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Abstract
A general framework for photoionization rate calculations in a constant pressure gaseous
medium is introduced. The formulation includes the number of photons emitted per unit volume
per unit time per unit wavelength due to a radiating source, photobasorption cross sections and
density of species comprising the medium, and the photoionization probability (i.e.
photoionization yield) of the species being photoionized. We derive a standard integral
representation of the photoionization problem that may be readily converted to a set of
Helmholtz differential equations for efficient calculation of the photoionization rate. The model
is applied to the photoionization problem in air in which Pb u

1 , ¢S+b u
1 , Pc u3

1 , Po u3
1 , ¢S+c u4

1 singlet
states of N2 are excited due to collisions with electrons generated as a result of nonthermal
discharges. Radiative decay from these states gives rise to respective band systems Birge-
Hopfield I, Birge-Hopfield II, Worley-Jenkins, Worley, and Carroll-Yoshino, and to photons
which are generally energetic enough to ionize O2. The excitation rates and contribution of each
band system to photoionization of O2 in air are calculated for the first time. Using recently
measured electron impact excitation cross sections of these states, and the recently measured
extreme ultraviolet (XUV) spectra of N2, we quantify the emission from each singlet state.
Absorption of emission is modeled using measured photoabsorption cross sections of N2 and O2.
The photoionization rate of O2 upon absorption of a photon with a certain energy is calculated
using experimental values for the photoionization yield of O2. Finally, we introduce a set of
coefficients which define the differential representation of the problem of photoionization in air.
The developed modeling framework allows accurate solution of photoionization problems in air
for the broad range < <- p R10 102

O
4

2
Torr cm, where pO2

is the partial pressure of O2 in air in
units of Torr ( =p 152O2

Torr at atmospheric pressure) and R in cm is a characteristic spatial
dimension of the system of interest. The model performance is demonstrated using a set of
artificial sources leading to photoionization over a representative range of p RO2

values and a
realistic problem of dynamics of a double-headed streamer in air that was used in previous
photoionization literature. The validity of the modeling framework is demonstrated by
comparisons with the photo-ion yield function in air, Y p RO2

( ), derived from the classic
photoionization model of Zheleznyak et al (1982) and more recent experimental data on
photoionization in air.

Keywords: photoionization model, air, molecular oxygen, photoabsorption cross section,
streamer discharge, ultraviolet radiation, singlet ungerade states of molecular nitrogen
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1. Introduction

The molecular nitrogen, N2 is the main source of ultraviolet
radiation in air with the strongest dipole-allowed radiative tran-
sitions occurring in the extreme ultraviolet (XUV), i.e. 80
−135 nm (e.g. Vallance-Jones 1974, p. 90, 135). The main
excited electronic states of N2 generating photons with wave-
lengths in this regime are the singlet ungerade states Pb u

1 , ¢S+b u
1 ,

Pc u3
1 , Po u3

1 , and ¢S+c u4
1 (e.g. Lofthus and Krupenie 1977) where

the first two are of valence type and the last three are each the
lowest member of a Rydberg series (see e.g. Heays et al 2014).
These photons are absorbed in air by both N2 and the molecular
oxygen, O2. While the photoabsorption cross section of O2 covers
the entire XUV spectrum, the photoabsorption cross section of N2

is significantly reduced for wavelengths longer than 98.5 nm (e.g.
Hudson 1971). This reduction is due to the fact that in low current
nonthermal plasmas in air, e.g. streamer discharges, practically all
N2 molecules are residing in the lowest vibrational level of the
ground state, i.e. n =+ SX 0g

1 ( ). These molecules begin to
absorb radiation with wavelengths l 98.5 nm, with 98.5 nm
corresponding to the energy difference between the lower
vibrational levels of the ground state and the aforementioned
singlet states of N2. The electron impact collisions effectively
populate vibrational levels n¢ of these singlet states and the
resultantn n ¢ transitions between these states and the ground
state create radiation with wavelengths l 98.5 nm that is not
absorbed by N2. As a result, photons with wavelengths longer
than 98.5 nm get absorbed only by O2 and the fraction with
wavelengths in between 98.5 and 102.5 nm (ionization threshold
of O2) ionize O2. This phenomenology has been discussed
extensively in (Zheleznyak et al 1982) and represents a funda-
mental mechanism of photoionization in air. As a result,
absorption of XUV radiation in air may be described using 3
wavelength band regimes: (i) the emissions with wavelengths
shorter than 98.5 nm which are extensively absorbed due to the
aggregate photoabsorption effect of both N2 and O2, (ii) the
emissions in the 98.5−102.5 nm interval which get exclusively
absorbed by O2 and may consequently contribute to its photo-
ionization, and (iii) the emissions with wavelengths longer than
102.5 nm, which still get absorbed by O2, but are not energetic
enough to cause photoionization of O2.

Zheleznyak et al (1982) introduced the currently most
widely used photoionization model in air based on the phe-
nomenology described above. In the current literature, photo-
ionization calculations in air are performed using integral (e.g.
Liu and Pasko 2004, and references therein) or differential
(Bourdon et al 2007, and references therein) representations of
this model. In particular, the differential representation provides
considerable improvements with regards to the implementation
efficiency of the model. Nevertheless, to the best knowledge of
the authors, this paper is the first attempt to introduce a general
framework for photoionization calculations, based on first
principles and usage of experimental data. The presented fra-
mework can be readily adopted to quantify photoionization of
any component of a gas mixture due to emission from an
arbitrary band system (see e.g. Pasko 2018, Janalizadeh and
Pasko 2019a, 2019b). This is of particular importance for
quantifying photoionization of O2 in air. Since the model of

Zheleznyak et al (1982) was first introduced, (i) extensive
measurement data for the photoabsorption cross sections of N2

and O2 have been published (see e.g. Fennelly and Torr 1992,
Keller-Rudek et al 2013), (ii) high resolution measurements of
the emission spectra of N2 have been reported (Ajello et al 1989,
James et al 1990, Heays et al 2014), and (iii) electron impact
excitation cross sections of the aforementioned singlet states
have been recently measured (Itikawa 2006, Malone et al 2012).

More recent photoionization models have benefited from
these data. However, the accurate quantification of photo-
ionizing radiation due to a nonthermal gas discharge in air is
not yet complete. Stephens et al (2016) study the formative
stage of a low temperature plasma where the electric field E is
approximately equal to the breakdown electric field Ek. On
the other hand, the electric field in the streamer head region
may be on the order of 5Ek (see figure 7(b)) which results in a
significantly different electron energy distribution function
and represents a separate stage in the discharge with sig-
nificantly different time dynamics. Furthermore, Stephens
et al (2016) suggest that ¢S+c u4

1 state of N2 is the only state of
molecular nitrogen generating photons (of the Carroll-Yosh-
ino band system) capable of ionizing O2. In case of streamer
propagation, Xiong and Kushner (2014) assign such photons
to the Birge-Hopfield I and II band systems of N2. In general,
the majority of observed XUV emissions from N2 are due to
least-predissociated vibrational levels of Pb u

1 , ¢S+b u
1 , ¢S+c u4

1 in
addition to a comparable amount of emission from the decay
of excited atomic dissociation products for sufficiently ener-
getic electron collisions (Heays et al 2014). Also, emissions
from Pc u3

1 and Po u3
1 are not readily observed as they are

strongly predissociated. This conclusion is based on emission
cross section measurements (see e.g. James et al 1990, Ajello
et al 2007). However, as stated in (Malone et al 2012) optical
emission is too weak to be used for cross section measure-
ments and methods such as electron energy loss (EEL)
spectroscopy are superior (see e.g. Khakoo et al 2008, Heays
et al 2012). Also, Roncin and Launay (1998) have observed
emissions from vibrational levels of both Pc u3

1 and Po u3
1

which as stated by Malone et al (2012) may call for adjust-
ments to the 100% predissociation yields of Pc u3

1 and Po u3
1

stated in (e.g. Ajello et al 2007). Still, note that emission cross
sections measured for Pc u3

1 and Po u3
1 states of N2 as a result

of 100 eV electron impact excitation are approximately 2
orders of magnitude less than ¢S+c u4

1 which has the highest
emission cross section among all states considered here
(Heays et al 2014). Also, the fact that measurements by
Heays et al (2014) have been performed under optically thin
conditions (i.e. 2 μTorr) implies that at higher pressures such
weak emissions may get even more suppressed. Nevertheless,
they may still contribute to further understanding of gas dis-
charge phenomena at low air pressures, e.g. sprites which
occur at low air densities at high altitudes in the Earth’s
atmosphere (see e.g. Pasko et al 2013, and references therein).
Note that the quenching pressure for the various rovibrational
levels of singlet states considered here covers a wide range.
This is due to significantly different lifetimes of the rovibra-
tional levels (starting from tens of picoseconds to few nano-
seconds) (see e.g. Sprengers 2006, and references therein).
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This is also the case for the predissociation yield of these
levels. Since the quenching pressures for such levels are not
yet available in the existing literature, the modeling studies of
emissions from these levels in high pressure conditions have
been impeded.

The modeling approach introduced in (Ségur et al 2006,
Luque et al 2007) and further elaborated in (Bourdon et al
2007) through which the integral representation of the solution
to the photoionization problem provided in (Zheleznyak et al
1982) is converted to a set of Helmholtz differential equations is
the other important factor calling for introduction of a general
framework for quantifying photoionization. Once the solution
to the photoionization problem is expressed in a certain integral
form (see section 2.1), the differential representation of the
problem may be readily obtained (see section 2.2) and subse-
quently solved in a much more efficient manner. As a result, the
purpose of the general framework for photoionization may be
summarized as follows: deriving an integral representation
similar to the form expressed in (e.g. Zheleznyak et al 1982, Liu
and Pasko 2004, Bourdon et al 2007) and applying the
approach introduced in (Ségur et al 2006, Luque et al 2007,
Bourdon et al 2007) to convert the integral format of the
solution to a set of Helmholtz differential equations. As will be
demonstrated in this work, the only components necessary to
achieve this goal for any photoionization problem are (i) the
number of photons emitted per unit volume per unit time per
unit wavelength from an emitting source, (ii) photoabsorption
cross section and density of any component present in the
medium, and (iii) the photoionization probability, i.e. photo-
ionization yield of the gas component for which we wish to
solve the photoionization problem.

In this paper, we solve the problem of O2 photoionization
in air in terms of the above mentioned general photoionization
framework. In section 2, we introduce the general framework
for photoionization calculations in an arbitrary gaseous
medium and in section 3, we apply the framework to the
problem of photoionization of O2 due to nonthermal gas
discharges in air. In section 4.1, we compare our model with
the model of Zheleznyak et al (1982), outline the limitations
of this model, and discuss corresponding improvements
introduced in the present work. Section 4 concludes with
simulation results for a streamer discharge and examination of
the photo-ion yield function in air. We emphasize that the
formulation developed in this work may be beneficial to
efficient calculations of photoionization of other species in
gaseous media (i.e. not only O2 in air).

2. General photoionization framework

2.1. Integral formulation

The rate of photoionization (i.e. number of photoionization
events per unit volume per unit time with units cm−3 s−1) of a
species with density nion, photoabsorption cross section spa,
photoionization cross section sion, photoionization yield
x s s=ion ion pa, located at position r


due to a source comprised

of volumetric elements ¢Vd located at ¢r is given by (e.g.

Zheleznyak et al 1982):

ò ò e l

s l
p

x l l

=

´
-

l
l- -¢ ¢

¢

¢
¢ ¢ ¢

¢ ¢

¢ ¢
S r r

r r
n r V

, e

4
d d .

1
V

k r r
ph

pa

2 ion ion

tpa( ) ( )

( )
∣ ∣

( ) ( )
( )

( ) ∣ ∣ 

 


 

The quantity e l¢ ¢r ,( )
denotes number of photons emitted iso-

tropically in all directions per unit volume per unit time per unit
wavelength and = å =k kjpa 1 pat j

is the total photabsorption
coefficient of a medium comprised of several species each with
photoabsorption coefficient s=k njpa paj j

, where nj and spaj

denote the density and photoabsorption cross section of the jth
species, respectively. The formulation (1) assumes constant
densities of nj and nion and therefore applies only to constant
pressure conditions. The equation (1) states that from all the
photons with wavelength λ, emitted from ¢r, only the fraction

l- ¢e -k r rtpa ( ) ∣ ∣ 
reaches r


. The rest get absorbed along the way.

The probability that at point r

(i.e. distance ¢R = = -R r r∣ ∣ ∣ ∣

  

from ¢r), a photon gets absorbed by a single atom/molecule per
unit volume of the species under investigation for photoionization
is s pR4pa

2( ) and the probability of photoionization upon pho-
toabsorption is denoted by ξion. In practice it is convenient to
express the photoionization rate (1) per one atom/molecule of the
photoionized species per unit volume. We use notation S rph1

( )

for this quantity. The photoionization rate for any density of
photoionized species can then be calculated by simple multi-
plication of S rph1

( ) by the density of these species, i.e.
=S r n r S rph ion ph1

( ) ( ) ( )  
. The main focus of this section is to

provide a framework to calculate S rph1
( )for the configuration

specified above.
The source of radiation can be represented by M pairs

( ¢I rm ( )
, lsm ( )) for m=1, 2,K, M. The quantities ¢I rm ( )

and
sm(λ) denote the number of photons emitted per unit volume
per unit time and the spectra of the mth emission, respec-
tively. We note that the mth emission refers to an entire band
system. For instance, in case of photoionization of O2 in air,
each individual emission band system of N2 described in the
previous section may be characterized by such a pair. Con-
sequently, the source of radiation may be expressed as a
superposition of individual elements in the form

å åe l e l l= =¢ ¢ ¢ ¢ ¢ ¢
= =

r r I r s, , , 2
m

M

m
m

M

m m
1 1

( ) ( ) ( ) ( ) ( )  

where sm(λ) is normalized for all m as ò l l =
l

¢ ¢
¢

s d 1m ( ) and

ò e l l= ¢ ¢¢ ¢
l ¢

I r r , dm m( ) ( ) 
. Having substituted (2) into (1),

we arrive at

òå å p
= = ¢ ¢

= = ¢
S r S r I r

g pR

R
V

4
d , 3

m

M

m

M

V
m

m
ph

1
ph

1
2m1 1

( ) ( ) ( )
( )

( )  

where

ò l s l x l l= ¢ ¢ ¢ ¢
l

l
¢

- ¢g pR s e d 4m m
k R

pa iontpa( ) ( ) ( ) ( ) ( )( )

can be interpreted as the photon propagator of the mth band
system. One should note that gm(pR) depends on the density
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of absorbing species constituting the gas, i.e. µk njpat
, and

therefore for the present problem is expressed as a function of
gas pressure p times R, or in case of air as a function of partial
pressure of O2, pO2

times R (see section 3).
The equation (3) implies that the total photoionization

rate is obtained via the summation of photoionization rates
due to individual band systems. In problems concerned with
photoionization due to multiple band systems, the evaluation
of (3) may be time consuming. However, it may be possible
to formulate quantities ¢I r( )

and g(pR) such that

å ¢
=

=¢I r g pR I r g pR , 5
m

M

m m
1

( ) ( ) ( ) ( ) ( ) 

where ¢I r( )
and g(pR) are referred to as intensity and photon

propagator, respectively. In case (5) is satisfied, (3) reduces to

ò p
¢ ¢

¢
=S r I r

g pR

R
V

4
d 6

V
ph 21

( ) ( ) ( ) ( ) 

and the photoionization rate may be obtained by evaluating a
single integral as opposed to M integrals.

2.2. Differential formulation

Photoionization calculations in the form of (3) or (6) are time
consuming due to the integral representation of the solution.
However, following ideas in (Ségur et al 2006, Luque et al
2007, Bourdon et al 2007), one can formulate a computa-
tionally efficient model based on effective representation of
the integral model by a set of Helmholtz differential
equations. Here, the equation (6) will be used to demonstrate
the approach. In principle, one can apply the same approach
to each integral in (3) in case of photoionization problems
where (5) is not satisfied. Having considered that g(pR) is
generally a function of pR, the equation (6) can be rewritten in
the form

ò p
¢ ¢

¢
=S r I r

pg pR pR

R
V

4
d . 7

V
ph1

( ) ( ) ( ) ( ) ( ) 

Considering the fact that

ò p
¢ ¢

¢
=

-
S r I r

pC

R
V

e

4
d 8i

V

i
l pR

ph

i

1
( ) ( ) ( ) 

satisfies the Helmholtz differential equation (Bourdon et al
2007):

- = -S r l p S r pC I r 9i
i

i
i

2
ph

2
ph1 1

( ) ( ) ( ) ( ) ( )  

one can approximate g(pR)/(pR) in terms of a linear combi-
nation of exponential terms with fitting parameters Ci and li
such that

å -g pR

pR
C e 10

i
i

l pRi
( ) ( )

and consequently calculate the original S rph1
( )via

å=S r S r . 11
i

i
ph ph1 1

( ) ( ) ( ) 

As a result, the solution for S rph1
( )may now be obtained by

efficiently solving a set of Helmholtz differential equations of
the form represented in (9). The number of differential

equations, which needs to be solved depends on the total
number of exponents that provide a satisfactory fit to g(pR) in
a specific range of pR values of interest. We note that one can
use the partial pressure of an element in the gas (instead of p)
in equations (7)–(10) For instance, in case of air, one can
substitute p with pO2

(see section 3.3).

3. Photoionization of O2 in air

3.1. Photon propagator function

In case of photoionization of O2 in air, equation (4) may be
written in the form

ò l s l x l l¢ ¢ ¢ ¢
l

= l
¢

¢g pR s -e d , 12m m
k R

pa O
paair

O2 2
( ) ( ) ( ) ( ) ( )( )

where = +k k kpa pa paair O2 N2
, kpaO2

, and kpaN2
are the photo-

absorption coefficients of air, O2, and N2, respectively.
Generally, the aforementioned singlet states of N2 in addition
to NI and NII multiplets are the source of photons capable of
ionizing O2 in air. However, the intensities of progressions
from higher energy levels are dependent on the excitation
mechanism of the molecule. Accordingly, multiple sources
reporting N2 XUV spectra were investigated. In particular, the
spectra presented in Stephens et al (2016) is to the best
knowledge of the authors, the only measured XUV spectra
corresponding to an actual discharge in air. However, this
spectra corresponds to the formative stage of a low temper-
ature plasma. The authors characterize this stage in order to
approximate the duration of the formation stage by assuming
that an initial electron density =n 100

3 cm−3 grows (via
electron impact ionization with frequency n ´3 10=i

8 s−1)
to the critical value =n 10crit

18 cm−3 after which the streamer
initiates (see e.g. Pai et al 2010, and references therein). The
ionization frequency corresponds to E Ek whereas the
electric field in a streamer head is known to be a few factors
larger than Ek and exists in a smaller volume and on shorter
timescales than ∼100 ns investigated in (Stephens et al 2016).
Therefore, one would expect production of a different elec-
tron impact induced spectra due to streamer discharges in air.
Additional time resolved measurements of the XUV spectra
of a streamer discharge in air would be beneficial.

We also investigated spectra due to 100 eV (Heays et al
2014) and 200 eV (Ajello et al 1989) electron impact exci-
tation. As in the case of (Stephens et al 2016), multiplets of
atomic nitrogen (i.e. NI and NII) contribute to these spectra,
and the intensity of the bands changes as a function of the
energy of the colliding electrons. Since for typical nonthermal
discharge conditions the electron energy distribution function
in air falls significantly for energies higher than 10 eV (e.g.
Moss et al 2006), we do not consider these spectral data.

(Heays et al 2014) also provide N2 emission spectra due
to 20 eV electron impact excitation. Similar to spectra
resulting from 100 eV (Heays et al 2014) and 200 eV (Ajello
et al 1989) electron impact excitations, this spectra is recor-
ded under optically thin conditions. As underscored by
Stephens et al (2016), extension of such spectral data to
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high-pressure short-timescale scenarios resembling ground
pressure conditions is questionable. Nevertheless, this is the
only low-energy spectrum including emission bands due to
radiative decay of all singlet states capable of emitting pho-
tons ionizing O2. In the present work, we adopt this spectrum
to study the individual contribution of Birge-Hopfield I,
Birge-Hopfied II, Worley-Jenkins, Worley, and Carroll-
Yoshino band systems of N2 to the photoionization of O2 for
the first time. The adopted emission spectral data are depicted
in figure 1. Note that there is no contribution from the NI and
NII multiplets to this spectrum since 20 eV electron impact
excitation cannot induce radiative transition of atomic mul-
tiplets as 20 eV lies below the threshold for N2 dissociation
into excited N atoms with parity-allowed radiative decay
channels (see e.g. Heays et al 2014). Also, predissociation of
N2 after excitation to singlet states considered only produces
N multiplets with very low excitation energies (see e.g.
Walter et al 1994).

Note that spectra measured at low pressure may not be
applicable to ground pressure conditions on long timescales
considered in (Stephens et al 2016). Nevertheless, such
spectra are valuable for modeling gas discharge phenomena at
low air pressures (e.g. Pasko et al 2013, and references
therein). In light of the discussion presented above, the
authors believe that implementation of a fully time-dependent
model which accounts for radiative transition, predissociation,
collisional quenching, and electron impact excitation of var-
ious rovibrational levels of singlet states of N2 is necessary to
synthesize the emission spectra of N2 under various condi-
tions. Whereas radiative lifetimes and predissociation yields

have been determined for many of the rovibrational levels of
these singlet states, to the best knowledge of the authors, there
is essentially no studies with regards to the quenching of these
levels. We note that majority of these singlet states have
lifetimes of hundreds of picoseconds (see e.g. Spren-
gers 2006, and references therein) suggesting that the first few
nanoseconds of the photoionization process may be sig-
nificantly dynamic.

Additional details regarding the experimental setup for
measuring the spectrum used here may be found in (Heays et al
2014). Nevertheless, we note that the spectral data used here
have been measured with a full width at half maximum
(FWHM) of 0.2Å (Heays et al 2014). This is sufficiently high
to resolve the rotational envelope profile of the N2 bands. We
approximate each band by a Dirac delta function (see e.g.
Dirac 1948, p 58) centered at the location of the band head. The
emission spectrum of the mth band system may be written as

ål d l l= -s a , 13m
n

m n m n, ,( ) ( ) ( )

where am n, is the intensity of the nth emission band of the mth
band system and l m n, is the location of the corresponding band
head. Having substituted (13) into (12), we arrive at

å s l x l= l-g p R a e 14m
n

m n
k R

m n m nO , pa , O ,m n
2

air ,
O2 2

( ) ( ) ( ) ( )( )

for the photon propagator of the mth band system. To be
consistent with previous formulations (e.g. Zheleznyak et al
1982, Naidis 2006) the implicit dependence of g p Rm O2

( ) on the
density of N2 and O2 is captured by pO2

, considering air as a
20% O2, 80% N2 mixture. We note that the data compilations of
Fennelly and Torr (1992) for the photoabsorption cross sections
of N2 and O2, and the photoionization yield of O2 have been
used to calculate (14) for the aforementioned singlet states.
Figure 2 depicts g p R p Rm O O2 2

( ) ( ) for each of the singlet
states. The photon propagator is a quantitative measure of O2

photoionization events at a certain p RO2
value. For instance, it

is inferred from figure 2 that at constant pressure, photons of the
Worley band system (i.e. emitted from the Po u3

1 state) are most
capable of photoionizing O2 at both short and long distances.
On the other hand, compared to photons emanating from other
singlet states, photons of the Birge-Hopfield I band system (i.e.
generated by the Pb u

1 state) are least capable of photoionizing
O2 at short distances.

3.2. Source of radiation

In order to employ the photoionization framework introduced
in section 2, we need to quantify the source of emission for
each band system. The intensity of radiation from each singlet
state may be defined via =I A nm m m where Am is the Einstein
coefficient, i.e. spontaneous emission frequency for state m.
The density of the excited state, nm can be calculated using a
fully time-dependent model (Sipler and Biondi 1972):

åt
n¶

¶
= - + +

¢
¢ ¢

n

t

n
A n n , 15m m

m m
m m m e ( )

where the sum over the terms ¢ ¢A nm m represents increase in nm
due to cascading from higher energy states, τm denotes the

Figure 1. Normalized emission intensities for (a) Birge-Hopfield I,
(b) Birge-Hopfield II, (c) Worley-Jenkins, (d) Worley, and (e)
Carroll-Yoshino band systems generated during radiative transition
from high energy singlet states of N2 populated as a result of
collisions with electrons with 20 eV energy. The data are deduced
from the website accompanying (Heays et al 2014, Heays 2018,
private communication).
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total lifetime of state m including effects of collisional
quenching, predissociation, and spontaneous emission, n

m is
the excitation frequency of state m due to electron impact, and
ne denotes electron density. We solve (15) under steady state
conditions due to the extremely short lifetime of singlet states
(e.g. Sprengers 2006, and references therein) and negligible
cascading from higher energy states (e.g. Malone et al 2012).
Furthermore, we neglect effects of predissociation in spite of
the fact that some rovibrational levels of these singlet states
are heavily predissociated (see e.g. Heays 2011, and refer-
ences therein). This is mainly due to the lack of a compre-
hensive model which considers each rovibrational level of an
electronic state individually. Developing such a model is out
of the scope of the present work. As a result, and following
notation in the previous literature we arrive at

t n n= =
+

 I A n
p

p p
n , 16m m m m me

q

q
e ( )

where we utilized the fact that τm is reduced compared to the
lifetime in the absence of quenching, predissociation, and
cascading, -Am

1, by the factor = +Q p p pq q( ) where
pq=30 Torr, denotes the quenching pressure for all singlets
states and corresponds to air pressure at 24 km altitude in the
Earth’s atmosphere (e.g. Naidis 2006, Pancheshnyi 2015).

In order to calculate the excitation frequency of the
singlet states, we input the electron impact excitation cross
section of these states (Itikawa 2006) to BOLSIG+ software
(Hagelaar and Pitchford 2005) and calculate the excitation
frequency for each state as a function of the reduced electric
field E/N, where N denotes the neutral atmospheric density.
In particular, we use two separate sets of cross sections. In the
first case, we use cross sections from (Malone et al 2012),
where each of the singlet states has it is own set of electron
impact excitation cross sections and respective excitation
threshold energies of Pb u

1 (12.49 eV), ¢S+b u
1 (12.85 eV),

Pc u3
1 (12.91 eV), Po u3

1 (13.10 eV), ¢S+c u4
1 (12.93 eV) (Kha-

koo et al 2008). As a result, we calculate the excitation fre-
quency of individual singlet states, n

m. In addition, we obtain

the total excitation frequency of all singlet states denoted
hereafter by nwhere n n= å =

 
m
M

m1 .
The second set of cross sections is due to Phelps (2013)

(see Pancheshnyi et al 2012 and web link therein) and is
labeled sum of singlet states in the database. The cross
sections provided in this database are the aggregate cross
section of all singlet states with a single excitation threshold
of 13 eV. As a result, in this case one can only calculate n

and therefore, ¢I rm ( )
may not be defined. Nevertheless, as

demonstrated in (e.g. Liu and Pasko 2004), an emission
intensity and a photon propagator (similar to (5)) are defined
in order to calculate the photoionization rate. The corresp-
onding excitation frequencies for each singlet state are
depicted in figure 3 in which =E 32 kVk cm−1 denotes the
reference magnitude of the breakdown electric field at ground
air pressure. In addition, the total excitation frequency of
singlet states due to cross sections from Phelps (2013) and
Malone et al (2012) are presented in the same figure. We also
include the effective ionization frequency n n-i a∣ ∣ where νi
and na denote electron impact ionization frequency and two
body dissociative attachment frequency, respectively. As will
be further discussed in the following sections and appendix B,
the ratio n n

i is an important quantity on which the photo-
ionization efficiency of a medium depends on.

3.3. Total photoionization rate and fit development

At this point, the rate of O2 photoionization in air can be
obtained using the integral formulation (3). However, we
wish to find the emission intensity and the photon propagator
for which equation (5) is satisfied. In that case, photoioniza-
tion rate calculations reduce to evaluating (6). We express
¢I r( )
in terms of the intensity of emissions produced by all

singlet states of N2. The quantity ¢I r( )
represents the total

number of photons emitted per unit volume per unit time due

Figure 2. The function g p R p Rm O O2 2
( ) ( ) for Pb u

1 , ¢S+b u
1 , Pc u3

1 ,
Po u3

1 , ¢S+c u4
1 states of N2.

Figure 3. Excitation frequencies for Pb u
1 , ¢S+b u

1 , Pc u3
1 , Po u3

1 , ¢S+c u4
1

states of N2, total excitation frequency of singlet states, n, in case of
cross sections from (Malone et al 2012) and (Phelps 2013), and
effective electron impact ionization frequency n n-i a∣ ∣.
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to radiative decay of all states considered, and therefore

å n=
+

¢=¢ ¢I r I r
p

p p
n r . 17

m

M

m
q

q
e( ) ( ) ( ) ( )  

Once ¢I r( )
is determined, using (5), (16), and (17) we arrive

at

ån
n

n=
=




g p R g p R,
1

. 18m
m

M

m mO
1

O2 2
( ) ( ) ( )

The equation (18) demonstrates that in addition to p RO2
, the

photon propagator is now also a function of n
m and has

dependence on the reduced electric field. Figure 4 depicts
ng p R,m O2

( ) for three representative cases of =E E0.25 k ,
E=Ek, and E=4Ek. It can be seen from this analysis that
the variation of ng p R,m O2

( ) as a function of the applied
reduced electric field is negligible and photon propagators
corresponding to different applied fields are essentially the
same. Therefore, one can assume a single photon propagator,
g p RO2

( ), to solve the problem of photoionization of O2 in air.
In the rest of the present work, we adopt g p RO2

( ) corresp-
onding to E=Ek.

Table 1 provides the parameters for a 6-exponent fit to
the photon propagator depicted in figure 4. Using these
parameters, one can obtain the solution to the problem of O2

photoionization via a set of equivalent Helmholtz differential
equations, and consequently, calculate the photoionization
rate efficiently. As pointed out in section 2.2, we express the
fit in terms of pO2

(i.e. substitute p with pO2
in equations (7)–

(10). This is solely done to be consistent with previous works
(e.g. Zheleznyak et al 1982, Naidis 2006, Pancheshnyi 2015),
where results have been published as a function of both pR
and p RO2

. The introduced 6-exponent fit to g p R p RO O2 2
( ) ( )

is compared with the calculated photon propagator in figure 5.
As demonstrated in this figure, the fit follows the calculated
function with high accuracy in a wide range of p RO2

values.
The photon propagator in case of no absorption by N2 and O2

(i.e. reflecting simple geometrical spreading of photons
p~ R1 4 2( )) is also depicted for comparison. As expected

effects of absorption become negligible for small p RO2

values.
As already mentioned in (Bourdon et al 2007), in order to

calculate the rate of photoionization, it suffices to know the
isotropic part of the photon distribution function, F r0( ). We
note that equation (6) of (Ségur et al 2006) arrives at the same
conclusion. As illustrated in (Ségur et al 2006), equation (12),
F r0( )is expressed as a linear combination of F rj0, ( ), where
F rj0, ( )denotes the isotropic part of the photon distribution
function F rj( ), satisfying the monochromatic radiative trans-
fer equation (see equation (10) in (Bourdon et al 2007)).
We note that F rjSP ,0,3 ( )is expressed as a linear combination
of functions j j1, and j2,j which respectively satisfy
equations (18) and (19) of (Bourdon et al 2007). Hence, for
j=1,K, Ng, 2×Ng equations need to be solved where Ng is
the number of effective monochromatic radiative transfer
equations. In the SP3 model, Ng=3, and therefore, a set of
six differential equations should be solved to calculate the
photoionization rate, which is equivalent to the 6-exponent fit
proposed in this work. Also note that the number of fits
represents a trade-off between accuracy and number of diff-
erential equations to solve. Lower number of fits were also
tried. However, 6 terms provided sufficient accuracy for the

Figure 4. The function g p R p RO O2 2
( ) ( ) for =E E0.25 k , =E Ek,

and =E E4 k.

Table 1. Parameters for the fit å -C e
g p R

p R i i
l p RiO2

O2

O2
( )

( )  .

j Cj (cm Torr−1) lj (cm
−1 Torr−1)

1 9.850 5(-16)1 90.331 5
2 1.751 8(-16) 14.678 4
3 1.393 3(-17) 2.529 3
4 1.505 8(-19) 0.265 2
5 5.320 0(-21) 0.062 7
6 1.862 3(-23) 0.041 0

1
Read 9.8505 × 10−16.

Figure 5. Comparison of g p RO2
( ) with g p RZ

O2
( ), i.e. the photon

propagator of (Zheleznyak et al 1982) (see equation (A.8)). In
addition, the 6-exponent fit to g p R p RO O2 2

( ) ( ) and the 3-exponent
fits to g p R p RZ

O O2 2
( ) ( ) introduced in (Bourdon et al 2007) are

depicted.
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full range < <- p R10 102
O

4
2

Torr cm considered in
this work.

4. Results and discussion

4.1. Comparison with (Zheleznyak et al 1982)

Currently, the most widely used model for photoionization
calculations in air is due to Zheleznyak et al (1982). The
satisfactory agreement of the model with previous photo-
ionization measurements in air (e.g. Teich 1967, Penney and
Hummert 1970, Aints et al 2008) has been demonstrated and
extensively discussed (see e.g. Naidis 2006, Aints et al 2008,
Pancheshnyi 2015). Nevertheless, there have been a number
of approximations employed in the development of the
model. In particular, the photoabsorption cross section of O2

in the 98−102.5 nm interval is approximated by an analytical
function (Mnatsakanyan and Naidis 1991), which does not
capture the complex behavior of the photoabsorption cross
section of O2 represented in measurements (e.g Fennelly and
Torr 1992, Keller-Rudek et al 2013). The same applies to the
photoionization yield of O2. Furthermore, it is assumed that
radiation with wavelengths shorter than 98 nm is exclusively
absorbed by N2 and therefore has no contribution to the
photoionization of O2. We note that although photoabsorption
cross sections of N2 and O2 are considerably high below
98 nm, it is necessary to account for the complexity of the
photabsorption cross sections of the two species in addition to
the wavelength resolved emission spectra of excited N2

singlet states (Ajello et al 1989, Heays et al 2014).
The additional difficulty is related to the quantification of

the source of photoionizing radiation. The excitation fre-
quency of singlet states responsible for photoionizing emis-
sion from N2, tabulated in (Zheleznyak et al 1982), is an
approximation in an effort to fit photoionization rate calcu-
lations to experimental results. As demonstrated in the pre-
vious sections, the issues mentioned above have been
addressed in the new model. In particular, we considered the
entire XUV emission spectrum of N2, used experimental
values for the photoabsorption cross sections of N2 and O2

along with the photoionization yield of O2, and calculated the
excitation frequency of the singlet states of N2 using recently
measured electron impact excitation cross sections.

A detailed derivation of the model of Zheleznyak et al
(1982) in terms of the general photoionization framework is
provided in appendix A for further reference. Since both the
model introduced in the present work and the model of
Zheleznyak et al (1982) reduce to the same integral repre-
sentation given by equation (6), we compare them by high-
lighting the differences between the intensity and photon
propagator functions calculated by the two models. Figure 5
compares the photon propagator calculated in this work with
the photon propagator derived from the model of Zheleznyak
et al (1982), g p RZ

O2
( ), calculated in equation (A.8). It is

observed that g p RZ
O2

( ) is generally greater than the photon
propagator introduced here, and both functions have similar

behavior as a function of p RO2
. In addition, the exponential

fits developed in (Bourdon et al 2007) with the purpose
of converting the integral representation of the model of
Zheleznyak et al (1982) to a set of Helmholtz differential
equations are also shown in figure 5. It is inferred that the
6-exponent fit introduced in the present work follows the
corresponding photon propagator more accurately, especially
for lower values of p RO2

. The fitting functions introduced by
equations (9) and (14) of (Bourdon et al 2007) were defined in
the range < <p R1 150O2

and < <p R0.1 150O2
Torr cm,

respectively. The 6-exponent fit with parameters in table 1
is designed for the range < <- p R10 102

O
4

2
Torr cm and

therefore, may be applied to problems with a greater range of
p RO2

variations.
Having compared equations (17) and (A.5) one con-

cludes that the total excitation frequency of the singlet states
of N2 is the main factor which may cause difference in the
photoionizing source (i.e. intensity) calculated by the present
work and the model of (Zheleznyak et al 1982). We note that
pq=30 Torr in both models and that the average photo-
ionization yield of O2, xO

Z
2
, present in (A.5) is a scaling factor

close to one and therefore, does not contribute extensively to
the intensity in the model of Zheleznyak et al (1982), ¢I rZ ( )

.
While nhas been directly calculated in the present work (see
figure 3), the model of Zheleznyak et al (1982) provides
numerical values for the ratio x n n

O i2
at certain E/p

values. In order to compare our results with those cited by
Zheleznyak et al (1982), we calculate x n n

O i2
at the same

E/p values. Having considered the distribution of x lO2
( )

presented in figure A1(a), we approximate the average pho-
toionization yield of O2 as x 0.7O2

 . Table 2 presents the
calculated results. It can be seen that the ratios obtained using
cross sections from (Malone et al 2012) and (Phelps 2013) are
both generally greater, and for some E/p values exceed the
Zheleznyak et al (1982) model values, x n n

O
Z

i
2

, by an order

of magnitude. In addition, the peak for x n n
O
Z

i
2

occurs at a

different location from x n n
O i2

. For cross sections from
(Malone et al 2012) and (Phelps 2013), the peak value is located
at E/p=23.5 V cm−1 Torr−1 and E/p=28.5 V cm−1 Torr−1,
respectively. The general behavior of x n n

O i2
however, is the

same for both the present work and the model of Zheleznyak
et al (1982). These results are not shown here for the sake of
brevity.

Table 2. Ratio of excitation frequency of singlet states to ionization
frequency, x n n

O i2
obtained using cross sections of (Malone et al

2012) and (Phelps 2013) compared to the model of Zheleznyak et al
(1982). See text for further details.

E/p
(V cm−1 Torr−1)

(Zheleznyak
et al 1982)

(Malone
et al 2012) (Phelps 2013)

30 0.05 1.10 2.69
50 0.12 0.87 2.26
100 0.08 0.59 1.50
200 0.06 0.39 1.02
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4.2. O2 photoionization rate calculations for short and long
ranges

The possibility of large-scale gas discharge events above
thunderclouds, which we currently know as sprite phenom-
enon (e.g. Stenbaek-Nielsen et al 2013, Pasko et al 2013, and
references therein) was first predicted in 1925 by the Nobel
Prize winner C.T.R. Wilson (Wilson 1925), and first docu-
mented in 1989 by Franz et al (1990). Observation of such
events occurring at lower ionospheric altitudes underscores
the importance of accurately modeling photoionization in air
at low air pressures at high altitudes. The length scale on
which photoionization occurs is highly dependent on air
pressure. As we go to higher altitudes in Earth’s atmosphere,
air density drops exponentially. Therefore, a photon at high
altitudes encounters fewer molecules along its path and tra-
vels a much longer distance before getting absorbed by the
molecules in air. The same conclusion can be derived from
table 1 where the photoabsorption coefficient terms l pi O2

drop
exponentially as a function of altitude. The model of Zhe-
leznyak et al (1982) provides a straightforward quantitative
approach for calculating the maximum range at which pho-
toionization is considerable in a certain problem. Assuming
that only the term with χmin (see appendix A) governs the
long range behavior of the photon propagator, one concludes
that at ground pressure, an e-fold reduction in g p RZ

O2
( )

occurs at a distance R;2 mm while at 80 km altitude, the
same reduction happens for R;125 m. In addition to dis-
cussing the dynamics of the photoionization scale as a func-
tion of altitude, it is necessary to consider the effect of altitude
variation on the source of radiation. Quenching of XUV
photons is negligible at high altitudes since the quenching
factor Q approaches one as p decreases to values p=pq. As
a result, the relative number (i.e. scaled with similarity laws
(Liu and Pasko 2004)) of generated XUV photons is
enhanced at higher altitudes.

Exploring the effect of quenching factor, air density, and
photoionization scale on an electric discharge is an interesting
problem. Due to the interplay of such effects, the character-
istics of a discharge at high altitudes are significantly mod-
ified compared to those at ground pressure (see e.g. Qin and
Pasko 2015). In this section we provide quantitative results
demonstrating the performance of the new model using
simple representative sources. In particular, we emphasize
practical employment of this model at different pressure
conditions and different distances from the source for two
representative cases that we are referring to as: (i) short range
and (ii) long range. In particular, scenario (i) is introduced to
calculate the photoionization rate of O2 due to a large radiator
resembling the sprite halo (see e.g. Barrington-Leigh et al
2001, Frey et al 2007) whereas scenario (ii), is introduced to
calculate the photoionization rate of O2 due to a small radiator
with characteristics similar to a sprite streamer (see e.g.
McHarg et al 2007, Stenbaek-Nielsen et al 2013). The source
of radiation in both cases is a sphere emitting photons at a
constant rate per unit volume per unit time in an axisymmetric
simulation domain defined using conventional cylindrical
coordinates (ρ, f, z). The size of the simulation domain is

characterized by the respective radial and vertical dimensions
lρ and lz, and the simulation is performed at air pressure
corresponding to altitude h0=80 km in the Earth’s atmos-
phere. That is the lower edge of the domain is located at 80
km and the center of the sphere is located at
r = +z h l, 0, 2z0 0 0( ) ( ). We assume constant pressure in
the simulation domain equal to p(h0)=0.0114 Torr, which
corresponds to O2 density ´n = 8 10O

19
2

m−3. To maintain
connection to previous work, we adopt the model of Morrow
and Lowke (1997) to calculate νi and νa. The differences
between νi and νa models introduced in (Morrow and
Lowke 1997) and those calculated from (Phelps 2013) set of
cross sections using BOLSIG+ are small and do not affect
any conclusions of the present work. In addition, we use n

calculated from inputting the cross sections of Malone et al
(2012) to BOLSIG+ in order to quantify the source of
radiation for the present work.

(i) Long range: In this case the radius of the sphere is
a=2.5 km and the size of the simulation domain is
(lρ, lz)=(10,10) km. In addition, E/N=117 Td (1 Td=
10−21 V m2, E=47.3 Vm−1 and N=4×1020 m−3)
and ´n = 4.5 10e

8 m−3 in the source region and zero
elsewhere. As a result, emission intensity values for
the present work and the model of Zheleznyak et al
(1982) are I=1.25×1012 m−3 s−1 and ´I = 1.24Z

1011 m−3 s−1, respectively.
(ii) Short range: In this case the radius of the sphere is

a=50m and the size of the simulation domain is (lρ, lz)=
(1,1) km. In addition, E/N=320 Td (E= 129 Vm−1

and N=4×1020 m−3) and ´n = 4.5 10e
10 m−3 in the

source region and zero elsewhere. As a result, the emission
intensity values for the present work and the model of
Zheleznyak et al (1982) are I=8×1015 m−3 s−1 and
IZ=8.99×1014 m−3 s−1, respectively.

Figures 6(a) and (b) depict photoionization results for the
new model in case of the long and short range problems,
respectively. Additionally, we have included results from the
model of Zheleznyak et al (1982) in which case we linearly
interpolate the data provided in table 2 to quantify the source for
a certain E/N. In the following, the calculation method
corresponding to each label in figures 6(a) and (b) is defined as:

• First principles: We use the intensity and the photon
propagator of the new model respectively defined in (17)
and (18), and the integral representation is used for the
entire simulation domain.

• 6-exp. int.: Intensity is defined in (17) and the photon
propagator is approximated by the 6-exponent fit with
parameters in table 1. The solution is obtained using the
integral representation in the entire simulation domain.

• 6-exp. diff.: Intensity is defined in (17) and the photon
propagator is approximated by the 6-exponent fit with
parameters in table 1. The integral representation is used
for the boundaries only, whereas (9) is solved for the
interior points. Note that pO2

substitutes p in (9).
• (Zheleznyak et al 1982): The intensity and photon
propagator of the model of Zheleznyak et al (1982) are
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provided in (A.5) and (A.8), respectively. The integral
representation is used for the entire simulation domain.

• 3-exp. Helmholtz int.: Intensity is defined in (A.5) and the
photon propagator defined in (A.8) is approximated with
the 3-exponent Helmholtz fit with parameters in (Bourdon
et al 2007). The integral representation is used for the
entire simulation domain.

• 3-exp. Helmholtz diff.: Intensity is defined in (A.5) and
the photon propagator defined in (A.8) is approximated
with the 3-exponent Helmholtz fit with parameters in
(Bourdon et al 2007). The integral representation is used
for the boundaries only, whereas (9) is solved for the
interior points with fit parameters from (Bourdon et al
2007). Note that pO2

substitutes p in (9).

The boundary value for solutions obtained via the diff-
erential representation are calculated in integral form using
the corresponding fit to the photon propagator. It is assumed
that only the term with the lowest photoabsorption coefficient
contributes to photoionization at the boundary and therefore,
the calculated boundary values are assigned to this term. The
contributions from other terms are set to zero. As a result, the
photoionization rate on the boundaries, obtained from the
summation of individual terms, equals the photoionization
rate calculated using the integral form.

From figures 6(a) and (b) it is inferred that the photo-
ionization rate calculated by the new model is generally
higher than that from the model of Zheleznyak et al (1982) by
a factor of 2 to 3. Nevertheless, as will be demonstrated in the
next section, the two models give similar results while
simulating streamers, indicating quantitative consistency of
the models. In particular, figure 6(b) roughly approximates
the parameters of a streamer head at ambient air pressure
corresponding to 80 km altitude. It is seen that in this case, the
net ionization source n n= -S ni,a i a e( ) dominates photo-
ionization in the source region (streamer head). We note that
the dynamics of a streamer is essentially governed by the
streamer head(s). Therefore, one may argue that photo-
ionization deviations of the two models may not affect the
discharge properties significantly.

4.3. Double-headed streamer in air

In this section, we report and compare modeling results on a
double-headed streamer developing in air at ground pressure
by solving the convection–diffusion equations, i.e. plasma
fluid model equations, for electrons and ions coupled with
Poisson’s equation in an axisymmetric cylindrical domain
(see e.g. Dhali and Williams 1987, Vitello et al 1994,
Kulikovsky 1997). We consider three separate cases where:
(i) we adopt the photoionization model of Zheleznyak et al
(1982) and use plasma fluid model coefficients of Morrow
and Lowke (1997), (ii) we implement the photoionization
model introduced in the present work and utilize plasma fluid
model coefficients defined in (Morrow and Lowke 1997), and
finally (iii) we implement the photoionization model of the
present work and input cross sections from (Phelps 2013) to
BOLSIG+ to calculate plasma fluid model coefficients. In all
cases the photoionization rate of O2 is calculated using the
fits to the corresponding photoionization model. That is, the
3-exponent Helmholtz fit of Bourdon et al (2007) to the pho-
toionization model of Zheleznyak et al (1982) and the
6-exponent fit to the photoionization model developed in the
present work are implemented in respective cases. Furthermore,
differential representations of the fits are employed to perform
photoionization calculations for the interior points of the
simulation domain while integral representation of the fits are
used to update boundary values.

We solve the transport equations for the charged species
implementing the second order piecewise linear flux-limiting
technique (Mignone 2014) and solve Poisson’s equation for
potential using the successive over-relaxation (SOR) method
with a previously assigned accuracy limit of ò=10−10 as the
convergence criterion (see e.g. Hockney and Eastwood 1988,
p 179). The solution to the Hemholtz differential equations for
photoionization have also been obtained via the SOR method.
First order time-stepping is achieved using the Forward Euler
(FE) method (Potter 1973, p 27). Note that Bagheri et al (2018)
provide a survey of a set of codes used for simulating streamers
in air which may be considered as benchmarks to which one can
compare the performance of a self-implemented code.

Figure 6. Radial scans rS z,ph 0( ) for (a) the long range and (b) short range problem.
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We note that case (i) corresponds to the streamer simu-
lated in (Bourdon et al 2007). Therefore, we adopt the exact
simulation geometry and parameters described in (Bourdon
et al 2007) for all three cases in order to compare the effect of
various models for photoionization and plasma fluid coeffi-
cients on the streamer properties. Figures 7(a) and (b),
respectively, depict the axial scan of electron density and
electric field as a function of time for all three cases up until
t=3 ns. In parituclar, figure 7(a) corresponds to figures 9
and 10(a) in (Bourdon et al 2007) while figure 7(b) corre-
sponds to figure 10(b) in (Bourdon et al 2007). Upon com-
parison, one can see satisfactory agreement between results
for case (i) and those published in (Bourdon et al 2007). In
addition, figure 8 depicts cross-sectional views of the electron
density at t=3.5 ns for streamers simulated in the afore-
mentioned three cases. From figures 7 and 8 it is inferred that
the effect of models governing the plasma fluid coefficients
on the streamer dynamics is much more pronounced com-
pared to the contribution of the photoionization models. This
can be inferred from the similarity of the results for cases (i)
and (ii), where only the photoionization model has been
changed. In particular, electron density values are similar for
the two cases in the streamer head region, where electron
impact ionization dominates photoionization. The two cases
diverge at regions ahead of the streamer where photoioniza-
tion is the main contributor to the electron-ion pair produc-
tion. From figure 7(a) it is inferred that photons modeled in
the present work travel longer distances as the electron den-
sity for cases (ii) and (iii) is higher at farther locations ahead
of the streamer head compared to case (i). There is a con-
siderable difference between the first two cases and case (iii)
in the streamer head. This may be due to deviations of na

values calculated in cases (ii) and (iii). The divergence is most

noticable at high E/N ratios typical in the streamer head
region. This is also demonstrated in (Liu and Pasko 2004,
figure 1(a)) where calculated νa values from (Morrow and
Lowke 1997) and (Pasko et al 1999) are considerably dif-
ferent. Values for νa and νi obtained from inputting
(Phelps 2013) cross sections to BOLSIG+ are very similar to
those calculated in (Pasko et al 1999).

4.4. The Photo-ion yield function of air Ψ

The photo-ion yield function Ψ has been extensively used in all
previous experimental studies of photoionization in air and
therefore it is instrumental to put the present modeling in the
context of related formulations. Therefore, in this section, we
compare the photo-ion yield function of the new model with
those already published in literature (Penney and Hummert
1970, Naidis 2006, Aints et al 2008). We note that the photo-ion
yield function of the present work has been calculated in
appendix B.

Using the model of Zheleznyak et al (1982), Naidis
(2006) demonstrated that in a case when the photon propa-
gator does not vary along the photo-ion collector, the photo-
ion yield function becomes independent of the length ΔR of
the collector used in experimental settings (see appendix B).
Here, we calculate Ψ for the general case where variations of
g p RO2

( ) over the collector length are not necessarily negli-
gible. It is demonstrated that in this case Ψ becomes a func-
tion of the product pΔR, which as stated in (Penney and
Hummert 1970) is proportional to the number of molecules a
photon traverses through the collector length. Hence, smaller
values of pΔR correspond to lower photoabsorption, which in
turn results in negligible variations in g p RO2

( ) along the
photo-ion collector. As a result, we expect our calculated
photo-ion yield function for the model of Zheleznyak et al
(1982), YZ, to converge to the result obtained in (Naidis
2006) in the limit where p RD 0 (see appendix B).

Figure 7. Axial scan of (a) electron density and (b) E Ek for =t 00

ns, =t 0.91 ns, t2=1.75 ns, and t3=3 ns for cases (i), (ii), and (iii)
defined in section 4.3.

Figure 8. Cross-sectional view of electron density distribution at
t=3.5 ns for (a) case (i), i.e. streamer in (Bourdon et al 2007),
(b) case (ii), and (c) case (iii) defined in section 4.3.
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In order to quantify the variations of the photon propa-
gator over the collector, we define a function y p RO2

( ) as

òy =
D

¢
D

+¢p R
p R

g p R R p R
1

d .

19

p R

O
O 0

O O2

2

O2

2 2
( ) ( ( )) ( )

( )

We note that by definition, y p RO2
( ) converges to g p RO2

( ) in
the limit where p RD 0. In appendix B, we demonstrate
that the function Ψ is directly related to y p RO2

( ). In fact,
y Y-Q 1( ) is only a function of the reduced electric field and

therefore determines the contribution of emission intensity to
the photo-ion yield function, while y p RO2

( ) quantifies the
contribution of g p RO2

( ). The quantity y p RO2
( ) has been

calculated in appendix B for the present work. Figure 9
depicts y p R g p RO O2 2

( ) ( ) for the present work. As seen in
this figure, at low p RO2

values y p RO2
( ) and consequently the

photo-ion yield function change significantly as a function of
Dp R. In other words, the photo-ion yield function varies as a

function of the collector length. In order to avoid this issue,
the collector should be located at a distance R from the source
at which the dimensions of the collector do not affect the
result of the experiment. Also, for a constant collector length,
the highest pressure at which photo-ion yield measurements
may be performed must be limited such that at a desired
p RO2

, Dp RO2
does not modify the measurement results. Ideal

scenario from this stand point is to minimize the detector
length DR. Note that Dp R in photo-ion yield measurements
of Penney and Hummert (1970) and Aints et al (2008) attains
values as high as 36 and 42 Torr cm, respectively. Results
presented in figure 9 may be interpreted as a correction factor
through which the finite-length effect of the collector is
removed from experimental results, especially at low p RO2

values.
The effect depicted in figure 9 for low p RO2

values may
be explained using the fits to the photon propagator function.

From table 1, it is seen that the fits introduce a number of
photoabsorption scales -l pi O

1
2

( ) which govern the damping
behavior of the photon propagator. At large distances from
the source, the terms with higher photoabsorption coefficients
l pi O2

reduce significantly and terms with lower photo-
absorption coefficients contribute to g p RO2

( ) the most. Since
the photoabsorption scale of the remaining terms is large
compared to DR, one can assume that g p RO2

( ) will not vary
significantly through the collector length and therefore, the
assumption that g p RO2

( ) is constant over the collector is
valid. As a result, Ψ becomes independent from the collector
dimensions. On the other hand, once we approach the source
of radiation (lower p RO2

values), the contribution from terms
with photoabsorption scales comparable to DR increases and
therefore g p RO2

( ) varies considerably over the collector
length. Consequently, Ψ becomes dependent on the collector
dimensions.

By definition, the photo-ion yield function varies as a
function of the quenching factor Q, which includes pressure p
as an individual variable (see appendix B). Following Naidis
(2006) and Aints et al (2008), we introduce the quantity Y-Q 1

in order to remove direct dependence of the photo-ion yield
function on pressure through quenching. As a result, pressure
manifests itself in Y-Q 1 only through the terms pR and Dp R.
Figure 10(a) depicts Y-Q 1 for the present work in the limit
where p RD 0. It also includes Y-Q 1 for the model of
Zheleznyak et al (1982), and a modified version of the model
of Zheleznyak et al (1982) due to Aints et al (2008), where
based on experimental results, the authors suggest the updated
value c = 0.028min Torr−1 cm−1 as opposed to the original
value c = 0.035min Torr−1 cm−1 (see appendix A) in order to
better match Ψ calculated using the model of Zheleznyak et al
(1982) with long range experimental values. These representative
calculations are performed for =E p 210.5 V cm−1 Torr−1,
which corresponds to =E N 595 Td (E= 160 kV cm−1,

´N = =N 2.688 100
25 m−3, where N0 denotes air density at

ground pressure) and therefore, x w a 0.05O
Z

2
 in case of the

model of Zheleznyak et al (1982) (see appendix A for definition
of ω and α). Since w a varies slowly as a function of E/N, we
do not expect major modifications in results depicted in
figure 10(a) at other reduced electric fields. As a result, we depict
results corresponding to a single E/N ratio.

Experimental results of Penney and Hummert (1970) and
Aints et al (2008) have not been included in figure 10(a) since
it has already been established that the model of Zheleznyak
et al (1982) is in satisfactory agreement with those works (see
e.g. Pancheshnyi 2015, figure 16). At most p RO2

values, the
results of the present work are also consistent with results
obtained from the original and modified model of Zheleznyak
et al (1982). While numerical values appear to be different by
a factor of 2 to 3 at pR 300 Torr cm, they coincide with
previous results at low pR 10 Torr cm and high pR 
700 Torr cm values. Assuming constant pressure, the differ-
ence observed in the slope of the plots in figure 10(a) is
merely due to the interplay of N2 emission spectra and pho-
toabsorption due to air molecules. Note that at constant

Figure 9. The function y p R g p RO O2 2
( ) ( ) for the present work in the

limit where p RD 0 and for D =p R 10 , 10 , 10 , 101 2 3 4 Torr cm.
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pressure, y Y-Q 1( ) is only a function of electric field (see
equations (B.13) and (B.15)). That is, variations in the ratio
w a only cause vertical shifts in the plots in figure 10(a) since
if y Y =-Q f E1( ) ( ) where f is an arbitrary function, one
arrives at yY =-Q f E p R1

O2
( ) ( ). We emphasize that the

measured XUV spectra of N2 along with N2 and O2 photo-
absorption cross sections used in this work are significantly
different from the approximations employed in the model of
Zheleznyak et al (1982). In spite of fundamental issues aris-
ing from approximations made in the model of Zheleznyak
et al (1982), this model is nevertheless in satisfactory agree-
ment with experiments. As already mentioned (i) absence of
electron impact excitation frequencies of certain rovibrational
levels of N2 calculated using the electron energy distribution
function in air and consequently (ii) lack of a modeled XUV
spectra for N2 resulting from nonthermal discharges in air
have hampered a more accurate modeling of the photo-ion
yield function. We note that in comparing experimental
results with the photo-ion yield function of the present model
one should account for the finite-length effect of the collector
reducing y p RO2

( ) compared to g p RO2
( ) at low p RO2

values
(see figure 9). Experimental results correspond to y p RO2

( )
for finite pΔR values.

Figure 10(b) depicts the photo-ion yield function of the
present work for various pΔR values. The numerical values
for pΔR have been chosen according to experimental values
of Ψ published in (Penney and Hummert 1970) and (Aints
et al 2008), where the collector length is ΔR=2 and
0.056 cm, respectively. In particular,

• pΔR=0.76 Torr cm approximately corresponds to (p,
ΔR)=(0.4 Torr, 2 cm) in (Penney and Hummert 1970)
and (p, ΔR)=(20 Torr, 0.056 cm) in (Aints et al 2008).

• D =p R 38 Torr cm approximately corresponds to (p,
ΔR)=(18 Torr, 2 cm) in (Penney and Hummert 1970)
and (p, ΔR)=(760 Torr, 0.056 cm) in (Aints et al 2008).

As inferred from this figure, Q−1Ψ functions corresponding to
pΔR�100 Torr cm are essentially the same with minor

deviations at low pR values. On the other hand, as pΔR grows
to 760 Torr cm, significant reduction is observed in Q−1Ψ,
especially at lower pR values. Therefore, in interpretation of
measurements, one should consider the effect of the finite
length of the collector on results, especially at high pΔR and
low pR values.

5. Conclusions

In this paper, we introduce a general framework for photo-
ionization calculations and revisit the problem of photoioniza-
tion of O2 in air due to nonthermal gas discharges. In particular,
we distinguish certain high energy singlet states of N2 as the
source of high energy photons capable of photoionizing O2,
calculate the density of N2 molecules transitioning to these
states due to electron impact using their electron impact exci-
tation cross sections, and quantify the source of radiation upon
spontaneous emission of photons from these states. Photo-
absorption in air is modeled using experimental values for the
photoabsorption cross section of N2 and O2 in the entire spectral
range of emission aforementioned.

Furthermore, the current most widely used photoioniza-
tion model in air due to Zheleznyak et al (1982) is discussed
and its limitations are outlined. We provide improvements for
each of the limitations. In particular, we use experimental
values for the photoabsorption cross section of O2 as opposed
to the analytical function used in (Zheleznyak et al 1982) to
approximate the photobabsorption cross section of O2. In
addition, we account for the contribution of N2 to photo-
absorption through the entire spectrum of emission.

The presented photoionization model is compared with
the model of Zheleznyak et al (1982) through numerical
examples and the photo-ion yield function Ψ that was com-
monly used in previous experimental work for the quantita-
tive characterization of photoionization. It is demonstrated
that the two models produce similar results in both cases.

Figure 10. (a) The function Ψ/Q calculated at E/N=595 Td for the present work, the model of Zheleznyak et al (1982), and a modified
version of the model of Zheleznyak et al (1982) due to Aints et al (2008) in the limit where p RD 0 and (b) the function Ψ/Q calculated at
E/N=595 Td for the present work in the limit where p RD 0 and for pΔR=0.76, 7.6, 38, 76, 760 Torr cm.
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Finally, it is demonstrated that gas discharge phenomena, in
particular streamers, manifest similar properties upon appli-
cation of both photoionization models.
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Appendix A. Derivation of the model of Zheleznyak
et al (1982) from the general photoionization
framework

In the original photoionization model proposed by Zhe-
leznyak et al (1982), photoionization calculations for O2

include effects only in the 98−102.5 nm interval. The lower
bound is set to 98 nm below which heavy absorption of
photons would occur by N2 in addition to O2 (figure A1(b))
and the upper bound is due to the fact that photons with
wavelengths longer than 102.5 nm may get absorbed by O2

but are not energetic enough to cause photoionization of O2

(figure A1(a)). As a result, photons with wavelengths in the
range 98−102.5 nm will get absorbed exclusively by O2 and
consequently photoionize O2.

The purpose of this section is to derive the model of
Zheleznyak et al (1982) in terms of the general photo-
ionization framework described in the main text of this paper.

The photoionization rate per a single molecule of O2 per
unit volume, S rph

Z
1
( )may be written in the form consistent

with the model of Zheleznyak et al (1982) as:

ò p
¢ ¢

¢
=S r I r

g pR

R
V

4
d , A.1

V
ph
Z Z
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21
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The superscript Z denotes quantities obtained following
(Zheleznyak et al 1982) model formulation whenever used in
this section. We note that (A.1) is of the same form as (7).
Using (A.2) we convert (A.1) to the form agreeing with the
model of Zheleznyak et al (1982):
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¢ ¢

¢
=S r I r

g pR

R
V

4
d , A.4

V
ph
Z Z

Z

21
( ) ( ) ( ) ( ) 

where

x n
n

n x n
n

=
+

¢ =
+

 

I r
p

p p
n

p

p p
S A.5Z q

q
O
Z

Z

i
i e

q

q
O
Z

Z

i
i

2 2
( ) ( )

and

ò l s l l¢ ¢ ¢
l

= l
¢

¢g pR s -e d A.6k RZ Z
O
ZO2

Z

2
( ) ( ) ( ) ( )( )

denote intensity and the photon propagator, respectively.
From (A.2), (A.3), (A.5), (A.6) we readily conclude that

x=g gZ
O
Z Z

2
˜ and x=I IZ Z

O
Z

2
˜ , and therefore =I g I gZ Z Z Z˜ ˜ .

The quantity xO
Z

2
denotes the average photoionization yield of

O2 in the 98−102.5 nm interval and n=S ni i e denotes the
number of ionization events per unit volume per unit time. In
the model of Zheleznyak et al (1982) and most related pre-
vious works (e.g. Naidis 2006, Pancheshnyi 2015), the frac-
tion n nZ

i is denoted by ω/α where w n= vZ
dr denotes

the excitation coefficient of the radiating states of N2 mole-
cules due to electron impact, a n= vi dr is the ionization
coefficient, and the quantity vdr is the magnitude of the drift
velocity of electrons. In addition, the photoabsorption cross
section of O2, s O

Z
2
, in the 98−102.5 nm interval is approxi-

mated by a sharp function of wavelength of the form
(Mnatsakanyan and Naidis 1991):

s s
c
c

=
l l
l l

-
-

, A.7O
Z

0
max

min
2

1
2 1⎛

⎝⎜
⎞
⎠⎟ ( )

where s ´ -= 9.8958 100
19 cm2, c = 2max Torr−1 cm−1,

χmin=0.035 Torr−1 cm−1, λ1=102.5 nm and λ2=98 nm.
We note that in the original modeling (Zheleznyak et al
1982, Mnatsakanyan and Naidis 1991) the cross section
approximation of the type (A.7) is performed in frequency
space. However, as can be easily verified and shown below,
the approximation (A.7) in wavelength space is essentially the
same and leads to identical results. Figure A1(c) compares
the approximation to the photoionization cross section of O2

utilized in (Zheleznyak et al 1982) with experimental data
compiled by (Fennelly and Torr 1992). As inferred from this
figure, the approximation of Zheleznyak et al (1982) does not

Figure A1. (a) Photoionization probability or photoionization yield of
O2 in the XUV range (Fennelly and Torr 1992), (b) Photoabsorption
cross sections of O2 and N2 (Fennelly and Torr 1992) in addition to the
approximation of Zheleznyak et al (1982), and (c) a zoomed in version
of (b).
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capture the complex structure of the photoabsorption cross
section of O2. The same argument holds for the approximated
spectrum of photoionizing emission from N2, which is
assumed to be the constant value l l l= -s 1Z

1 2( ) ( ) and

limited to the same interval. We note that ò l l =
l

¢ ¢l
s d 1Z

2

1 ( ) .

Having substituted (A.7) in (A.6) we arrive at
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for the photon propagator of the model of Zheleznyak et al
(1982), where g ´ -= =p n 2.8274 100 O O

17
2 2/ Torr cm3.

Once we quantify the source of radiation in the model of
Zheleznyak et al (1982), the integral representation (A.4) may
be used to calculate the photoionization rate of O2 in air using
this model. We emphasize that in (A.5) the quantity
x n n

O
Z Z

i
2

collectively contributes to the source of radiation
(as opposed to our model in which xO2

is embedded in the
photon propagator, while nindividually contributes to the
source of radiation). The quantity x n n

O
Z Z

i
2

is provided in
(Zheleznyak et al 1982) as a function of the reduced electric
field and in tabular format (see table 2). As a result, one can
use (A.5) in combination with (A.8) to implement the pho-
toionization model of Zheleznyak et al (1982) in integral
form. Furthermore, transforming the integral representation of
the model of Zheleznyak et al (1982) to a set of differential
equations has already been discussed elsewhere (e.g. Bourdon
et al 2007) in great detail.

Appendix B. Calculation of the photo-ion yield
function Ψ

In this appendix we provide connection of modeling reported
in present work with previous experimental studies of pho-
toionization in air that are commonly expressed in terms of
the photo-ion yield function, Ψ. As described in (e.g. Naidis
2006, Aints et al 2008), Ψ denotes the number of photo-ions
generated in a layer of unit thickness at a distance R from
the radiation source at unit pressure per unit solid angle per one
ionizing collision in a discharge. We assume the discharge
occurs in a volume V1 and calculate the number of photo-ions
generated in a volume V2 per unit time. Following the notation
in (Naidis 2006), the number of electron impact ionization
events per unit time can be calculated as

ò ò òa n= = = v n V n V S Vd d d . B.1
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ion dr e 1 i e 1 i 1
1 1 1

( )

Furthermore, the number of photons generated per unit time, i.e.
r in (Naidis 2006), can be expressed as
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As a result, (B.2) can be written in the form

ò ò
w
a

w
a

w
a

=
+

=
+

=
+





p

p p
S V

p

p p
S V

p

p p

d d

, B.4

V Vr
q

q
i 1

q

q
i 1

q

q
ion

1 1

( )

where it is assumed that ω/α varies weakly with the reduced
electric field E/p over the discharge volume.

The number of photoionization events occurring in
volume V2 per unit time due to arrival of photons generated as
a result of the discharge occurring in volume V1 may be
calculated as

ò= S r Vd , B.5
V

ph ph 2
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where S rph ( )may be written in the form
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and nO2
is the density of O2. Combining (B.5) and (B.6), we

arrive at
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We can express a differential volume element in V2 as
= WV R Rd d d2

2 where dΩ is a differential element of the solid
angle as a result of looking towards V2 from ¢rin V1 along the
vector R


. Subsequently, (B.7) can be written as
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Under the approximation that variations of the photon pro-
pagator are negligible from R to R+ΔR, one arrives at

p
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and subsequently,
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where we have used the fact that in air =p p0.2O2
and

g = p n0 O O2 2
as defined in appendix A. In an experimental

setting (e.g. Aints et al 2008, Penney and Hummert 1970)
ΔR denotes the length of the collector region in which pho-
toionizing current is measured and Ω is the solid angle
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spanned by the collector. From (B.10) it is inferred that in
case of negligible variations of the photon propagator along
the collector region, Ψ is independent of the collector
dimensions.

The equation (B.10) has been derived for the model of
Zheleznyak et al (1982) in (Naidis 2006) using the aforemen-
tioned approximation. Here, however, we calculate Ψ in a
general form assuming that the variation of the photon propa-
gator from R to R+ΔR is not necessarily negligible. In other
words, we analytically calculate (B.8) for the photon propagator
function of both the present work and the model of Zheleznyak
et al (1982). Modifying (B.10) in order to account for the
variations of g p RO2

( ) over the collector, we arrive at
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We note that ψ measures the dependence of the photo-ion yield
on the collector length and reduces to g p RO2

( ) in case of
constant g p RO2

( ) or in the limit where p RD 0O2
.

Using the exponential integral defined as =E x1( )
ò
¥ -

td
x

e

t

t

, the photo-ion yield function of the model of
Zheleznyak et al (1982) may be written as
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Z
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where

and b c= p Rmin min O2
, b cD = Dp Rmin min O2

, b =max

c p Rmax O2
, b cD = Dp Rmax max O2

. The quantity Y QZ is not
a function of only pressure, but varies according to the
product Dp RO2

at a certain p RO2
and E/N value. In the limit

where p RD 0O2
, (B.14) reduces to g p RZ

O2
( ) as defined in

(A.8). Performing the same calculation for the photon
propagator function of the present work using the 6-exponent
fit, we arrive at
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and b = l p Ri i O2
and bD = Dl p Ri i O2

. Related distributions
for a range of Dp R values are illustrated in figures 9 and
10(b). Similar to the case of y Z, (B.16) converges to the
photon propagator of the present work in the limit
where p RD 0O2

.
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