3(Iwd 2 + Calg(@? oIzl + 7624 1F)
<C Il + @) + el I + lefy oI + la(en)I + la(to)]?

+ 1oED)I? + 16(t)I* + ||€}+1,¢||2)
<C.

Therefore ||Aej1+1y¢||2 < 2||A¢j1+1 1> + 2|l A¢(t1)||> < C. Then, we derive that

1 1 3
Iarlloe < llefq plle + ot e < Cllelq I} e gllZ + gt < Ciadtd + p(t)lroe.
When CHBt% < 1, we derive

)y lle < v. (63)
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Suppose [|¢¥[l1 < v, and [|¢ ] lle < v,¥0 < i <M — 1. Next, we will prove that [|¢* ! |l;e < v, ¢ 2]l < v is

still valid. First, for i = 0, subtracting Eq. (33) from Eq. (8) at ¢, 1 and taking the inner product with ¢, 6, ¥, respectively,

et —el ntl
(Tv )=—(Vew Z,V(p)-{—(r? - Arg’ Ql)), (64)
el n+1+ n+1+ n
(ew *.6) :(rg+Arg—yr§,9)+y(w,9)+(vy,v0)
n+l+¢n n+%
(8Bt a0t ) — (P02 0), (65)
en+1 n 1 n+l+ n n+1 n
(0 gy =0 )+ 5 (20600, Il ) — g )PP ), (66)

1 1
Taking ¢ = St(€}, + el). 26te,, * in Eq. (64), 6 = 2(e} — el). 26te,, * in Eq. (65), ¥ = 26t(}% + €}) in Eq. (66).
Following the previous proof we arrive at

el 17 — el I3 + v el 12 — llef %) + 25t el R+ 20155117 — llegl®)
1
=St(rl — Arl, e 4 eh) + 28t(r} — Arl el ?) + 25t(r}, et el

— 2l + Ar) — yrz,e';‘;] —ef)+25t(r] + Ary — y13, ew+2)

n+1 n
— 280t a9l ) — O e o)
n+l+¢n n+d o on+ed
2gty, D, ) — (TG
n+1 n n+1 n
+ 30y, 0t )~ g TN gy (67)

Applying again the Cauchy-Schwarz, Young's inequality and Lemmas 3.5-3.6, we obtain that

et 15 — lle Il — v liel” + 211et 1% — 2lep 1 +5tllel ||1
<Cpodtl|ef 1> + Cot(st* + llef I3 + llef 15 + llepl®).
Given C136t < 1, we can get
lefhH 1T < el + vllellI” + 2llef 1> + Cae(st* + llefllF + llej " I5 + llef11®). (68)
Subtracting Eq. (33) from Eq. (8) at ¢, I we can derive

el I — b2 = yllehl2 + 21l I — 2l + scllely 2|12
<Cisdtllef 17 + Cot(se® + llef 3 1T + llef 113 + llef 11T + lleg 1)
When Cy38t < 1, we arrive at
el I3 < Cradtllef s 11T + C(8t° + Nl 15 + e 113 + llefl1?).
It is easy to see that
i

1-—
et < hller s + C8e + leg I3 + ey 17 + legh)7—

where h = C148t, when h < 1/2, then we get
el 17 < et 13 + CSt° + Nleb 13 + lleh " 13 + llell1?).i — 1 < M. (69)
Similarly, subtracting Eq. (35) from Eq. (8), and combining with (68)-(69), we arrive at

n+1
et 3 — lleh I3 + v Cllel ™ 1% — lleh 1) + 2(11el 112 — l1el 1) + stllew 113

<Cst> + Cat(llel B 1T + llej 5 + lef 1%
<C8t + Cot(llef 1P + eI + llel 15 + llefll?).
Summing up the equation above for n =0, ..., k, we find

e 1% + ek +6tZ||e Jk <CZ||e¢||1+||e"“||)

n=1 n=0
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Applying Gronwall’s lemma, we derive

n+
e 1% + ek +8t2||e 2 < cort.

n=1
Combining with Egs. (35) and (8), and we find that

A"+%2<C ArP1 n2 np2 ’H’z
[Ae, “1I7 =C(l1ArZ[I7 + Iz 1”7 + sl +||e¢ || + [lew 217

¢Z+1 + ¢n 1
S TR

+ ligle(t,, 1)alt,, 1) — 8( 5

<cst?.
From Lemma 3.7, we find
lael™ | < cat. (70)
On the other hand, it holds that
16" Ml <llels™ i + (e 1)l
<CIIE 17 1512 + It )l
<Cis8t2 + [ p(tes1)lli-
Given C156t% < 1, we derive

" oo < 1+ ll(tis1)llie < v.

k+2

Next we will prove ||¢; 7 [[ie < v, 0 <i <M — 1. Subtracting Eq. (33) from Eq. (8) at tk+%, i = 0. Similarly, we can derive

15215 + lleyH211P +5t]len 2||1 < st (71)

Subtracting Eq. (33) from Eq. (8) at tk%, i = 0, we obtain

e+-3 k+3
laes 12 <C (AR + 12 + ke 2 eI + e 2

k+2+ k+1
gt ) — TP ) < oo

2
Combining with (70), we derive ||Ae"+2|| < C§t. Thus
95 liee <ll€f Pl + llp(tisa) o
<C||e"+2||f ||e"+2||2 + 11t < Cre8t7 + [[p(trga)llios-

. 3 .
Given Cigét2 < 1, we derive

k
19} 2l < 1+ llp(tics2)llie < v, (72)
Supposing [|¢{ 2|l < v, we will prove [|¢};?||;e < v still holds. Similarly, we have
k-+2 k k k-+2 k e+ 3
1ef52 512 — 11k 12 — yllek I + 211k, 112 — 201k T2 + stllew, |13
k+2 2 4 k+2 k+1,2 k12
<Ciz8tlleffT 17 + Cot(st* + [lef 52115 + el 11T + llel™ 1)
Given C;76t < 1, we can obtain
k+2 k+2 (2 2 k+2/2 4
e s o117 + e +5tlle || < Cigdtle; ;% (|* 4 Cot*.
That is
li
k+2 k+2 k+2
el 113 + llefit o I1? +3f||€ ||1 <l'lle+ ||1+C5f4] I

where | = Cyg6t. When | < 1/2, we get

k+2 k+2
e o 17 + leff s gl + Stllen ||1 < caet.
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Thus, we find

k+3 ket 3
lAeli2, + Akt <C AR 4+ I + I I + e 212 + el 212
¢k+2 +¢k+1 k+ 9
+ 2086t PN ) — 87 ) = otk

Then, we derive || Aef{7 || < Cét. Furthermore

k+2 k+2
1652, e <l 2l + 1 (tera) e

3
c9||ef‘:f¢||f ||ef‘++f¢||2 + l(ties2)llie < C108t2 + [|p(tis2)l1o.

k+2

Given C19(St% <1, we derive [|¢;; llie < 1+ [[¢(tks2)ll1e < v. This concludes the proof. O

Remark 3.9. Our algorithm can also be extended to other schemes with various predictors. For a given predictor
algorithm, we only need the infinite norm of predictor ¢! is uniformly bounded, which is usually true. Then we can
prove that the numerical solution ¢™*! from the corrected step also satisfies the infinite norm uniformly bounded.

Theorem 3.10 (Error Estimate). Scheme 3.7 is second-order convergent in time. In particular, under the assumption of
Lemma 3.8, we have

k
16(tir1) = i+ 19 (tr1) = G DI+ 86 Y (1)~ w3y < Cot2. (73)

n=0

Proof. Subtracting Eq. (33) from Eq. (8) at ¢, 1 and taking the L? inner product with ¢, 8, v/, respectively,

n+1

el —e ned
(%ﬂ’, ) =— (Vew 2, Vo) + (! — Arl, ¢), (74)
n+] n+1
@2 9) =(r! 4 Arl — pr, 0) + y(%, 0) + (v%, Vo)
p+1 n
+ (800, a0, ) - 2 P00 6). (75)
ey — e . 1 P 4 gn grl — g
() =(5. v + 5(g(¢(rn+%))¢f<rn+%) - g( )T V). (76)

1 1
Taking ¢ = St(eff,!, +e}), 28ten, 2 in Eq. (74), 0 = 2ef i, —eh), 28tey, ? in Eq. (75), ¥ = 28t(e?:11_q + €}) in Eq. (76).

Following the previous proof, we arrive at
1 1 42 2 1 2
el 113 — lleg i3 + v(llef 1 — lepl )+ 26t en ||1 + 2015 1% = lleg 1)

=5t(r] — Arl, et 4 el) + 26t(r} — Arl. e, 3 )+ 28¢t(rY, fjl‘q +e)

— 2l + Ay — yry el — )+ 20t(rE + Ar) — y1). ey 7)

n+1 n
— 2(g((t, 9Lty ) — 8P e — )
n+1 n 1 nad
2806, a6, ) — 8P T el
n+1 n n+1 _ on
+ 6t(g(¢(tn+%))¢t(tn+%)—g(¢' 2+¢ )¢'+18t i el +ep). (77)

Using Cauchy-Schwarz, Young’s inequality, and Lemma 3.8, we get that

1 1
et oI5 — lleglid — vllegll® + 2l I° — 2llegl® + tllen” ||1

<Coobtlleff 1> + Cot(st* + llef 113 + e 115 + lleflI®)

When Cy0dt < 1, we obtain that

el oI < Candtllels 11T + C(8e° + lleg T + lleg™ I3 + llegl®).
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That is
i

) 1—-z
] —
el = Zels I3 + COOt + e I3 + ey 1 + eI ( 7= ).
with z = G;16t, when z < 1/2, we have
el 13 < Nef5HIT + Cot° + Nl 15 + llef 15 + llej 1)

Similarly, subtracting Eq. (35) from Eq. (8), and noticing (68), we arrive at

n+d
et 1% — lle I3 + v (el 1% — e 1*) + 20l M I> — Nefl®) + stllew 113
<C8t> + Cat(llefh 1T + llej I3 + lleg1I*)
<C8t° + Cot(llef ™ I1* + llep I3 + llef 113 + efll?).

Summing up above equation for n =0, ..., k, we find

k k
1
k412 k+1112 a2 2 12
les 1T + lleg™1I* + ot E llew *[° < C E (e I3 + legt11%).
n=1 n=0

Applying Gronwall’s lemma, we have

k
1
k412 k4112 n+3 2 4
el IT + ek 2 460D llew 213 < Cott.
n=1

Then, we get the desired result. O
4. Numerical examples

In this section, we present some numerical experiments to verify our theoretical results. In all the numerical examples
below, we set the numerical stopping criterion as N = 10 and gy = 10712,

4.1. Spatial discretization

For the spatial discretization, we choose the standard second-order compact central finite difference method. Mainly
consider a rectangular domain £ = [0 L] x [0 L,]. We discretize it with uniform meshes. Interested readers can refer
to [45-47] for details.

4.2. Temporal and spatial convergence test

Consider the C.H. equation

3 = AAw,
w=—s2A9 +¢’ — ¢,
subject to the boundary conditions

(i) ¢, w are periodic ; or (ii) dap|,, = aw|,, = 0. (78)

This is derived by choosing the free energy E = [, %IVd)I2 + 1(¢? — 1)?dx and taking the H~' gradient flow with
mobility A. We can reformulate it with IEQ method by introducing the auxiliary variable q and the function g(¢) are
derived as

1
q= §(¢>2 —1—-y). &(¢)=2¢. (79)
Consider the square domain [0 1] x [0 1] with 512 x 512 uniform meshes. The initial profile for ¢ is chosen as
¢(x,t = 0) = 0.45 cos(4mx)cos(4ry). (80)

The model parameters are chosen as ¢ = 1072, A =102 and y = 1.

Scheme 3.1 is tested first. First of all, we present the time convergence test. For simplicity, we only show the results for
the case with periodic boundary conditions. The convergence rates are summarized in the left part of Table 1, where we
observe second-order convergence when the time-step is small enough, which is consistent with our theoretical results.
Then we test the predictor-corrector C.N. Scheme 3.7 with the same initial values and parameters as above. The result
is summarized in the right part of Table 1, where we observe robust second-order convergence in time, even with large
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Table 1
The [?> numerical errors of ¢ at t = 0.5 are computed by linear CN Scheme 3.1 and the
predictor-corrector CN Scheme 3.4 using various temporal resolutions.
8t Linear CN Scheme 3.1 Predictor-corrector CN Scheme 3.7
L?— Error Order L?— Error Order
0.2 6.5620 0.4236
0.1 2.5722 1.351 0.1070 1.984
0.05 0.7780 1.725 0.0267 2.003
0.025 0.2085 1.900 0.0067 2.001
0.0125 0.0534 1.963 0.0017 2.001
0.00625 0.0135 1.989 0.0004 2.004
0.003125 0.0033 2.010 0.0001 2.016
Table 2
Spatial mesh refinement test for ¢ at t = 0.5. The results are calculated using
predictor-corrector CN Scheme 3.7.
N Error Order
L® 12 [ 2
64 - - - -
192 6.5018 2.6455 - -
320 0.2818 0.1375 1.9553 24341
448 0.0746 0.0372 2.0096 2.0501
576 0.0303 0.0153 2.0048 2.0218
704 0.0153 0.0077 2.0029 2.0124

time-step sizes. By comparing the results in Table 1, we observe that the predictor-corrector schemes reach the optimal
second-order convergence rate faster than the linear IEQ schemes.

Next, we conduct the mesh refinement test using predictor-corrector C.N. Scheme 3.7. We use the same model,
parameters, and other settings as above. To avoid the temporal errors affecting the spatial convergence results, we use
a small time-step 6t = 10~%, along with various N2 spatial meshes, where we choose N = 64, 192, 320, 448, 576 and
704. The errors are calculated as the difference between numerical solutions by adjacent meshes at the coarse 64> mesh
points. The results are summarized in Table 2. It is shown that the numerical schemes have second-order accuracy in
space in both L? norms and L* norm.

4.3. Coarsening dynamics

In this section, we further test predictor-corrector Scheme 3.7 on the coarsening dynamics. We use the same model
as above, and choose the domain as [0 2] x [0 2] with 512 x 512 uniform meshes. The initial profile

¢(x,t =0) = 10 3rand(—1, 1) (81)

is used, and the model parameters are y = 1, A = 0.1 and ¢ = 0.05.

In the first case, we pick the periodic boundary condition. We test both IEQ CN Scheme 3.1 and the fixed-point
predictor-corrector CN Scheme 3.7 with different time-step sizes. The results are summarized in Fig. 1. When the time-
step is large (saying 8§t = 0.1), even though Scheme 3.1 preserves the energy dissipating property, its numerical predicted
energy is already largely deviated from the correct energy, as shown in Fig. 1. When the time-step size is small enough
(saying §t = 0.01), IEQ CN Scheme 3.1 predicts accurate results. On the contrary, for fixed-point predictor-corrector
C.N. Scheme 3.7, its numerical prediction is already accurate enough even with large time-step §t = 0.1, i.e., the
predictor-corrector scheme provides better numerical accuracy at large time-step size.

To better compare these two schemes, the [> norm on the difference between numerical solution q and Eq. (79)
(the original definition of q) are summarized in Fig. 2. Notice, due to the numerical discretization for the equation of
g, numerical truncation errors are introduced inevitably. We observe, when the time-step is large, Scheme 3.1 introduces
large errors, deviating q from its original definition (79). On the other hand, for the predictor-corrector Scheme 3.7, it
predicts dramatically accurate results, that is the errors between q and (79) are negligible.

From the comparisons above, we observe predictor-corrector Scheme 3.7 predicts accurate numerical results. In
addition, using Scheme 3.7, with 5122 meshes and time-step size st = 1072, we simulate the long-time coarsening
dynamics, where the results are summarized in Fig. 3. We observe the two phases evolve and separate with time passing
by. Eventually, it reaches a steady state, where a trip pattern is formed by noticing the periodic boundary condition. The
numerical solver captures the phase separation properly, i.e., it demonstrates the effectiveness of the newly proposed
predictor-corrector schemes.
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Fig. 1. Comparisons of the calculated energies using different numerical schemes with various time-step sizes. In this figure, the numerical energies
using linear CN Scheme 3.1 and predictor-corrector CN Scheme 3.7 with different time-step sizes are summarized together.
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Fig. 2. Numerical error between ¢ and its original definition in (79). This figure shows that large time-step size would introduce numerical error
for g, so that it deviates from its original definition in Eq. (79). But the predictor-corrector scheme provides more accurate results.

In addition, we study the coarsening dynamics with the same model parameters as above, but with Neumann boundary
condition. We use predictor-corrector Scheme 3.7, along with 5122 meshes and time-step §t = 1072, The simulation
results are summarized in Fig. 4. We notice that when we use the physical boundary condition, it resolve different
dynamics (due to the interaction with boundaries). Mainly, we observe dramatically different coarsening dynamics with
different boundary conditions, and the dynamics evolve slower than the case with periodic boundary condition, as it
does not reach the equilibrium state at t = 10000, but the case with periodic boundary condition already reaches the
equilibrium state at t = 5000 as shown in Fig. 3.

4.4. Coarsening dynamics of the Cahn-Hilliard equation with the Flory-Huggins bulk potential

Notice that, in the proposed numerical schemes and error estimates, the explicit expression of the bulk potential is
not specified. Thus, the proposed numerical methodology applies to a wide class of problems. To demonstrate it, we
use the proposed numerical scheme to solve the Cahn-Hilliard equation with the Flory-Huggins bulk potential in this

section.
This Flory-Huggins bulk potential is derived from studying the polymer solutions, which takes account of the

differences of molecular sizes in the solvent and solute. The expression of the Flory-Huggins bulk free energy functional
is derived as

1 1
Fl¢) = N*1¢1ﬂ¢+N*2(1—¢)1ﬂ(1—¢)+X¢>(1—¢>)7 (82)
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N

Fig. 3. Coarsening dynamics using the C.H. equation with the periodic boundary condition. The profile of ¢ at time slots t = 0,5, 10, 50,
100, 500, 1000, 5000 are shown.

where N; and N, are the molecular sizes for the two phases, and y is a mixing parameter. Consider the C.H. equation
0 = LAw,
w=—c24¢ + (oI + (1 - 9)In(1 - ) + x9(1 - 9)),

with periodic boundary condition.

Following the energy quadratization idea in previous sections, we introduce the auxiliary variable q and function g as
follows

aF
q= /F—lyqﬁz—}-B, g((p):za_q:ﬂ. (83)
2 0 JF—1ly¢2+B

We remark that, during numerical calculation, there might exist singularity due to the logarithm function in g. We can
regularize g as

3 T ye
gd)= 0= 2 (84)

9 JF—1lyp2+8
where the regularized F is defined by

wolng+ L[S L (1-g)ino — 5| +x6(1-¢), if $21-0,
Fig)=1{ 7o+ 5(1—9)In(1—¢)+xp(1—¢), if o<¢=<1-o0, (85)
Nll[g+¢lno—%]+Nl2(1—¢)ln(l—¢)+x¢>(l—¢>), if ¢<o.
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Fig. 4. Coarsening dynamics using the C.H. equation with Neumann boundary condition. The profile of ¢ at time slots t = 0,5, 10,25,
100, 1000, 5000, 10 000, 26 800 are shown.

Consider the initial profile ¢(x,t = 0) = 0.3 + 0.001rand(—1, 1) and domain [0 20] x [0 20]. We use the model
parameters x =25, N =N, =1,1=1,6=0.05y = 1,0 = 10~ and B = 10.

In this case, we consider the periodic boundary condition. We use predictor—-corrector Scheme 3.7, along with 5122
meshes and time-step 8§t = 1073, The coarsening dynamics with the Flory-Huggins bulk potential are summarized in
Fig. 5. We observe phase transitions with a huge quantity of small droplets emerging, which is dramatically different
from the coarsening dynamics predicted by the Cahn-Hilliard equation with the double-well potential.

5. Conclusion

The C.H. equation, one of the most important equations in phase-field models, has been widely used to study a variety
of applications in the fields of biology, engineering, material science, soft matter physics, and many others. One of the
existing critical numerical issues is to develop unconditionally energy stable numerical approximation, such that large
time-step is durable. In this article, we construct a class of predictor-corrector schemes, improving the accuracy of the
schemes derived from the energy quadratization approach. Rigorous results on convergence and error estimates are
obtained, showing the second-order convergence of our proposed predictor-corrector schemes. In particular, as the linear
IEQ schemes are special cases of our general predictor-corrector schemes, our theoretical results also apply directly to
linear IEQ schemes. Besides, due to the generality of the theoretical and numerical strategy, the results in this paper
could be readily used to propose unconditionally energy stable numerical approximations for other phase-field models or
gradient flow models, and conduct rigorous convergence and error estimate as well. These topics will be pursued in our
later research.
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